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Preface 


This textbook is available either in one volume or in two parts: Part I 
consists of the first fourteen chapters, and Part II comprises Chapters 14 
through 18 (Chapter 14 on Infinite Series is included in both parts to 
make the use of the two-volume set more flexible). The material in Part I 
consists of the differential and integral calculus of functions of a single 
variable and plane analytic geometry, and it may be covered in a one- 
year course of nine or ten semester hours or twelve quarter hours. The 
second part is suitable for a course consisting of five or six semester 
hours or eight quarter hours. It includes the calculus of several variables 
and a treatment of vectors in the plane, as well as in three dimensions, 
with a vector approach to solid analytic geometry. 

The second edition, like the first, can be used for courses designed 
for prospective mathematics majors as well as for those having students 
whose primary interest is in engineering, the physical sciences, or non- 
technical fields. It is assumed that the reader has a knowledge of high- 
school algebra and geometry. 

The objectives of the first edition have been maintained. I have 
endeavored to achieve a healthy balance between the presentation of 
elementary calculus from a rigorous approach and that from the older, 
intuitive, and computational point of view. Bearing in mind that a text- 
book should be written for the student, I have attempted to keep the 
presentation geared to a beginner's experience and maturity and to leave 
no step unexplained or omitted. I desire that the reader be aware that 
proofs of theorems are necessary and that these proofs be well motivated 
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and carefully explained so that they are understandable to the student 
who has achieved an average mastery of the preceding sections of the 
book. If a theorem is stated without proof, I have generally augmented 
the discussion by both figures and examples, and in such cases I have 
always stressed that what is presented is an illustration of the content of 
the theorem and is not a proof. 

Major changes in the second edition occur in the chapters on trigo- 
nometric functions, infinite series, and multiple integration; these chap- 
ters have been completely rewritten and expanded to include additional 
subject matter. Other changes include the following: (1) the rewording 
in certain sections and the addition of examples to clarify the explana- 
tions; (2) a reordering of some topics, such as placing the chapter on infi- 
nite series at the conclusion of the study of the calculus of functions of a 
single variable, unifying the discussion of functions, limits, and conti- 
nuity into a single chapter, incorporating the presentation of hyperbolic 
functions with that of the trigonometric functions, and treating vectors 
in space immediately following vectors in the plane; (3) additional appli- 
cations of the calculus including some to the fields of economics and 
business; (4) a complete revision of the exercise sets so that there is a 
larger number of theoretical problems, as well as some more challenging 
ones and those giving a wider variety of applications; (5) the addition of 
a set of Review Exercises at the end of each chapter; (6) the use of color 
to clarify the figures, emphasize the statements of definitions and the- 
orems, and improve the overall design of the book. 

Basic facts about the real-number system are given in Chapter 1. I 
have avoided presenting sophisticated, tricky arguments merely for the 
purpose of showing that some of the properties can be derived from 
others. It has been my experience that few students of beginning calculus 
are capable of appreciating such discussions and that these considera- 
tions belong to a course in abstract algebra. Chapter 1 also gives an intro- 
duction to analytic geometry, and it includes the traditional material on 
straight lines as well as a discussion of the circle and the parabola. These 
sections may be omitted by those who have already had a course in ana- 
lytic geometry. 

Chapter 2 is the heart of any first course in the calculus. I have de- 
fined a function as a set of ordered pairs and have used this idea to point 
up the concept of a function as a correspondence between sets of real 
numbers. The notion of a limit of a function is first given a step-by-step 
motivation, which brings the reader from computing the value of a func- 
tion near a number, through an intuitive discussion of the limiting pro- 
cess, up to a rigorous epsilon-delta definition. A sequence of examples 
progressively graded in difficulty is included. All the limit theorems are 
stated, and some proofs are presented in the text, while other proofs have 
been outlined in the exercises. In the discussion of continuity, I have 
used as examples and counterexamples “common, everyday" functions 
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and have avoided those that would have little intuitive meaning for the 
reader. 

In Chapter 3, before giving the formal definition of a derivative, I 
have defined the tangent line to a curve and instantaneous velocity in 
rectilinear motion in order to demonstrate in advance that the concept 
of a derivative is of wide application, both geometrical and physical. 
Theorems on differentiation are proved and illustrated by examples. 
Chapter 4 gives the traditional applications of the derivative to prob- 
lems involving related rates, maxima and minima, and curve sketching, 
as well as some to business and economics. 

The antiderivative is treated in Chapter 5. I use the term "antidiffer- 
entiation” instead of indefinite integration, but the standard notation 
Sf (x) dx is retained so that the reader will not be given a bizarre new nota- 
tion that would make the reading of standard references difficult. This no- 
tation will suggest to the student that some relation must exist between 
definite integrals, introduced in Chapter 6, and antiderivatives, but I 
see no harm in this as long as he is presented with the theoretically proper 
view of the definite integral as the limit of sums. Exercises involving the 
evaluation of definite integrals by finding limits of sums are given in 
Chapter 6, to impress upon the reader that this is how they are calculated. 
The introduction of the definite integral follows the definition of the 
measure of the area under a curve as a limit of sums. Elementary proper- 
ties of the definite integral are derived and the fundamental theorem of 
the calculus is proved. It is emphasized that this is a theorem, and an 
important one, because it provides us with an alternative to computing 
limits of sums. It is also emphasized that the definite integral is in no 
sense some special type of antiderivative. In Chapter 7, I have given 
numerous applications of definite integrals. The presentation stresses not 
only the manipulative techniques but also the fundamental principles 
involved. In each application, the definitions of the new terms are intui- 
tively motivated and explained. 

The treatment of logarithmic and exponential functions in Chapter 8 
is the modern approach. The natural logarithm is defined as an integral, 
and after the discussion of the inverse of a function, the exponential func- 
tion is defined as the inverse of the natural logarithm function. An irra- 
tional power of a real number is then defined. The trigonometric func- 
tions are defined in Chapter 9 as functions assigning numbers to numbers. 
The important trigonometric identities are derived and used to obtain the 
formulas for the derivatives and integrals of these functions. Sections on 
the differentiation and integration of the trigonometric functions as well 
as of the inverse trigonometric functions are followed by two sections on 
hyperbolic functions. The geometric interpretation of the hyperbolic 
functions is postponed until Chapter 15 because it involves the use of 
parametric equations. 

Chapter 10, on techniques of integration, involves one of the most 
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important computational aspects of the calculus. I have explained the 
theoretical backgrounds of each different method after an introductory 
motivation. The mastery of integration techniques depends upon the 
examples, and I have used as illustrations problems that the student will 
certainly meet in practice, those which require patience and persistence 
to solve. The material on the approximation of definite integrals includes 
the statement of theorems for computing the bounds of the error involved 
in these approximations. The theorems and the problems that go with 
them, being self-contained, can be omitted from a course if the instructor 
so wishes. 

Polar coordinates and some of their applications are given in Chap- 
ter 11. In Chapter 12, conics are treated as a unified subject to impress 
upon the reader their natural and close relationship to each other. Equa- 
tions of the conics in polar coordinates are treated first, and the cartesian 
equations are derived from the polar equations. The topics of indetermi- 
nate forms, improper integrals, and Taylor's formula, and the computa- 
tional techniques involved are presented in Chapter 13. 

I have attempted in Chapter 14 to give as complete a treatment of 
infinite series as is feasible in an elementary calculus text. In addition 
to the customary computational material, I have included the proof of 
the equivalence of convergence and boundedness of monotonic sequences 
based on the completeness property of the real numbers and the proofs 
of the computational processes involving differentiation and integration 
of power series. 

The first five sections of Chapter 15 on vectors in the plane can be 
taken up after Chapter 3 if it is desired to introduce vectors earlier in the 
course. The approach to vectors is modern, and it serves both as an intro- 
duction to the viewpoint of linear algebra and to that of classical vector 
analysis. The applications are to physics and geometry. Chapter 16 treats 
vectors in three-dimensional space and, if desired, the topics in the first 
three sections of this chapter may be studied concurrently with the cor- 
responding topics of Chapter 15. 

Limits, continuity, and differentiation of functions of several vari- 
ables are considered in Chapter 17. The discussion and examples are 
applied mainly to functions of two and three variables; however, state- 
ments of most of the definitions and theorems are extended to functions 
of n variables. Applications to the solution of extrema problems and an 
introduction to Lagrange multipliers are presented as well as a section 
on applications of the partial derivative in economics. The double inte- 
gral of a function of two variables and the triple integral of a function of 
three variables, along with some applications to physics, engineering, and 
geometry, are given in Chapter 18. 


Louis LEITHOLD 


1 
Real Numbers 


and Introduction 
to Analytic 


Geometry 


1.1 REAL NUMBERS The real number system can be completely described by a set of axioms. 

AND INEQUALITIES With these axioms we can derive the properties of the real numbers 
from which follow the familiar algebraic operations of addition, subtrac- 
tion, multiplication, and division, as well as the algebraic concepts of 
solving equations, factoring, and so forth. In this book we are not con- 
cerned with showing how such properties are derived from the axioms 
because these considerations belong to a course in abstract algebra. How- 
ever, because elementary calculus involves real numbers, you should be 
familiar with some of the fundamental properties of the real number 
system given below. 


1.1.1 Sum and product If a and b are any real numbers, there is one and only one real number, 
denoted by a+ b, called their sum, and there is one and only one real 
number, denoted by ab (or a X b, or a - b), called their product. 

1.1.2 Commutative laws If a and b are any real numbers, 


a+b=b+a and ab=ba 


1.1.3 Associative laws If a, b, and c are any real numbers, 


a+(b+c)=(a+b)+c and a(bc) = (ab)c 


1.1.4 Distributive law If a, b, and c are any real numbers, 


a(b+ c) — ab ^ ac 
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1.1.5 Existence of 
identity elements 


1.1.6 Existence of negatives 


1.1.7 Existence of reciprocals 


1.1.8 Definition of subtraction 


1.1.9 Definition of division 


1.1.10 Axiom of order 


1.1.11 Definition 


1.1.12 Definition 


1.1.13 Definition 


There exist two distinct real numbers 0 and 1 such that for every real 
number a 


a+O=a and a:l=a 


Every real number a has a negative, denoted by —a, such that 


a+ (-a)=0 


Every real number a # 0 has a reciprocal, denoted by 1/a, such that 


ees 
a 


If a and b are any real numbers, the ‘difference between a and b, denoted 
by a — b, is defined by 


a—b=a+ (—b) 


If a is any real number, and b is any real number except 0, the quotient of 
a and b is defined by 


—4 y 


SIA 


To enable us to refer to one real number being greater (or less) than 
another, we introduce the concept of a real number being positive and an 
order relation. 


In the set of real numbers, there exists a subset called the positive num- 
bers such that 


(i) if a is any real number, exactly one of these three statements 
holds: a = 0; a is positive; —a is positive. 
(ii) the sum of two positive numbers is positive. 
(iii) the product of two positive numbers is positive. 


The real number a is negative if and only if —a is positive. 
The symbols < (“is less than") and > (“is greater than") are defined as 
follows: 

(i) a « b if and only if b — a is positive. 

(ii) a > b if and only if a — b is positive. 
The symbols = ("is less than or equal to") and = ("is greater than or 
equal to") are defined as follows: 


(i) a = b if and only if either a < b ora =b. 
(ii) a = b if and only if either a > b or a =b. 


1.1.14 Property 


1.1.15 Property 
EXAMPLE: 
1.1.16 Property 
EXAMPLE: 
1.1.17 Property 
EXAMPLE: 
1.1.18 Property 
EXAMPLE: 
1.1.19 Property 
EXAMPLE: 
1.1.20 Property 


EXAMPLE: 
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Expressions such as a <b, a >b, a x b, and a= b are called in- 
equalities. Some examples are 2 < 7, —5 <6, —5 < —4, 1428, 2» —4, 


—3 > —6,5z3, —10 s —7. In particular, a < b and a > b are called strict 
inequalities, whereas a < b and a = b are called nonstrict inequalities. 


The following properties can be proved by using 1.1.1 through 


1.1.13. 
(i) a > 0 if and only if a is positive. 
(ii) a « 0 if and only if a is negative. 
(iii) a > 0 if and only if —a < 0. 
(iv) a < 0 if and only if —a > 0. 
If a « band b « c, then a « c. 
3 « 6 and 6 « 14; so 3 « 14. 
If a <b, thenac* c « b c,ifcis any real number. 
4<7;8s04+5<7+5;and4-—5<7-—5. 
Ifa<bandc<d,thenat+c<b+d. 
2<6and—3 < 1; so 2+ (-3) « 64 1. 


If a « b, and c is any positive number, then ac « bc. 


2«5;s02-:4«5-:4. 


If a « b, and c is any negative number, then ac > bc. 


2 < 5; so 2(—4) > 5(—4). 
fO<a<band0< c « d, then ac « bd. 


04-7 and 0 < 8 « 9; so 4(8) < 7(9). 


Property 1.1.18 states that if both members of an inequality are multi- 
plied by a positive number, the direction of the inequality remains 
unchanged, whereas Property 1.1.19 states that if both members of an 
inequality are multiplied by a negative number, the direction of the 
inequality is reversed. Properties 1.1.18 and 1.1.19 also hold for division, 
because dividing both members of an inequality by a number d is equiv- 


alent to multiplying both members by 1/4. 


To illustrate the type of proof that is usually given, we present a 


proof of Property 1.1.17: 
Since a < b, b — a is positive (by 1.1.12(i)). 
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1.1.21 Property 
EXAMPLE: 
1.1.22 Property 
EXAMPLE: 
1.1.23 Property 
EXAMPLE: 
1.1.24 Property 
EXAMPLE: 
1.1.25 Property 
EXAMPLE: 


1.1.26 Property 


EXAMPLE: 
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Since c < d, d— c is positive (by 1.1.12(i)). 
Hence, (b — a) + (d — c) is positive (by 1.1.10(ii)). 


Therefore, (b + d) — (a+ c) is positive (by 1.1.3, 1.1.2, and 1.1.8). 


Therefore, a +c « b d. (by 1.1.12(i)). 


The following properties are similar to Properties 1.1.15 to 1.1.20 


except that the direction of the inequality is reversed. 
If a > b and b > c, then a > c. 

8 > 4 and 4 > —2; so 8 > —2. 

Ifa > b, thena+c>b+c, if cis any real number. 

3 >—-5;8s03—-4>-—-5-4. 
Ifa>bandc>d,thenat+c>b¢4d. 

7 > 2 and 3 > —5; so 7 + 3 > 2 + (5). 

If a > b and if c is any positive number, then ac > bc. 
—3 > —7; so (—3)4 > (-7M. 

If a > b and if c is any negative number, then ac < bc. 
—3 > —7; so (-3)(-4) < (77) 4). 

If a > b > 0 and c > d > 0, then ac > bd. 


4232»0and77670;so 4(7) > 3(6). 


From Axiom 1.1.10 and Definition 1.1.11, it follows that a real number 
is either a positive number, a negative number, or zero. Any real number 
can be classified as a rational number or an irrational number. A rational 
number is any number that can be expressed as the ratio of two integers. 
That is, a rational number is a number of the form p/q, where p and q 
are integers and q # 0. The rational numbers consist of the following: 

The integers (positive, negative, and zero) 


En uar D cert 7 a yaad rad 0 ay ee a 4 5. 


The positive and negative fractions such as 


2 4 83 

7 5 5 

The positive and negative terminating decimals such as 
2.36 = 26 —0.003251 = areas 


100 - 1,000,000 


Figure 1.1.1 


Figure 1.1.2 


ELM 


a 


b 


Figure 1.1.3 


1.1.27 Definition 


1.1.28 Definition 
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The positive and negative nonterminating repeating decimals such as 
0.333. . . =ż —0.549549549. . . = — fi 


The real numbers which are not rational numbers are called irrational 
numbers. These are positive and negative nonterminating, nonrepeating 
decimals, for example, 


V3=1.732... w=3.14159...  tan140*—-—0.8391. . . 


The set of all real numbers is denoted by R,. R, can be represented 
geometrically by points on a horizontal line, called an axis, which is illus- 
trated in Fig. 1.1.1. 

A point on the axis is chosen to represent the number 0. This point 
is called the origin. A unit of distance is selected. Then each positive 
number n is represented by the point at a distance of n units to the right 
of the origin, and each negative number 7 is represented by the point at 
a distance of —7 units to the left of the origin. (It should be noted that if 
n is negative, then —7 is positive.) There is a one-to-one correspondence 
between R, and the points on the axis; that is, to each real number there 
corresponds a unique point on the axis, and with each point on the axis 
there is associated only one real number. So the points on the axis are- 
identified with the numbers they represent, and we shall use the same’ 
symbol for both the number and the point representing that number on 
the axis. Because of the one-to-one correspondence, we identify R, with 
the axis, and we call R, the number line. 

We see that a « b if and only if the point representing the number a 
is to the left of the point representing the number b. Similarly, a > b if ` 
and only if the point representing 4 is to the right of the point repre- 
senting b. For instance, the number 2 is less than the number 5 and the 
point 2 is to the left of the point 5. We could also write 5 > 2 and say 
that the point 5 is to the right of the point 2. 

A number x is between a and b if and only if a < x and x < b. We can 
write this as a continued inequality as follows: 


a<x<b (1) 


The continued inequality (1) denotes an open interval. 


The open interval from a to b, denoted by (a, b), is the set of all real num- 
bers x such that a « x « b. 


The closed interval from a to b consists of all numbers between, and 
including, a and b. 


The closed interval from a to b, denoted by [a, b], is the set of all real 
numbers x such that a =< x = b. 


Figure 1.1.2 illustrates the open interval (a, b), and Fig. 1.1.3 illus- 
trates the closed interval [a, b]. 
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1.1.29 Definition 


1.1.30 Definition 


oe 


a b 
Figure 1.1.4 
a b 
Figure 1.1.5 
a 
Figure 1.1.6 
b 
Figure 1.1.7 


The interval half-open on the left consists of all numbers between 
a and b as well as b, but not a. 


The interval half-open on the left, denoted by (a, b], is the set of all real 
numbers x such that a < x <b. 


We define an interval half-open on the right in a similar way. 


The interval half-open on the right, denoted by [a, b), is the set of all real 
numbers x such that a x x « b. 


Figure 1.1.4 illustrates the interval (a, b], and Fig. 1.1.5 illustrates the 
interval [a, b). 

We shall use the symbol +œ ("positive infinity") and the symbol 
—0 ("negative infinity”); however, care must be taken not to confuse 
these symbols with real numbers, for they do not obey the properties of 
the real numbers. 

The notation (a, +œ) denotes the set of all numbers greater than a. 
We can also state that (a, +œ) is the set of all real numbers x such that 
x > a. Similarly, (-~, b) denotes the set of all numbers less than b; or, 
(7c, b) is the set of all real numbers x such that x < b. Figure 1.1.6 illus- 
trates the interval (a, +), and Fig. 1.1.7 illustrates the interval (—«, b). 

The interval [a, +œ) is the set of all real numbers x such that x = a; 
and (—%, b] is the set of all real numbers x such that x < b. Finally, 
(—œ, +œ) denotes the set of all real numbers. 

For each of the intervals (a, b), [a, b], [a, b), and (a, b] the numbers a 
and b are called the endpoints of the interval. The closed interval [a, b] 
contains both its endpoints, whereas the open interval (a, b) contains 
neither endpoint. The interval [a, b) contains its left endpoint but not its 
right one, and the interval (a, b] contains its right endpoint but not its 
left one. An open interval can be thought of as one which contains none 
of its endpoints, and a closed interval can be regarded as one which con- 
tains all of its endpoints. Consequently, the interval [a, +œ) is considered 
to be a closed interval because it contains its only endpoint a. Similarly, 
(~œ, b] is a closed interval, whereas (a, +) and (—™, b) are open. The in- 
tervals [a, b) and (a, b] are neither open nor closed. Since the interval 
(~œ, +) has no endpoints, it can be considered as both containing them 
and not containing them, and hence is thought of as being both open 
and closed. 

Let us now solve some inequalities and express the solutions as 
intervals. 


EXAMPLE 1: Find all real num- 
bers satisfying the inequality 


2+ 3x « 5x - 8 


SOLUTION: If x is a number such that 


2-c-3x <5x+8 


Figure 1.1.8 
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then 
2+3x—-2<5x+8-—2 (by 1.1.16) 
or 
3x <5x+6 
Then, adding —5x to both members of this inequality, we have 
—2x « 6 (by 1.1.16) 
Dividing on both sides of this inequality by —2 and reversing the direc- 


| tion of the inequality, we obtain 


x —3 (by 1.1.19) 
What we have proved is that if 


2+ 3x « 5x - 8 
then 
x>-3 
Each of the steps is reversible; that is, if we start with 
x>—3 


we multiply on each side by —2, reverse the direction of the inequality, 
and obtain 


—2x « 6 

Then we add 5x and 2 to both members of the inequality, and we get 
2+ 3x «5x *8 

Therefore, we can conclude that 
23x «5x48 ifandonly if x 2» —3 


So the interval solution of the given inequality is (—3, +), which is illus- 
trated in Fig. 1.1.8. 


“EXAMPLE 2: Find all real num- 
bers satisfying the inequality 
4«3x—2 x10 


e 


0 2 4 


Figure 1.1.9 


SOLUTION: Adding 2 to each member of the inequality, we obtain 


6«3x x12 
Dividing each member by 3, we get 
2«x x4 


Each step is reversible; so the interval solution is (2, 4], as is illustrated 


` in Fig. 1.1.9. 
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EXAMPLE 3: Find all real num- 
bers satisfying the inequality 


un 
x 


vv 


Figure 1.1.10 


SOLUTION: We wish to multiply both members of the inequality by x. 
However, the direction of the inequality that results will depend upon 
whether x is positive or negative. So we must consider two cases. 


Case 1: x is positive; that is, x > 0. 
Multiplying on both sides by x, we obtain 
7 > 2x 

Dividing on both sides by 2, we get 
1x or, equivalently, x< $ 


Therefore, since the above steps are reversible, the solution of Case 1 is 
the set of all numbers x such that x > 0 and x < Z; that is, 0 < x < , 
which is the interval (0, 2). 


Case 2: x is negative; that is, x < 0. 
Multiplying on both sides by x and reversing the direction of the 
inequality, we find 


7 < 2x 
Dividing on both sides by 2, we have 
$ <x or, equivalently, x ^£ 


Again, because the above steps are reversible, the solution of Case 2 is 
the set of all numbers x such that x < 0 and x > $. But it is impossible to 
find a value for x satisfying both of these inequalities. Hence, Case 2 has 
no solution. 

From Cases 1 and 2 we conclude that the solution of the given in- 
equality is the open interval (0, 2), which is illustrated in Fig. 1.1.10. 


EXAMPLE 4: Find all real num- 
bers satisfying the inequality 


x 
x—3 


«4 xà 


| “SOLUTION: To multiply both members of the inequality by x - 3, we 


must consider two cases, as in Example 3. 


Case 1: x—3 > 0; that is, x > 3. 
Multiplying on both sides of the inequality by x — 3, we get 


x «4x — 12 
Adding —4x to both members, we obtain 
—3x < —12 


Dividing on both sides by —3 and reversing the direction of the inequality, 
we have 


X4 


——— — 


0 3 4 


Figure 1.1.11 
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Thus, the solution of Case 1 is the set of all numbers x such that x > 3 
and x > 4. This is the set of all x such that x > 4, or the interval (4, +). 


Case 2: x —3 «O0; that is, x < 3. 
Multiplying on both sides by x — 3 and reversing the direction of 
the inequality, we have 


x 4x— 12 
or 
—3x > —12 
or 
x<A4 


Therefore, x must be less than 4 and also less than 3. Thus, the solution 
of Case 2 is the interval (—™, 3). 

If the solutions for Cases 1 and 2 are combined, we obtain all num- 
bers x in the two intervals (~œ, 3) and (4, +) or, more simply, all num- 
bers x not in the closed interval [3, 4]. This solution is illustrated in 
Fig. 1.1.11. 


EXAMPLE 5; Find all real num- 
bers satisfying the inequality 


(x+3)(x+4) >0 


i Case 1: 


| interval [-4, —3]. 


SOLUTION: The inequality will be satisfied when both factors have the 
same sign, that is, if x + 3 > Oand x + 4 > O, orifx +3 < Oandx - 4 « 0. 
Let us consider the two cases. 


x +3 > 0and x + 4 > 0. That is, 

x2—3 and x>-4 
Thus, both inequalities hold if x > —3, which is the interval (—3, +). 
Case2: x 3 «0and x+ 4 « 0. That is, 
x«—3 and x«-—4 


Both inequalities hold if x < —4, which is the interval (—~, —4). There- 
fore, if we combine the solutions for Cases 1 and 2, we have the two 
intervals (-~, —4) and (—3, +) or, equivalently, all x not in the closed 


Exercises 1.1 


In Exercises 1 through 22, find all real numbers satisfying the inequality. Give the interval solution, and illustrate the 


solution on the number line. 
1. 5x - 2» x —6 


sal 


2.3—x«5-4c3x 3. ix—4 «0 


10 


30. 


price Du. 
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lx 
4 3 


.2>-3-3x2=-7 


2 
15g 6 


. (x—-3)(x-5) 50 
. X +3x+1>0 


1 2 


"xd  3x-1 
.x3*-1»x4x 
. Prove Properties 1.1.18 and 1.1.19. 


. If a > b = 0, prove that a > b. 


actc.a 


Wa B 


5.13 22x 325 6.2z5—3x«11 

8343 gícgsí-y 
x 4 x x 

11. 24 12. 2x9 

14. —3x -*2»0 15.1—x—22z0 

17. 4? - 9x < 9 18. 222— 6x -3 <0 
x+1 x 1 4 

20. ea 4g 2 3x—7 ^3—2x 

23. Prove Property 1.1.15. 24. Prove Property 1.1.16. 


. If a and b are nonnegative numbers, and a? > b’, prove that a > b. 
. Prove that if a = 0 and b = 0, then a? = b? if and only if a= b. 


. Prove that if b > a > 0 and c > 0, then 


Prove that if x < y, then x < 3(x + y) < y. 


1.2 ABSOLUTE VALUE 
1.2.1 Definition 


K-a -b= Ja- bj 
| | 
b a 


Figure 1.2.1 


The absolute value of x, denoted by |x|, is defined as 
jx} =x ifx»0 
|x] =—x ifx«0 
loj —0 


Thus, the absolute value of a positive number or zero is equal to 
the number itself. The absolute value of a negative number is the cor- 
responding positive number because the negative of a negative number 
is positive. For example, 


Bl=s. ][-5[25—(-5)255  [8—34[—]-6|—--(-6)—5 


We see from the definition that the absolute value of a number is either 
a positive number or zero; that is, it is nonnegative. 

In terms of geometry, the absolute value of a number x is its distance 
from 0, without regard to direction. In general, |a — b| is the distance 
between a and b without regard to direction, that is, without regard to 
which is the larger number. Refer to Fig. 1.2.1. 

We have the following properties of absolute values. 


1.2.2 Theorem 
1.2.3 Corollary 
1.2.4 Theorem 


1.2.5 Corollary 
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|x| < a if and only if —a < x < a, where a > 0. 
|x| = a if and only if —a = x <a, where a > 0. 
|x| > a if and only if x > a or x < —a, where a > 0. 
|x| = a if and only if x = a or x x —a, where a > 0. 


The proof of a theorem that has an “if and only if" qualification re- 
quires two parts, as illustrated in the following proof of Theorem 1.2.2. 


PART 1: Prove that |x| < a if —a < x < a, where a > 0. Here, we have to 
consider two cases: x = 0 and x < 0. 


Case 1: x20. 
Then |x| = x. Because x < a, we conclude that |x| < a. 


Case 2: x<0. 
Then |x| =—x. Because —a < x, we apply Property 1.1.19 and obtain 
a > —x or, equivalently, —x < a. But because —x = |x|, we have |x| < a. 
In both cases, then, 


Ix| «a if -a<x<a,  wherea>0O 


PART 2: Prove that |x| « a only if —a « x < a, where a > 0. Here we 
must show that whenever the inequality |x| < a holds, the inequality 
—a < x < a also holds. Assume that |x| < a and consider the two cases 
x z 0 and x< 0. 


Case 1: xz. 

Then |x| = x. Because |x| < a, we conclude that x < a. Also, because 
a > 0, it follows from Property 1.1.25 that —a < 0. Thus, we have—a < 0 
<sx<a,or—a<x<a. 


Case 2: x< 0. 

Then |x| =—x. Because |x| < a, we conclude that —x < a. Also, be- 
cause x < 0, it follows from Property 1.1.19 that 0 < —x. Therefore, we 
have —a < 0 € —x <a, or —a < —x < a, which by applying Property 
1.1.19 yields —a « x « a. 

In both cases, 


|x| «a onlyif —4«x«a,  wherea ^0 8 


The proof of Theorem 1.2.4 is left for the reader (see Exercise 27). 
The following examples illustrate the solution of equations and in- 
equalities involving absolute values. 
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EXAMPLE 1: Solve for x: SOLUTION: This equation will be satisfied if either 
|3x +2| ^ 5. 3x +2=5 or 3x+2=-5 
Considering each equation separately, we have 
x=1 and x=—} 
which are the two solutions to the given equation. 
EXAMPLE 2: Solve for x: SOLUTION: This equation will be satisfied if either 


[2x — 1| = |4x + 3]. 


2x—1=4x+3 or 2x—1-—-—(4x4 3) 


Solving the first equation, we have x= —2; solving the second, we get 
x — —1, thus giving us two solutions to the original equation. 


EXAMPLE 3: Solve for x: 
[5x + 4| = —3. 


SOLUTION: Because the absolute value of a number may never be nega- 
tive, this equation has no solution. 


EXAMPLE 4: Find all real num- 
bers satisfying the inequality 


Ix — 5| « 4. 
—L——————— — 
0 1 9 
Figure 1.2.2 


SOLUTION: If x is a number such that 
Ix—- 5| «4 

then 
—4«x—5c«4 (by 122) 

Adding 5 to each member of the preceding inequality, we obtain 
1<x<9 

Because each step is reversible, we can conclude that 


|x—5| <4 ifandonlyif 1<x<9 


So, the interval solution of the given inequality is (1, 9), which is illus- 
trated in Fig. 1.2.2. 


EXAMPLE 5: Find all real num- 
bers satisfying the inequality 


E 
< 


24x 


SOLUTION: By Corollary 1.2.3, the given inequality is equivalent to 


3—2x 
A 24x 


E 


If we multiply by 2 +x, we must consider two cases, depending upon 
whether 2 4 x is positive or negative. 
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Case 1: 24x» 0orx»—2. 
Then we have 


—4(2+ x) 3—2x x A(2 x) 
or 
—8—4x < 3— 2x x 8+ 4x 


So, if x > —2, then also —8 — 4x = 3 — 2x and 3 — 2x = 8 + 4x. We solve 
these two inequalities. The first inequality is 


—8—4x x3—2x 
Adding 2x + 8 to both members gives 
—2x x11 


Dividing both members by —2 and reversing the inequality sign, we 
obtain 


11 
x27 3 


The second inequality is 


3— 2x € 8c 4x 
Adding —4x — 3 to both members gives 
—6x x5 


Dividing both members by —6 and reversing the inequality sign, we 
obtain 
yeas 


Therefore, if x > —2, then the original inequality holds if and only if 
x z —M and x = —Ż. 

Because all three inequalities x > —2, x = —4, and x = —$ must be 
satisfied by the same value of x, we have x = —3, or the interval [7$ +). 


Case 2: 2+x<O0orx « —2. 
Thus, we have 


—4(2 + x) 23—2x = 4(2 +x) 
or 
—8 — 4x => 3 — 2x = 8 + 4x 
Considering the left inequality, we have 
—8— 4x > 3— 2x 
or 
—2x >= 11 


or 
xzx—M 
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From the right inequality we have 


3— 2x => 8+ 4x 
or 
—6x 25 
or 
x<=<-3 


Therefore, if x < —2, the original inequality holds if and only if x x —5 
and x x —&. 

Because all three inequalities must be satisfied by the same value of 
x, we have x <—4/, or the interval (—o, —4}]. 

Combining the solutions of Case 1 and Case 2, we have as the solu- 
tion the two intervals (—«, —4"] and [- $, +œ) or, more simply, all x not 


in the interval (—., —$). 


EXAMPLE 6: Find all real num- 
bers satisfying the inequality 


[3x 2| >5 


SOLUTION: By Theorem 1.2.4, the given inequality is equivalent to 
3x+2>5 or 3x+2<-—5 (1) 


That is, the given inequality will be satisfied if either of the inequalities 
in (1) is satisfied. 
Considering the first inequality, we have 
3x+2>5 
or 
x>1 


Therefore, the interval (1, +) is a solution. 
From the second inequality, we have 


3x+2<—5 
or 
x< —4 
Hence, the interval (~œ, —£) is a solution. 


The solution of the given inequality consists of the two intervals 
(—œ, —4) and (1, +œ) or, equivalently, all x not in the closed interval [—3, 1]. 


The reader may recall from algebra that the symbol Va, where a = 0, 
is defined as the unique nonnegative number x such that x? = a. We read 
Va as "the principal square root of a." For example, 


v4-2  v0-0  VEÉ-i 


NOTE: V4 4 —2; —2 is a square root of 4, but V4 denotes only the posi- 
tive square root of 4. 


1.2.6 Theorem 


1.2.7 Theorem 


1.2.8 Theorem 
The Triangle Inequality 


1.2 ABSOLUTE VALUE 15 


Because we are concerned only with real numbers in this book, Va 
is not defined if a < 0. From the definition of Va, it follows that 


Vie = |x| 


For example, V5? — 5 and V(—3)? — 3. 
The following theorems about absolute value will be useful later. 


If a and b are any numbers, then 
|ab| = |a| - [bl 


Expressed in words, this equation states that the absolute value of the 
product of two numbers is the product of the absolute values of the 
two numbers. 


PROOF: 
lab = v (Gb 
= vg 
= VĒ - VE 
= lal «|b a 


If a is any number and b is any number except 0, 

a| _ laj 

b|) Tel 

That is, the absolute value of the quotient of two numbers is the quotient 
of the absolute values of the two numbers. 


The proof of Theorem 1.2.7 is left to the reader (see Exercise 28). 


If a and b are any numbers, then 


la + b| = |a| + |b| 


PROOF: We consider four cases. 
Case 1; a=Oandb=0. 


Then |a| =a, |b|=b, and |a - b| - a- b — |a| + |b|; thus, the the- 
orem holds. 


Case 2: a«O0 and b « 0. 
Then |a| ^ —a, |b| 2 —b, and |a + b| 2 — (a - b) = (—a) + (—b) = 
|a| + |b|, and so the theorem holds. 


Case 3: a 0 and b « 0. 
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1.2.9 Corollary 


1.2.10 Corollary 


Exercises 1.2 


In Exercises 1 through 10, solve for x. 
1. [Ax - 3| 77 


4. |4+3x|=1 

7. |7x| 24 —x 
3x + 8) _ 

10. 5:3 —4 


Then |a| = a, |b| 2 —b. Therefore, 
ja+bl=a+b ifa+b=0 


or 
jla +b|=— (a+b) ifa+b<0 
But, a +b < a + (—b) = |a| + |b|, because b < 0 and a = 0; also, — (a + b) 


= (—a) + (—b) x a + (—b) = |a| + |b|, because b < 0 and a = 0. In either 
case, |a + b| x |a| + |b|, and the theorem holds. 


Case 4: a«O0 and b — Q. 


The proof of this case is identical with the proof of Case 3. Therefore, 
for all the cases we have 


la +b| = |a| + |b| [| 


Theorem 1.2.8 has two important corollaries which we now state 
and prove. 


If a and b are any numbers, then 
la — b| = [al + |b] 


pPRoor |a —b|-2 |a  (—5)| x Ja| + |(—b)| = lal + [b]. a 


If a and b are any numbers, then 


lal — |b| = la — | 


proorF: |a|=|(a—b)+b| x |a—b|+ |b|; thus, subtracting |b| from 
both members of the inequality, we have 


lal (oh fee] - 
2. [3x — 8| 24 3. |5—-2x| 2 11 
5. |5x —3| = |3x + 5| 6. |x— 2| = ]3 — 2x] 
8. 2x 3— |4x + 5| 9, cts 
X—2 


In Exercises 11 through 14, find all the values of x for which the number is real. 


11. V8x—5 
13. Vx?—5x+4 


12. Vx? — 16 
14. Vx? +2x—1 
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In Exercises 15 through 26, find all real numbers satisfying the given inequality; give the interval solution; illustrate the 


solution on the real line. 
15. |x - 4| <7 

18. [6 —2x| 2 7 

21. [x+ 4| = [2x — 6| 


6—5x| 1 


m 3+x 2 


~ 2 
27. Prove Theorem 1.2.4. 


16. |2x —5| <3 17. |3àx - 4| x 2 

19. [2x —5| » 3 20. |3 + 2x| < |4 — x| 

22. |3x| > |6 — 3x| 23. |9 — 2x| = |4x| 
xt2 5 1 

25. pra <4 26. eal = 1 


28. Prove Theorem 1.2.7. 


In Exercises 29 through 32, solve for x and use absolute value bars to write the answer. 


x—a 
29. zya 7 
31. x-2.  x+2 

x—4 x 


a—x 


30. arro 
xt5 x—5 
Sn ee x 


33. Prove Theorem 1.2.8 by adding corresponding members of the inequalities —|a| < a < |a| and —|b| = b x |b|, and 


then applying Corollary 1.2.3. 


34. Prove that if a and b are any numbers, then |a — b| x |a| + |b|. (HINT: Write a — b as a + (—b) and use Theorem 1.2.8.) 
35. Prove that if a and b are any numbers, then |a| — |b| = |a — b]. (HINT: Let |a| = |(a — b) + b|, and use Theorem 1.2.8.) 
36. What single inequality is equivalent to the following two inequalities: a > b+ c and a > b — c? 
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1.3.1 Definition 


Ordered pairs of real numbers will now be considered. Any two real 
numbers form a pair, and when the order of the pair of real numbers is 
designated, we call it an ordered pair of real numbers. If x is the first real 
number and y is the second real number, we denote this ordered pair by 
writing them in parentheses with a comma separating them as (x, y). Note 
that the ordered pair (3, 7) is different from the ordered pair (7, 3). 


The set of all ordered pairs of real numbers is called the number plane, 
and each ordered pair (x, y) is called a point in the number plane. The 
number plane is denoted by R;. 


Just as we can identify R, with points on an axis (a one-dimensional 
space), we can identify R, with points in a geometric plane (a two-dimen- 
sional space). The method we use with R, is the one attributed to the 
French mathematician René Descartes (1596-1650), who is credited with 
the invention of analytic geometry in 1637. 

A horizontal line is chosen in the geometric plane and is called 
the x axis. A vertical line is chosen and is called the y axis. The point of 
intersection of the x axis and the y axis is called the origin and is denoted 
by the letter O. A unit of length is chosen (usually the unit length on 
each axis is the same). We establish the positive direction on the x axis 
to the right of the origin, and the positive direction on the y axis above 
the origin. 
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y 
^ 
(-4,5)e ps e (8,5) 
Ce (1,2) 
RUN a 
(76,0) OL (2, 0) 
(o, -o6 
e (—8, —6) he 
e (9, —7) 
Figure 1.3.1 


NN GHESSE E dx 


Figure 1.3.2 


We now associate an ordered pair of real numbers (x, y) with a point 
P in the geometric plane. The distance of P from the y axis (considerec 
as positive if P is to the right of the y axis and negative if P is to the lefi 
of the ij axis) is called the abscissa (or x coordinate) of P and is denotec 
by x. The distance of P from the x axis (considered as positive if P is above 
the x axis and negative if P is below the x axis) is called the ordinate (oi 
y coordinate) of P and is denoted by y. The abscissa and the ordinate of c 
point are called the rectangular cartesian coordinates of the point. There i: 
a one-to-one correspondence between the points in a geometric plane 
and R;; that is, with each point there corresponds a unique ordered pai 
(x, y), and with each ordered pair (x, y) there is associated only one point. 
This one-to-one correspondence is called a rectangular cartesian coordi- 
nate system. Figure 1.3.1 illustrates a rectangular cartesian coordinate 
system with some points plotted. 

The x and y axes are called the coordinate axes. They divide the plane 
into four parts, called quadrants. The first quadrant is the one in which 
the abscissa and the ordinate are both positive, that is, the upper right 
quadrant. The other quadrants are numbered in the counterclockwise 
direction, with the fourth, for example, being the lower right quadrant. 

Because of the one-to-one correspondence, we identify R with the 
geometric plane. For this reason we call an ordered pair (x, y) a point. 
Similarly, we refer to a “line” in R, as the set of all points corresponding 
to a line in the geometric plane, and we use other geometric terms for 
sets of points in R;. 

Consider the equation 


y-22-—2 (1 


where (x, y) is a point in R». We call this an equation in Rg. 

By a solution of this equation, we mean an ordered pair of numbers, 
one for x and one for y, which satisfies the equation. For example, if x is 
replaced by 3 in Eq. (1), we see that y= 7; thus, x = 3 and y — 7 consti- 
tutes a solution of this equation. If any number is substituted for x in 
the right side of Eq. (1), we obtain a corresponding value for y. It is seen, 
then, that Eq. (1) has an unlimited number of solutions. Table 1.3.1 gives 
a few such solutions. 


Table 1.3.1 


x 0 1.23 4. —1 —2 =3 —4 


y=#-2|-2 —1 2 7 14 —1 2 7 14 


If we plot the points having as coordinates the number pairs (x, y) 
satisfying Eq. (1), we have a sketch of the graph of the equation. In Fig. 
1.3.2 we have plotted points whose coordinates are the number pairs ob- 


1.3.2 Definition 
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tained from Table 1.3.1. These points are connected by a smooth curve. 
Any point (x, y) on this curve has coordinates satisfying Eq. (1). Also, 
the coordinates of any point not on this curve do not satisfy the equation. 
We have the following general definition. 


The graph of an equation in R; is the set of all points (x, y) in R, whose 
coordinates are numbers satisfying the equation. 


We sometimes call the graph of an equation the locus of the equation. 
The graph of an equation in R, is also called a curve. Unless otherwise 
stated, an equation with two unknowns, x and y, is considered an equa- 
tion in R». 


EXAMPLE 1: Draw a sketch of the 
graph of the equation 


y—x—2-0 (2) 


ie a2] ES, 


Figure 1.3.3 


SOLUTION: Solving Eq. (2) for y, we have 
y=+Vx+2 (3) 
Equations (3) are equivalent to the two equations 
y= Vxt+2 (4) 
y=—Vxt2 (5) 


The coordinates of all points that satisfy Eq. (3) will satisfy either 
Eq. (4) or (5), and the coordinates of any point that satisfies either Eq. 
(4) or (5) will satisfy Eq. (3). Table 1.3.2 gives some of these values of 
x and y. 


Table 1.3.2 
x| 0 0 1 1 2 2 3 3 -1 -1 -2 
y| V2 -v2 v3 -v3 2 -2 V5 -V5 1-1 0 


Note that for any value of x < —2 there is no real value for y. Also, 
for each value of x > —2 there are two values for y. A sketch of the graph 
of Eq. (2) is shown in Fig. 1.3.3. The graph is a parabola. 


EXAMPLE 2: Draw sketches of 
the graphs of the equations 


y= Vx+2 (6) 
y=—Vx+2 


SOLUTION: Equation (6) is the same as Eq. (4). The value of y is non- 
negative; hence, the graph of Eq. (6) is the upper half of the graph of 
Eq. (3). A sketch of this graph is shown in Fig. 1.3.4. 

Similarly, the graph of the equation 


y=—Vx+2 
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a sketch of which is shown in Fig. 1.3.5, is the lower half of the parabole 
of Fig. 1.3.3. 


y 
y 
x 
5 x 
Figure 1.3.4 Figure 1.3.5 


EXAMPLE 3: Draw a sketch of the 
graph of the equation 


y=|x+3l| (7) 


: 


AL spp ep dr 


EE eee 
O 


Figure 1.3.6 


SOLUTION: From the definition of the absolute value of a number, we 
have 


y=x+3 if x+320 
and 
y=—(x+3) if x+3<0 
or, equivalently, 
y=x+3 if x 2—3 
and 
y=—(x+3) if x«—3 
Table 1.3.3 gives some values of x and y satisfying Eq. (7). 
Table 1.3.3 


x|0 1 2 3 -1 -2 -3 —4 —5 -6 —7 —8 —9 


y3 4 5 6 2 1 0 1 2 3 4 5 6 


A sketch of the graph of Eq. (7) is shown in Fig. 1.3.6. 


: S 
EXAMPLE 4: Draw a sketch of the 


graph of the equation 
(x—2y+3)(y— x) =0 (8) 


“SOLUTION: By the property of real numbers that ab — 0 if and only T 


8 — 0 or b — 0, we have from Eq. (8) 

x—2y - 3-20 (9) 
and 

y-x-0 (10) 


The coordinates of all points that satisfy Eq. (8) will satisfy either 
Eq. (9) or Eq. (10), and the coordinates of any point that satisfies either 


O 


Figure 1.3.7 
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Eq. (9) or (10) will satisfy Eq. (8). Therefore, the graph of Eq. (8) will con- 
sist of the graphs of Eqs. (9) and (10). Table 1.3.4 gives some values of x 
and y satisfying Eq. (9), and Table 1.3.5 gives some values of x and y 
satisfying Eq. (10). A sketch of the graph of Eq. (8) is shown in Fig. 1.3.7. 


Table 1.3.4 


ela: a 908s Sa a eas ea | 
yl& 2 
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Table 1.3.5 


x|/O 1 2 3 -1 -2 -3 


vio 4 9 1 4 9 


1.3.3 Definition 


1.3.4 Definition 


1.3.5 Definition 


An equation of a graph is an equation which is satisfied by the coordinates 
of those, and only those, points on the graph. 


For example, in R;, y — 8 is an equation whose graph consists of those 
points having an ordinate of 8. This is a line which is parallel to the x 
axis, and 8 units above the x axis. 

In drawing a sketch of the graph of an equation, it is often helpful 
to consider properties of symmetry of a graph. 


Two points P and Q are said to be symmetric with respect to a line if and 
only if the line is the perpendicular bisector of the line segment PQ. Two 
points P and Q are said to be symmetric with respect to a third point if and 
only if the third point is the midpoint of the line segment PQ. 


In particular, the points (3, 2) and (3, —2) are symmetric with respect 
to the x axis, the points (3, 2) and (—3, 2) are symmetric with respect to 
the y axis, and the points (3, 2) and (—3, —2) are symmetric with respect to 
the origin. In general, the points (x, y) and (x, —y) are symmetric with 
respect to the x axis, the points (x, y) and (—x, y) are symmetric with re- 
spect to the y axis, and the points (x, y) and (—x, —y) are symmetric with 
respect to the origin. 


The graph of an equation is symmetric with respect to a line / if and only 
if for every point P on the graph there is a point Q, also on the graph, 
such that P and Q are symmetric with respect to l. The graph of an equa- 
tion is symmetric with respect to a point R if and only if for every point 
P on the graph there is a point S, also on the graph, such that P and 5 
are symmetric with respect to R. 
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1.3.6 Theorem 


Tests for Symmetry 


From Definition 1.3.5 it follows that if a point (x, y) is on a graph 
which is symmetric with respect to the x axis, then the point (x, —y) also 
must be on the graph. And, if both the points (x, y) and (x, —y) are on the 
graph, then the graph is symmetric with respect to the x axis. Therefore, 
the coordinates of the point (x, —y) as well as (x, y) must satisfy an equa- 
tion of the graph. Hence, we may conclude that the graph of an equation 
in x and y is symmetric with respect to the x axis if and only if an equiv- 
alent equation is obtained when y is replaced by —y in the equation. We 
have thus proved part (i) in the following theorem. The proofs of parts 
(ii) and (iii) are similar. 


The graph of an equation in x and y is 


(i) symmetric with respect to the x axis if and only if an equivalent 
equation is obtained when y is replaced by —y in the equation; 
(ii) symmetric with respect to the y axis if and only if an equivalent 
equation is obtained when x is replaced by —x in the equation; 
(iii) symmetric with respect to the origin if and only if an equivalent 
equation is obtained when x is replaced by —x and y is replaced 

by —y in the equation. 


The graph in Fig. 1.3.2 is symmetric with respect to the y axis, and 
for Eq. (1) an equivalent equation is obtained when x is replaced by —x. 
In Example 1 we have Eq. (2) for which an equivalent equation is ob- 
tained when y is replaced by —y, and its graph sketched in Fig. 1.3.3 is 
symmetric with respect to the x axis. The following example gives a graph 
which is symmetric with respect to the origin. 


EXAMPLE 4: Draw a sketch of the 
graph of the equation 


xy —1 (11) 


> 


- 


Figure 1.3.8 


SOLUTION: We see that if in Eq. (11) x is replaced by —x and y is replaced 
by —y, an equivalent equation is obtained; hence, by Theorem 1.3.6(iii) 
the graph is symmetric with respect to the origin. Table 1.3.6 gives some 
values of x and y satisfying Eq. (11). 


Table 1.3.6 


x 12 3 4 $ 4 4 -1 -2 -3 -4 -} -} -i 
a 2 3 4 3 


From Eq. (11) we obtain y = 1/x. We see that as x increases through 
positive values, y decreases through positive values and gets closer and 
closer to zero. As x decreases through positive values, y increases through 
positive values and gets larger and larger. As x increases through nega- 
tive values (i.e., x takes on the values —4, —3, —2, —1, —3, etc.), y takes 
on negative values having larger and larger absolute values. A sketch of 
the graph is shown in Fig. 1.3.8. 
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Exercises 1.3 


In Exercises 1 through 6, plot the given point P and such of the following points as may apply: 

(a) The point Q such that the line through Q and P is perpendicular to the x axis and is bisected by it. Give the coordi- 
nates of Q. 

(b) The point R such that the line through P and R is perpendicular to and is bisected by the y axis. Give the coordinates 
of R. 

(c) The point S such that the line through P and S is bisected by the origin. Give the coordinates of S. 

(d) The point T such that the line through P and T is perpendicular to and is bisected by the 45° line through the origin 
bisecting the first and third quadrants. Give the coordinates of T. 


1. P(1,—2) 2. P(-2,2) 3. P(2, 2) 

4. P(—2,—2) 5. P(—-1, —3) 6. P(0, —3) 

In Exercises 7 through 28 draw a sketch of the graph of the equation. 

7. y 22x ^ 5 8. y 24x —3 9. y= Vx —3 

10. y2— Vx —3 11. Y=x-3 12. y=5 

13. x=—3 14. x y* € 1 15. y — [x — 5| 

16. y — —|x + 2| 17. y= |x| ^ 5 18. y=—|x| +2 

19. 4x2 + 9y? = 36 20. 4x? — 9y? = 36 21. y = 4x? 

22. y = 4x3 23. 4x? — y? =0 24. 3x? — 13xy — 10y? = 0 
25. 4x* + y? =0 26. 2x + y — 1) (4y + x?) 20 27. x — 5xiy + Ay? — 0 


28. (—x *2)(y + Vx—4) 20 
29. Draw a sketch of the graph of each of the following equations: 


(a) y= V2x (b) y=—V2x () y = 2x 
30. Draw a sketch of the graph of each of the following equations: 

(a) y= V—2x (b) y ——V—2x (c) y= —2x 
31. Draw a sketch of the graph of each of the following equations: 

(a) x+3y=0 (b) x—3y=0 (c) 2—9 =0 


32. (a) Write an equation whose graph is the x axis. (b) Write an equation whose graph is the y axis. (c) Write an equation 
whose graph is the set of all points on either the x axis or the y axis. 

33. (a) Write an equation whose graph consists of all points having an abscissa of 4. (b) Write an equation whose graph 
consists of all points having an ordinate of —3. 


34. Prove that a graph that is symmetric with respect to both coordinate axes is also symmetric with respect to the origin. 


35. Prove that a graph that is symmetric with respect to any two perpendicular lines is also symmetric with respect to their 
point of intersection. 


14 DISTANCE FORMULA If A is the point (x,, y) and B is the point (xz, y) (i.e., A and B have the 
AND MIDPOINT FORMULA same ordinate but different abscissas), then the directed distance from 
A to B, denoted by AB, is defined as x, — x,. Following are some examples, 

which are illustrated in Fig. 1.4.1(a), (b), and (o). 
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^ A(3, 4) 


O D(—2, 4) 


Figure 1.4.2 


y 


B(1,2)  A(42) 
MM áo À 


Figure 14.1 


If A is the point (3, 4) and B is the point (9, 4), then AB 29 — 3— 6. 
If A is the point (—8, 0) and B is the point (6, 0), then AB = 6 — (—8) = 14. 
If A is the point (4, 2) and B is the point (1, 2), then AB = 1 — 4 = —3. We 
see that AB is positive if B is to the right of A, and AB is negative if B is 
to the left of A. 

If C is the point (x, y;) and D is the point (x, y2), then the directed 
distance from C to D, denoted by CD, is defined as y; — y,. The following 
examples are illustrated in Fig. 1.4.2(a) and (b). 

If C is the point (1, —2) and D is the point (1, —8), then CD =—8 
— (-2) =—6. If C is the point (-2, —3) and D is the point (—2, 4), then 
CD = 4 — (—3) — 7. The number CD is positiveif D is above C, and CD 
is negative if D is below C. me 

We consider a directed distance AB as the signed distance traveled 
by a particle that starts at A and travels to B. In such a case, the abscissa 
of the particle changes from x, to x» and we use the notation Ax ("delta 
x”) to denote this change; that is, 


Ax = X, — X, 


Therefore, AB — Ax. 

It is important to note that the symbol Ax denotes the difference be- 
tween the abscissa of B and the abscissa of A, and it does not mean "delta 
multiplied by x." 

Similarly, if we consider a particle moving along a line parallel to 
the y axis from a point C(x, y;) to a point D(x, y;), then the ordinate of 
the particle changes from y, to y2. We denote this change by Ay or 

Ay—-V-— ys 
Thus, CD — Ay. 

Now let P,(x;, y,) and P;(x;, y;) be any two points in the plane. We 
wish to obtain a formula for finding the nonnegative distance between 
these two points. We shall denote this distance by |P,P,|. We use abso- 


lute-value bars because we are concerned only with the length, which is 
a nonnegative number, of the line segment between the two points P, and 
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E P,. To derive the formula, we note that |P,P.| is the length of the hypot- 
enuse of a right triangle P, MP,. This is illustrated in Fig. 1.4.3 for P, and 
P,, both of which are in the first quadrant. 


y 
^ P, (x2, Y2) 


[^v =y2 7 y1 
|) 
Pix y) Teg M(x2, yı) 
Ax= x, — X1 
O = 
Figure 1.4.3 
Using the Pythagorean theorem, we have 
|P:P2|? = |Ax|? + |Ay|? 
So 
|P,P.| = V[Ax|? + [Ay? 
or 


|P,P,| = V (x, — x)? + (ys — vi)? (1) 


Formula (1) holds for all possible positions of P, and P; in all four 
quadrants. The length of the hypotenuse will always be |P,P,|, and the 
lengths of the two legs will always be |Ax| and |Ay| (see Exercises 1 and 
2). We state this result as a theorem. 


1.4.1 Theorem The undirected distance between the two points P, (xı, y,) and P, (xz, y2) 
is given by 


|P,P;| =y (= x) + (Va — yi)? 


EXAMPLE 1: If a point P(x, y) is SOLUTION: From the statement of the problem 


such that its distance from S51 _ IDE 

A(3, 2) is always twice its dis- Pal Zee 

tance from B(-4, 1), find an Using formula (1), we have 

equation which the coordinates (3) ty =Vaata EV 


of P must satisfy. 
Squaring on both sides, we have 


xi — 6x +9 + y? —4y+4=4(22 + 8x + 16+ y? —2y +1) 
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or 
3x* + 3y? + 38x — 4y + 55-0 


EXAMPLE 2: Show that the tri- 
angle with vertices at A(—2, 4), 
B(—5, 1), and C(—6, 5) is 
isosceles. 


y 
^ 
C(— 6, 5) 
— 
A(~ 2, 4) 

- 

B(—5,1) " 
x 
O 
Figure 1.4.4 


EXAMPLE 3: Prove analytically 


that the lengths of the diagonals 
of a rectangle are equal. 


Figure 1.4.5 


SOLUTION: The triangle is shown in Fig. 1.4.4. 
|BC| = V(-6-5)?- (5—1)? = V1 +16 = v17 
|AC| = V6 + 2)? + (5-4) = V16+1= v17 
|BA| = V@24+5)? + (4-1) = V94+9 =3V2 

Therefore, 


|BC| = [AC] 


Hence, triangle ABC is isosceles. 


SOLUTION: Draw a general rectangle. Because we can choose the coordi- 
nate axes anywhere in the plane, and because the choice of the position 
of the axes does not affect the truth of the theorem, we take the origin at 
one vertex, the x axis along one side, and the y axis along another side. 
This procedure simplifies the coordinates of the vertices on the two axes. 
Refer to Fig. 1.4.5. 

Now the hypothesis and the conclusion of the theorem can be stated. 

Hypothesis: OABC is a rectangle with diagonals OB and AC. 

Conclusion: |OB| = |AC]. 


PROOF: 
|OB| = V(a-0) + (b— 0)? = VF +P 
|AC| = VOZ al + (6-09 = VF FE 
Therefore, 
IOB| = JAC] 


Let Pi (xı, yı) and P;(x,, y2) be the endpoints of a line segment. We 
shall denote this line segment by P,P}. This is not to be confused with the 
notation P,P,, which denotes the directed distance from P, to P,. That is, 
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P,P, denotes a number, whereas P,P, is a line segment. Let P(x, y) be the 
midpoint of the line segment P,P». Refer to Fig. 1.4.6. 


y 


| 


P; (xi, Y2) 


LLL Les a AE a yt ILI RII 
P, x— x R(x, ui) S(x2, Yı) 
(xi, yi) 
O x 
Figure 1.4.6 


In Fig. 1.4.6 we see that triangles P,RP and PTP; are congruent. There- 
fore, [P,R| = |PT|, and so x — x, = x, — x, giving us 


xd ait x (2) 


Similarly, |RP| = |TP,|. Then y — y, = y; — y, and therefore 


+ 
y- A 5 (3) 


Hence, the coordinates of the midpoint of a line segment are, respec- 
tively, the average of the abscissas and the average of the ordinates of 
the endpoints of the line segment. 

In the derivation of formulas (2) and (3) it was assumed that x, > x, 
and y; > y,. The same formulas are obtained by using any orderings of 
these numbers (see Exercises 3 and 4). 


EXAMPLE 4: Prove analytically 
that the line segments joining the 
midpoints of the opposite sides 
of any quadrilateral bisect each 
other. 


SOLUTION: Draw a general quadrilateral. Take the origin at one vertex 
and the x axis along one side. This method simplifies the coordinates of 
the two vertices on the x axis. See Fig. 1.47. 
Hypothesis: OABC is a quadrilateral. M is the midpoint of OA, N is 
the midpoint of CB, R is the midpoint of OC, and 5 is the midpoint of AB. 
Conclusion: MN and RS bisect each other. 


PROOF: To prove that two line segments bisect each other, we show that 
they have the same midpoint. Using formulas (2) and (3), we obtain the 
coordinates of M, N, R, and S. M is the point (a, 0), N is the point 
Q (b + d), &(c + e)), R is the point (¢d, $e), and S is the point (a + b), $c). 
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B(b, c) The abscissa of the midpoint of MN is #[4a+4(b+ 4) ] — 1(a - b 4- d). 
N The ordinate of the midpoint of MN is [0 + (c + e)] =4(c + e). 
Therefore, the midpoint of MN is the point (4(a+ b+ d), i(c + e)). 
C (d,e) The abscissa of the midpoint of RS is 3[$d + $(a + b) ] 2 (a - b 9- d). 
The ordinate of the midpoint of RS is $]$e + 2c] =ł4(c + e). 
R Therefore, the midpoint of RS is the point (4(a+b+ d), (c + e)). 
Thus, the midpoint of MN is the same point as the midpoint of RS. 
M A(,0)7* Therefore, MN and RS bisect each other. a 


Figure 1.4.7 


Exercises 1.4 


N Oo oO fF WO hh n 


. Derive distance formula (1) if P, is in the third quadrant and P, is in the second quadrant. Draw a figure. 

. Derive distance formula (1) if P, is in the second quadrant and P, is in the fourth quadrant. Draw a figure. 

. Derive midpoint formulas (2) and (3) if P, is in the first quadrant and P; is in the third quadrant. 

. Derive midpoint formulas (2) and (3) if P, (xi, y,) and P;(x;, y;) are both in the second quadrant and x, > x, and y, > yz 
. Find the length of the medians of the triangle having vertices A(2, 3), B(3, —3), and C(—1, —1). 

. Find the midpoints of the diagonals of the quadrilateral whose vertices are (0, 0), (0, 4), (3, 5), and (3, 1). 

. Prove that the triangle with vertices A(3, —6), B(8, —2), and C(—1,—1) is a right triangle. Find the area of the triangle. 


(HINT: Use the converse of the Pythagorean theorem.) 


. Prove that the points A(6, —13), B(—2, 2), C(13, 10), and D(21, —5) are the vertices of a square. Find the length of 


a diagonal. 


. By using distance formula (1), prove that the points (—3, 2), (1, —2), and (9, —10) lie on a line. 


. If one end of a line segment is the point (—4, 2) and the midpoint is (3, —1), find the coordinates of the other end of 


the line segment. 


. The abscissa of a point is —6, and its distance from the point (1, 3) is V74. Find the ordinate of the point. 
. Determine whether or not the points (14, 7), (2, 2), and (—4, —1) lie on a line by using distance formula (1). 
. If two vertices of an equilateral triangle are (—4, 3) and (0, 0), find the third vertex. 


. Find an equation that must be satisfied by the coordinates of any point that is equidistant from the two points (—3, 2) 


and (4, 6). 


. Find an equation that must be satisfied by the coordinates of any point whose distance from the point (5,3) is always 


two units greater than its distance from the point (—4,— 2). 


. Given the two points A(—3, 4) and B(2, 5), find the coordinates of a point P on the line through A and B such that P 


is (a) twice as far from A as from B, and (b) twice as far from B as from A. 


. Find the coordinates of the three points that divide the line segment from A(—5, 3) to B(6, 8) into four equal parts. 


. If r, and r, are positive integers, prove that the coordinates of the point P(x, y), which divides the line segment P,P, 


in the ratio ri/r, —that is, |P,P|/|P,P;| = r;/r,—are given by 
pon (r; — i)xy + nx and y= (ra — n)u T rns 
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In Exercises 19 through 23, use the formulas of Exercise 18 to find the coordinates of point P. 


19. 
20. 
21. 


22. 


23. 
24. 


25. 


26. 


27. 


28. 
29. 


The point P is on the line segment between points P,(1, 3) and P,(6, 2) and is three times as far from P, as it is from P}. 
The point P is on the line segment between points P,(1, 3) and P,(6, 2) and is three times as far from P, as it is from P}. 
The point P is on the line through P, and P, and is three times as far from P,(6, 2) as itis from P,(1,3) but is not be- 
tween P, and P}. 

The point P is on the line through P, and P, and is three times as far from P,(1, 3) as it is from P,(6,2) but is not be- 
tween P, and P}. 

The point P is on the line through P,(—3, 5) and P;(—1, 2) so that PP, = 4 - P,P). 

(a) Find an equation whose graph consists of all points that are at a distance of 4 units from the point (1, 3). (b) Draw 
a sketch of the graph of the equation found in (a). 


(a) Find an equation whose graph consists of all points equidistant from the points (—1, 2) and (3, 4). (b) Draw a sketch 
of the graph of the equation found in (a). 

Prove analytically that the sum of the squares of the distances of any point from two opposite vertices of any rectangle 
is equal to the sum of the squares of its distances from the other two vertices. 


Prove analytically that the line segment joining the midpoints of two opposite sides of any quadrilateral and the line 
segment joining the midpoints of the diagonals of the quadrilateral bisect each other. 
Prove analytically that the midpoint of the hypotenuse of any right triangle is equidistant from each of the three vertices. 


Prove analytically that if the lengths of two of the medians of a triangle are equal, the triangle is isosceles. 


15 EQUATIONS OF A LINE If P,(x,, yı) and P;(x,, y;) are any two distinct points on line l, which is 
1.5.1 Definition not parallel to the y axis, then the slope of l, denoted by m, is given by 


D td 
Ha < (1) 


In Eq. (1), x; # x, since l is not parallel to the y axis. 

The value of m computed from Eq. (1) is independent of the choice 
of the two points P, and P, on |. To show this, suppose we choose two 
different points, P,(X;, 71) and P;(X;, y;), and compute a number m from 


Pg, y2) 


Eq. (1). 
Pz (x2, ya) - Fe 
m=i 
J;—Vi X2 — X, 
Py (x3, Y1) We shall show that m = m. Refer to Fig. 1.5.1. Triangles P RP, and P RP, 
are similar, so the lengths of corresponding sides are proportional. 
Therefore, 
^p, (iy) Xài-xi REF) Y2 — Yı ye Yı 


X,— XQ X,— X 


or 


ll 
3 


Figure 1.5.1 m 
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y 


l 
5 Pa >x 


Figure 1.5.2 


y 
1A 
IN. 
O 


Figure 1.5.3 


Hence, we conclude that the value of m computed from Eq. (1) is the same 
number no matter what two points on l are selected. 

In Fig. 1.5.1, x; > x, y» > yi, X; > X, and y; > yi. The discussio: 
above is valid for any ordering of these pairs of numbers since Definition 
1.5.1 holds for any ordering. 

In Sec. 1.4 we defined Ay = y; — y, and Ax ^ x; — x,. Substituting 
these values into Eq. (1), we have 


Lay 


M= Ax 


Multiplying on both sides of this equation by Ax, we obtain 
Ay = m Ax (2 


It is seen from Eq. (2) that if we consider a particle moving along 
line I, the change in the ordinate of the particle is proportional to the 
change in the abscissa, and the constant of proportionality is the slope 
of the line. 

If the slope of a line is positive, then as the abscissa of a point on the 
line increases, the ordinate increases. Such a line is shown in Fig. 1.5.2. 
In Fig. 1.5.3, we have a line whose slope is negative. For this line, as the 
abscissa of a point on the line increases, the ordinate decreases. Note that 
if the line is parallel to the x axis, then y; = y, and so m = Q. 

If the line is parallel to the y axis, x» = x,; thus, Eq. (1) is meaningless 
because we cannot divide by zero. This is the reason that lines parallel 
to the y axis, or vertical lines, are excluded in Definition 1.5.1. We say that 
a vertical line does not have a slope. 


EXAMPLE 1: Let/ be the line 
through the points P,(2, 3) and 
P,(4, 7). Find the slope of I. 


SOLUTION: The slope of l, by Definition 1.5.1, is given by 


PE Sark: m 


m—-4—5-2 


Figure 1.5.4 


Refer to Fig. 1.5.4. If P(x, y) and Q(x + Ax, y + Ay) are any two points 
on I, then 


Ay _ 

ee 
or 

Ay = 2 Ax 


Thus, if a particle is moving along the line 1, the change in the ordinate 
is twice the change in the abscissa. That is, if the particle is at P,(4, 7) 
and the abscissa is increased by one unit, then the ordinate is increased 
by two units, and the particle is at the point P4(5, 9). Similarly, if the par- 
ticle is at P,(2, 3) and the abscissa is decreased by three units, then the ordi- 
nate is decreased by six units, and the particle is at the point P4(—1, —3). 
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Since two points P; (xı, Y1) and P;(x;, Y2) determine a unique line, we 
should be able to obtain an equation of the line through these two points. 
Consider P(x, y) any point on the line. We want an equation that is satis- 
fied by x and y if and only if P(x, y) is on the line through P,(x,, y,) and 
P5(xs, Y2). We distinguish two cases. 


Case 1: X= Xi. 

In this case the line through P, and P, is parallel to the y axis, and all 
points on this line have the same abscissa. So P(x, y) is any point on the 
line if and only if 


x—x (3) 


Equation (3) is an equation of a line parallel to the y axis. Note that this 
equation is independent of y; that is, the ordinate may have any value 
whatsoever, and the point P(x, y) is on the line whenever the abscissa is x,. 


Case 2: X. Æ X, 
The slope of the line through P, and P, is given by 


V2 
m7 x—5 (4) 
If P(x, y) is any point on the line except (x;, y,), the slope is also 
given by 
=Y Y 
x— X 


m 


(5) 


The point P will be on the line through P, and P, if and only if the value 
of m from Eq. (4) is the same as the value of m from Eq. (5), that is, if and 
only if 


Yr Yy 


X—X, Xg;—2X 


Multiplying on both sides of this equation by (x — x,), we obtain 


y— RAT Gs) (6) 


Equation (6) is satisfied by the coordinates of P, as well as by the coordi- 
nates of any other point on the line through P, and Py. 

Equation (6) is called the two-point form of an equation of the line. 
It gives an equation of the line if two points on the line are known. 

If in Eq. (6) we replace (ys — vi)/ (xs — xı) by m, we get 


32 REAL NUMBERS AND INTRODUCTION TO ANALYTIC GEOMETRY 


Equation (7) is called the point-slope form of an equation of the line 
It gives an equation of the line if a point P,(x,, y,) on the line and the 
slope m of the line are known. 

If we choose the particular point (0, b) (i.e., the point where the line 
intersects the y axis) for the point (xi, yi) in Eq. (7), we have 


y—b=m(x—0) 
or 


y-mxtb (8) 


The number b, which is the ordinate of the point where the line 
intersects the y axis, is called the y intercept of the line. Consequently, 
Eq. (8) is called the slope-intercept form of an equation of the line. This 
form is especially important because it enables us to find the slope of a 
line from its equation. It is also important because it expresses the y co- 
ordinate explicitly in terms of the x coordinate. 


EXAMPLE 2: Given the line 
having the equation 3x + 4y = 7, 
find the slope of the line. 


SOLUTION: Solving the equation for y, we have 
y=—3x+ 4 


Comparing this equation with Eq. (8), we see that m=—% and b=}. 
Therefore, the slope is —$. 


Another form of an equation of a line is the one involving the inter- 
cepts of a line. We define the x intercept of a line as the abscissa of the 
point at which the line intersects the x axis. The x intercept is denoted 
by a. If the x intercept a and the y intercept b are given, we have two 
points (a, 0) and (0, b) on the line. Applying Eq. (6), the two-point form, 
we have 


b—0 


gg (x—a) 
or 
—ay = bx — ab 
or 
bx + ay = ab 


Dividing by ab, if a # 0 and b ¥ 0, we obtain 


Six 


dc. (9) 
a5 
Equation (9) is called the intercept form of an equation of the line. 


Obviously it does not apply to a line through the origin, because for such 
a line both a and b are zero. 
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EXAMPLE 3: The point (2, 3) 
bisects that portion of a line 
which is cut off by the coordi- 
nate axes. Find an equation of 
the line. 


Figure 1.5.5 


SOLUTION: Refer to Fig. 1.5.5. If a is the x intercept of the line and b is 
the y intercept of the line, then the point (2, 3) is the midpoint of the 
line segment joining (a, 0) and (0, b). By the midpoint formulas, we have 


zu and Janr 


2 2 2 


Then 
a=4 and b=6 
The intercept form, Eq. (9), gives us 


Y_ 
*z-1 


Hel 


or 
3x + 2y = 12 


1.5.2 Theorem 


The graph of the equation 
Ax + By+C=0 (10) 


where A, B, and C are constants and where not both A and B are zero, is 
a straight line. 


PROOF: Consider the two cases B + 0 and B=0. 


Case 1; B#0. 
Because B # 0, we divide on both sides of Eq. (10) by B and obtain 
A C 
1) B x— B (11) 


Equation (11) is an equation of a straight line because it is in the slope- 
intercept form, where m =—A/B and b =—C/B. 


Case 2: B=0. 
Because B = 0, we may conclude that A # 0 and thus have 


Ax+C=0 


or 


x=—— (12) 


Equation (12) is in the form of Eq. (3), and so the graph is a straight line 
parallel to the y axis. This completes the proof. i 


Because the graph of Eq. (10) is a straight line, it is called a linear 
equation. Equation (10) is the general equation of the first degree in x and y. 
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Because two points determine a line, to draw a sketch of the graph of 
a straight line from its equation we need only determine the coordinates 
of two points on the line, plot the two points, and then draw the line. 
Any two points will suffice, but it is usually convenient to plot the two 
points where the line intersects the two axes (which are given by the 
intercepts). 


EXAMPLE 4: Given line l,, having 
the equation 2x — 3y — 12, and 
line 5, having the equation 

4x + 3y = 6, draw a sketch of 
each of the lines. Then find the 
coordinates of the point of 
intersection of l, and l. 


Figure 1.5.6 


SOLUTION: To draw a sketch of the graph of lı, we find the intercepts a 
and b. In the equation of l,, we substitute 0 for x and get b =—4. In the 
equation of l, we substitute 0 for y and get a = 6. Similarly, we obtain 
the intercepts a and b for l,, and for l, we have a = $ and b = 2. The two 
lines are plotted in Fig. 1.5.6. 

To find the coordinates of the point of intersection of l, and Ll, we 
solve the two equations simultaneously. Because the point must lie on 
both lines, its coordinates must satisfy both equations. If both equations 
are put in the slope-intercept form, we have 


y=$x—4 and y=—$x+2 
Eliminating y gives 


3x—-—4=—4x+2 


or 
2x —12=—4x+6 
or 
6x = 18 
or 
x=3 
So 
y = 3(3) -4 
or 
y=-2 


Therefore, the point of intersection is (3, —2). 


1.5.3 Theorem 


If 1, and l, are two distinct nonvertical lines having slopes m, and my, 
respectively, then /, and l, are parallel if and only if m, = my. 


Let an equation of l, be y = m,x + b,, and let an equation of l, 
be y = mx + bz. Because there is an “if and only if" qualification, the 
proof consists of two parts. 


Prove that l, and l, are parallel if m, = my. 
Assume that /, and l, are not parallel. Let us show that this assump- 
tion leads to a contradiction. If l, and l, are not parallel, then they intersect. 
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Call this point of intersection P(x,, yo). The coordinates of P must satisfy 
the equations of l, and L5, and so we have 


Vo E ™ Xo + b, and Yo = "iX + b, 
But m, = mə, which gives 
yo m,X; +b, and y= mX + b, 


from which it follows that b, = b,. So, if m, = m, and b, = b,, then both 
lines /, and I, have the same equation, y = m,x + b,, and so the lines are 
the same. But this contradicts the hypothesis that /, and l, are distinct 
lines. Therefore, our assumption is false. So we conclude that |, and l 
are parallel. 


PART 2: Prove that l, and l, are parallel only if m, = m.. Here we must 
show that if J, and l, are parallel, then m, = m». 

Assume that m, # m,. Solving the equations for l, and l, simultane- 
ously, we get, upon eliminating y, 

mx + by = mx + b, 
from which it follows that 

(m, — m,)x = b, — b, 
Because we have assumed that m, # mp, this gives 

b, Es b, 


x= 


m, — My 


Hence, J, and l, have a point of intersection, which contradicts the hy- 
pothesis that l, and l, are parallel. So our assumption is false, and there- 
fore m, = mp. " 


In Fig. 1.57, the two lines |, and l, are perpendicular. We state and 
prove the following theorem on the slopes of two perpendicular lines. 


Li 


Figure 1.5.7 
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1.5.4 Theorem 


If neither line J, nor line l, is vertical, then J, and I; are perpendicular if 
and only if the product of their slopes is —1. That is, if m, is the slope of 
l, and m, is the slope of l,, then l, and l, are perpendicular if and only if 
mM, =—1. 


PROOF: 


PART 1: Prove that l, and l, are perpendicular only if m,m, = —1. 

Let L, be the line through the origin parallel to /, and let L, be the 
line through the origin parallel to l}. See Fig. 1.5.7. Therefore, by Theorem 
1.5.3, the slope of line L, is m, and the slope of line L, is mz. Because neither 
L, nor L, is vertical, these two lines intersect the line x — 1 at points P, 
and P,, respectively. The abscissa of both P, and P, is 1. Let y be the ordi- 
nate of P,. Since L, contains the points (0, 0) and (1, ¥) and its slope is m,, 
we have from Definition 1.5.1 


mas. D 


1—0 


and so y = m,. Similarly, the ordinate of P, is shown to be my. 
Applying the Pythagorean theorem to right triangle P,OP,, we get 


|OP,|? + |OP2|? = |P,P2|? (13) 
By applying the distance formula, we obtain 

|OP,? = (1—0)? + (m, —0* 21-4 m? 

|OP,|? = (1— 0)? + (m, —0)?=1+ m? 

[P,Po|?= (1 — 1)? + (m, — m,)? = m? — 2mm, + m 
Substituting into Eq. (13) gives 

(1 + m,?) + (1 + m?) = m? — 2m,m, +m? 


2——2m,ms 
m, n ——T 1 
PART 2: Prove that l, and l, are perpendicular if m,m, = —1. Starting with 
m,m — —1, we can reverse the steps of the proof of Part 1 and obtain 


|OP,|? + |OP,|? = |P,P,|? 


from which it follows, from the converse of the Pythagorean theorem, 
that L, and L, are perpendicular; hence, l, and l, are perpendicular. " 


Theorem 1.5.4 states that if two lines are perpendicular and neither 
one is vertical, the slope of one of the lines is the negative reciprocal of 
the slope of the other line. For example, if line /, is perpendicular to line 
I, and the slope of I, is 3, then the slope of l, must be —$. 
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EXAMPLE 5: Prove by means of 
slopes that the four points : 
A(6, 2), B(8, 6), C(4, 8), and 

D(2, 4) are the vertices of a 
rectangle. 


Figure 1.5.8 


SOLUTION: See Fig. 1.5.8. Let 
m, = the slope of AB --9—2 — 2, 
8—6 
m cU rud 
m, = the slope of BC = 787 T 
8—4 
m; = the slope of DC —41—5-2. 
= ES E. 
m, = the slope of AD =5 25 = 2 


Because 
m, — ms, AB || DC. 
m, = m, BC || AD. 
m,m;- —1, AB L BC. 


Therefore, quadrilateral ABCD has opposite sides parallel and two adja- 
cent sides perpendicular, and we conclude that ABCD is a rectangle. 


— 


EXAMPLE 6: Given the line! 
having the equation 


2x + 3y—-5=0 


find an equation of the line 
perpendicular to line / and 
passing through the point 
A(~1, 3). 


SOLUTION: Because the required line is perpendicular to line |, its slope 
must be the negative reciprocal of the slope of l. We find the slope of | by 
putting its equation into the slope-intercept form. Solving the given 
equation for y, we obtain 

y7—$ixct$ 
Therefore, the slope of l is —$, and the slope of the required line is $. Be- 
cause we also know that the required line contains the point (—1, 3), we 
use the point-slope form, which gives 

y—3-3$(x-1) 
or 
2y —6=3x+3 

or 

àx—2y -9—0 


Exercises 1.5 


In Exercises 1 through 4, find the slope of the line through the given points. 


1. (2, —3), (—4, 3) 
3. (6, 9, CE 9 


2. (5,2), (C2, —3) 
4. (—2.1, 0.3), (2.3, 1.4) 
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In Exercises 5 through 14, find an equation of the line satisfying the given conditions. 


5. 


10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 


20. 


21. 


22. 


23. 


24. 
25. 


26. 


27. 
28. 


29. 


The slope is 4 and through the point (2, —3). 


6. Through the two points (3, 1) and (—5, 4). 
7. 
8 
9 


Through the point (—3, —4) and parallel to the y axis. 


. Through the point (1, —7) and parallel to the x axis. 


. The x intercept is —3, and the y intercept is 4. 


Through (1, 4) and parallel to the line whose equation is 2x — 5y + 7 — 0. 

Through (—2, —5) and having a slope of V3. 

Through the origin and bisecting the angle between the axes in the first and third quadrants. 

Through the origin and bisecting the angle between the axes in the second and fourth quadrants. 

The slope is —2, and the x intercept is 4. 

Find an equation of the line through the points (1, 3) and (2, —2), and put the equation in the intercept form. 

Find an equation of the line through the points (3, —5) and (1, —2), and put the equation in the slope-intercept form. 
Show by means of slopes that the points (—4, —1), (3, $), (8, —4), and (2, —9) are the vertices of a trapezoid. 
Three consecutive vertices of a parallelogram are (—4, 1), (2, 3), and (8,9). Find the coordinates of the fourth vertex. 


For each of the following sets of three points, determine by means of slopes if the points are on a line: (a) (2, 3), 
(—4, —7), (5. 8); (b) (—3, 6), (3, 2), (9, —2); (c) Q2, —1), (1, 1), (3, 4); and (d) (4, 6), (1, 2), (5, —4). 

Prove by means of slopes that the three points A(3, 1), B(6, 0), and C(4, 4) are the vertices of a right triangle, and find 
the area of the triangle. 


Given the line ! having the equation 2y — 3x = 4 and the point P(1, —3), find (a) an equation of the line through P 
and perpendicular to l; (b) the shortest distance from P to line 1. 


If A, B, C, and D are constants, show that (a) the lines Ax + By + C = 0 and Ax + By + D = 0 are parallel and (b) the 
lines Ax + By + C = 0 and Bx — Ay + D = 0 are perpendicular. 


Given the line /, having the equation Ax + By + C = 0, B # 0, find (a) the slope, (b) the y intercept, (c) the x intercept, 
(d) an equation of the line through the origin perpendicular to I. 
Find an equation of the line which has equal intercepts and which passes through the point (8, —6). 


Find equations of the three medians of the triangle having vertices A(3, —2), B(3, 4), and C(—1, 1), and prove that 
they meet in a point. 


Find equations of the perpendicular bisectors of the sides of the triangle having vertices A(—1, —3), B(5, —3), and 
C(5, 5), and prove that they meet in a point. 

Find an equation of each of the lines through the point (3, 2), which forms with the coordinate axes a triangle of area 12. 
Let |, be the line having the equation A,x + Bıy + C, = 0, and let J, be the line having the equation A;x + B,y + C, = 0. 
If !, is not parallel to } and if k is any constant, the equation 

Ax + Biy + Ci k(Asx + Boy + C2) «0 

represents an unlimited number of lines. Prove that each of these lines contains the point of intersection of 1, and h. 
Given an equation of |, is 2x + 3y — 5 = 0 and an equation of I, is 3x + 5y — 8 = 0, by using Exercise 28 and without 
finding the coordinates of the point of intersection of |, and L, find an equation of the line through this point of inter- 


section and (a) passing through the point (1, 3); (b) parallel to the x axis; (c) parallel to the axis; (d) having slope —2; 
(e) perpendicular to the line having the equation 2x + y = 7; (f) forming an isosceles triangle with the coordinate axes. 


1.6 THE CIRCLE 39 


30. Find an equation of each straight line that is perpendicular to the line having the equation 5x — y — 1 and that forms 
with the coordinate axes a triangle having an area of measure 5. 


31. Prove analytically that the diagonals of a rhombus are perpendicular. 


32. Prove analytically that the line segments joining consecutive midpoints of the sides of any quadrilateral form a 


parallelogram. 


33. Prove analytically that the diagonals of a parallelogram bisect each other. 


34. Prove analytically that if the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram. 


16 THE CIRCLE A circle is the set of all points in a plane equidistant from a fixed 


1.6.1 Definition 


1.6.2 Theorem 


point. The fixed point is called the center of the circle, and the measure 
of the constant equal distance is called the radius of the circle. 


The circle with center at the point C(h, k) and radius r has as an equation 


(x BR - rt (1) 
PROOF: The point P(x, y) lies on the circle if and only if 
|PC|=r 
that is, if and only if 
V(x hy? + (y—kP=r 
This is true if and only if 
(x— hy} + (y~1)P=r? 


which is Eq. (1). Equation (1) is satisfied by the coordinates of those and 
only those points which lie on the given circle. Hence, (1) is an equation 
of the circle. a 


From Definition 1.3.2, it follows that the graph of Eq. (1) is the circle 
with center at (h, k) and radius r. 
If the center of the circle is at the origin, then h = k = 0; therefore, 


its equation is x? + y? = r?. 


EXAMPLE 1: Find an equation of 
the circle with center at (2, —3) 
and radius equal to 4. 


SOLUTION: The circle is shown in Fig. 1.6.1. | In this example, h=2, 
k — —8, r= 4. Substituting into Eq. (1), we have 
x-2*[y- 3) - e 
or 
(x — 2)? + (y - 3)? — 16 
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y 


Ais x 


Figure 1.6.1 


Squaring and then combining terms, we have 
e—4x+4+ y? t 6by+9=16 
or 
e+ y?—4x+ 6y-—3=0 


EXAMPLE 2: Given the equation 
X +y? + 6x—2y—15=0 
prove that the graph of this 


equation is a circle, and find its 
center and radius. 


SOLUTION: The given equation may be written as 
(x? + 6x) + (2 — 2y) = 15 


Completing the squares of the terms in parentheses by adding 9 and 1 
on both sides of the equation, we have 


(x? + 6x +9) + (y?—2y+1)=15+9+4+1 
or 
(x + 3)? + (y—1)? =25 


Comparing this equation with Eq. (1), we see that this is an equation of 
a circle with its center at (—3, 1) and a radius of 5. 


In Eq. (1), removing parentheses and combining terms gives 

XL+ y? — 2hx —2ky + (I? + I) — 1?) =0 (2) 
Equation (2) is of the form 

XLX +y + Dx+Ey+ F=0 (3) 
where D — —2h, E=—2k, and F = k? + k — r? 

Equation (3) is called the general form of an equation of a circle, 
whereas Eq. (1) is called the center-radius form. Because every circle has 
a center and a radius, its equation can be put in the center-radius form, 
and hence into the general form. 


We now consider the question of whether or not the graph of every 
equation of the form 


XL+ y +Dx+Ey+F=0 


is a circle. To determine this, we shall attempt to write this equation in the 
center-radius form. We rewrite the equation as 


XLX +y + Dx + Ey=—F 


1.6.3 Theorem 
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and complete the squares of the terms in parentheses by adding 1D? and 
1E? on both sides, thus giving us 

(x? + Dx + 4D?) + (y? + Ey c 3E?) =—F - 1D? c iE 
or 

(x + 4D)? + (y + 34E)? = (D? + E? — AF) (4) 
Equation (4) is in the form of Eq. (1) if and only if 

HD? + E — AP) =r? 

We now consider three cases, namely, (D? + E? — 4F) as positive, 
zero, and negative. 


Case 1: (D? + E —4F) » 0. 
Then r? = 4(D? + E? — 4F), and so Eq. (4) is an equation of a circle 
having a radius equal to VD? + E? — 4F and its center at (-2D, —$E). 


Case 2: D* + E* — AF—0. 
Equation (4) is then of the form 
(x + 2D)? + (y + 3E)? — 0. (5) 


Because the only real values of x and y satisfying Eq. (5) are x = —4D and 
y — —iE, the graph is the point (—$D, —$E). Comparing Eq. (5) with 
Eq. (1), we see that h = —4D, k = —3E, and r = 0. Thus, this point can be 
called a point-circle. 

Case 3: (D? + E? — 4F) <0. 

Then Eq. (4) has a negative number on the right side and the sum of 
the squares of two real numbers on the left side. There are no real values 
of x and y that satisfy such an equation; consequently, we say there is 
no real locus. 


Before stating the results of these three cases as a theorem, we ob- 
serve that an equation of the form 

Ax? + Ay? + Dx + Ey + F=0 where A # 0 (6) 
can be written in the form of Eq. (3) by dividing by A, thereby obtaining 

D E F 
2 2 pa — — = 

Xy FAXTAWTA 0 
Equation (6) is a special case of the general equation of the second degree: 

Ax! + Bxy + Cy? + Dx + Ey + F=0 


in which the coefficients of x? and y? are equal and which has no xy term. 
We have, then, the following theorem. 


The graph of any second-degree equation in R, in x and y, in which the 
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coefficients of xX? and y? are equal and in which there is no xy term, is 
either a circle, a point-circle, or no real locus. 


EXAMPLE 3: Determine the graph 
of the equation 


2x! + 24? + 12x — 8y + 31=0 


“SOLUTION: The equation is of the form (6), and therefore the graph is 
either a circle, a point-circle, or no real locus. If the equation is put in the 
form of Eq. (1), we have 


x+y? + 6x—4y+ 4=0 
(x? + 6x) + (y?— 4y) =—4# 
(x? + 6x+9) + (y? —4y +4) —À c9 4 
(x +3)? + (y—2)2?=—# 


Therefore, there is no real locus. 


EXAMPLE 4; Find an equation of 
the circle through the three 
points A(4, 5), B(3, —2), and 

C(1, —4). 


SOLUTION: The general form of an equation of the circle is 
e+ y?+Dx+ Ey+ F=0 


Because the three points A, B, and C must lie on the circle, the coordi- 
nates of these points must satisfy the equation. So we have 


16+ 25+4D+5E+F=0 
9+ 4+3D—2E+F=0 
1+16+ D—4E+F=0 


or 
4D + 5E + F——41 


3D — 2E + F =—13 
D — 4E + F=—17 
Solving these three equations simultaneously, we get 
D=7 E=-5 F=—4 
Thus, an equation of the circle is 


L+ yP ++7x— 5y—44=0 


In the following example we have a line which is tangent to a circle. 
The definition of the tangent line to a general curve at a specific point is 
given in Sec. 3.1. However, for a circle we use the definition from plane 
geometry which states that a tangent line at a point P on the circle is the 
line intersecting the circle at only the point P. 
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EXAMPLE 5; Find an equation of 
the circle with its center at the 
point C(1, 6) and tangent to the 
line | having the equation 
x—y—1=0. 


Figure 1.6.2 


GOUDPRONS See Fig. 1.6.2. Given that h= 1 and k = 6, if we find r, we can 
obtain an equation of the circle by using the center-radius form. 

Let |, be the line through C and the point P, which is the point of 
tangency of line / with the circle. 

r= |PC| 


Hence, we must find the coordinates of P. We do this by finding an equa- 
tion of l, and then finding the point of intersection of l, with I. Since |, 
is along a diameter of the circle, and l is tangent to the circle, l, is perpen- 
dicular to |. Because the slope of l is 1, the slope of |, is —1. Therefore, 
using the point-slope form of an equation of a line, we obtain as an equa- 
tion of |, 
y—6——1(x—1) 

or 

x+y—7=0 
Solving this equation simultaneously with the given equation of l, namely, 

x—y—1=0 
we get x= 4 and y — 3. Thus, P is the point (4, 3). Therefore, 
[PC| = V(4—1)? + (3-6)? 


Y 
or 


So, an equation of the circle is 
(x — 1)? + (y 6)? = (V18)? 
or 
X +? — 2x— 12y +19=0 


Exercises 1.6 


In Exercises 1 through 4, find an equation of the circle with center at C and radius r. Write the equation in both the center- 


radius form and the general form. 
1. C(4,—3),r=5 
3. C(—5, —12),r=3 


2. C(0,0),r=8 
4. C(—1, 1), r=2 


In Exercises 5 through 10, find an equation of the circle satisfying the given conditions. 
5. Center is at (1, 2) and through the point (3, —1). 
6. Center is at (—2, 5) and tangent to the line x =7. 
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7. Center is at (—3, —5) and tangent to the line 12x + 5y — 4— 0. 
8. Through the three points (2, 8), (7, 3), and (—2, 0). 
9. Tangent to the line 3x + y + 2 — 0 at (—1, 1) and through the point (3, 5). 
10. Tangent to the line 3x + 4y — 16 — 0 at (4, 1) and with a radius of 5. (Two possible circles.) 


In Exercises 11 through 14, find the center and radius of each circle, and draw a sketch of the graph. 


11. 
13. 


e+ y?— 6x— 8y+9=0 
3x? + 3y? + 4y—7=0 


12. 2x? + 2y?—2x+ 2y+7=0 
14. X + y? — 10x — 10y + 25=0 


In Exercises 15 through 20, determine whether the graph is a circle, a point-circle, or no real locus. 


15. 
18. 
21. 


22. 
23. 
24. 
25. 
26. 
27. 
28. 


xX +y — 2x +10y+19=0 
XL +y +2x—4y+5=0 


16. 4x? + Ay? + 24x — 4y +1 =0 17. x + y? — 10x + 6y + 36=0 
19. 36x? + 36? — 48x + 36y — 119=0 20. 9X? + 9%? +6x— 6y +5=0 


Find an equation of the common chord of the two circles x? + y? + 4x — 6y — 12 = 0 and x? + i? + 8x — 2y +8 =0. 
(HINT: If the coordinates of a point satisfy two different equations, then the coordinates also satisfy the difference of 


the two equations.) 


Find the points of intersection of the two circles in Exercise 21. 


Find an equation of the line which is tangent to the circle x? + y? — 4x + 6y — 12 — 0 at the point (5, 1). 


Find an equation of each of the two lines having slope —$ which are tangent to the circle x? + y? + 2x — 8y — 8 = 0. 


From the origin, chords of the circle x? + y? + 4x = 0 are drawn. Prove that the set of midpoints of these chords is a circle. 


Prove analytically that a line from the center of any circle bisecting any chord is perpendicular to the chord. 


Prove analytically that an angle inscribed in a semicircle is a right angle. 


Given the line y = mx + b tangent to the circle x? + y? = r?, find an equation involving m, b, and r. 


1.7 THE PARABOLA 


1.7.1 Definition 


A conic section is a curve of intersection of a plane with a right circulai 
cone of two nappes. There are three types of curves that occur in this way: 
the parabola, the ellipse (including the circle as a special case), and the 
hyperbola. The resulting curve depends on the inclination of the axis o! 
the cone to the cutting plane. In this section we study the parabola; the 
ellipse and the hyperbola are discussed in Chapter 12. 

When the cutting plane is parallel to an element of the cone, a parabola 
is obtained. Following is the analytic definition of a parabola. 


A parabola is the set of all points in a plane equidistant from a fixed point 
and a fixed line. The fixed point is called the focus, and the fixed line i: 
called the directrix. 


We now derive an equation of a parabola from the definition. Ir 
order for this equation to be as simple as possible, we choose the x axi: 
as perpendicular to the directrix and containing the focus. The origin is 
taken as the point on the x axis midway between the focus and the direc- 
trix. It should be stressed that we are choosing the axes (not the parabola) 
in a special way. See Fig. 1.7.1. 


1.7.2 Theorem 


1.7 THE PARABOLA 45 


Let p be the directed distance OF. The focus is the point F(p, 0), and 
the directrix is the line having the equation x — —p. A point P(x, y) is on 
the parabola if and only if P is equidistant from F and the directrix. That 
is, if Q(—p, y) is the foot of the perpendicular line from P to the directrix, 
then P is on the parabola if and only if 


[FP| = |QP| 
Because 

|FP| = Vx -pP +y 
and 

IQP| = Vix + p? + (y- y» 
P is on the parabola if and only if 

(x— p)? + v= V(x py? 

By squaring on both sides of the equation, we obtain 

x? — 2px + p + y? = x2 + 2px + p? 
or 

y? = 4px 


This result is stated as a theorem. 


An equation of the parabola having its focus at (p, 0) and as its directrix 
the line x = —p is 


y? = 4px (1) 


In Fig. 1.7.1, p is positive; p may be negative, however, because it is 
the directed distance OF. Figure 1.7.2 shows a parabola for p < 0. 


F(p, 0) 


i 


Directrix' Directrix 


Figure 1.7.1 Figure 1.7.2 


From Figs. 1.7.1 and 1.7.2, we see that for the equation y? = 4px the 
parabola opens to the right if p > 0 and to theleftifp < 0. The point mid- 
way between the focus and the directrix on the parabola is called the 
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1.7.3 Theorem 


vertex. The vertex of the parabolas in Figs. 1.7.1 and 1.7.2 is the origin. 
The line through the vertex and the focus is called the axis of the parabola. 
The axis of the parabolas in Figs. 1.7.1 and 1.72 is the x axis. 

In the above derivation, if the x axis and the y axis are interchanged, 
then the focus is at the point F(0, p), and the directrix is the line having 
the equation y — —p. An equation of this parabola is x? = 4py, and the 
result is stated as a theorem. 


An equation of the parabola having its focus at (0, p) and as its directrix 
the line y ——p is 


ate apy : 


If p 7 0, the parabola opens upward as shown in Fig. 1.7.3; and 
if p « 0, the parabola opens downward as shown in Fig. 1.7.4. In 
each case the vertex is at the origin, and the y axis is the axis of the 
parabola. 

When we draw a sketch of the graph of a parabola, it is helpful to 
draw the chord through the focus, perpendicular to the axis of the pa- 
rabola. This chord is called the latus rectum of the parabola. The length 
of the latus rectum is |4p|. (See Exercise 17.) 


Directrix 


Directrix y= ~p 


Figure 1.7.3 Figure 1.7.4 


EXAMPLE 1: Find an equation of 
the parabola having its focus at 
(0, —3) and as its directrix the 
line y = 3. Draw a sketch of the 
graph. 


SOLUTION: Since the focus is on the y axis and is also below the directrix, 
the parabola opens downward, and p — —3. Hence, an equation of the 
parabola is 


x = —12y 
The length of the latus rectum is 
|4(—3)| = 12 
A sketch of the graph is shown in Fig. 1.7.5. 


Any point on the parabola is equidistant from the focus and the 
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directrix. In Fig. 1.7.5, three such points (P,, P,, and P;) are shown, and 
we have 


|FP, | = IP,Q,| |FP,| = |P2Qz| |FP.| = |P4Q;] 


Directrix 


Figure 1.7.5 


EXAMPLE 2: Given the parabola 
having the equation 


y!-—7x 


find the coordinates of the focus, 
an equation of the directrix, and 
the length of the latus rectum. 
Draw a sketch of the graph. 


SOLUTION: The given equation is of the form of Eq. (1); so 
4p —7 
or 
p-í 
Because p > 0, the parabola opens to the right. The focus is at the point 


FG, 0). An equation of the directrix is x — —1. The length of the latus 
rectum is 7. À sketch of the graph is shown in Fig. 1.7.6. 


i 


Directrix | 


Figure 1.7.6 


Exercises 1.7 


For each of the parabolas in Exercises 1 through 8, find the coordinates of the focus, an equation of the directrix, and the 
length of the latus rectum. Draw a sketch of the curve. 


1. x? = 4y 
4. xX ——16y 
7. 2⁄2 — 9x « 0 


2. y. = 6x 3. y? — —8x 
5.34 y-—0 6. y? —5x — 0 
8. 333 +4y=0 
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In Exercises 9 through 16, find an equation of the parabola having the given properties. 


9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
28. 


29. 


30. 


Focus, (5, 0); directrix, x =—5. 

Focus, (0, 4); directrix, y = —4. 

Focus, (0, —2); directrix, y — 2 = 0. 

Focus, (—%, 0); directrix, 5 — 3x = 0. 

Focus, (4, 0); directrix, 2x + 1 = 0. 

Focus, (0, $); directrix, 3y + 2 — 0. 

Vertex, (0, 0); opens to the left; length of latus rectum — 6. 

Vertex, (0, 0); opens upward; length of latus rectum — 3. 

Prove that the length of the latus rectum of a parabola is |4p|. 

oe Ü equation of the parabola having its vertex at the origin, the x axis as its axis, and passing through the point 
2,—4). 

i an os of the parabola having its vertex at the origin, the y axis as its axis, and passing through the point 
—2,—4). 

A parabolic arch has a height of 20 ft and a width of 36 ft at the base. If the vertex of the parabola is at the top of the 

arch, at what height above the base is it 18 ft wide? 


The cable of a suspension bridge hangs in the form of a parabola when the load is uniformly distributed horizontally. 
The distance between two towers is 1500 ft, the points of support of the cable on the towers are 220 ft above the road- 
way, and the lowest point on the cable is 70 ft above the roadway. Find the vertical distance to the cable from a point 
in the roadway 150 ft from the foot of a tower. 


Assume that water issuing from the end of a horizontal pipe, 25 ft above the ground, describes a parabolic curve, the 
vertex of the parabola being at the end of the pipe. If, at a point 8 ft below the line of the pipe, the flow of water has 
curved outward 10 ft beyond a vertical line through the end of the pipe, how far beyond this vertical line will the water 
strike the ground? 


A reflecting telescope has a parabolic mirror for which the distance from the vertex to the focus is 30 ft. If the distance 
across the top of the mirror is 64 in., how deep is the mirror at the center? 


Using Definition 2.7.1, find an equation of the parabola having as its directrix the line y = 4 and as its focus the point 
(78, 8). 

Using Definition 2.7.1, find an equation of the parabola having as its directrix the line x — —3 and as its focus the 
point (2, 5). 

Find all points on the parabola y? — 8x such that the foot of the perpendicular drawn from the point to the directrix, 
the focus, and the point itself are vertices of an equilateral triangle. 

Find an equation of the circle passing through the vertex and the endpoints of the latus rectum of the parabola x? = —8y. 


Prove analytically that the circle having as its diameter the latus rectum of a parabola is tangent to the directrix of 
the parabola. 


A focal chord of a parabola is a line segment through the focus and with its endpoints on the parabola. If A and B are 
the endpoints of a focal chord of a parabola, and if C is the point of intersection of the directrix with a line through 
the vertex and point A, prove that the line through C and B is parallel to the axis of the parabola. 


Prove that the distance from the midpoint of a focal chord (see Exercise 29) of a parabola to the directrix is half the 
length of the focal chord. 


1.8 TRANSLATION OF AXES 


Figure 1.8.1 
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The shape of a curve is not affected by the position of the coordinate 
axes; however, an equation of the curve is affected. For example, if a 
circle with a radius of 3 has its center at the point (4, —1), then an equa- 
tion of this circle is 


(x— 4)? + (y+1)?=9 
or 
e+ y?—8x+2y+8=0 


However, if the origin is at the center, the same circle has a simpler 
equation, namely, 


r+y=9 


If we may take the coordinate axes as we please, they are generally 
chosen in such a way that the equations will be as simple as possible. 
If the axes are given, however, we often wish to find a simpler equation 
of a given curve referred to another set of axes. 

In general, if in the plane with given x and y axes, new coordinate 
axes are chosen parallel to the given ones, we say that there has been a 
translation of axes in the plane. 

In particular, let the given x and y axes be translated to the x’ and y’ 
axes, having origin (h, k) with respect to the given axes. Also, assume that 
the positive numbers are on the same side of the origin on the x’ and y’ 
axes as they are on the x and y axes (see Fig. 1.8.1). 

A point P in the plane, having coordinates (x, y) with respect to the 
given coordinate axes, will have coordinates (x', y’) with respect to the 
new axes. To obtain relationships between these two sets of coordinates, 
we draw a line through P parallel to the y axis and the y’ axis, and also 
a line through P parallel to the x axis and the x’ axis. Let the first line in- 
tersect the x axis at the point A and the x’ axis at the point A’, and the 
second line intersect the y axis at the point B and the y’ axis at the point B’. 

With respect to the x and y axes, the coordinates of P are (x, y), the 
coordinates of A are (x, 0), and the coordinates of A’ are (x, k). Because 
A'P = AP — AA’, we have 


y-y-k 
or 

y=y' +k 

With respect to the x and y axes, the coordinates of B are (0, y), and 
the coordinates of B' are (h, y). Because B'P = BP — BB', we have 

x —x—h 
or 

x=x' +h 


These results are stated as a theorem. 
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If (x, y) represents a point P with respect to a given set of axes, and (x', y^) 
is a representation of P after the axes are translated to a new origin having 
coordinates (h, k) with respect to the given axes, then 


x=x +h and y=y' +k (1) 


or 

x-—x—h and y'=y-—k (2) 

Equations (1) or (2) are called the equations of translating the axes. 

If an equation of a curve is given in x and y, then an equation in x' 
and y’ is obtained by replacing x by (x' + h) and y by (y’ + k). The graph 
of the equation in x and y, with respect to the x and y axes, is exactly the 
same set of points as the graph of the corresponding equation in x' and 
y' with respect to the x' and y' axes. 


EXAMPLE 1: Given the equation 
x + 10x + 6y + 19 = 0, find an 
equation of the graph with 
respect to the x' and y' axes after 
a translation of axes to the new 
origin (—5, 1). 


Figure 1.8.2 


SOLUTION: A point P, represented by (x, y) with respect to the old axes, 
has the representation (x', y') with respect to the new axes. Then by Eqs. 
(1), with h — —5 and k= 1, we have 


xx —5 and y=y +1 

Substituting these values of x and y into the given equation, we obtain 
(x —5)} + 10(r —5)+6(y'+1)+19=0 

or 

x'? — 10x' + 25 + 10x' — 50 + 6y' +6 + 19=0 
or 

x? = —6y’ 

The graph of this equation with respect to the x’ and y’ axes is a pa- 
rabola with its vertex at the origin, opening downward, and with 4p — —6. 
The graph with respect to the x and y axes is, then, a parabola having its 


vertex at (—5, 1), its focus at (—5, — 3), and as its directrix the line y = $ 
(see Fig. 1.8.2). 


The above example illustrates how an equation can be reduced to a 
simpler form by a suitable translation of axes. In general, equations of 
the second degree which contain no term involving xy can be simpli- 
fied by a translation of axes. This is illustrated in the following example. 


EXAMPLE 2: Given the equation 
9x? + dy? — 18x + 32y + 37 — 0, 
translate the axes so the equation 
of the graph with respect to the 
x' and y' axes contains no 
first-degree terms. 


9(x* — 2x) + 4(y? + 8y) = —37 


Completing the squares of the terms in parentheses by adding 9 - 1 and 
4 - 16 on both sides of the equation, we have 


9(x* — 2x + 1) + 4(y? + 8y + 16) =—37 + 9 + 64 


Figure 1.8.3 


Figure 1.8.4 


1.8.2 Theorem 
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or 
9(x — 1)? + 4(y + 4)? = 36 


| Then, if we let x’ = x — 1 and y' = y + 4, we obtain 


9x'? + dy’? = 36 


From Eq. (2), we see that the substitutions of x’ =x—landy’=y+4 
result in a translation of axes to a new origin of (1, —4). In Fig. 1.8.3, we 
have a sketch of the graph of the equation in x’ and y’ with respect to 


the x’ and y’ axes. 


We shall now apply the translation of axes to finding the general 
equation of a parabola having its directrix parallel to a coordinate axis 
and its vertex at the point (h, k). In particular, let the directrix be par- 
allel to the y axis. If the vertex is at point V(h, k), then the directrix 
has the equation x= h — p, and the focus is at the point F(h +p, k). 
Let the x' and y' axes be such that the origin O' is at V(h, k) (see 
Fig. 1.8.4). 

An equation of the parabola in Fig. 1.8.4 with respect to the x' and 
y' axes is 


y = 4px’ 

To obtain an equation of this parabola with respect to the x and y 
axes, we replace x’ by (x — h) and y’ by (y — k) from Eq. (2), which gives us 

(y — k)? = 4p(x — h) 


The axis of this parabola is parallel to the x axis. 

Similarly, if the directrix of a parabola is parallel to the x axis and 
the vertex is at V(h, k), then its focus is at F(h, k + p) and the directrix 
has the equation y — k — p, and an equation of the parabola with respect 
to the x and y axes is 


(x — h)? = Ap(y — k) 
The axis of this parabola is parallel to the y axis. We have proved, then, 
the following theorem. 


If p is the directed distance from the vertex to the focus, an equation of 
the parabola with its vertex at (h, k) and with its axis parallel to the x 
axis is 

(y — k)? = 4p(x — h) (3) 
A parabola with the same vertex and with its axis parallel to the y axis 
has for an equation 


(x — h)? = 4p(y — k) (4) 
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EXAMPLE 3: Find an equation of 
the parabola having as its 
directrix the line y — 1 and as its 
focus the point F(—3, 7). 


Figure 1.8.5 
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SOLUTION: Since the directrix is parallel to the x axis, the axis will be 


parallel to the y axis, and the equation will have the form (4). 

Since the vertex V is halfway between the directrix and the focus, 
V has coordinates (—3, 4). The directed distance from the vertex to the 
focus is p, and so 


p=7—-4=3 
Therefore, an equation is 
(x + 3)? = 12(y — 4) 
Squaring and simplifying, we have 
xX + 6x — 12y +57=0 
A sketch of the graph of this parabola is shown in Fig. 1.8.5. 


EXAMPLE 4: Given the parabola | 
having the equation 
y? + 6x + 8¥ +1=0 


find the vertex, the focus, an 
equation of the directrix, an 
equation of the axis, and the 
length of the latus rectum, and 
draw a sketch of the graph. 


y Directrix 


Figure 1.8.6 


SOLUTION: Rewrite the given equation as 
y? + 8y =—6x— 1 
Completing the square of the terms involving y on the left side of this 
equation by adding 16 on both sides, we obtain 
y? + 8y + 16 =—6x + 15 
or 
(y + 4)? =—6(x— $ 
Comparing this equation with (3), we let 
—4  h-i 


and 
4p——6 or p—-—i 


Therefore, the vertex is at (2, —4); an equation of the axis is y = —4; the 
focus is at (1, —4); an equation of the directrix is x — 4; and the length of 
the latus rectum is 6. A sketch of the graph is shown in Fig. 1.8.6. 


Exercises 1.8 


In Exercises 1 through 8, find a new equation of the graph of the given equation after a translation of axes to the new origin 
as indicated. Draw the original and the new axes and a sketch of the graph. 


1. x? + y+ 6x + 4y —0; (—3,—2) 

3. y? — 6x - 9 — 0; (&, 0) 

5. x? + 4y? + Ax + 8y c 4— 0; (-2, 71) 
7. y—4=2(x— 1); (1,4) 


2. xt + y? — 10x + 4y + 13 — 0; (5, —2) 

4. y! +3x— 2y +7=0; (-2, 1) 

6. 25x? + y? — 50x + 20y — 500 = 0; (1, —10) 
8. (y - 1)? — 4(x —2)*5; 2, —1) 
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In Exercises 9 through 12, translate the axes so that an equation of the graph with respect to the new axes will contain no 
first-degree terms. Draw the original and the new axes and a sketch of the graph. 


9. 
11. 


x! + 4y? — 16x + 24y + 84 — 0 10. 16x? + 25y? — 32x — 100y — 284 = 0 
3x? —2y? + 6x —8y —11—0 12. 2— y? + 14x — 8y —35—0 


In Exercises 13 through 18, find the vertex, the focus, an equation of the axis, and an equation of the directrix of the given 
parabola. Draw a sketch of the graph. 


13. 
16. 


xX +6x+4y+8=0 14. 4x — 8x +3y—2=0 15. y? + 6x + 10y + 19=0 
3y? — 8x — 12y —4 = 0 17. 2y? = 4y — 3x. 18. y 2332 — 3x +3 


In Exercises 19 through 28, find an equation of the parabola having the given properties. Draw a sketch of the graph. 


19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 


3. 


33. 


Vertex at (2, 4); focus at (—3, 4). 

Vertex at (1, —3); directrix, y — 1. 

Focus at (—1, 7); directrix, y — 3. 

Focus at (—3, 4); directrix, x = —£. 

Vertex at (3, —2); axis, x = 3; length of the latus rectum is 6. 

Axis parallel to the x axis; through the points (1, 2), (5, 3), and (11, 4). 
Vertex at (—4, 2); axis, y = 2; through the point (0, 6). 

Directrix, x — —2; axis, y — 4; length of the latus rectum is 8. 

Directrix, x = 4; axis, y = 4; through the point (9, 7). 

Endpoints of the latus rectum are (1, 3) and (7, 3). 

Given the parabola having the equation y = ax? + bx c, with a # 0, find the coordinates of the vertex. 
Find the coordinates of the focus of the parabola in Exercise 29. 


Find an equation of every parabola containing the points A(—3, —4) and B(5, —4), such that points A and B are each 
5 units from the focus. 

Given the equation 4x? — 12x? + 12x — 3y — 10 = 0, translate the axes so that the equation of the graph with respect 
to the new axes will contain no second-degree term and no constant term. Draw a sketch of the graph and the two sets 
of axes. (HINT: Let x = x' +h and y= y' + k in the given equation.) 

Given the equation x? + 3x? — y? + 3x + 4y — 3 = 0, translate the axes so that the equation of the graph with respect 
to the new axes will contain no first-degree term and no constant term. Draw a sketch of the graph and the two sets of 
axes (see hint for Exercise 32). 


. If a parabola has its focus at the origin and the x axis is its axis, prove that it must have an equation of the form 


y? = 4kx + ARS, k ¥ 0. 


1.9 INEQUALITIES IN Expressions of the form Ax+By+C>0, Ax+ By +C = 0, Ax - By 
THE PLANE +C «0,and Áx 4 By + C x 0, where A and B are not both zero, are in- 
equalities of the first degree in the number plane R,. By the graph of such 
an inequality, we mean the set of all points (x, y) in R; whose coordinates 
satisfy the inequality. 
Every line in a plane divides the plane into two regions, one on each 
side of the line, and each of these regions is called a half plane. We show 
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Figure 1.9.1 
y 
^ 


(x, mx + b) 


e (x, y) 


Figure 1.9.2 


1.9.4 Theorem 


that the graph of a strict inequality of the first degree in R, is a half plane. 

Let L be the line having the equation Ax + By +C=0. If B #0, 
then L is nonvertical and its equation can be written as y= mx + b, where 
m — —A[B and b =—C/B. If (x, y) is any point in R, it follows from the 
axiom of order (1.1.10) that exactly one of the following statements holds: 
y=mxt+b,y » mx b,ory < mx * b. 

Now, y > mx ^ b if and only if the point (x, y) is above the point 
(x, mx + b) on line L (see Fig. 1.9.1), and y < mx + b if and only if the 
point (x, y) is below the point (x, mx 4- b) on L (see Fig. 1.9.2). Hence, the 
line L divides the plane into two regions. One region is the half plane 
above line L, which is the graph of the inequality y > mx + b, and the 
other region is the half plane below L, which is the graph of the inequality 
y < mx c b. 

If B — 0, then L is a vertical line and its equation can be written as 
x — a, where a= —C/A. If (x, y) is any point in R, it follows from the 
axiom of order (1.1.10) that exactly one of the following statements is 
true: x — 4, x > à, or x < a. The point (x, y) is to the right of the point 
(a, y) if and only if x > a; hence, the graph of the inequality x > a is the 
half plane lying to the right of the line x = a. Similarly, the graph of x < a 
is the half plane lying to the left of the line x= a, because x < a if and 


only if the point (x, y) is to the left of the point (a, y). We have proved 
the following theorem. 


The graph of any strict inequality of the first degree in R is a half plane. 
In particular, 


(i) the graph of y > mx + b is the half plane lying above the line 


y = mx + b; 
(ii) the graph of y < mx + b is the half plane lying below the line 
y= mx + b; 
(iii) the graph of x > a is the half plane lying to the right of the line 
xa; 
(iv) the graph of x < a is the half plane lying to the left of the line 
x- a. 


Figure 1.9.3 Figure 1.9.4 
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To draw a sketch of the graph of a strict inequality we shade the ap- 
propriate half plane. Figures 1.9.3 and 1.9.4 show sketches of the graphs 
of y > mx ^ b and y < mx + b, respectively. The graph of the line y = 
mx +b is indicated by a broken line to show that it is not part of the 
graph. 


EXAMPLE 1: Drawasketchof | soLuTioN: The given inequality is equivalent to y <$x+4. The re- 
the graph of the inequality ! quired sketch is shown in Fig. 1.9.5, which is the half plane below the 
line y — ix + 4. 


| 
x—2y+8>0. | 


| Figure 1.9.5 


A closed half plane is a half plane together with the line bounding it, 
and it is the graph of a nonstrict inequality. 


EXAMPLE 2: Draw a sketch of the | SOLUTION: — Writing the given inequality as y = —2x + $, we see that the 


graph of the inequality graph is the closed half plane consisting of the line y = —2x + $ and the 
half plane above it. The sketch is shown in Fig. 1.9.6. 
6x +3y—420. 
l y 
{ 
| 
x 
O 
Figure 1.9.6 ae eee rca. » o 


Two intersecting lines divide the points of the plane into four regions. 
Each of these regions is the intersection of two half planes and is defined 
by a pair of linear inequalities. For example, the two inequalities 


2x—y—3>0 and x—3y—4«0 


describe the region which is the intersection of the half plane below the 
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line y = 2x — 3 and the half plane above the line y = $x — $. This is the 
darkly shaded region shown in Fig. 1.9.7. 
The above is an example of a region defined by a system of two linear 


inequalities. We now give an example involving a system of three linear 
o9 inequalities. 


RURSUS ee nd: 
in 
mais 


Figure 1.9.7 


EXAMPLE 3: Draw a sketch of the | sotution: Each of the inequalities defines a half plane, two of which 
region defined by the inequalities | are closed. Let L, be a line having the equation 8x — 3y + 15 — 0, L, the 


&x —3y +15 5 0 line having the equation x + 4y — 20 = 0, and L; the line having the equa- 
tion x — y — 0. The lines L, and L, intersect at the point P(0, 5), L, and 

x+4y—20 <0 L; intersect at Q(—3, —3), and L, and L; intersect at R(4, 4). See Fig. 1.9.8. 
x-y <0 The first inequality, y < $x + 5, defines the half plane below line L,. The 


inequality y x —ix + 5 defines the half plane below L, together with L,, 
and y => x defines the half plane above L, together with L;. The region, 
whose points satisfy all three inequalities, consists of the interior of tri- 
angle PQR and the points on line segments PR and QR, excluding the 
points P and Q. 


Figure 1.9.8 


The following example illustrates a procedure which can be extended 
to an arbitrary number of linear inequalities. Such systems occur in the 
fields of economics, statistics, science, and engineering, among others. 
In practice, many unknowns are usually involved as well as a large num- 
ber of inequalities, and electronic computers do most of the work. 


EXAMPLE 4: Find the region, if “SOLUTION: Let lines L5; La, La and L; have the following equations, 
there is one, whose points satisfy | which are obtained from inequalities (1) through (5), respectively: 
each of the inequalities: 


x—-y—-2zx0 (1) 


6x + 7y —25 <0 
5x —4y + 48 =0 
9x + 5y—60 <0 

x+3y+220 


(2) 
(3) 
(4) 
(5) 
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Lg: y= 3x + 12 
Ly: y=—8x + 12 


Lz: y= —ix = 3 

We proceed to determine if there are any points which satisfy each 
of the inequalities. Solving simultaneously the equations for L, and L, 
we obtain the point of intersection P(3, 1). We check to see if the coordi- 
nates of this point satisfy inequalities (3), (4), (5), and we see that they do. 
The coordinates of P then satisfy each of the five inequalities, and hence 
P is in the required region. We find the point of intersection of L, and L; 
to be Q(—56, —58). The coordinates of Q satisfy inequalities (2) and (4) 
but not (5). So the point Q is not in the required region. 

Continuing on, we see that L, and L, intersect at the point R(5, 3), 
and the coordinates of R satisfy inequalities (3) and (5) but not (2). L, and 
L; intersect at the point S(1, —1) and the coordinates of this point satisfy 
the three inequalities (2), (3), and (4). Therefore, the point S is in the re- 
quired region. Taking the equations in pairs, we have ten points of in- 
tersection. We see that the point of intersection of L, and Ls, which is 
T(—4, 7), and the point of intersection of L; and Ls, which is U(—8, 2), are 
in the required region. The other remaining points are not. Then we have 
four points, P, S, T, and U, whose coordinates satisfy all five inequalities. 
We plot these four points and the five lines, as shown in Fig. 1.9.9. Con- 
sidering the closed half planes defined by inequalities (1) through (5), 
we see that the interior and the sides of the quadrilateral PSTU give us 
all the points whose coordinates satisfy the given system. 


Figure 1.9.9 
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The inequalities 
y = Ax! - Bx - C 
and 
y = Ax? - Bx - C 
are quadratic inequalities, and we can draw a sketch of their graphs by 


a method similar to that for linear inequalities. The following example 
illustrates the method. 


EXAMPLE 5: Draw a sketch of the 
region defined by the inequality 


y <2x — 8x+5 


SOLUTION: By equating the two members of the given inequality, we ob- 
tain the equation y = 2x? — 8x + 5, which is equivalent to y +3 =2(x— 2). 
A sketch of the graph of this parabola is shown in Fig. 1.9.10 by a broken 
curve, because the parabola is not part of the graph of the inequality. The 
required region is below the parabola and is shaded in the figure. 


Figure 1.9.10 


EXAMPLE 6: Draw a sketch of the 
region defined by the system of 
inequalities 


x-4zyx4—x |x] >1 


SOLUTION: The given system consists of the four inequalities x? — 4 = y, 
y x4— è, x 7» 1, and x < —1. The graph of each of these inequalities is 


shaded in Fig. 1.9.11. The triple-shaded region in the figure is the one 
required. 


Figure 1.9.11 


Exercises 1.9 


1.9.2 Theorem 
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Consider now a circle having its center at C(h, k) and radius r. All 
the points (x, y) whose coordinates satisfy the equation 

V(x— h}? + (y—k)—r 
are r units from C and hence lie on the circle. The points whose coordi- 
nates satisfy the inequality 

Mx — nk) ser (6) 


are at a distance less than r units from C, and these points are in the region 
called the interior of the circle. Similarly, the points whose coordinates 
satisfy the inequality 


V(x—h)?-(y—-k)?»r (7) 
are in the region called the exterior of the circle because these points are 


at a distance greater than r units from C. By squaring both members of 
inequalities (6) and (7), we have the following theorem. 


The graph of the inequality 
(rb y= hr er 


is the interior of the circle having center at (h, k) and radius r, and the 
graph of the inequality 


(x—h)? + (y-k >r 
is the exterior of the circle. 


In Figs. 1.9.12 and 1.9.13 we have shaded the interior and exterior, 
respectively, of the circle whose center is at (—2, 1) and whose radius is 3. 


In Exercises 1 through 16, draw a sketch of the graph of the given inequality. 


1. y >3x-1 
4. y+6<0 
7. 9x + 3y—-7 = 0 


TO- 
Figure 1.9.12 Figure 1.9.13 
2. y -3x—1 3, 3x—5 20 
5.2x—4y t5 x0 6.3y—x 8» 0 
8.5x—2y *t 6-0 9. y - 4x? <0 
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10. 2x? ++ 9y = 0 11. 2—4y+8>0 12. x? + 4y+6x+8<0 
13. 2+ y? < 16 14. 2+ y = 25 15. x? + y? = 2(3y — 2x) 
16. 3x? + 3y? — 6x +8y < 1 

In Exercises 17 through 38, draw a sketch of the region (if any) defined by the given system of inequalities. 


17. 2x + y x4,y —2x x 4 18. 2x ty = 4,y—2x>=4 

19.—1«x—y x2 20. 3+y xxy—4 

21. 4x +3y -7 25 0,6x—4y —5 «0 22.6x—2y—7 €0,4x ty —6 x0 

28.4« y «Fry? «9 24. à +y? x36, x23, <3 

25. x —2y —4«0,y > 11 — 6x, 4x + 5y < 29 26x —y—1s0,xtytl1z0,x—ytl1z0,xty—1zx0 
27. —y t 4»50,x-y x4 28. — y -1«0,x*ty—4»0 

29, xX +y? >= 16, y > x 30. L—3 sy s3- x 

31. tyas eya Nnr yaa 32.16 < 2 + y? < 25,2 +2 sysxŻ+4 

33. 4< xX +y <9,|x—y| <1 34.4 2+ y? <9, |x| +2 =y x |x| +3 
35.xz0,y2z0,y3,xty—5z0,2x ty —8 x0 36.x2=0,y2=0,y—x+120,x+y—5=0,x+3y—8 <0 


37.x21,y <0,2x-—y—4<0,3x-—y—-4<0,xt+ty—-7=0 

38. 1—x— y x0,xz3—y,y =2,2x+y—-120,x<2,y x6 

In Exercises 39 through 44, define the given region by a single inequality or a system of inequalities. 

39. The closed half plane bounded by 3x — 4y + 5 — 0 and containing the point (—4, 1). 

40. The half plane below the line 2x + 3y — 6 = 0 and to the right of the y axis. 

41. The region containing the interior and sides of the triangle having vertices at (2, 2), (3, 6), and (4, 1). 

42. The region containing the interior and sides of the quadrilateral having vertices at (—3, 4), (—3, 6), (—1,8), and (2,6). 


43. The region which is exterior to the circle having its center at (—3, 4) and a radius of 2 and interior to the circle having 
its center at (—3, 4) and a radius of 6. 


44. The region that is common to the interiors of the circles x? + y? — 10x — 6y + 18 = 0 and x? + y? — 10x + 6y + 18— 0. 
Review Exercises (Chapter 1) 


In Exercises 1 through 6 find all real numbers satisfying the given inequality. Give the interval solution and illustrate the 
solution on the number line. 


1. 8« 5x-F 4 < 10 SETE 3. 230 +x <3 
x—1-. 4 

3 2 2—3x|_ 1 

4 RA “xcs 5. |3 +5x| <9 6. 37: 71 


7. Define the following sets of points by either an equation or an inequality: (a) the point circle (3, —5); (b) the set of all 
points whose distance from the point (3,—5) is less than 4; (c) the set of all points whose distance from the point (3, —5) 
is at least 5. 


8. Prove that the points (1, —1), (3, 2), and (7, 8) are collinear in two ways: (a) by using the distance formula; (b) by 
using slopes. 


22. 


23. 


24. 
25. 
26. 
27. 


28. 


29. 
30. 


31. 


32. 
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. Find equations of the lines passing through the origin that are tangent to the circle having its center at (2, 1) and a 


radius of 2. 


. Prove that the quadrilateral having vertices at (1, 2), (5, —1), (11, 7), and (7, 10) is a rectangle. 

. Determine the values of k and h if 3x + ky + 2 = 0 and 5x — y + h = 0 are equations of the same line. 

. Show that the triangle with vertices at (—8, 1), (—1, —6) and (2, 4) is isosceles and find its area. 

. Two vertices of a parallelogram are at (—3, 4) and (2,3) and its center is at (0, —1). Find the other two vertices. 
. Two opposite vertices of a square are at (3, —4) and (9, —4). Find the other two vertices. 

. Determine all values of k for which the graphs of the two equations x? + y? = k and x + y = k intersect. 

. Prove that if x is any real number, |x| < x? +1. 


. Find an equation of the circle circumscribed about the triangle having sides on the lines x — 3y + 2 = 0,3x — 2y +6 — 0, 


and2x + y—3=0. 


. Find an equation of the circle having as its diameter the common chord of the two circles x? + y? + 2x — 2y — 14 = 0 


and x? + y? — 4x + 4y —2— 0. 


. Find an equation of the parabola having vertex at (5, 1), axis parallel to the y axis and through the point (9, 3). 


. Show that any equation of the form xy + ax + by + c = 0 can always be written in the form x’y’ = k by a translation 


of the axes, and determine the value of k. 


. Any section of a parabolic mirror made by passing a plane through the axis of the mirror is a segment of a parabola. 


The altitude of the segment is 12 in. and the length of the base is 18 in. A section of the mirror made by a plane per- 
pendicular to its axis is a circle. Find the circumference of the circular plane section if the plane perpendicular to the 
axis is 3 in. from the vertex. 


Find an equation of the line through the point of intersection of the lines 5x + 6y — 4 — 0 and x — 3y + 2 — 0 and per- 
pendicular to the line x — 4y — 20 — 0 without finding the point of intersection of the two lines. (HINT: See Exercise 
28 in Exercises 1.5.) 


The sides of a parallelogram are on the lines x + 2y — 10 = 0, 3x — y + 20-0, x + 2y — 15 =0, and 3x — y + 10— 0. 
Find the equations of the diagonals without finding the vertices of the parallelogram. (HinT: See Exercise 28 in Ex- 
ercises 1.5.) 


Draw a sketch of the region defined by the inequalities: 2x — y = 1, x + y <2, and x — 2y = 2. 

Draw a sketch of the region defined by the inequalities: 9 < xX + y? < 25, and ¥ +1 sy x xà +2. 

Prove that the two lines A,x + B,y + C, = 0 and Ax + Bzy + C, = 0 are parallel if and only if A,B, — A,B, = 0. 
Prove analytically that the three medians of any triangle meet in a point. 


Prove analytically that the line segment joining the midpoints of any two sides of a triangle is parallel to the third side 
and that its length is one-half the length of the third side. 


Prove analytically that if the diagonals of a rectangle are perpendicular, then the rectangle is a square. 


Prove analytically that the set of points equidistant from two given points is the perpendicular bisector of the line 
segment joining the two points. 


In a triangle the point of intersection of the medians, the point of intersection of the altitudes, and the center of the 
circumscribed circle are collinear. Find these three points and prove they are collinear for the triangle having vertices 
at (2, 8), (5, —1), and (6, 6). 


Find the length of a side of an equilateral triangle having a vertex at the origin and inscribed in the parabola x? — 4py. 
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35. 


36. 
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. The directrix of the parabola y? = 4px is tangent to a circle having the focus of the parabola as its center. Find an equa- 


tion of the circle and the points of intersection of the two curves. 


. Prove that the midpoints of all chords parallel to a fixed chord of a parabola lie on a line which is parallel to the axis of 


the parabola. 


The points P and Q are on the parabola y? = 4px and the line segment PQ is perpendicular to the axis of the parabola. 
If the length of PQ is 8|p|, prove that the lines OP and OQ are perpendicular. 


Line segments are drawn from a fixed point P to all points on a fixed circle C. Determine the curve on which the mid- 
points of these line segments lie. 


Mes 


V 


JA 


2.1 FUNCTIONS AND 
THEIR GRAPHS 


Table 2.1.1 


2 

Functions, 
Limits, 

and Continuity 


We intuitively consider a quantity y to be a function of another quantity 
x if there is some rule by which a unique value is assigned to y by a cor- 
responding value of x. Familiar examples of such relationships are given 
by equations such as 


y=2¥ +5 (1) 
and 
y= Vxi—9 (2) 


It is not necessary that x and y be related by an equation in order for 
a functional relationship to exist between them. For example, if y is the 
number of cents in the postage of an airmail letter, and if x is the number 
of ounces in the weight of the letter, then y is a function of x. For this 
functional relationship, there is no equation involving x and y, however, 
the relationship between x and y may be given by means of a table, such 
as Table 2.1.1. 


, = 
x: number of ounces in the 


weight of the letter O<x51 1«x-2 2«x-3 3x54 4x55 5<x=6 
y: number of cents in air- = i ~ ———— 
mail postage 11 22 33 


44 55 
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FUNCTIONS, LIMITS, AND CONTINUITY 


2.1.1 Definition 


2.1.2 Definition 


The formal definition makes the concept of a function precise. 


A function is a set of ordered pairs of numbers (x, y) in which no two 
distinct ordered pairs have the same first number. The set of all possible 
values of x is called the domain of the function, and the set of all possible 
values of y is called the range of the function. 


In Definition 2.1.1, the restriction that no two distinct ordered pairs 
can have the same first number assures us that y is unique for a specific 
value of x. 

Equation (1) defines a function. Let us call this function f. The equa- 
tion gives the rule by which a unique value of y can be determined when- 
ever x is given: that is, multiply the number x by itself, then multiply 
that product by 2, and add 5. The function f is the set of all ordered pairs 
(x, y) such that x and y satisfy Eq. (1). The numbers x and y are called 
variables. Because for the function f values are assigned to x and because 
the value of y is dependent upon the choice of x, we call x the independent 
variable and y the dependent variable. The domain of the function is the set 
of all possible values of the independent variable, and the range of the 
function is the set of all possible values of the dependent variable. For 
the function f under consideration, the domain is the set of all real num- 
bers which can be denoted with interval notation as (-~,+). The smallest 
value that y can assume is 5 (when x = 0). The range of f is then the set 
of all positive numbers greater than or equal to 5, which is [5, +~). 

Now, let 2 be the function which is the set of all ordered pairs (x, y) 
defined by Eq. (2: y= Vx? —9. Because the numbers are confined to 
real numbers, y is a function of x only for x = 3 or x = —3 (or simply 
|x| = 3) because for any x satisfying either of these inequalities a unique 
value of y is determined. However, if x is in the interval -3 < x < 3, a 
square root of a negative number is obtained, and hence no real number 
y exists. Therefore, we must restrict x, and we say that the function g is 
the set of all ordered pairs (x, y) such that 


y= Vx 9 and |x| 23 


The domain of g is (—9, —3] and [3, +), and the range of g is [0, +). 

It should be stressed that in order to have a function there must be 
exactly one value of the dependent variable for a value of the independent 
variable in the domain of the function. 


If f is a function, then the graph of f is the set of all points (x, y) in R, for 
which (x, y) is an ordered pair in f. 


Hence, the graph of a function is a curve which is the set of all points 
in R, whose cartesian coordinates are given by the ordered pairs of num- 
bers (x, y). Because for each value of x in the domain of the function there 
corresponds a unique value of y, no vertical line can intersect the graph 
of the function at more than one point. 
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which is the set of all ordered of f is the set of all real numbers less than or equal to 5, which is (—«, 5], 
pairs (x, y) such that and the range of f is the set of all nonnegative real numbers, which is 
y= V87x | (0, +2). 


Find the domain and range of f, 
and draw a sketch of the graph 
of f. 


SS Epp >x 


Figure 2.1.1 


psAMPIL 2 Let g be the function sorurtoN: The domain of g is (~œ, +o), while the range of g consists 


which is the set of all ordered of the three numbers —3, 1, and 4. A sketch of the graph is shown in 
pairs (x, y) such that ; Fig. 2.1.2. 
y 
—3 ifx -—1 
y=) 1 if-1<x <2 : o 
4 if2<x | | 
l 
Find the domain and range of g, | | 
and draw a sketch of the graph 
of g. -1 [o 2 i 
l 
i 
| Figure 2.1.2 


Note in Fig. 2.1.2 that there is a break at x — —1 and another at x — 2. 
We say that g is discontinuous at —1 and 2. Continuous and discontinu- 
ous functions are considered in Sec. 2.11. 


EXAMPLE 3: Let h be the func- SOLUTION: The domain of h is (—9, +0), and the range of h is [0, +). 
tion which is the set of all A sketch of the graph of h is shown in Fig. 2.1.3. 
ordered pairs (x, y) such that y 

y = |x 


Find the domain and range of h, 
and draw a sketch of the graph 
of h. 


O 
Figure 2.1.3 
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EXAMPLE 4: Let F be the func- 
tion which is the set of all 
ordered pairs (x, y) such that 


- [3x2 
=le 
Find the domain and range of F, 


and draw a sketch of the graph 
of F. 


ifx<1 
ifl<x 


| sotution: A sketch of the graph of F is shown in Fig. 2.1.4. The domain 


of F is (—*, +), and the range of F is (—9, +). 
y 


Figure 2.1.4 


EXAMPLE 5: Let G be the func- 
tion which is the set of all 
ordered pairs (x, y) such that 


| 2-9 
Y= Y—3 


Find the domain and range of G, 
and draw a sketch of the graph 
of G. 


y 


Figure 2.1.5 


EXAMPLE Be Let H be the func- l 
tion which is the set of all 
ordered pairs (x, y) such that 


SOLUTION: A sketch of the graph is shown in Fig. 2.1.5. Because a value 
for y is determined for each value of x except x = 3, the domain of G con- 
sists of all real numbers except 3. When x= 3, both the numerator and 
denominator are zero, and 0/0 is undefined. 

Factoring the numerator into (x — 3) (x + 3), we obtain 


(x —3) (x - 3) 
(x — 3) 


or y= x + 3, provided that x # 3. In other words, the function G consists 
of all ordered pairs (x, y) such that 


y=x+3 and x43 


y= 


The range of G consists of all real numbers except 6. The graph con- 
sists of all points on the line y = x + 3 except the point (3, 6). 


soLUTION: A sketch of the graph of this function is shown in Fig. 2.1.6. 
The graph consists of the point (3, 2) and all points on the line y = x + 3 
| except the point (3, 6). Function H is defined for all values of x, and there- 


zs ifxz3 
2 ifx=3 


Find the domain and range of H, 
and draw a sketch of the graph 
of H. 
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fore the domain of H is (-~, +). The range of H consists of all real num- 
bers except 6. 


Figure 2.1.6 


EXAMPLE 7: ‘Let $ be the func- 
tion which is the set of all 
ordered pairs (x, y) such that 


OF +3x-4) (x-9) 
4" + x= 12) (x +3) 
Find the domain and range of ¢, 
and draw a sketch of the graph 


of 9. 


| SOLUTION: A sketch of the graph of this function is shown in Fig. 2.1.7. 


Factoring the numerator and denominator, we obtain 
— («+ 4) (x — 1) (x— 3) (x +3) 
d (x + 4)(x — 3) (x +3) 


We see that the denominator is zero for x = —4, —3, and 3; therefore, 
$ is undefined for these three values of x. For values of x  —4, —3, or 3, 


| we may divide numerator and denominator by the common factors and 
| obtain 


if xz—4,—3,0r3 


Therefore, the domain of @ is the set of all real numbers except —4, 


y=x-1 


| —3, and 3, and the range of ¢ is the set of all real numbers except those 
| values of (x — 1) obtained by replacing x by —4, —3, or 3, that is, all real 


numbers except —5, —4, and 2. The graph of this function is the straight 


line y = x — 1, with the points (—4, —5), (73 —4), and (3, 2) deleted. 
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EXAMPLE 8: Let f be the function 


which is the set of all ordered 
pairs (x, y) such that 
= ls ifx #2 
Ul ifx=2 
Find the domain and range of f, 


and draw a sketch of the graph 
of f. 


SOLUTION: A sketch of the graph of f is shown in Fig. 2.1.8. The graph 
consists of the point (2, 7) and all points on the parabola y = x’, except 
the point (2, 4). Function f is defined for all values of x, and so the domain 
of f is (~~, +). The range of f consists of all nonnegative real numbers. 


Figure 2.1.8 


tion which is the set of all 
ordered pairs (x, y) such that 
= x—1 ifx<3 
JU lax+1 if3<x 
Find the domain and range of h, 


and draw a sketch of the graph 
of h. 


| SOLUTION: A sketch of the graph of h is shown in Fig. 2.1.9. The domain 


of h is (-~, +). The values of y are either less than 2 or greater than or 
equal to 7. So the range of h is (~œ, 2) and [7, 4-9) or, equivalently, all 
real numbers not in [2, 7). 


y 


Figure 2.1.9 
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EXAMPLE 10: Let 2 be the func- 
tion which is the set of all 
ordered pairs (x, y) such that 


y= Vx(x— 2) 


Find the domain and range of g, 
and draw a sketch of the graph 
of g. 


O 


Figure 2.1.10 


SOLUTION: Because Vx(x— 2) is not a real number when x(x — 2) < 0, 
the domain of g consists of the values of x for which x(x — 2) = 0. This in- 
equality will be satisfied when one of the following two cases holds: 
x= 0andx—2 = Q0; orx =s0andx—2 <0. 
Case 1: x=0andx—2 >Q. 

That is, 

x20 and xz2 


Both inequalities hold if x = 2, which is the interval [2, +). 


Case 2: x x0andx—2z0. 
That is, 


x<0 and xz2 


Both inequalities hold if x < 0, which is the interval (—~, 0]. 

Combining the solutions for the two cases, we obtain for the domain 
of g the two intervals (—~, 0] and [2, +~). The range of g is the interval 
[0, 4-2»). Figure 2.1.10 shows a sketch of the graph of g. 


Exercises 2.1 


In each of the following exercises, the function is the set of all ordered pairs (x, y) satisfying the given equation. Find 
the domain and range of the function, and draw a sketch of the graph of the function. 


1. f: y=3x—1 
4. G: y — Vx+1 
7.g y= Vč —4 
_ 4-1 
10. F: y= FI 


_ _f2x—1 ifx#2 
3. yc D ifx=2 


Yes tias 6x+7 iíx-—2 
(SY) 4—x if-2<x 


19. f: y = Vx?—3x—4 


x3— x?—13x —3 


22. f y= x+3 


2.2 FUNCTION NOTATION 
AND OPERATIONS 
ON FUNCTIONS 


2.gy7x»x-2 3. F:y 23:3 —6 
5. h: y= V3x— 4 6f y= V4- x 
8. H: y= |x— 3| 9. $: y = |3x + 2| 
T —4 ifx<-2 
11, Gy={5 es 12. kya if—2<x<2 
3 if2<x 
., 1[WV25- x ifx <5 _fx—4 ifx<3 
Á ey] x—5 if5«x i5 Byz i if3 <x 
(x + 1) (x? + 3x — 10) (x? + 3x — 4) (x? — 5x + 6) 
17. M sr Rp LED eee z : = MM 
Fy x 6x45 Bong (x? — 3x + 2) (x — 8) 
3 -— 
20. h: y= Vér — 5x — A pja E 
x—2 
x? + 9x? + 27x + 35 x*— 3x3 — 11x? + 23x +6 
23. h: SS ee " : nr ERA a a 
y x+5 a SEY x *x-—6 


If f is the function having as its domain values of x and as its range 
values of y, the symbol f(x) (read "f of x”) denotes the particular value 
of y which corresponds to the value of x. Therefore, in Example 1 
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of Sec. 2.1, we may write f(x) = V5 — x; because when x = 1, V5 — x —2, 
we write f(1) — 2. Similarly, f(—6) = V11, f(0) = V5, and so on. In Ex- 
ample 2 of Sec. 2.1, because the function is denoted by g, we would use 
the symbol g(x) to denote the function value corresponding to x; thus, we 
have 2(—5) = —3, g(0) = 1, (2) = 1, (17) = 4, and so on. 

When defining a function, the domain of the independent variable 
must be given either explicitly or implicitly. For example, if we are given 


f (x) = 3x? —5x+2 
it is implied that x can be any real number. However, if we are given 
f(x) = 3x2 — 5x+2 1<x<10 


then the domain of f consists of all real numbers between and including 
one and ten. 
Similarly, if g is defined by the equation 


5x—2 
x+4 


g(x) = 


it is implied that x 7 —4, because the quotient is undefined for x = —4; 
hence, the domain of g is the set of all real numbers except —4. 
If we are given 


h(x) = V9— x 


it is implied that x is in the closed interval —3 < x <3, because V9 — x? 
is undefined (i.e., not a real number) for x > 3 or x < —3. So the domain 
of h is [-3, +3], and the range of h is [0, 3]. 


EXAMPLE 1: Given that f is the 
function defined by f(x) = x? 
-- 3x — 4, find: (a) f 0); (b) f Q2); 
(c) f(A); (d) fh); (e) f 2x: 

(£) f(x + h); (8) feo + fh). 


SOLUTION: 


(a) f(0) 20?--3-0—4——4 
(b) f(2) 222-3-2—4—6 
(c) f(h) =k? -3h — 4 
(d) f(2h) = (2h)? + 3(2h) — 4 = AI? + 6h — 4 
(e) f(2x) = (2x)? + 3(2x) — 4 = Ax! + 6x — 4 
(f) f(x th) = (x - h -3(x -h) 4 
=x% +2hx+ k +3x+3h—4 
=x + (2h +3)x+ (I? --3h — 4) 
(g) f(x) + f(h) = (x? +3x— 4) + (I2 +3h— 4) 
=x + 3x + (k? +3h—8) 


EXAMPLE 2: Given 
g(x) = V3x—1 
find 


get n) — go) h £0 


SOLUTION: 


g(x th) — g(x) V3(x+h) -1—- V3x—-1 
h E h 


the denominator. 
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_(V3x + 3h — — V3x — 1)( Vàx +3h— 1+ V3x — 1) 
h(V3x + 3h—1+ V3x— 1) 


ic (3x + 3h — 1) — (3x— 1) 
h(V3x -3h —1-- V3x— 1) 


_ 3h 
C h(V3x+ 3h —1+ V3x—1) 


E 3 
= V3x+3h—1+ V3x— 1 


In the second step of this solution, the numerator and denominator 
were multiplied by the conjugate of the numerator in order to rationalize 
the numerator, and this gave a common factor of h in the numerator and 


2.2.1 Definition 


We now consider operations (i.e., addition, subtraction, multiplica- 
tion, division) on functions. The functions obtained from these opera- 
tions—called the sum, the difference, the product, and the quotient of 
the original functions—are defined as follows. 


Given the two functions f and g: 


(i) their sum, denoted by (f + g), is the function defined by (f + 9)(x) 

= f(x) + g(x); 

(ii) their difference, denoted by (f — g), is the function defined by 
(f — 96) = F(X) - 80); 

(iii) their product, denoted by (f: g), is the function defined by 
(f * 8600 = F(x) * 8(%); 

(iv) their quotient, denoted by (f/g), is the function defined by 
HN) = fO). 


In each case the domain of the resulting function consists of those 
values of x common to the domains of f and g, with the exception that in 
case (iv) the values of x for which g(x) = 0 are excluded. 


EXAMPLE 3: Given that f is 

the function defined by 

f(x) = Vx+ 1 and g is the 
function defined by 

g(x) = Vx— 4, find: (a) (f + g)(x); 
(b) F- g(x); (©) (f: D; 

(d) (f/g)(x). In each case, deter- 
mine the domain of the resulting 
function. 


SOLUTION: 


(a) (f g)() = Vx41+ Vx—4 

(b) (f—-g)(x) = Vx t1— Vx—4 

() (f: 8) gue 1: Vx—4 
x+1 

(d) Gig) = 


The domain of f is [-1, +), and the domain of g is [4, +). So in 
parts (a), (b), and (c) the domain of the resulting function is [4, +). In 
part (d) the denominator is zero when x — 4; thus, 4 is excluded from the 
domain, and the domain is therefore (4, +). 
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2.2.2 Definition 


To indicate the product of a function f multiplied by itself, or f - f, 
we write f?. For example, if f is defined by f (x) = 3x, then f? is the func- 
tion defined by f?(x) = (3x)(8x) = 92. 

In addition to combining two functions by the operations given in 
Definition 2.2.1, we shall consider the composite function of two given 
functions. 


Given the two functions f and g, the composite function, denoted by f ° g, 
is defined by 


(f° 8) (x) = f(g(x)) 


and the domain of f » g is the set of all numbers x in the domain of g such 
that 9(x) is in the domain of f. 


EXAMPLE 4: Given that f is de- 
fined by f(x) = Vx and g is de- 
fined by g(x) = 2x — 3, find F(x) if 
F= f g, and find the domain 

of F. 


SOLUTION: F(x) = (f ° g)(x) == f (g(x) 


= f2x— 3) 
= V2x—3 


The domain of g is (-~, +™), and the domain of f is [0, +œ). So the 
domain of F is the set of real numbers for which 2x — 3 = 0 or, equiva- 
lently, [, +). 


EXAMPLE 5: Given that f is de- 
fined by f(x) = Vx and g is de- 
fined by g(x) = x? — 1, find: 
@fefb)s°g (©) f ° g; (d) 8 ° f. 
Also find the domain of the com- 
posite function in each part. 


SOLUTION: The domain of f is [0, +%), and the domain of g is Ce, +), 


@ (£06) = ff) = f(Vx) = V vxo Vx 
The domain of f » f is [0, +%). 

(b (g ° 9) (x) = g(g(x)) =g —1) = (2—1)? —1—2 x! - 2x 
The domain of g ° g is (~œ, +&). 

(c) (f° 3) (x) = f(g(x)) =f —1) = vx—-1 
The domain of f » g consists of the two intervals (~œ, —1] and 
[1, +%) or, equivalently, all x not in (—1, 1). 

(d) (gs f)(x) = 8(£G6)) 2 g( Vx) = (Vx)? -12 x—1 
The domain of g ° f is [0, +œ). Note that even though x — 1 is de- 
fined for all values of x, the domain of g ° f, by Definition 2.2.2, 
is the set of all numbers x in the domain of f such that f(x) is in 
the domain of g. 


A function f is said to be an even function if for every x in the domain 
of f, f(x) = f(x); and f is said to be an odd function if for every x in the 
domain of f, f(—x) = —f (x), it being understood that —x is in the domain 
of f whenever x is. In particular, if f is the function defined by f(x) = 3x* 
— 2x! +7, then f (7x) = 3(-x3)* — 2(7 xy! + 7 = 8x1 — 2x3 + 7 = f(x), and so 
f is an even function. The function g for which g(x) = 2x5 + 5x? — 8x is an 
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odd function since g(—x) = 2(—x) + 5(-x)? —8(—x)-—-—2x35— 5x34 8x = 
— (235 + 533 — 8x) — —g(x). Furthermore, the function h for which h(x) = 
2x* + 5x3 — x? + 8 is neither even nor odd. 

From the definition of an even function and Theorem 1.3.6(ii) it fol- 
lows that the graph of an even function is symmetric with respect to the 
y axis. From Theorem 1.3.6(iii) and the definition of an odd function, we 
see that the graph of an odd function is symmetric with respect to the 


origin. 
Exercises 2.2 
1. Given f(x) = 2x? + 5x — 3, find: 
(a) f(—2) (b) f(-1) (c) f(0) (d) f(3) 
(e) f(h + 1) €) f(2x?) (g) f(x? — 3) (h) f(x + h) 
(i) f(x) + fA) () ED — 1G. , 40 
2. Given g(x) — 3x? — 4, find: 
(a) g(—4) (b) g(4) (c) g(x?) (d) g(3x? — 4) 
(©) gx) © gx) — gh) qj £839 8) , 20 
3. Given F(x) = V2x + 3, find: 
(a) F(-1) (b) F(4) (c) F(3) 
- (d) F(30) (€) F(2x +3) (£) Donc h #0 
4. Given G(x) = V2x? + 1, find: 
(a) G(—2) (b) G(0) (© G(4) 
(d) G(#) (e) G(2x — 1) (f) ee en, h #0 
5. Given 
lx. 
f(x) = | x ifx #0 
1 ifx=0 
find: (a) f(1); (b) f(—1); (c) f(4); (d) f(—4); (e) f(—x); (£) f(x + 1); (g) f(x?); (b) f(—2*). 
6. Given f(t) — 3 1-2 express f (t) without absolute-value bars if (a) t = 0; (D 3 = t < 0; (c) t < —3. 


In Exercises 7 through 12 the functions f and g are defined. In each problem define the following functions and determine 
the domain of the resulting function: (a) f + g; (D) f — g; (c) f - g; (d) fig: (e) g/f; €) f ° 28; (B g ° f. 


10. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
21. 


22. 
23. 


24. 
25. 
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|f) =x—5; g(x) = 2—1 8. f(x) = Vx; (x) o 3*1 9. f(x) 225; glx) - 
f(x) = Vx — 2; g(x) =: 11. f(x) = Vià — 1; g(x) = Vx—1 12. f(x) = |x|; g(x) = Ix — 3| 
For each of the following functions, determine whether f is even, odd, or neither. 
(a) f(x) =2xt— 3x? +1 (b) f(x) = 589 — 7x (c) f(s) 2$ + 25+2 
(d) f(x) =x*~1 (e) f(t) 2 5 +1 (£) f(x) = |x| 
3— -1 
eer (h) f(x) == 


Prove that if f and g are both odd functions, then (f+ g) and (f — g) are also odd functions. 

Prove that if f and g are both odd functions, then f - g and f/g are both even functions. 

Prove that any function can be expressed as the sum of an even function and an odd function by writing 
f(x) = alf(x) + f(—x)] + aL f(x) — f(-x)] 


and showing that the function having function values 3[ f(x) + f(—x)] is an even function and the function having 
function values $[f(x) — f(—x)] is an odd function. 


Use the result of Exercise 16 to express the functions defined by the following equations as the sum of an even function 
and an odd function: (a) f(x) = x? + 2; (b) f(x) = x3 — 1; (c) f(x) = x* + 335 — x + 8; (d) f(x) = 1/x; (e) f(x) = (x — 1)/(x +1); 
(£) f(x) = |x| + |x — 1l. 


There is one function that is both even and odd. What is it? 


Determine whether the composite function f ° g is odd or even in each of the following cases: (a) f and g are both even; 
(b) f and g are both odd; (c) f is even and g is odd; (d) f is odd and g is even. 


The function g is defined by g(x) = x’. Define a function f such that (f © g) (x) = x if (a) x = 0; (b) x < 0. 
Find the domain and range of f » g and formulas for ( f » g) (x) if 
0 ifx<0 1 ifx«0 
f(x) 12x if0üzxzx1 and g(x)= 43x if0<x<1 
0 ifx>1 1 ifx>1 
Find the domain and range of g ° f and formulas for (g » f) (x) for the functions of Exercise 21. 


Find the domain and range of f ° g and formulas for (f ° g) (x) if 


0 ifx>1 1 iíx1 
If f(x) = x°, find two functions g for which (f » 2) (x) = 4x? — 12x + 9. 
If f(x) = x* + 2x 2, find two functions g for which (f ° g) (x) = x? — 4x + 5. 


0 ifx<0 1 iíx«0 
f(x)-91x ifüzx-z1 and g(x)=j2x if0<x<=1 


2.3 TYPES OF FUNCTIONS If the range of a function f consists of only one number, then f is called a 
AND SOME SPECIAL constant function. So if f(x) — c, and if c is any real number, then f is a 
FUNCTIONS constant function and its graph is a straight line parallel to the x axis at 

a directed distance of c units from the x axis. 
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If a function f is defined by 
f(x) = agx” + ax"! + ax"? + + + + Ay yx t+ ay 


where n is a nonnegative integer, and dy, 44, . . . , Ap are real numbers 
(ao # 0), then f is called a polynomial function of degree n. Thus, the func- 
tion f defined by 


f(x) 9383533 7x—1 


is a polynomial function of degree 5. 

If the degree of a polynomial function is 1, then the function is called 
a linear function; if the degree is 2, the function is called a quadratic func- 
tion; and if the degree is 3, the function is called a cubic function. So the 
function f defined by f(x) = 3x + 4 is a linear function. The function g de- 
fined by g(x) = 5x? — 8x + 1 is a quadratic function. The function h de- 
fined by h(x) = 8x? — x + 4 is a cubic function. If the degree of a poly- 
nomial function is zero, the function is a constant function. 

The general linear function is defined by 


f(x) =mx+b 


where m and b are constants and m # 0. The graph of this function is a 
straight line having m as its slope and b as its y intercept. 
The particular linear function defined by 


f(x) =x 
is called the identity function. The general quadratic function is defined by 
f(x) - a - bx t c 


where a, b, and c are constants and a # 0. The graph of the quadratic 
function is a parabola, which opens upward if a > 0 and downward if 
a <0. 

If a function can be expressed as the quotient of two polynomial 
functions, the function is called a rational function. For example, the 
function f defined by 


8-245 
f(x) = 3 


is a rational function, for which the domain is the set of all real numbers 
except 3 and —3. 

An algebraic function is a function formed by a finite number of alge- 
braic operations on the identity function and the constant function. These 
algebraic operations include addition, subtraction, multiplication, divi- 
sion, raising to powers, and extracting roots. An example of an algebraic 
function is the function f defined by 


(x? — 3x +1)? 


mue xt+1 
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In addition to algebraic functions, transcendental functions are con- 
sidered in elementary calculus. Examples of transcendental functions are 
trigonometric functions, logarithmic functions, and exponential functions, 
which are discussed in later chapters. The following examples illustrate 
some special functions. 


EXAMPLE 1: fis the function 
defined by 


f(x) =11n if 


where n is a positive integer. 
This is the function referred to in 
Table 2.1.1. Draw a sketch of the 
graph of this function. 


n-1l<xsn 


f(x) =11 if 
f(x) =22 if 
f(x) =33 if 
f(x) =44 if 


0<x<il 
1<x<2 
2<x<3 


3<x<4 


and so on. See Fig. 2.3.1. 


5 
Figure 2.3. 


In the following example, the symbol [x] is used. [[x]] is defined as 
the greatest integer which is less than or equal to x. Therefore, [1] = 1, 


1.3] 7 1, [3] 7 0, [4.21 =—5, [-8] 
F is defined by F(x) = [x] is called the greatest integer function. 


EXAMPLE 2: F is the greatest 
integer function, defined by 
F(x) = ([xJ=1, ifnsx<ntl, 
where n is an integer. Draw a 
sketch of the graph of F. State the 
domain and range of F. 


—8, [9.8] = 9. The function 


—5zx«-A4 
—4zx«-—3 
—9zx«-2 
—2zx«-—1 
-1zx« 0 
0zx« 1 
1zx« 2 
2zx« 3 
3zx« 4 
4zx« 5 


[x] ^ —5 
[x] ^ —4 
[x] ^ —3 
[x] ^ —2 
[x] »-1 
[x] — 0 
[x] 1 
[x] 2 
[Ix] = 3 
[x]- 4 


| SOLUTION: A sketch of the graph is shown in Fig. 2.3.2, where y = [x]. 


The domain of F is the set of all real numbers. The range of F consists 


of all the integers. 
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EXAMPLE 3: G is the function 
defined by G(x) = [[x] — x. 
Draw a sketch of the graph of G. 


State the domain and range of G. 
y 


Figure 2.3.3 


SOLUTION: 


If 0sx<1, 
If 1zx«2, 
If 25x <3, 
If-1<x< 0, 


and so on. 


[x]- 0; 
[x] ^ t 
[x] ^ 2; 
[x] 2 —1; 


so 
so 
so 
so 


G(x) =—~x. 
G(x) —-1-— x. 
G(x) -2-— x. 
G(x) —-—1 — x. 


A Sketch of the graph is shown in Fig. 2.3.3. The domain of G is the 
set of all real numbers, and the range of G is (—1, 0]. 


Exercises 2.3 


For each of the functions in the following exercises, draw a sketch of the graph and state the domain and range. In Exer- 
cises 3 through 14, the function U is the unit step function defined in Exercise 1 and the function sgn is the signum func- 


tion defined in Exercise 2. 


1. U is the function defined by U(t) = { 


0 ift<0 
1 ift=0 


This function U is called the unit step function. 


2. The signum function (or sign function), denoted by sgn, is defined by 


-1 ifx<0 
sgnx=; 0 ifx=0 
1 ifx>0 


“sgn x is read "signum of x.” 
3. f(x) = U(x—1) 
5. g(x) = sgn(x +1) — sgn(x — 1) 
7. h(x) 2 x : U(x) 
9 


. G(x) = (x*1) + U(x+1)— x: U(x) 10. 


11. F(x) 2x -2sgnx 

13. f(x) = sgn x : U(x t 1) 
15. f(x) = |x| + |x — 1| 

17. G(x) = x — [x] 


19. h(x) = [e] 
21. g(x) = n 


23. f(x) =2 + (71)*, where n = [x] 


4. 


g(x) = U(x) — U(x— 1) 


6. f(x) = sgn x? — sgn x 
. F(x) = (x +1) - U(x +1) 


22 


24 


h(x) = sgn x — U(x) 


. f(x) =sgnx+x- U(x) 


. G(x) = sgn(U(x)) 
. g(x) = |x| - Ix— 1| 
. F(x) = [x2] 

. H(x) = |x| + [x] 
. f(x) = (x— Ex 
-x| 

. h(x) = rea 


2.4 THE LIMIT OF Consider the function f defined by the equation 


A FUNCTION 


f(x) = 


(xe 


|. Qx -3)(x— 1) 


1) 


(1) 
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f is defined for all values of x except x — 1. Furthermore, if x # 1, the 
numerator and denominator can be divided by (x — 1) to obtain 


f(x) =2x+3 x#1 (2) 


We shall investigate the function values, f(x), when x is close to 1 but not 
equal to 1. First, let x take on the values 0, 0.25, 0.50, 0.75, 0.9, 0.99, 0.999, 
0.9999, and so on. We are taking values of x closer and closer to 1, but less 
than 1; in other words, the variable x is approaching 1 through values 
that are less than 1. We illustrate this in Table 2.4.1. Now, let the variable 


Table 2.4.1 = by tet i 
x 0 0.25 0.5 0.75 0.9 0.99 0.999 0.9999 0.99999 
f(x) 22x -3 
(x #1) 3 3.5 4 45 4.8 4.98 4.998 4.9998 4.99998 


x approach 1, through values that are greater than 1; that is, let x take on 
the values 2, 1.75, 1.5, 1.25, 1.1, 1.01, 1.001, 1.0001, 1.00001, and so on. 
Refer to Table 2.4.2. 


Table 2.4.2 


2 175 1.5 1.25 1.1 1.01 1.001 1.0001 1.00001 


7 65 60 55 52 5.02 5.002 5.0002 5.00002 


We see from both tables that as x gets closer and closer to 1, f(x) gets 
closer and closer to 5; and the closer x is to 1, the closer f(x) is to 5. For in- 
stance, from Table 2.4.1, when x = 0.9, f(x) = 4.8; that is, when x is 0.1 less 
than 1, f(x) is 0.2 less than 5. When x — 0.999, f(x) — 4.998; or when x is 
0.001 less than 1, f(x) is 0.002 less than 5. Furthermore, when x — 0.9999, 
f(x) = 0.49998; or when x is 0.0001 less than 1, f(x) is 0.0002 less than 5. 

Table 2.4.2 shows that when x = 1.1, f(x) = 5.2; or when x is 0.1 greater 
than 1, f(x) is 0.2 greater than 5. When x = 1.001, f(x) = 5.002; or when x 
is 0.001 greater than 1, f(x) is 0.002 greater than 5. When x — 1.0001, 
f(x) = 5.0002; or when x is 0.0001 greater than 1, f(x) is 0.0002 greater 
than 5. 

Therefore, from the two tables, we see that when x differs from 1 by 
+0.001 (i.e., x= 0.999 or x= 1.001), f(x) differs from 5 by +0.002 [i.e., 
f(x) = 4.998 or f(x) = 5.002]. And when x differs from 1 by +0.0001, f(x) 
differs from 5 by --0.0002. 

Now, looking at the situation another way, we consider the values 
of f(x) first. We see that we can make the value of f(x) as close to 5 as we 
please by taking x close enough to 1. Another way of saying this is that 
we can make the absolute value of the difference between f(x) and 5 as 
small as we please by making the absolute value of the difference be- 


f(x) 


Figure 2.4.1 
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tween x and 1 small enough. That is, | f(x) — 5| can be made as small as 
we please by making |x — 1| small enough. 

A more precise way of noting this is by using two symbols for these 
small differences. The symbols usually used are e (epsilon) and 6 (delta). 
So we state that | f(x) — 5| will be less than e whenever |x — 1| is less than 
ô and |x — 1| # 0 (since x # 1). It is important to realize that the size of 
ô depends on the size of e. Still another way of phrasing this is: Given any 
positive number e, we can make |f(x) — 5| < e by taking |x — 1| small 
enough; that is, there is some sufficiently small positive number 6 such 
that 


|f(x) -5| «e whenever 0 < |x—1| « 8 (3) 


We see from the two tables that | f(x) — 5| = 0.2 when |x — 1| = 0.1. 
So, given e = 0.2, we take ô= 0.1 and state that 


| f(x) 5| «x 0.2 whenever 0< |x— 1| < 0.1 


This is statement (3), with e = 0.2 and ô = 0.1. 
Also, | f(x) — 5| = 0.002 when |x — 1| = 0.001. Hence, if e = 0.002, we 
take 6 = 0.001, and then 


| f(x) —5| < 0.002 whenever 0 < |x — 1| < 0.001 


This is statement (3), with e = 0.002 and ô = 0.001. 
Similarly, if e = 0.0002, we take 6 = 0.0001 and state that 


| f(x) —5| < 0.0002 whenever O0 < |x — 1| < 0.0001 


This is statement (3), with e = 0.0002 and 6 = 0.0001. 

We could go on and give e any small positive value, and find a suit- 
able value for ô such that |f(x) — 5| will be less than e whenever |x — 1| 
is less than 6 and x # 1 (or |x — 1| > 0). Now, because for any e > 0 we 
can find a ô > 0 such that |f(x) — 5| < e whenever 0 < |x — 1| < ô, we 
state that the limit of f(x) as x approaches 1 is equal to 5 or, expressed in 
symbols, 


lim f(x) = 5 (4) 


You will note that we state 0 < |x — 1|. This condition is imposed 
because we are concerned only with values of f(x) for x close to 1, but not 
for x= 1. As a matter of fact, this function is not defined for x = 1. 

Let us see what this means geometrically for the particular function 
defined by Eq. (1). Figure 2.4.1 illustrates the geometric significance of 
e and 6. We see that f(x) on the vertical axis will lie between 5 — e and 
5 + e whenever x on the horizontal axis lies between 1 — 6 and 1+ 6; or 


| f(x) —5| «e whenever 0 < |x—1| <6 


Another way of stating this is that f(x) on the vertical axis can be 
restricted to lie between 5 — e and 5 + e by restricting x on the horizontal 
axis to lie between 1 — 6 and1+ 6. 
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Note that the values of e are chosen arbitrarily and can be as small 
as desired, and that the value of a 8 is dependent on the e chosen. We 
should also point out that the smaller the value of e, the smaller will be 
the corresponding value of 6. 

Summing up for this example, we state that lim f(x) — 5 because for 

r1 


any e > 0, however small, there exists a 6 > 0 such that 
|f(x) —5| «e whenever 0 < |x—1| < 8 


We are now in a position to define the limit of a function in general. 


2.4.1 Definition Let f be a function which is defined at every number in some open inter- 
val I containing a, except possibly at the number a itself. The limit of 
f(x) as x approaches a is L, written as 


lim f(x) = L (5) 


if for any e > 0, however small, there exists a 6 > 0 such that 


| f(x) - L| «e whenever 0< |x—a| <6 (6) 


In words, Definition 2.4.1 states that the function values f(x) approach 
a limit L as x approaches a number a if the absolute value of the difference 
between f(x) and L can be made as small as we please by taking x suffi- 
ciently near a, but not equal to a. 

It is important to realize that in the above definition nothing is men- 
tioned about the value of the function when x = a. That is, it is not neces- 
sary that the function be defined for x = a in order for the lim f(x) to exist. 


Lod 


In particular, we saw in our example that 


(2x + 3)(x=1)_, 


tm = 1) 
but that 
(2x + 3) (x — 1) 
(x — 1) 


is not defined for x = 1. However, the first sentence in Definition 2.4.1 
requires that the function of our example be defined at all numbers ex- 
cept 1 in some open interval containing 1. 

We now consider some examples of finding a 6 which corresponds to 
a specific e in some simple cases. 


EXAMPLE 1: Letthefunctioní ` SOLUTION: - | 

be defined by the equation | If) — 1112 |(4x—1) — 11] 
f(x) —4x—1 | = |4x — 12| 

Given lim f(x) — 11, find a 8 for | = 4|x — 3| 


r3 


€ — 0.01 such that 
If(x) — 11| < 0.01 
whenever 


0< |x—3| « 8 


EXAMPLE 2: Using Definition 
2.4.1, prove that 


lim (4x — 1) = 11 
r3 
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| Therefore, we want 


4|x —3| <0.01 whenever 0 < |x—3| < 8 


| or 


ix —3| < 0.0025 whenever 0< |x —3| <6 
If we take 6 = 0.0025, we have 
|((4x—1) —11| « 0.001. whenever 0 < |x—3] < 0.0025 (7) 


It is important to realize that in this example any positive number less 
than 0.0025 can be used in place of 0.0025 as the required 6. That is, if 
0 < y < 0.0025 and statement (7) holds, then 


|(4x—1)— 11| < 0.01 whenever 0 < |x—3|<y (8) 


because every number x satisfying the inequality 0 < |x —3| < y also 
satisfies the inequality 0 < |x — 3| < 0.0025. 


The solution of Example 1 consisted of finding a 6 for a specific e. 
If for any € we can find a 6 that will work, we shall have established that 
the value of the limit is 11. We do this in the next example. 


SOLUTION: We must show that for any e > Othere exists a ô > 0 such that 
l((4x—1)—11| «e whenever 0 < |x—3| < ô 
From Example 1, we note that 
|(4x — 1) — 11] = |4x — 12| 
= 4|x — 3| 
Therefore, we want 
Alx —3| «e whenever 0« |x—3| <6 
or, equivalently, 


|x— 3| <4e whenever 0 < |x—3| <6 


So if we choose 6 = ie, we have 


4|x —3| < 48 whenever 0 < |x—3| <6 


or 
4|x—3| «4: de whenever 0 < |x—3| <6 
or 
4|x —3| « e whenever 0< |x—-3| <6 
| giving us 


|((4x—1)—11| «e whenever 0< |x—3| <6 
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if ô= łe. This proves that lim (4x — 1) = 11. 
r-3 
In particular, if e= 0.01, then we take ô= 0.01/4, or 0.0025, which 
corresponds to our result in Example 1. 
Any positive number 6’ < łe can be used in place of 4€ as the re- 
quired à in this example. 


EXAMPLE 3: Using Definition 
2.4.1, prove that 


lim x? = 4 


r-2 


soLUTION: We must show that for any e > 0 there exists a ô > 0 such that 
|x2—4|<e whenever 0< |x—2| «6 

Factoring, we get 
|x? — 4| 2 |x — 2] - |x - 2| 


We want to show that |x? — 4| is small when x is close to 2. To do this, we 
first find an upper bound for the factor |x + 2|. If x is close to 2, we know 
that the factor |x — 2| is small, and that the factor |x 4- 2| is close to 4. Be- 
cause we are considering values of x close to 2, we can concern ourselves 
with only those values of x for which |x — 2| « 1; that is, we are requiring 
the 6, for which we are looking, to be less than or equal to 1. The inequality 


|xx—2|<1 
is equivalent to 
—1«x—2«1 
which is equivalent to 


1<x<3 
or 
3<x+2<5 


This means that if |x — 2| < 1, then 3 < |x + 2| < 5; therefore, we have 
|x? — 4] = |x —2| - |x +2| < |x—2|-5 whenever |x—2| <1 
Now we want 
|x —2|-5<e or, equivalently, |x —2| < łe 


Thus, if we choose 6 to be the smaller of 1 and $e, then whenever |x — 2| 
< 6, it follows that |x — 2| < $€ and |x + 2| < 5 (because this is true when 
|x — 2| < 1) and so |x? — 4| < ($e) - (5). Therefore, we conclude that 


|x? —4| «e whenever 0< |x—2| <6 


if 6 is the smaller of the two numbers 1 and $e, which we write as 


| ê= min(1 $e). 
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EXAMPLE 4: Using Definition 
2.4.1, prove that 


8 . 
lim 175-2 


SOLUTION: We must show that for any e > 0 there exists a 6 > 0 such that 


5-3 «e whenever 0< |f—7| < ô 


Now 


iB 8204-9) 
—3 


E un — =| 


t—3 


22: E-— t 


It— 3| 
- i» 
xa |t— 3| 
We wish to show that |8/(t — 3) —2| is small when t is close to 7. We 
proceed to find some upper bound for the fraction 2/|t — 3|. By requiring 


the ô for which we are looking to be less than or equal to 1, we can say 
that whenever |t — 7| « 6, then certainly |t — 7| « 1. The inequality 


It-7| «1 
is equivalent to 
—1«t—7«1 
which is equivalent to 
3<t—3<5 
or 
3< 3| «5 


Therefore, whenever |t — 7| < 1, |t — 3| > 3, and because we have shown 
that |8/(t — 3) — 2| = |t — 7| : 2/|t — 3|, we have 


8 2 2 
PS ONERE = — -— =< l- m m 
1—3 | It — 7| ir-3i |t—7| 3 whenever |t—7| <1 
We want then |t — 7| -$ < € or, equivalently, |t — 7| < łe. Consequently, 
we take 6 as the smaller of 1 and $e, which assures us that whenever 
|t — 7| < 6, then |t — 7| « $e and |t — 3| 7 3 (because this is true when 
|t — 7| < 1). This gives us 


a 77$ => 673 


8. — 
esae 


84 FUNCTIONS, LIMITS, AND CONTINUITY 


whenever 0 < |t — 7| < 8, and where ô= min(1, $e). We have therefore 
proved that lim [8/(t — 3)] =2. 
t-7 


The following theorem states that a function cannot approach two 
different limits at the same time. It is called a uniqueness theorem because 
it guarantees that if the limit of a function exists, it is unique. 


2.4.2 Theorem If lim f(x) = L, and lim f(x) = L, then L, = Ly. 
ra J-a 

PROOF: We shall assume that L, # L, and show that this assumption 

leads to a contradiction. Because lim f(x) = L,, it follows from Definition 


ra 


2.4.1 that for any e > 0 there exists a 0, > 0 such that 


| f(x) — L| «e whenever 0« |x— a| < 6, (9) 

Also, because lim f(x) = L,, we know that there exists a 6, > 0 such that 
La 

| f(x) — L| <% whenever 0 < Ix — al < ô (10) 


Now, writing L, — L, as Lı — f(x) + f(x) — L, and applying the triangle 
inequality, we have 


HL. L| = [EP — f(x)] + [ f(x) = L,]] 
s |L,— f(x)! + |f (x) — L»! (11) 


So from (9), (10), and (11) we may conclude that for any e > 0 there exists 
a 6, > 0 and a 8, > 0 such that 


|L,—L,| «ect e whenever 0 < |x—al| < 8; and 0 < |x— a| < 8, (12) 


If ô is the smaller of 6, and ô, then 6 < 6, and ô < ô, and (12) states that 
for any e > 0 there exists a 6 > 0 such that 


|L; — L| «2e whenever 0< |x—al <6 (13) 


However, if we take e= 2|L, — L,|, then (13) states that there exists a 
6 > 0 such that 


|L,— L| < |L,—L,| whenever 0< |x—a| <6 (14) 


Because (14) is a contradiction, our assumption is false. So L, = L,, and 
the theorem is proved. L| 


Exercises 2.4 


In Exercises 1 through 8, we are given f(x), a, and L, as well as lim f(x) = L. Determine a number ô for the given e such 
Ta 
that |f(x) — L| < e whenever 0 < |x — a! < 8. 


1. lim (2x + 4) = 10; e = 0.01 2. lim (4x —5) = 3; e = 0.001 3. lim (3 — 4x) 27; e= 0.02 
z-2 


x-8 r-—1 


4. lim (2+ 5x) 2 —8; e = 0.002 


22-2 
7. "lim; 544. 001 
ae X4+2 í ` 


2.5 THEOREMS ON LIMITS OF FUNCTIONS 85 ` 


5. lim x? = 9; e = 0.005 6. lim Vx —2; e— 0.005 


z-3 T4 
8. lim sind MN 2; €— 0.01 
2-1/3 3x —1 


In Exercises 9 through 29, establish the limit by using Definition 2.4.1; that is, for any e > 0, find a 6 > 0, such that 


f(x) - L| <e whenever 0 < |x— a| < 6 


9. lim (5x —3) =2 
r1 


10. lim (7— 2x) 211 ii: ae 
r--2 x3 —3 
13. lim 3221 14. lim 32-9 
xl xr—-3 
16. lim —— =2 17. li =2 
: z-6 X —3 f = —4 B 
19. lim (x? — 3x) = 10 20. lim (32 -2x —1) 27 
r-5 r2 
22. lim 52x Z8 23. lim Vx 4 8—3 
x12 9—X 9 1-4 


25. Prove that lim x? = a? if a is any positive number. 


ra 


26. Prove that lim x? = 2? if a is any negative number. 


ra 


27. Prove that lim Vx — Va if a is any positive number. 


Ta 


28. Prove that lim Wx = Wa. (HINT: a? — b? = (a — b) (a? + ab + b?).) 


x~a 


29. Prove that if lim f(x) exists and is L, then lim |f(x)| exists and is |L]. 


r-a 


2.5 THEOREMS ON LIMITS 
OF FUNCTIONS 


2.5.1 Limit theorem 1 


roa 


In order to find limits of functions in a straightforward manner, we shall 
need some theorems. The proofs of the theorems are based on Definition 
2.4.1. These theorems, as well as other theorems on limits of functions 
appearing in later sections of this chapter, will be labeled “limit theorems” 
and will be so designated as they are presented. 


If m and b are any constants, 


lim (mx + b) = ma +b 


ra 


PROOF: To prove this theorem, we use Definition 2.4.1. For any e > 0, 
we must prove that there exists a 6 > 0 such that 


|(mx + b) — (ma -b)] «e whenever 0 < |x— a| < 8 (1) 
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2.5.2 Limit theorem 2 


2.5.3 Limit theorem 3 


2.5.4 Limit theorem 4 


Case 1: m #0. 
Because |(mx + b) — (ma + b)| = |mx — ma| = |m| - |x— a|, we want 
to find a 6 > 0 for any e > 0 such that 


[m| -|x—a| <e whenever 0< |x—a| <6 
or, because m # 0, 


Ix— a| « £4. whenever 0« |x— a| < 8 (2) 
[m| 


Statement (2) will hold if we take ô = e/|m|. So we conclude that 


|(mx + b) — (ma+b)| «e whenever 0< |x—a| <8 if m 
This proves the theorem for Case 1. 


Case 2: m=0. 

If m=0, then |(mx+ b) — (ma + b)|=0 for all values of x. So we 
take ô to be any positive number, and statement (1) holds. This proves 
the theorem for Case 2. a 


If c is a constant, then for any number a, 


lim c= c 
g-a 


PROOF: This follows immediately from Limit theorem 1 by taking m = 0 
and b — c. B 


lim x= a 
g-a 


PROOF: This also follows immediately from Limit theorem 1 by taking 
m — 1 and b — 0. a 


If lim f(x) = L and lim g(x) = M, then 
lim [f(x) +g(x)]=L+M 


PROOF: We shall prove this theorem using the plus sign. Given 


lim f(x) =L (3) 
and 
lim g(x) = M (4) 


we wish to prove that 


lim [f(x) - g(x)]=L+M (5) 


2.5.5 Limit theorem 5 


2.5.6 Limit theorem 6 
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To prove Eq. (5), we must use Definition 2.4.1; that is, for any e > 0 we 
must prove that there exists a 8 > 0 such that 


|( f(x) + g(x) — (L-M)| <e whenever 0 < |x—al < 8 (6) 


Because we are given Eq. (3), we know from the definition of a limit 
that for $e > 0 there exists a 5, > 0 such that 


| f(x) — L| «€ $e whenever 0 < |x— a| < 8, 
Similarly, from Eq. (4), for 2e > 0 there exists a 5, > 0 such that 
lg(x) — M| <#e whenever 0 < [x— a| < & 


Now, let ô be the smaller of the two numbers ô, and ô». Therefore, 
ô < 6, and 8 < ô. So we can say 


| f(x) - L| <%e whenever 0« |x—a| « 8 
and 
lg(x) - M <4e whenever 0< |x— a| <6 
Hence, we have 
ILf(x) + 8620] — (L+ M)| = [GG — L) + (g(x) — M) 
x |f(x) — L| + |g(x) — M| 


«iectie-—e whenever 0 < |x— a| « ô 


In this way, we have obtained statement (6), thereby proving that 
lim [f(x) +g(x)J=L+M 
ra 


The proof of Limit theorem 4 using the minus sign is left for the 
reader (see Exercise 24). a 


Limit theorem 4 can be extended to any finite number of functions. 


If lim f(x) = L,, lim f(x) = Lọ . . . , and lim f,(x) = L,, then 
Tia I-a 


r-a 


lim HU) E Rx) oe E LOO ES DUE ESSE La 


This theorem may be proved by applying Limit theorem 4 and mathe- 
matical induction (see Exercise 25). 


If lim f(x) — L and lim g(x) = M, then 


r-a 


lim f(x) + g(x) =L-M 
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2.5.7 Limit theorem 7 


2.5.8 Limit theorem 8 


2.5.9 Limit theorem 9 


2.5.10 Limit theorem 10 


The proof of this theorem is more sophisticated than those of the 
preceding theorems, and it is often omitted from a beginning calculus 
text. We have outlined the proof in Exercises 27 and 28, with some steps 
left to be supplied by the reader. 

Limit theorem 6 also can be extended to any finite number of func- 
tions by applying mathematical induction. 


If lim fi(x) = L,, lim f(x) = L4, . . . , and lim f,(x) = L,, then 
lim [fA (x) * fb) t5 frlX)]= Ly Lys Ln 


The proof is left for the reader (see Exercise 29). 


If lim f(x) = L and n is any positive integer, then 
lim [f(x)]"= 1^ 


The proof follows immediately from Limit theorem 7 by taking 
ORERE mf) and yy a 


If lim f(x) = L and lim g(x) = M, and M # 0, then 


fx) L 


lim oa) M 


The proof, based on Definition 2.4.1, is also frequently omitted from 
a beginning calculus text. However, a proof is given in Sec. 2.12. Although 
we are postponing the proof, we apply this theorem when necessary. 


If lim f(x) = L, then 
lim V/G) = WL 


if L > 0 and n is any positive integer, or if L <0 and n is a positive odd 
integer. 


A proof of this theorem is given in Sec. 2.12, and as is the case with 
the preceding theorem, we apply it when necessary. 

Following are some examples illustrating the application of the above 
theorems. To indicate the limit theorem being used, we use the abbrevi- 
ation "L.T." followed by the theorem number; for example, “L.T. 2" 
refers to Limit theorem 2. 
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EXAMPLE 1: Find 
lim (x? 4- 7x — 5) 
r-3 
and, when applicable, indicate 


the limit theorems which are 
being used. 


SOLUTION: 


lim (x? + 7x — 5) = lim X? + lim 7x — lim 5 (L.T. 5) 
r-3 r-3 r:-3 x-3 
= lim x : lim x + lim 7 - lim x — lim 5 (L.T. 6) 
r-3 r-3 r-3 r-3 r-3 
=3-34+7°3-5 (L.T. 3 and L.T. 2) 
=9+21-5 
= 25 


It is important, at this point, to realize that the limit in Example 1 
was evaluated by direct application of the theorems on limits. For the 
function f defined by f(x) =x? +7x—5, we see that f(3) 23 47:3 
— 5 = 25, which is the same as lim (x? + 7x — 5). It is not always true that 


r-3 
we have lim f(x) = f(a) (see Example 4). In Example 1, lim f(x) = f(3) be- 
r-a r3 


cause the function f is continuous at x — 3. We discuss the meaning of 
continuous functions in Sec. 2.11. 


EXAMPLE 2: Find 


and when applicable indicate the 
limit theorems being used. 


SOLUTION: 


lim pod 2x43 him © +2x+3 
£2 x +5 £2 x +5 
lim (x? + 2x + 3) 
== r2 
7 lim (x? + 5) 
T2 
lim x? + lim 2x + lim 3 
= 22 , -2  / T2 
B lim x? + lim 5 
r-2 r2 


= x)? + lim 2 - lim x + lim 3 


z2 T-2 r- 2-2 
(lim x)? + lim 5 
r2 r2 


(L.T. 10) 


(L.T. 9) 


(L.T. 5) 


(L.T. 7 and L.T. 8) 


2+2-24+3 
2+5 


= ,/8+44+3 
9 


(L.T. 3 and L.T. 2) 
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EXAMPLE 3: Find 


and, when applicable, indicate 
the limit theorems being used. 


EXAMPLE 4: Given that f is the 


function defined by 


_fx—3 ifx#4 
fx) - 1 ifx=4 
find lim f(x). 

T4 y 
^ 

a ce 

i | 

l 

L | 

| 


Figure 2.5.1 


SOLUTION: Here we have a more difficult problem since Limit theorem 9 


cannot be applied to the quotient (x? — 27)/(x — 3) because lim (x — 3) = 0. 
However, factoring the numerator, we obtain < 

ym ieee (x — 3) (32 + 3x 4-9) 

x=3 x—3 
This quotient is (x? + 3x + 9) if x # 3 (since if x » 3 we can divide the 


numerator and denominator by (x — 3)). 
When evaluating lim [(x3 — 27)/(x —3)], we are considering values of 
r3 


x close to 3, but not equal to 3. Therefore, it is possible to divide the nu- 
merator and denominator by (x — 3). The solution to this problem takes 
the following form: 
3 m 2 
lim X 27_ lim (x — 3) (x? +3x+9) 
z-3 X7 r-3 x—3 
= lim (x? +3x +9) dividing numerator and denomi- 
m2 nator by (x — 3) since x # 3 


= lim x? + lim (3x + 9) 
Sg 


r3 T 


(L.T. 4) 


= (lim x)? + 18 


r3 
= 3? +18 
= 27 


(L.T. 8 and L.T. 1) 


(L.T. 3) 


Note that in Example 3 (x? — 27)/(x — 3) is not defined when x = 3, 
but lim [(x* — 27)/(x — 3)] exists and is equal to 27. 
3 


SOLUTION: When evaluating lim f(x), we are considering values of x 
:-4 
close to 4 but not equal to 4. Thus, we have 


lim f(x) = lim (x — 3) 


=1 (L.T. 1) 
In this example, lim f(x) = 1 but f(4) = 5; therefore, lim f(x) # f(4). 
X4 r4 


This is an example of a function which is discontinuous at x — 4. In 
terms of geometry, this means that there is a break in the graph of the 
function at the point where x — 4 (see Fig. 2.5.1). The graph of the func- 
tion consists of the isolated point (4, 5) and the straight line whose equa- 
tion is y — x — 3, with the point (4, 1) deleted. 
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Exercises 2.5 


In Exercises 1 through 17, find the value of the limit, and when applicable indicate the limit theorems being used. 


1. 


20. 


21. 


23. 


24. 


25. 
26. 


. lim 


í g— 
lim (32 + 2x — . li 3 — 242 — 
oaia. SE ae Fee T ET. 
2x -1 y t . 8$-—1 
2m g—3xrt4 P um 2 3 mtd 
lim xic-5xc6 8 lim 3€ — 17x t 20 9. lim 8r+1 
z2-3 C — x— 12 gà 4x? — 25x + 36 La r3 
2 x? 3x+4 y -9 8t — 27 
.I —————— . li . li —— 
IN SII Hc Hn E73 12. lim 4 g—g 
Vrt2- v2 (HINT: Rationalize the numerator.) 14. lim -— 
z0 t50 
47 — . x5 —33— x10 2x3 — 5x? — 2x —3 
. lim ————— 16. lim 1 im 2 5M a 2x = 3 
ay h z-e 2 +3xt2 A im 4x? — 13x? + 4x — 8 
. If f(x) = x? + 5x — 3, show that lim f(x) = f(2). 
r-2 
. If F(x) = 2x? + 7x — 1, show that lim F(x) = F(—1). 
$ qd-1 
If g(x) = (x? — 4)/ (x — 2), show that lim g(x) = 4 but that g(2) is not defined. 
r2 
If h(x) = ( Vx + 9 — 3)/x, show that lim h(x) = 4 but that A(0) is not defined. 
z-0 
. Given that f is the function defined by 
2x—1 ifx#2 
fer $ ifx=2 
(a) Find lim f(x), and show that inm f(x) = f(2). 
(b) Draw : a x eketeh of the graph of; ^ 
Given that f is the function defined by 
x:—9 ifx A-3 
fe le if x =—3 
(a) Find lim f(x), and show that lim f(x) # f(—3). 
r-38 r--8 
(b) Draw a sketch of the graph of f. 
Using Definition 2.4.1, prove that if 
lim f(x) =L and lim g(x) = 
then 
lim [f(x) - g(x)]| » L— M 
Prove Limit theorem 5 by applying Limit theorem 4 and mathematical induction. 
Prove that if lim f(x) — L, then lim (f(x) — L) — 0. 


ra 
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27. Using Definition 2.4.1, prove that if 


28. 


29. 
30. 


lim f(x) =L and lim g(x) =0 


ra ra 


then 
lim f(x) - g(x) =0 


(HINT: In order to prove that lim f(x) - g(x) =0, we must show that for any e > 0 there exists a 6 > 0 such that 


ro 


|f(x) - g(x)| < € whenever 0 < |x — a| < à. First show that there is a 5, > 0 such that |f(x)| < 1+ |L| whenever 
0 < [x — a| < ô, by applying Definition 2.4.1 to lim f(x) = L, with e = 1 and 8 = ô, and then use the triangle inequality. 


ra 
Then show that there is a 8; > 0 such that |g(x)| < €/(1-- |L|) whenever 0 < |x — a| < &, by applying Definition 2.4.1 
to lim g(x) = 0. By taking ô as the smaller of the two numbers ô, and ô, the theorem is proved.) 


xo 


Prove Limit theorem 6: If lim f(x) = L and lim g(x) = M, then 


>a za 


lim [f(x) - g(3)] 2L: M 


ra 


(nT: Write f(x) - g(x) = [f(x) — L]g(x) + L[g(x) — M] - L: M. Apply Limit theorem 5 and the results of Exer- 
cises 26 and 27.) 


Prove Limit theorem 7 by applying Limit theorem 6 and mathematical induction. 


Prove that, if f(x) = g(x) for all values of x except x = a, then lim f(x) = lim g(x) if the limits exist. 
Loa 


r-a 


2.6 ONE-SIDED LIMITS When considering lim f(x) we are concerned with values of x in an open 


Loa 
interval containing a but not at a itself, that is, at values of x close to a 
and either greater than a or less than a. However, suppose, for example, 
that we have the function f for which f(x) = Vx — 4. Because f(x) does not 
exist if x < 4, f is not defined on any open interval containing 4. Hence, 


we cannot consider lim Vx — 4. However, if x is restricted to values 
T4 


greater than 4, the value of V x — 4 can be made as close to 0 as we please 
by taking x sufficiently close to 4 but greater than 4. In such a case as this, 
we let x approach 4 from the right and consider the one-sided limit from 
the right or the right-hand limit, which we now define. 


2.6.1 Definition Let f be a function which is defined at every number in some open in- 
terval (a, c). Then the limit of f(x), as x approaches a from the right, is L, 
written 


lim f(x) = L 


Lat 


if for any e > 0, however small, there exists a 6 > 0 such that 


| f(x) - L| «e whenever 0<x-—a<6 (1) 


Note that in statement (1) there are no absolute-value bars around 
x— a since x — a> 0, because x > a. 


2.6.2 Definition 


It follows from Definition 2.6.1 that 


lim Vx —4—0 


q—4- 
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If when considering the limit of a function the independent variable 
x is restricted to values less than a number a, we say that x approaches a 
from the left; the limit is called the one-sided limit from the left or the left- 


hand limit. 


Let f be a function which is defined at every number in some open in- 
terval (d, a). Then the limit of f(x), as x approaches a from the left, is L, written 


lim f(x) =L 


if for any e > 0, however small, there exists a 6 > 0 such that 


|f(x) - L| «e whenever —8«x—a«0 


We can refer to lim f(x) as the two-sided limit, or the undirected limit, 


to distinguish it from the one-sided limits. 


Limit theorems 1-10 given in Sec. 2.5 remain unchanged when 


"x — a” is replaced by "x > a*" or "x — a 


-" 


EXAMPLE 1: 


Let f be defined by 

—1 ifx«0 

f(x) =sgnx=; 0 ifx=0 
1 ifücx 


(a) Draw a sketch of the graph of 
f. (b) Determine Em | f(x) if it 


exists. (c) Determine n f(x) if it 


exists. 


SOLUTION: A sketch of the graph is shown I 2.6.1. lim f(x) =— 
r-0- 


since, if x is any number less than 0, f(x) has the value —1. Similarly, 


lim f(x) — 
z-09* 
y 
E 
O >x 
— o = 
Figure 2.6.1 


zs. ——— Bee aa oes — d abet as. — P m 


2.6.3 Theorem 


In the above example lim f(x) # lim f(x). Because the left-hand limit 
r20- r-0* 


and the right-hand limit are not equal, we say that the two-sided limit, 
lim f(x), does not exist. The concept of the two-sided limit failing to exist 


r0 


because the two one-sided limits are unequal is stated in the following 


theorem. 


lim f(x) exists and is equal to L if and only if lim f(x) and lim f(x) both 


exist and both are equal to L. 


The proof of this theorem is left for the reader (see Exercise 16). 
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EXAMPLE 2: Let g be defined by 
Popes e ifx #0 


ifx =0 
(a) Draw a sketch of the graph of 
g. (b) Find lim g(x) if it exists. 
T0 


SOLUTION: A sketch of the graph is shown in Fig. 2.6.2. 


lim g(x) = lim (—-x) =0 and lim g(x) = lim x — 0 
z—0- r0- r0* 


20+ 
Therefore, by Theorem 2.6.3 lim g(x) exists and is equal to 0. Note that 
r-0 
&(0) = 2, which has no effect on lim g(x). 


20 
y 
2 
zd - d I-- JL ES 
O 
Figure 2.6.2 


EXAMPLE 3: Let h be defined by 


_ (4-2 
ium b +e 
(a) Draw a sketch of the graph of 
h. (b) Find each of the following 
limits if they exist: lim h(x), 
r1 
lim h(x), lim h(x). 
-1 


x1* x 


ifx <1 
ifl<x 


SOLUTION: A sketch of the graph is shown in Fig. 2.6.3. 
lim h(x) = lim (4 — x) 23 
rl x-1- 
lim h(x) = lim (2 4-32) 23 
r—1* r-21* 
Therefore, by Theorem 2.6.3 lim h(x) exists and is equal to 3. Note that 
rot 
h(1) = 3. 
y 


Figure 2.6.3 


Exercises 2.6 


In Exercises 1 through 10, draw a sketch of the graph and find the indicated limit if it exists; if the limit does not exist, 


give the reason. 


2.6 ONE-SIDED LIMITS 


2 ifx«1 
1. f(x) = E ifx = } (a) lim f(x); (b) lim f(x); (c) lim f(x) 
—3 if 1 < X zr g-i- x1 


2 = [152 E22) im 0 im 0 im 9 


s _fax+1 ifx «3l, Ee rs 
3. h(x) = 0—-x if3 Bi (a) lim h(x); (b) lim A(x); (c) Him h(x) 


&ro-[ 4 icd lim F(x); (b) lim F(x); (©) im F() 
2r*3 ifr«1 

5. f(r) = f if r=1 p (a) lim f(r); (b) lim f(r); (c) lim f(r) 
7 —2r if1<r) m" r-r rot 

= 3 +Ë ift«—2 

6. g(t) —10 ift=—2 | (a) lim g(t); (b) lim g(t); (c) lim g(t) 
1-28 if-2«t t tr t 


-7. F(x) = |x — 5|; (a) lim F(x); (b) lim F(x); (c) lim F(x) 
z25* q25- z25 


8. f(x) =3 + |2x — 4]; (a) lim f(x); (b) lim f(x); (c) lim f(x) 


9. f(x) =k], (a) lim f(x); (b) lim f(x); (c) lim f(x) 
x x-0* z-0- r0 
10. The absolute value of the signum function (see Exercise 2 in Exercises 2.3). 
(a) lim |sgn x|; (b) lim |sgn xl; (c) lim |sgn x]. 
z29* z90- X20 
11. F is the function of Exercise 11 in Exercises 2.3. Find, if they exist: 
(a) lim F(x); (b) lim F(x); (c) lim F(x). 
qd29* qd-9- g-o 
12. h is the function of Exercise 10 in Exercises 2.3. Find, if they exist: (a) lim h(x); (b) lim h(x); (c) lim h(x). 
z-0* r-0- x0 


13. Find, if they exist: (a) lim [x]; (b) lim [x]; (©) lim [x]. 
r-2* zr-2- r-2 


14. Let G(x) = [x] + [4 — x]. Draw a sketch of the graph of G. Find, if they exist: (a) lim G(x); (b) lim G(x); (c) lim G(x). 
r-3* z-3- 2-3 


15. Given 


[2-3 ifx=<1 _ fx ifx<1 
fle) = | +1 ifx>1 388 g(x) = {3 ifx>1 


(a) Show that lim f(x) and lim f(x) both exist but are not equal, and hence lim f(x) does not exist. 
@-1- qd-1* z-1 


(b) Show that lim g(x) and lim g(x) both exist but are not equal, and hence lim g(x) does not exist. 
q—1- q—1* z-1 


(c) Find formulas for f(x) * g(x). 
(d) Prove that lim f(x) - g(x) exists by showing that lim f(x) + g(x) = lim f(x) - g(x). 


16. Prove Theorem 2.6.3. 
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2.7 LIMITS AT INFINITY 


Figure 2.7.1 


2.7.1 Definition 


Consider the function f defined by the equation 


fo 


A sketch of the graph of this function is shown in Fig. 2.7.1. Let x take on 
the values 0, 1, 2, 3, 4, 5, 10, 100, 1000, and so on, allowing x to increase 
without bound. The corresponding function values are given in Table 2.7.1. 


Table 2.7.1 

! T rlw 25 EH EE i i D 1I ; 
| x | 0 1 2 3 4 5 10 100 1000 
— —Á——€———Á——Á E . - 
| f(x) m 2x? | 0 1 8 18 32 50 200 20,000 2,000,000 

| c1 | 5 101 


10,001 1,000,001 
We see from Table 2.7.1 that as x increases through positive values, the 
function values f(x) get closer and closer to 2. In particular, when x = 4, 


2x 32 2 


A appe 
Therefore, the difference between 2 and f(x) is ;& when x= 4. When 
x= 100, 


20000 2 
10,001 10,001 


Hence, the difference between 2 and f(x) is 2/10,001 when x — 100. 

Continuing on, we intuitively see that we can make the value of f (x) 
as close to 2 as we please by taking x large enough. In other words, we 
can make the difference between 2 and f (x) as small as we please by taking 
x large enough; or going a step further, for any e > 0, however small, we 
can find a number N > 0 such that |f (x) — 2| < e whenever x > N. 

When an independent variable x is increasing without bound through 
positive values, we write “x — +.” From the illustrative example above, 
then, we can say that 


Oe 
am gri” 


In general, we have the following definition. 


Let f be a function which is defined at every number in some interval 
(a, +). The limit of f(x), as x increases without bound, is L, written 


lim f(x) =L (1) 


p 
if for any e > 0, however small, there exists a number N > 0 such that 


| f(x) — L| «e whenever x 2» N 


2.7.2 Definition 


2.7.3 Limit theorem 11 
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NOTE: It should be stressed again (as in Sec. 1.1) that +% is not a real 
number; hence, when we write x — +, it does not have the same mean- 
ing as, for instance, x — 1000. The symbolism "x — +” indicates the 
behavior of the variable x. However, we can read Eq. (1) as "the limit of 
f(x) as x approaches positive infinity is L,” bearing in mind this note. 

Now let us consider the same function and let x take on the values 
0, —1, —2, —3, —4, —5, —10, —100, —1000, and so on, allowing x to de- 
crease through negative values without bound. Table 2.7.2 gives the cor- 
responding function values of f(x). 


Table 2.7.2 


0—1 —2 —3 —4 —5 —10  —100 —1000 
x. 18 32 50 200 20,000 2,000,000 
10 17 26 201 10,001 1,000,001 | 
Note that the function values are the same for the negative numbers 
as for the corresponding positive numbers. So we intuitively see that as 
x decreases without bound, f(x) approaches 2, and formally we say that 
for any e > 0, however small, we can find a number N < 0 such that 
| f(x) — 2| < e whenever x < N. Using the symbolism “x — —9" to denote 
that the variable x is decreasing without bound, we write 


lim 22 = 
qc P41 


In general, we have the following definition. 


2 (2) 


Let f be a function which is defined at every number in some interval 
(—~, a). The limit of f(x), as x decreases without bound, is L, written 


lim f(x) =L 


if for any e > 0, however small, there exists a number N < 0 such that 


|f(x) -L| «e whenever x< N 


NOTE: As in the note following Definition 2.7.1, the symbolism “x — —o" 
only indicates the behavior of the variable x, but we can read Eq. (2) as 
“the limit of f (x) as x approaches negative infinity is L.” 

Limit theorems 2, 4, 5, 6, 7, 8, 9, and 10 given in Sec. 2.5 remain un- 
changed when "x — a” is replaced by x > +% or x > —&. We have the 
following additional limit theorem. 


If r is any positive integer, then 


d zl u.s "—— E 
(i) zm ;-0 (ii) Bm. go! 
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PROOF OF (i): To prove part (i), we must show that Definition 2.7.1 
holds for f(x) = 1/x" and L= 0; that is, we must show that for any e > 0 
there exists a number N > 0 such that 

1 


py 9 «e whenever x ^N 


or, equivalently, 
|x|" >i whenever x> N 
or, equivalently, since r > 0, 
1 


lir 
|x| > (2) whenever x >N 


In order for the above to hold, take N = (1/e)!". Thus, we can conclude that 


1 qur 
P 0| <e whenever x> N,if N= (2) 
This proves part (i). a 


The proof of part (ii) is analogous and is left for the reader (see Ex- 
ercise 16). 


EXAMPLE 1: Í Find 
lim c mdi 
goto 2X d 5 


and when applicable indicate the 
limit theorems being used. 


SOLUTION: To use Limit theorem 11, we divide the numerator and the 


denominator by x, thus giving us 


li 4x-3_ im 4 — 3/x 
ZUM xq 5... 2-F5/x 
lim (4— 3/x) 
PONE iod si ERR RSEN 
= lim (24 5jx) (ET?) 
X40 
lim 4— lim (3/x) 
— T-t% Late 
lim 2-F lim (5/3) (L-T. 4) 
dco rco 
lim 4— lim 3- lim (1/x) 
= Ente PET Zato L.T. 6) 
lim 2+ lim 5- lim (1/x) (L.T. 
rte z- +% qo 
- ESSE: (L.T. 2 and L.T. 11) 


=2 
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EXAMPLE 2: Find 


2x3 —x 5 
4x3 — 1 


and when applicable indicate the 
limit theorems being used. 


lim 


T7 g-o 


SOLUTION: To use Limit theorem 1, we » divide the numerator and the 
denominator by the highest power of x occurring in either the numerator 
or denominator, which in this case is x?. So we have 


2x33 —x 5 2/x — 11x? + 5/x3 


EXAMPLE 3: Find 
lim 3x +4 
L+ +0 V2 x? Y 5 

and when applicable indicate the 

limit theorems being used. . 


Am ea 5 ae 
lim (2/x — 1/x? + 5/x3) 
lim (4 — 1/33) ERS 
lim (2/x) — lim (1/2) + lim (5/x3) 
lim gram lim an) (-T. 5) 
lim 2- lim (1/x) — lim (1/32) + n 5: lim (1/x3) 
= lim 4— lim. an» T D 
E —— a (L.T. 2 and L.T. 11) 
= 0 — PH x e ae —- — 
© | soturioN: We divide the numerator and the denominator of the frac- 


tion by x. In the denominator we let x = V3? since we are considering 
only positive values of x. 


lim 3x+4 — lim | 3T4Íx — 
4-40 VI2—5 qo Væ — 5] VF 


lim (3 + 4/x) 


Loto 000000 


lim V2 — 5/2? 


lim (3 + 4/x) 
V lim (2— 5/xi) 


dco 


lim 3+ lim (4/x) 


PEE FEET 


V lim 2— lim (5/x?) 


qo r+ +% 


(L.T. 9) 


(L.T. 10) 


(L.T. 4) 


lim 3+ lim 4- lim (1/x) 


Lo -+o dco xo 


^ Vlim 2— lim 5- lim (1/32) 


x+ z- +o rte 


(L.T. 6) 
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(L.T. 2 and L.T. 11) 


EXAMPLE 4: Find 


lim 3x +4 
d — O v2xt — 5 


SOLUTION: The function is the same as the one in Example 3; however, 
since we are considering negative values of x, in this case Vx? = —x or, 
equivalently, — V2? = x. Hence, in the first step when we divide numer- 
ator and denominator by x, we let x 2 — V3? in the denominator, and we 
have 


la 3xt4 — lim 3+ 4/x 
z-o V22—5 r-o V23i — 5| (— Vid) 
lim (3 + 4/x) 


ro 


Tim (—V2 — 5/2) 


r+ 


lim 3+ lim (4/x) 


— TET FEET 


~ —Viim (2 — 5/27) 

q-—o 
The remaining steps are similar to those in the solution of Example 3, and 
in the denominator we obtain —V2 instead of V2. Hence, the limit is 


—3/ V2. 


Exercises 2.7 


In Exercises 1 through 12, find the limits, and when applicable indicate the limit theorems being used. 


. 2x+1 
h HE co 


4 lim É—2x t5 
orte 7X +x+1 
7. lim 4x5 + 2x? — 5 
"aeo. 8x ^ x42 


10. lim (Vx +x- x) 


do 


2 lim T 3. lim 55 

5 tim NES s im ESSE 

8. lim — 9. lim (Vii c 1- x) 
11. lim (N38 + x — Wx t 1) 12. REM ENT 


For the functions defined in Exercises 13 and 14, prove that lim f(x) =1 by applying Definition 2.7.1; that is, for any 


rte 


€ > 0, show that there exists a number N > 0 such that |f(x) — 1| < e whenever x > N. 


x 
x—1 


13. f(x) = 


x? + 2x 
x:—1 


14. f(x) = 


“a 
p 


15... Prove that 
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by showing that for any e > 0 there exists a number N < 0, such that 


8x43 
=4 
dim acc 1 
8x 4-3 
TEES 4| «e 


whenever x < N. 


16. Prove Limit theorem 11(ii) (2.7.3). 


y 


2.8 INFINITE LIMITS Let f be the function defined by 


i) 
| 
[ 
[ 
| 
[ 
| 
[ 
[ 
[ 
| 
[ 
[ 
| 
) 
| 
[ 
! 
2 


Figure 2.8.1 


f(x) = Gigs 


A sketch of the graph of this function is in Fig. 2.8.1. 

We investigate the function values of f when x is close to 2. Letting 
x approach 2 from the right, we have the values of f(x) given in Table 
2.8.1. From this table we intuitively see that as x gets closer and closer 


Bas 2.8.1 


2001 
3 4 10 100 100 )0 


| 10) = @=2)? 3 12 27 48 300 30 000° 3,000,000 | 


[es] 

(Nor 
M 
E 
IN 
i 
mis 
e 
= 


to 2 through values greater than 2, f(x) increases without bound; in other 
words, we can make f(x) as large as we please by taking x close enough 
to 2. We write 


lim 7——zA; = 4o 


3 
z-2 (X— (x-2? 


If we let x approach 2 from the left, we have the values of f(x) given 
in Table 2.8.2. We intuitively see from this table that as x gets closer and 


Table 2.8.2 i : t 
TM Do: è d H HbooHHM — 
| f(x) = = z DELS [zd 3 12 27 48 300 30,000 3. 000 ,000 a 
Ae Seed i 


closer to 2, through values less than 2, f(x) increases without bound; so 
we write 
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2.8.1 Definition 


2 
| 
| 
| 
| 
| 
| 
| 
\ 
| 
| 
| 
\ 
| 
| 
[ 
I 
| 
| 


Figure 2.8.2 


2.8.2 Definition 


NR 
Im Ce) em 


Therefore, as x approaches 2 from either the right or the left, f(x) increases 
without bound, and we write 
3 
lim 7——5;--e 
ser (92) 


We have the following definition. 


Let f be a function which is defined at every number in some open in- 
terval I containing a, except possibly at the number a itself. As x approaches 
a, f(x) increases without bound, which is written 


lim f(x) = +% (1) 


if for any number N > 0 there exists a 5 > 0 such that f(x) > N whenever 
0«|x—a| < ô. 


NOTE: Equation (1) can be read as “the limit of f(x) as x approaches a is 
positive infinity." In such a case the limit does not exist, but the sym- 
bolism “+” indicates the behavior of the function values f(x) as x gets 
closer and closer to a. 

In words, Definition 2.8.1 states that we can make f(x) as large as we 
please (i.e., greater than any positive number N) by taking x sufficiently 
close to a. 

In an analogous manner, we can indicate the behavior of a function 
whose function values decrease without bound. To lead up to this, we 
consider the function 2 defined by the equation 


800 = Goo 


A sketch of the graph of this function is in Fig. 2.8.2. 

The function values given by g(x) = —3/(x — 2)? are the negatives of 
the function values given by f(x) = 3/(x — 2)’. So for the function g as x 
approaches 2, either from the right or the left, g(x) decreases without 
bound, and we write 


lim o M — M! 
r-2 (x = 2)? 


In general, we have the following definition. 


Let f be a function which is defined at every number in some open in- 
terval I containing a, except possibly at the number a itself. As x approaches 
a, f(x) decreases without bound, which is written 


lim f(x) =» Q) 


eS iei EE emite Se 


Figure 2.8.3 


2.8.3 Definition 
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if for any number N < 0 there exists a ô > 0 such that f(x) < N whenever 
0< |x— a| < ô. 


NOTE: Equation (2) can be read as “the limit of f(x) as x approaches a is 
negative infinity,” noting again that the limit does not exist and the 
symbolism “—®” indicates only the behavior of the function values as 
x approaches a. 

We can consider one-sided limits which are “infinite.” In particular, 
lim f(x) = +% if f is defined at every number in some open interval (a, c) 


and if for any number N > 0 there exists a 6 > 0 such that f (x) > 0 when- 
ever 0« x—a < 8. Similar definitions can be given if lim f(x)=+%, 
lim f(x) = —e, and lim f(x) = —%. 


Now suppose that h is the function defined by the equation 


2x 
x—1 


h(x) = (3) 


A sketch of the graph of this function is in Fig. 2.8.3. By referring to Figs. 
2.8.1, 2.8.2, and 2.8.3, note the difference in the behavior of the function 
whose graph is sketched in Fig. 2.8.3 from the functions of the other two 
figures. We see that 


E 2x 
lim = — o 
zr X—1 
and 
lim 2x = +00 
r= X 1 


That is, for the function defined by Eq. (3), as x approaches 1 through 
values less than 1, the function values decrease without bound, and as 
x approaches 1 through values greater than 1, the function values increase 
without bound. To refer to the two-sided limit of this function at 1, we 
use the concept of "unsigned infinity," which we denote by v». We have 
the following definition. 


lim f(x) = o (4) 
is equivalent to 


lim |f(x)| =+% 


NOTE: Equation (4) can be read as “the limit of f(x) as x approaches a is 
unsigned infinity." 
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2.8.4 Limit theorem 12 


"Infinite" limits at infinity can be considered. There are formal defi- 
nitions for each of the following. 


lim f(x) =+% lim f(x) = +00 


lim f(x) 2 — lim f(x) =—% 
lim f(x) = lim f(x) = 


For example, lim f(x) =+ © if the function f is defined on some interval 
ra +0 
(a, +œ) and if for any number N > 0 there exists an M > 0 such that 
f(x) > N whenever x > M. The other definitions are left for the reader 
(see Exercise 17). 
Before giving some examples, we need two limit theorems involving 
"infinite" limits. 
If r is any positive integer, then 
; 1 
i) lim 4-9 
pum. 
escas 
(ii) lim — = +% 
x-0*X 
(iii) lim += b: ees 
z-o-X (+o if ris even 
PROOF: According to Definition 2.8.3, part (i) will be true if 


lim 
x-0 


=| = + (4) 


x 


If parts (ii) and (iii) are true, then Eq. (4) follows; thus, part (i) will be 
true. Therefore, we prove part (ii) first. We must show that for any N > 0 
there exists a 6 > 0 such that 

LN whenever 0<x< 6 


or, equivalently, because x > 0 and N > 0, 


2.8.5 Limit theorem 13 
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1 
xt <Ñ whenever 0< x< è 
or, equivalently, since r > 0, 


1 lr 
x« (5) whenever 0<x< 56 


The above statement holds if 8 = (1/N}"". We conclude that 


1 1 lr 
ura whenever 0c xà itó- (3) [| 


The proof of (iii) is analogous and is left for the reader (see Exercise 23). 


If a is any real number, and if lim f(x) = 0 and lim g(x) = c, where c isa 
constant not equal to 0, then 


(i) if c > 0 and if f(x) > 0 through positive values of f(x), 


inj ct 
(ii) if c > 0 and if f(x) —> 0 through negative values of f (x), 
g(x) 
lim 2 =— 
2 f(x) 


(iii) if c < 0 and if f(x) — 0 through positive values of f(x), 


B(x) _ 
lim 
ced 
(iv) if c < 0 and if f(x) —> 0 through negative values of f(x), 
YER 


The theorem is also valid if “x — a” is replaced by "x — at,” "x — a`,” 
"X — +o,” or "x — —o,” 


PROOF: We prove part (i) and leave the proofs of the other parts for the 
reader (see Exercises 24-26). To prove that 


gx) 
lim £7— 
z-a f(x) 
we must show that for any N > 0 there exists a 6 > 0 such that 
sc) ) >N whenever 0< |x—a| < à (5) 
F(x) 


Since lim g(x) = c > 0, by taking e= $c in Definition 2.4.1, it follows that 
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EXAMPLE 1: Find: 


(b) im MEET 
e+xt+2 


(c) lim ea oy 3 


e+xt+2 


there exists a 6, > 0 such that 
lg(x) —c| <4c whenever 0 < |x—al < à, 


By applying Theorem 1.2.2 to the above inequality, it follows that there 
exists a 6, > 0 such that 


—$c < g(x) —c« $c whenever 0< |x—a| < 6, 
or, equivalently, 
jc < g(x) < $c whenever 0< |x—al < 6, 
So there exists a 6, > 0 such that 
g(x) >c whenever 0 < |x— a| < ô, (6) 


Now lim f(x) = 0. Thus, for any e > 0, there exists a 6, > 0 such that 


|fG)| «€ e whenever 0< |x—-a| < ô 


Since f(x) is approaching zero through positive values of f(x), we can 
remove the absolute-value bars around f(x); hence, for any e > 0 there 
exists a ô > 0 such that 


f(x) «e whenever 0< |x—al| < ô (7) 


From statements (6) and (7) we can conclude that for any e > 0 there exist 
a ô > 0 and a 6, > 0 such that 


e oi whenever 0< |x—a| <ô and 0«|x—a| <8, 


Hence, if € = and 6 = min(8,, ô), then 


LES mx N whenever 0 < |x—a| < è 


which is statement (5). Hence, part (i) is proved. a 
| soLvTION: —— p Mice DET 
xu XE xX+x+2 
(a) lm a = lim 


ate — 2x —-3 x-3* (x —3) (x - 1) 
The limit of the numerator is 14, which can be easily verified. 


lim (x — 3) (x - 1) = lim (x —3) - lim (x +1) 
r3* r-3* r-3* 


—0:4-0 


The limit of the denominator is 0, and the denominator is approaching 
0 through positive values. Then applying Limit theorem 13(i), we ob- 
tain 
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XL+x+2 _ 
nico 07 
e+x+2 VP4+x+2 


im nora a CPE ICES 1) 


As in part (a), the limit of the numerator is 14. 


lim (x — 3) (x - 1) =lim (x —3) : lim (x+ 1) 
z:23^7 zx-3- r-3- 


=0-4=0 


In this case, the limit of the denominator is zero, but the denominator 
is approaching zero through negative values. Applying Limit theorem 
13(ii), we have 


lim 32—9x-37 7 

fi wa en L+x+2 
C l ————— — 00 i = 
(c) lim yoy —3 becaise Tina 5-3 TA 


EXAMPLE 2: Find 


ia x+1 


SOLUTION: Dividing the numerator and the denominator by x?, we 
obtain 


lim A e lim "P o 
pepo XR d z+% l/x + 1/2 


Evaluating the limit of the denominator, we have 


lim (L-1)- lim 14 lim L2 040-0 
cate NX rte X Xo x 
Therefore, the limit of the denominator is 0, and the denominator is 
approaching 0 through positive values. 

The limit of the numerator is 1, and so by Limit theorem 13(i) it fol- 
lows that 


An dut. 


EXAMPLE 3: Find 


lim 2x — x 
Lo +o 3x+5 


f lim ZZ- im 2—1 
OLUTION: a5 3/x + 5/2 
SOLUTION lim 3x F5 dun 3/x + 5/x* 


We consider the limits of the numerator and the denominator separately. 


lim -1)= lim Ż— lim 1=0-1=-1 


q--o qo rato 
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2.8.6 Theorem 


2.8.7 Theorem 


2.8.8 Theorem 


3,5 3 5 
lim Q«3)- lim —+ lim ==0+0=0 
q-4e XX x, eps x x0 x 

Therefore, we have the limit of a quotient in which the limit of the nu- 
merator is —1 and the limit of the denominator is 0, where the denomi- 
nator is approaching 0 through positive values. By Limit theorem 13(iii) 
it follows that 


lim 2x— x .— 
p 3x + 5 


Remember that because +, —œ, and œ are not numbers, the Limit 
theorems 1-10 of Sec. 2.5 do not hold for "infinite" limits. However, we 
do have the following properties regarding such limits. The proofs are 
left for the reader (see Exercises 28-30). 


If lim f(x) = © and lim g(x) = c, where c is any constant, then 
g-a g-a 

lim [f(x) + g(x)] =% 

x-a 
The theorem holds if © is replaced by +% or—œ, Furthermore, the theorem 
is valid if "x — a” is replaced by "x — at,” "x — a^," "x 2+,” or 
"x — —o0o," 
If Hoi f(x) =+% and lim g(x) = c, where c is any constant except 0, then 


(i) ifc > 0, mi fx g(x) 
(ii) ifc < 0, lim fx gax) 


The theorem is valid if "x — a” is replaced by "x at,” "x a`,” 

"x => o," Or "x y —0o," 

If lim f(x) ^ —« and lim g(x) = c, where c is any constant except 0, then 
x-a r-a 


(i) if c > 0, lim f(x) - g(x) =— 
(ii) if c < 0, lim f(x): g(x) = 


The theorem is valid if "x — a” is replaced by "x— at,’ "x a^," 
"X — +o,” or aay — —oo,’” 
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Exercises 2.8 


In Exercises 1 through 12, evaluate the limit. 


x 4x? t-2 
1. li 2. li ; 
i pcd log E cd 
2 £42 t+2 vá x 
4. li 5 Be 
Meg lim 4 6. lim aae 
2 2 2 
7, npe Sim 9. tins m 
z-0- x r-0 x ze X—3 
VÀi6 — 3i 2—4 533 — 12x +7 
ig cim Seo L Ly T 
Am cd Hom ta m dm dcl 
_ [x] —x .. [x]-1 ( 1 
1 Bx) * 4, lim 554 —1 NT CES 
DB aeu d c oem 15. lim (Z=) 
Eme 3 
16, lim (4 3) 


17. Give a definition for each of the following: (a) lim f(x) = —«5; (b) lim f(x) — +; (c) lim f(x) ——«; (d) lim f(x) = c; 
qo po z= o £~ +0 


(e) lim f(x) — o. 


L-—= 0 


] 3 
18. Prove that lim (x—2):— ** by using Definition 2.8.1. 


zr-2 
19, Prove that lim e — —0 by using Definition 2.8.2. 
z-4 (x — 4) 


20. Prove that 


: =x | 
grape 
by using Definition 2.8.1, and then apply Definition 2.8.3 to prove that 
lim SC. 
z--3 9+ 


21. Prove that lim (x? — 4) =+ by showing that for any N > 0 there exists an M > 0 such that (x? — 4) > N whenever 


Popo 
x2M. 


22. Prove that lim (6 — x — x?) — —« by applying the definition in Exercise 17(a). 


Xo 
23. Prove Theorem 2.8.4(iii). 24. Prove Theorem 2.8.5(ii). 


8.5(iv). 
25. Prove Theorem 2.8.5(iii). 205 tone Theoren at UN] 


27. Prove Theorem 2.8.5(i) if “x — a” is replaced by "x > Fc." 
28. Prove Theorem 2.8.6. 29. Prove Theorem 2.8.7. 


30. Prove Theorem 2.8.8. 
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2.9 HORIZONTAL AND An aid in drawing the sketch of the graph of a function is to find, if there 
VERTICAL ASYMPTOTES are any, the horizontal and vertical asymptotes of the graph. Consider the 
f function f defined by 


! f(x) h (1) 


| A sketch of the graph of f is in Fig. 2.9.1. Any line parallel to and above 
l the x axis will intersect this graph in two points: one point to the left of 
| the line x = a and one point to the right of this line. Thus, for any k > 0, 
| no matter how large, the line y= k will intersect the graph of f in two 
l points; the distance of these two points from the line x — a gets smaller 
i »x and smaller as k gets larger and larger. The line x — a is called a vertical 


9 asymptote of the graph of f. Following is the definition of a vertical 
Figure 2.9.1 asymptote. 
2.9.1 Definition The line x= a is said to be a vertical asymptote of the graph of the func- 
tion f if at least one of the following statements is true: 
(i) lim f(x) = +”, 
g-a 
y (ii) lim f(x) =—~, 
" x-a* 
o x (iii) lim f(x) = +. 
Xa 


(iv) lim f(x) =. 


For the function defined by Eq. (1), both parts (i) and (iii) of the 
above definition are true. If 2 is the function defined by 


== a: 


then both parts (ii) and (iv) are true, and the line x = a is a vertical asymp- 
tote of the graph of g. This is shown in Fig. 2.9.2. 
Figure 2.9.2 A horizontal asymptote of a graph is a line parallel to the x axis. 


2.9.2 Definition The line y= b is said to be a horizontal asymptote of the graph of the 
function f if at least one of the following statements is true: 
(i) lim f(x) =b. 
qo 
(ii) lim f(x)- b. 


EXAMPLE l: Find the horizontal | SOLUTION: First we consider lim f(x), and we have 
asymptotes of the graph of the pen 
function f defined by 


li = li x 
POS aay 


(Oa Ta 


To evaluate this limit we write x = Vx? (x > 0, because x > +) and then 
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and draw a sketch of the graph. divide the numerator and the denominator, under the radical sign, by x?. 
lim ————— lim EE 
qo x01 qo Vx +1 
Shima. 
z-+% Vl 1/2 
HN PONI: CHINE 
1+ lim (1/x3) 
qo 
=1 
Therefore, by Definition 2.9.2(i), the line y = 1 is a horizontal asymptote. 
Now we consider lim f(x); in this case we write x= — Vx" because 
if x > —~, x < 0. So we have 


lim f(x) = lim zx 


| UN acc E 
| om VIF 12 
T, MER eee 
uu 1+ lim (1/x2) 
=-1 


| Accordingly, by Definition 2.9.2(ii), the line y = —1 is a horizontal asymp- 
Figure 2.9.3 | tote. A sketch of the graph is in Fig. 2.9.3. 


EXAMPLE 2: Find the vertical SOLUTION: Solving the given equation for y, we obtain 


and horizontal asymptotes of the 


graph of the equation y=+2 x 2 2 (2) 
xy? — 2y? — 4x = 0, and draw a 
sketch of the graph. Equation (2) defines two functions: 
y=fi(x) where f, is defined by fi(x) =+2 Vx = 2 
and 
y=f(x) where f, is defined by f(x) =—2 x = 2 


The graph of the given equation is composed of the graphs of the two 
functions f, and f,. The domains of the two functions consist of those 
| values of x for which x/(x — 2) = 0. By using the result of Example 10, 
Sec. 2.1, and excluding x — 2, we see that the domains of f, and f, are the 
two intervals (~œ, 0] and (2, +%). 
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Figure 2.9.5 


Now, consider f,. Because 


; Lx Em x 
lim fi (x) = lim 2 D To 


by Definition 2.9.1(i) the line x —2 is a vertical asymptote of the graph 
of fi. 


j eru X - tue 1 |. 
lim fi(x) = lim 247277 lim 241—572 


So by Definition 2.9.2(i), the line y = 2 is a horizontal asymptote of the 
graph of fı. 
Similarly, lim f,(x) =2. A sketch of the graph of f, is shown in 


Fig. 2.9.4. 
x 
= — 0 
1] 


lim f(x) = lim E 
r—2* x-2* 


' Hence, by Definition 2.9.1(ii) the line x = 2 is a vertical asymptote of the 


graph of fə. 


lim fo(x) = Jim if N- = lim. E Vr =—2 


So by Definition 2.9.2(i) the line y — —2 is a horizontal asymptote of the 
graph of fp. 
Also, lim f(x)  —2. A sketch of the graph of f, is Mew in Fig. 2.9.5. 


The gpl of the given equation consists of the graphs of f, and f;, and a 
sketch is shown in Fig. 2.9.6. 
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Exercises 2.9 


In Exercises 1 through 14, find the horizontal and vertical asymptotes of the graph of the function defined by the given 
equation, and draw a sketch of the graph. 


—2 — 
1. f(x) =- 2. f(x) = 3. g(x) BICERI 
E 5 = 1 = 2x 
4 FD = rt ür 16 5-60 = an E 6 ec Gl) = EIE 10 
4x2 x 2 
7. h(x) — —g 8. f) =g 9, fe) = 7a 
= Sl =. 3% __ x 
10. 89 = rS ME Lo an INC 
4x? —3x2 
13. f(x) = Tas 14. f) = ETE 10 


In Exercises 15 through 21, find the horizontal and vertical asymptotes of the graph of the given equation, and draw a 
sketch of the graph. 


15. 3xy — 2x —4y —3— 0 16. 2xy + 4x - 3y +6=0 17. xiy? — x? + Ay? —0 
18. 2xy? + 4y? — 3x = 0 19. (?—1)(x—-3) =6 20. xy? + 3y? — 9x = 0 
21. x?y + 6xy — x? + 2x c 9y 3-20 


2.10 ADDITIONAL THEOREMS There are two limits that we need in order to prove Limit theorems 9 and 
ON LIMITS OF FUNCTIONS 10 in Sec. 2.12. They are given in the following two theorems. 


2.10.4 Theorem If a is any number except zero, 


lined 


PROOr: We need to consider two cases: a > 0 and a « 0. We prove the 
theorem if a > 0 and leave the proof for a < 0 to the reader (see Exer- 
cise 1). 

So, if a is any positive number, from Definition 2.4.1 we must show 
that for any e > 0 there exists a 6 > 0 such that 


i-i «e whenever 0 < |x—a| < à 
Now 

Ede 

x a ax |a||x| 


and because a > 0, we have 


(1) 


= x— a| 


EE 
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We proceed to find some upper bound for the fraction 1/a|x|. If we re- 
quire the 6 for which we are looking to be less than or equal to ża, then 
certainly whenever |x — a| < 6, we know |x — a| < 4a. The inequality 


Ix — a| < ża 
is equivalent to 
—ia«x—ac«iíia 
which is equivalent to 
ta<x< 3a 
or, since a > 0, 
ta < |x| < $a 


Hence, whenever |x — a| < ża, |x| > £a. So from Eq. (1) we have 


Tal eies ie et typos dann n pei 

ee |x — a| Ae a| o a| 72 
whenever 

|x— a| < ża 


We want then |x — a| - (2/2?) < e or, equivalently, |x — a| < &a?e. Hence, 
we take ô as the smaller of $a and 4a’e, which assures us that whenever 
|x — a| < ô, then |x — a| < àa?e and |x| > $a (because this is true when 
[x — a| < 2a). This gives us 


1 E 1 

=—-|=|x- < 

E [x — al P la?e cda 
or 

Lae er 

x a 


whenever 0 < |x — a| < 6, and where ô= min(2a, ¢a’e). Hence, we have 
proved that lim (1/x) = 1/a if a is any positive number. a 
X 


The proof of the next theorem makes use of the following formula, 
where n is any positive integer. 
a^ — b^ = (a — b) (a! + a"?b + a 3h? + +» - + ab"? + ab"? + pr) (2) 
The proof of Eq. (2) follows. 

a(a"- + a"?b + + + + + ab"? + p^?) = ah abt + + + + ab? + abe! (3) 


b(a" + ab + + + o- + ab? + bY) = qnippe + ath? + abe + b" (4) 


2.10.2 Theorem 
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Subtracting terms of Eq. (4) from terms of Eq. (3) gives us Eq. (2). 


If n is a positive integer, then © 


lim Vx = Wa 


g-a 
if either 


(i) a is any positive number, or 
(ii) a is a negative number or zero and n is odd. 


proor: We prove part (i) and leave the proof of part (ii) to the reader 
(see Exercise 2). 

Letting 4 be any positive number and using Definition 2.4.1, we 
must show that for any e > 0 there exists a ô > 0 such that 


[Vx — Wal «e whenever 0« [x—a| <6 
To express | Vx — Va| in terms of |x — a|, we use Eq. (2). We have 


xin — qn) [ (xt) + (xlin)n-2giin vix xin (qiin)n~2 + (q1n)"71] 
(x1n)ni + (x!n)n72g1m v: + xMn(gun)n-2 T (gin) 


| — Val = |S 


Applying Eq. (2) to the numerator, we have 


1 
t [xtn- 0m + xin-2)inglin +e xlng(o-2)n + g-om| 


| Vx — Val = |x — a| (5) 
We wish to find an upper bound for the fraction on the right side of Eq. 
(5). If we require the 5 for which we are looking to be less than or equal 
to a, then whenever |x — a| < 5, we know that |x — a| <a, which is 
equivalent to 


—a<x-a<a 


or 
0<x< 2a 


So, whenever |x— a| < a, then x > 0. Therefore, if in the denominator 
of the fraction on the right side of Eq. (5) the x is replaced by 0, we ob- 
tain 1/a™-)", which is greater than the fraction appearing in Eq. (5). 
Hence, whenever |x — a| « a, we have 


1 
| Vx — Wal < |x—al tgo Dm 
We want, then, |x — a| : 1/27?" < e or, equivalently, |x — a| < a€*-7?^"e. 


Thus, we take 6 as the smaller of a and a~e, which assures us that 
whenever |x — a| < 5, then |x — a| < a^?"e and x > 0. Therefore, 
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2.10.3 Theorem 


Figure 2.10.1 


Vz- va] 


Ss |x = a| ` PEEL oxG-»mgn..p o... 4 xling(n—2)in p q—9m 


—1) ur E eA. 
sug ome gm 


rez 


whenever 0 < |x — a| < 6, where 6 = min(a, a7?^e), We have therefore 
proved that lim Vx — Va, if a is any positive number. a 


g-a 


To illustrate Theorem 2.10.2, from part (i) it follows that lim Vx = V5 
r-5 
and lim Wx = 2; from part (ii) it follows that lim V/x — —3. We do not 


r—16 r:-—27 


consider a limit such as lim Vx because Vx is not defined on any open 
r-—4 


interval containing —4. 

We now discuss five theorems which are needed to prove some im- 
portant theorems in later chapters. After the statement of each theorem, 
an example is given to illustrate it. 


If lim f(x) exists and is positive, then there is an open interval containing 


a such that f(x) > 0 for every x ¥ a in the interval. 


To illustrate this theorem, consider the function f defined by 


fe TE al 
A sketch of the graph of f is in Fig. 2.10.1. Because lim f(x) = 1, and 1 > 0, 
r-3 


according to Theorem 2.10.3 there is an open interval containing 3 such 
that f(x) > 0 for every x #3 in the interval. Such an interval is (2, 4). 
Actually, any open interval (a, b) for which i x a < 3 and b > 3 will suffice. 
PROOF OF THEOREM 2.10.3: Let L= lim f(x). By hypothesis, L > 0. Apply- 
ing Definition 2.4.1 and taking e = 2L, we know there is a ô > 0 such that 

|f(x) - L| <2L whenever 0< |x— a| <6 (6) 


Also, | f(x) — L| < ¿L is equivalent to —2L < f(x) — L < L, which in turn 
is equivalent to 


zL < f(x) < iL (7) 


Also, 0 < |x— a| < 6 is equivalent to —ó < x — a < à but x # a, which 
in turn is equivalent to 


a—-6<x<a+é6 but xa 


y 2.10.4 Theorem 


Figure 2.10.2 


y 2.10.5 Theorem 


10 


Figure 2.10.3 
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which is equivalent to stating that 
x is in the open interval (a — & a +8) but xa (8) 


From statements (7) and (8), we can replace (6) by the statement $L < f(x) 
< $L when x is in the open interval (a — ô, a+ 6) but x ¥ a. 

Since L > 0, we have the conclusion f(x) > 0 for every x # a in the 
open interval (a — 6, a + 8). B 


If lim f(x) exists and is negative, there is an open interval containing 2 
such ‘that f(x) < 0 for every x ¥ a in the interval. 
The proof of this theorem is similar to the proof of Theorem 2.10.3 


and is left for the reader (see Exercise 3). Theorem 2.10.4 is illustrated 
by the function g defined by 


6X 
s(x) —3—3 


Figure 2.10.2 shows a sketch of the graph of g. lim g(x) = —4 < 0; hence, 
r-2 


by Theorem 2.10.4 there is an open interval containing 2 such that g(x) < 0 
for every x 7 2 in the interval. Such an interval is (2, 3). Any open interval 
(a, b) for which $ < a < 2 and 2 < b < 6 will suffice. 

The following theorem is sometimes referred to as the squeeze theorem. 


Suppose that the functions f, g, and h are defined on some open interval 
I containing a except possibly at a itself, and that f(x) = g(x) = h(x) for 
all x in I for which x # a. Also suppose that lim f(x) and lim h(x) both 


exist and are equal to L. Then lim g(x) also exists and is equal to L. 
` 7-a 


The proof is left for the reader (see Exercise 4). To illustrate Theorem 
2.10.5, consider the functions f, g, and h defined by 
f(x) =—4(x— 2) +3 
_(x—2)(2—4x+7) 
Eger e 


h(x) =4(x—2)?+3 


The graphs of the functions f and h are parabolas having their vertex at 
(2, 3). The graph of g is a parabola with its vertex (2, 3) deleted. Sketches 
of these graphs are shown in Fig. 2.10.3. The function g is not defined 
when x=2; however, for all x # 2, f(x) = g(x) = h(x). Furthermore, 
lim f(x) =3 and lim h(x) = 3. The Te of Theorem 2.10.5 is there- 


fore satisfied, and: it follows that mi g(x) = 
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2.10.6 Theorem 


Figure 2.10.4 


Exercises 2.10 


A WO N e 


2.10.7 Theorem 


. Prove Theorem 2.10.1 if a < 0. 


Suppose that the function f is defined on some open interval I containing 
a, except possibly at a. Also suppose that there is some number M for 
which there is a ô > 0 such that f(x) = M whenever0 < |x — a| < ô. Then, 
if lim f(x) exists and is equal to L, L = M. 


The proof is left for the reader (see Exercise 5). Figure 2.10.4 shows 

a sketch of the graph of a function f satisfying the hypothesis of Theorem 

2.10.6. From the figure we see that f (1) is not defined, but f is defined on the 

open interval (2, 3) except at 1. Furthermore, f(x) = $, whenever 0 < |x — 1| 

< }. Thus, we can conclude from Theorem 2.10.6 that if lim f (x) exists and 
r-1 


is L, then L < $. From the figure we observe that there is an L and it is 2. 


Suppose that the function f is defined on some open interval I containing 
a, except possibly at a. Also suppose that there is some number M for 
which there is a 8 >0 such that f(x) = M whenever 0 < |x— a| < ô. 
Then if lim f (x) exists and is equal to L, L 2 M. 


z:—a 


The proof is left for the reader (see Exercise 6). Figure 2.10.4 alsc 
illustrates Theorem 2.10.7. From the figure we see that f(x) = $ whenever 
0 < |x — 1| <4 and, because as previously stated, f is defined on the 
open interval (2, 3) except at 1, Theorem 2.10.7 states that if lim f(x) exists 

r-1 


and is L, then L = 3. 


. Prove Theorem 2.10.2 if a is a negative number or zero and n is odd. 
. Prove Theorem 2.10.4. 


. Prove Theorem 2.10.5. (HINT: First show that when |x — a| is sufficiently small, and e > 0, the following inequalities 


must hold: L — e < f(x) < L +e, and L— e < h(x) < L + e.) 


ao Ul 


2.11 CONTINUITY OF A 
FUNCTION AT A NUMBER 


. Prove Theorem 2.10.6. (HINT: Assume M < L, and show that this assumption leads to a contradiction.) 
. Prove Theorem 2.10.7. 


In Sec. 2.4 we considered the function f defined by the equation 


_ Qx - 3)(x— 1) 
i x—1 


f(x) 


O 


Figure 2.11.1 


2.11.1 Definition 
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We noted that f is defined for all values of x except 1. A sketch of the 
graph consisting of all points on the line y = 2x + 3 except (1, 5) is shown 
in Fig. 2.11.1. There is a break in the graph at the point (1, 5), and we state 
that the function f is discontinuous at the number 1. 

If we define f(1)=2, for instance, the function is defined for all 
values of x, but there is still a break in the graph, and the function is still 
discontinuous at 1. If we define f(1) = 5, however, there is no break in 
the graph, and the function f is said to be continuous at all values of x. 
We have the following definition. 


The function f is said to be continuous at the number a if and only if the 
following three conditions are satisfied: 


(i) f(a) exists. 
(ii) lim f(x) exists. 
(iii) lim f(x) = f(a). 
If one or more of these three conditions fails to hold at a, the function f 
is said to be discontinuous at a. 


We now consider some examples of discontinuous functions. In each 
example we draw a sketch of the graph, determine the points where there 
is a break in the graph, and show which of the three conditions in Defi- 
nition 2.11.1 fails to hold at each discontinuity. 


EXAMPLE 1: Let f be defined as 
follows: 


CrtD 1) ix] 


f(x) = x— 
2 ifx=1 


Figure 2.11.2 


SOLUTION: A sketch of the graph of this function is given in Fig. 2.11.2. 
We see that there is a break in the graph at the point where x = 1, and so 
we investigate there the conditions of Definition 2.11.1. 


f(1) = 2; therefore, condition (i) is satisfied. 
lim f(x) = 5; therefore, condition (ii) is satisfied. 
rol 


lim f(x) =5, but f(1) = 2; therefore, condition (iii) is not satisfied. 
x21 


We conclude that f is discontinuous at 1. 


Note that if in Example 1 f(1) is defined to be 5, then lim f(x) — f(1) 
r1 


and f would be continuous at 1. 
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EXAMPLE 2: Let f be defined by 


fT 2L 


Figure 2.11.3 


SOLUTION: A sketch of the graph of f is given in Fig. 2.11.3. There is a 
break in the graph at the point where x — 2, and so we investigate there 
the conditions of Definition 2.11.1. 

f (2) is not defined; therefore, condition (i) is not satisfied. 

We conclude that f is discontinuous at 2. 


EXAMPLE 3: Let g be defined by 
d if x 2 
g(x) = 4x-2 
3 ifx=2 
y 
^ 


| 


Figure 2.11.4 


SOLUTION: A sketch of the graph of g is shown in Fig. 2.11.4. Investi- 

gating the three conditions of Definition 2.11.1 at 2 we have the following. 
g(2) = 3; therefore, condition (i) is satisfied. 

lim g(x) =—%, and iut g(x)-— t9; therefore, condition (ii) is not 


satisfied. 
Thus, g is discontinuous at 2. 


EXAMPLE 4: Let h be defined by 
3+x ifx<1 
nonem 5 —x ifl<x 


SOLUTION: A sketch of the graph of h is shown in Fig. 2.11.5. Because 
there is a break in the graph at the point where x — 1, we investigate the 
conditions of Definition 2.11.1 at 1. We have the following. 

h(1) — 4; therefore, condition (i) is satisfied. 


lim h(x) = lim (3+x)=4 
lim h(x) = lim (3—x)22 


rol 


Figure 2.11.5 
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; Because lim h(x) # lim h(x), we conclude that lim h(x) does not exist; 
421 J—1* i21 


therefore, condition (ii) fails to hold at 1. 
Hence, h is discontinuous at 1. 


EXAMPLE 5: Let F be defined by 


_flx—3| ifx #3 
F(x) = Ü ifx=3 
y 
e 
O 3 * 
Figure 2.11.6 


| SOLUTION: A sketch of the graph of F is shown in Fig. 2.11.6. We investi- 


gate the three conditions of Definition 2.11.1 at the point where x — 3. 
We have 
F(3) — 2; therefore, condition (i) is satisfied. 
lim F(x) = 0 and lim F(x) = 0. So lim F(x) exists and is 0; therefore, 
r3 


y-3- x-3* 
condition (ii) is satisfied. 

lim F(x) = 0 but F(3) = 2; therefore, condition (iii) is not satisfied. 

r3 


Therefore, F is discontinuous at 3. 


It should be apparent that the geometric notion of a break in the 
graph of a certain point is synonymous with the analytic concept of 
a function being discontinuous at a certain value of the independent 
variable. 

After the solution of Example 1 we mentioned that if f(1) had been 
defined to be 5, then f would be continuous at 1. This illustrates the con- 
cept of a removable discontinuity. In general, suppose that f is a function 
which is discontinuous at the number a, but for which lim f(x) exists. 

g-a 


Then either f(a) # lim f(x) or else f (a) does not exist. Such a discontinuity 


is called a removable discontinuity because if f were redefined at a so 
that f (a) = lim f(x), f becomes continuous at a. If the discontinuity is not 
z-a 


removable it is called an essential discontinuity. 


EXAMPLE 6: In each of the 
Examples 1 through 5, determine 
if the discontinuity is removable 
or essential. 


| SOLUTION: In Example 1 the function is discontinuous at 1 but lim f(x) = 


rol 
5. By redefining f(1) =5, we have lim f(x) = f(1), and so the disconti- 
x-1 


nuity is removable. 
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In Example 2, the function f is discontinuous at 2. lim f(x) does not 
r2 
exist; hence, the discontinuity is essential. 


In Example 3, lim g(x) does not exist, and so the discontinuity is 
z:2 


essential. 


In Example 4, the function h is discontinuous because lim h(x) does 
r-1 
not exist, and so again the discontinuity is essential. 
In Example 5, lim F(x) — 0, but F(3) — 2, and so F is discontinuous at 
r3 
3. However, if F(3) is redefined to be 0, then the function is continuous at 


3, and so the discontinuity is removable. 


Exercises 2.11 


In Exercises 1 through 22 draw a sketch of the graph of the function; then by observing where there are breaks in the graph, 
determine the values of the independent variable at which the function is discontinuous and show why Definition 2.11.1 
is not satisfied at each discontinuity. 


5 1 
En d c abii S4 x—6 
ideis. 4*4 2. g(x) = RE Erro 3. F(x) - 2-8 
1 ifx=4 if x =—2 
x--x—6 
. x4— 16 if x #—3 28> 2P Hist 12 
4. h(x) =] 5. g(x) = aa x+3 2n 6. f(x) =a srg 
—1 ifx<0 
x+3 xt : 
7. h(x) ^ «4 ———z 8. 8) = 9. ra=] 0 ifx=0 
xLXL+x— ó = v if0<x 
1+x ifxs-2 . _ 
10. H(x)=}2—-x if-2<x<2 11 f(x)=|2x +5] 12. G(x) = Eom cs 
2x —1 if2<x 
Xx-—3.' 3 2x t3 ifx<s1 
13. f(x) — = 14. ra= [=a aj den s s= [5-8 if1<x<2 
E 0 ifx=3 x43 if2<x 
eP+x-2 , 
déKaj—l unm o 07070 
—3 if x = —2 


17. The greatest integer function. (See Example 2 in Sec. 2.3.) 
18. The unit step function. (See Exercise 1 in Exercises 2.3.) 
19. The signum function. (See Exercise 2 in Exercises 2.3.) 
20. The function of Exercise 4 in Exercises 2.3. 

21. The function of Exercise 13 in Exercises 2.3. 


22. The function of Exercise 12 in Exercises 2.3. 
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In Exercises 23 through 30 prove that the function is discontinuous at the number a. Then determine if the discontinuity 
is removable or essential. If the discontinuity is removable, define f(a) so that the discontinuity is removed. 


9—4 2 
23. f(x) - 2 5-3 
25. flay = (p? IT Spa-o 
27, f(x) = — Li La 
.[8—4 iftzx2]... 
29. f(t) ^, ift > 2s"? 


31. Let f be the function defined by 


= flx- I 
oc Elan 


OA 
a fo - [rs HETTA, gai 
0 ifs=—5 
x—4x-t3 . 
z a=] x—3 ATE 
5 ifx—3 
Vy t5- V5 
Dope E 
3 — 
30. f(x) = a =0 


if [[x]] is even 
if [x] is odd 


Draw a sketch of the graph of f. At what numbers is f discontinuous? 


32. The function f is defined by 


Sa 2nx 
May Bav 1—nx 


Draw a sketch of the graph of f. At what values of x is f discontinuous? 


2.12 THEOREMS ON 
CONTINUITY 


2.12.1 Theorem 


By applying Definition 2.11.1 and limit theorems, we have the following 
theorem about functions which are continuous at a number. 


If f and g are two functions which are continuous at the number a, then 


(i) f t 2 is continuous at a. 
(ii) f — g is continuous at a. 
(iii) f * g is continuous at a. 
(iv) f/g is continuous at a, provided that g(a) = 0. 


To illustrate the kind of proof required for each part of this theorem, 
we prove part (i): 
Because f and g are continuous at a, from Definition 2.11.1 we have 


lim f(x) — f(a) (1) 
and . 

lim g(x) = g(a) (2) 
Therefore, from Eqs. (1) and (2) and Limit theorem 4, we have 


lim [f(x) + 260] = f(a) + g(a) (3) 
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2.12.2 Theorem 


2.12.3 Theorem 


Equation (3) is the condition that f + g is continuous at a, which furnishes 
the proof of (i). 

The proofs of parts (ii), (iii), and (iv) are left for the reader (see Exer- 
cises 1-3). 


A polynomial function is continuous at every number. 


To prove this theorem, consider the polynomial function f defined by 
f(x) = box" + bx" + bx"? b by axtb, bo #0 


where n is a nonnegative integer, and b, b,, . . . , b, are real numbers. 
By successive applications of limit theorems, we can show that if a is 
any number 


lim f(x) = boa” + ba + ba"? +++ © + baaa d b, 


from which it follows that 
lim f(x) = f(a) 
Ja 


thus establishing the theorem. The details of the proof are left for the 
reader (see Exercise 4). 


A rational function is continuous at every number in its domain. 


PROOF: Iff is a rational function, it can be expressed as the quotient of 
two polynomial functions. So f can be defined by 


_ g(x) 
Ie h(x) 


where 2 and h are two polynomial functions, and the domain of f consists 
of all numbers except those for which h(x) = 0. 

If a is any number in the domain of f, then h(a) # 0; and so by Limit 
theorem 9, 


lim g(x) 
na [09 fim HG) = 
Because g and h are polynomial functions, by Theorem 2.12.2 they are con- 
tinuous at a, and so lim g(x) = g(a) and lim h(x) = h(a). Consequently, 


from Eq. (4) we have 


im fe = Fa 


Thus, we can conclude that f is continuous at every number in its 
domain. a 


2.12.4 Definition 


2.12.5 Theorem 
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Definition 2.11.1 states that the function f is continuous at the number 
a if f (a) exists, if lim f(x) exists, and if 
i-a 


lim f(x) = f(a) (5) 


Definition 2.4.1 states that lim f(x) = L if for any e > 0 there exists a 
5 > 0 such that = 

| f(x) — L| «e whenever 0 < |x—a| « 8 
Applying this definition to Eq. (5), we have lim f(x) = f(a) if for any 
€ > 0 there exists a 5 > 0 such that < 

| f(x) — f(a)| «e whenever 0< |x— a| <6 (6) 


If f is continuous at a, we know that f(a) exists; thus, in statement (6) 
it is not necessary that |x — a| > 0 because when x = a, statement (6) obvi- 
ously holds. We have, then, the following definition of continuity of a 
function by using e and 6 notation. 


The function f is said to be continuous at the number a if f is defined on 
some open interval containing a and if for any e > 0 there exists a ô > 0 
such that 


f(x) — f(a)| <€ whenever |x—a| <5 


This alternate definition is used in proving the following important 
theorem regarding the limit of a composite function. 


If lim g(x) = b and if the function f is continuous at b, 
lim (f ° g)(x) = f(b) 
or, equivalently, 
lim f(g(x)) — f(lim g(x)) 
PROOr: Because f is continuous at b, we have the following statement 
from Definition 2.12.4: For any e, > 0 there exists a 6, > 0 such that 


| f(y) — f(b)| < & whenever |y—b| < à (7) 


Because lim g(x) = b, for any ô, > 0 there exists a 6, > 0 such that 


|g(x) — b| < 6, whenever 0 < |x— a| < & = — (8) 


Whenever 0 < |x — a| < &;, we replace y in statement (7) by g(x) and ob- 
tain the following: For any e, > 0 there exists a 5, > 0 such that 


| f(g(x)) — f(b)| < e whenever |g(x) — b| < 8, (9) 
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From statements (9) and (8), we conclude that for any e, > 0 there exists 
a 6, > 0 such that 


If(g(x)) — f(b)| «e whenever 0 < |x—al < 6, 
from which it follows that 
lim f(g(x)) = f(b) 
or, equivalently, 
lim f(g(x)) = f(lim g(x)) a 
An immediate application of Theorem 2.12.5 is in proving Limit 
theorems 9 and 10, the proofs of which were deferred until now. We re- 


state these theorems and prove them, but before the statement of each 
theorem a special case is given as an example. 


EXAMPLE 1: By using Theorem 
2.12.5 and not Limit theorem 9 
(limit of a quotient), find 


lim X —3 — 
pee X? c 2x 5 


SOLUTION: Let the functions f and g be defined by 
f(x)-4x—3 and g(xX)-x 42x45 


We consider f(x)/g(x) as the product of f(x) and 1/g(x) and use Limit 
theorem 6 (limit of a product). First of all, though, we must find lim 1/g(x) 
r22 


and this we do by considering 1/2(x) as a composite function value. 
If h is the function defined by h(x) = 1/x, then the composite function 
he gis the function defined by h(g(x)) = 1/g(x). Now 


lim g(x) = lim (x? + 2x - 5) — 13 
r2 122 


To use Theorem 2.12.5, h must be continuous at 13, which follows from 
Theorem 2.10.1. We have, then, 


1 
hm Sons lim ay 


= lim h(g(x)) 

= h(lim g(x)) (by Theorem 2.12.5) 
= h(13) 

= 15 


Therefore, by using Limit theorem 6, we have 


4x—3 : 1 
lim; x45 lim (4x—-3):lim z7 3y F5 


=5. 1 
=O as 
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Limit theorem 9 If lim f(x) = L and if lim g(x) = M and M # 0, then 
g-a z-a 


foL. 
lime) M 


PROOF: Let h be the function defined by h(x) = 1/x. Then the composite 
function h » g is defined by h(g(x)) = 1/g(x). The function h is continuous 
dd except at 0, which follows from Theorem 2.10.1. Hence, 
lim (x) TE ) = lim h(g(x)) 
=h(lim g(x)) (by Theorem 2.12.5) 


= h(M) 
1 


M 


Applying Limit theorem 6 and the above result, we have 


f(x) 1 
Bebe DRIVU um cy 
1 
=L: 
ER 
M m 


EXAMPLE 2: By using Theorem |sOLUTION: Let the functions f and h be defined by 
2.12.5 and not Limit theorem 10, f(x) 23x—5 and h(x)9 Yx 


find 

lim Yx —5 The composite function h » f is defined by h(f(x)) = V3x — 5. lim f(x) = 
v lim (3x — 5) — 16; so, to use Theorem 2.12.5 for the composite function 
r7 

ho f, h must be continuous at 16, which follows from Theorem 2.10.2(i). 


The solution, then, is as follows. 
lim W3x—5 = lim h(f(x)) 
— h(lim f(x)) (by Theorem 2.12.5) 
X-T 


= h(16) 
= V16 
=2 
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Limit theorem 10 If lim f(x) — L, then 


2.12.6 Theorem 


lim Vf(x) = VL 


if L > 0 and n is any positive integer, or if L < 0 and n is a positive odd 
integer. 


PROOF: Let h be the function defined by h(x) = Wx. Then the composite 
function h » f is defined by h(f(x)) = Vf(x). From Theorem 2.10.2 it fol- 
lows that h is continuous at L if L > 0 and n is any positive integer or if 
L <0 and n is a positive odd integer. Therefore, we have 


lim Vf(x) = lim h(f(x)) 

= h(lim f(x)) (by Theorem 2.12.5) 

= WL a 
Another application of Theorem 2.12.5 is in proving that a continuous 


function of a continuous function is continuous. This is now stated as a 
theorem. 


If the function g is continuous at a and the function f is continuous at 
g(a), then the composite function f » g is continuous at a. 
PROOF: Because g is continuous at a we have 
lim g(x) = g(a) (10) 
T-a 


Now f is continuous at g(a); thus, we can apply Theorem 2.12.5 to the 
composite function f » g, thereby giving us 


lim (feg)(x)= lim f(g(x)) 
= f(lim gx) 
— f(g(a)) (by Eq. (10)) 
= (fg) (a) 


which proves that f » 2 is continuous at a. = 


Theorem 2.12.6 enables us to determine the numbers for which a 
particular function is continuous. The following example illustrates this. 
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EXAMPLE 3: Given SOLUTION: If g(x) —4— x and f(x) = Vx, then h(x) = (f^ g)(x). Be- 

Nr dcc cause g is a polynomial function, g is continuous everywhere. Further- 

more, f is continuous at every positive number. Therefore, by Theorem 

determine the values of x for 2.12.6, h is continuous at every number x for which g(x) > 0, that is, when 

which A is continuous. 4 — x! > 0. Hence, h is continuous at every number in the open interval 
(2, 2). 


Exercises 2.12 


1. 
2. 
3. 
4. 


Prove Theorem 2.12.1(ii). 
Prove Theorem 2.12.1(iii). 
Prove Theorem 2.12.1(iv). 


Prove Theorem 2.12.2, showing step by step which limit theorems are used. 


In Exercises 5 through 10 show the application of Theorem 2.12.5 to find the limit. 


. 1 _ t+4 eL. dg 
5. lim ox +2 6. lim 1—7 7. lim V3y +4 
x—4 xt3 
f 3 : : 
ge > OE Wee bx 8 Mi. 
In Exercises 11 through 26 determine all values of x for which the given function is continuous. Indicate which theorems 
you apply. 
3. 
11. f(x) = xi(x + 3)? 12. f(x) = (x — 5)? (x? + 4)5 13. g(x) -E-— 
_ x-*2 3 2x —8 = 
14. h(x) =a aç 15. F(x) = 35 mE 5r—12 16. g(x) = V +4 
17. f(x) = VF — 16 18. F(x) = Vie—# 19. h(x) = 4525 
20. f(x) = NE E 21. f(x) ^ |x — 5| 22. g(x) = |9 — | 
i 4+x : 
x 1 1/3 
28. f(x) = (x72 + i2)? 24. G(x) = (4-3) 25. g(x) = [V — 3x8] 
26. F(x) - 1— x * [x] — [1— x] 


. Prove that if the function f is continuous at t, then lim f(t — h) — f(t). 
hod 


. Prove that if f is continuous at a and g is discontinuous at a, then f + g is discontinuous at a. 


. If 


_f-x ifx<0 _fl ifx«0 
f =f) irao and 80) f ifx=0 


prove that f and g are both discontinuous at 0 but that the product f - g is continuous at 0. 
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30. Give an example of two functions that are both discontinuous at a number a, but the sum of the two functions is con- 


tinuous at a. 


31. Give an example to show that the product of two functions f and g may be continuous at a number a where f is con- 
tinuous at a but g is discontinuous at a. 


32. If the function g is continuous at a number a and the function f is discontinuous at a, is it possible for the quotient of 
the two functions, f/g, to be continuous at a? Prove your answer. 


2.13 CONTINUITY ON 
AN INTERVAL 


2.13.1 Definition 


In Example 3 of Sec. 2.12 we showed that the function h, for which 
h(x) = V4— xX, is continuous at every number in the open interval 
(—2, 2). Because of this fact, we say that h is continuous on the open in- 
terval (—2, 2). Following is the general definition of continuity on an 
open interval. 


A function is said to be continuous on an open interval if and only if it is 
continuous at every number in the open interval. 


EXAMPLE 1: If f(x) = 1/(x ~3), 
on what open intervals is f 


continuous? 


SOLUTION: The function f is continuous at every number except 3. Hence, 


by Definition 2.13.1, f is continuous on every open interval which does 
not contain the number 3. 


2.13.2 Definition 


2.13.3 Definition 


We refer again to the function h for which h(x) = V4 — x?. We know 
that h is continuous on the open interval (—2, 2). However, because h is 
not défined on any open interval containing either —2 or 2, we cannot 
consider lim h(x) or lim h(x). Hence, to discuss the question of the 


r-—2 7-2 
continuity of h on the closed interval [~2, 2], we must extend the concept 
of continuity to include continuity at an endpoint of a closed interval. 
We do this by first defining right-hand continuity and left-hand continuity. 


The function f is said to be continuous from the right at the number a if 
and only if the following three conditions are satisfied: 


(i) f(a) exists. 
(ii) lim f(x) exists. 


«rar 


(iii) lim f(x) = f(a). 


The function f is said to be continuous from the left at the number a if and 
only if the following three conditions are satisfied: 


(i) f(a) exists. 
(ii) lim f(x) exists. 


(iii) lim f(x) = f(a). 


TG 


2.13.4 Definition 


2.13 CONTINUITY ON AN INTERVAL 131 


A function whose domain includes the closed interval [a, b] is said to 
be continuous on [a,b] if and only if it is continuous on the open interval 
(a, b), as well as continuous from the right at a and continuous from the 
left at b. 


EXAMPLE 2: Prove that the 
function hk, for which 

h(x) = V4 — x”, is continuous on 
the closed interval [-2, 2]. 


SOLUTION: The function h is continuous on the open interval (—2, 2) and 
lim V4— x¥ =0 = h(—2) 
qy--2* 

and 


lim V4—x*—0-— h(2) 
x-2- 


Thus, by Definition 2.13.4, h is continuous on the closed interval [-2, 2]. 


2.13.5 Definition 


(i) A function whose domain includes the interval half-open on the 
right [a, b) is said to be continuous on [a, b) if and only if it is 
continuous on the open interval (a, b) and continuous from the 
right at a. 

(ii) A function whose domain includes the interval half-open on the 
left (a, b] is said to be continuous on (a, b] if and only if it is con- 
tinuous on the open interval (a, b) and continuous from the left 
at b. 


EXAMPLE 3: Given f is the 
function defined by 


2—X 
f(x) = 34x 


determine whether f is con- 
tinuous or discontinuous on 
each of the following intervals: 
C3, 2), E-2, 2], F3, 2), 3, 2]. 


SOLUTION: We first determine the domain of f. The domain of f is the 
set of all numbers for which (2 — x)/(3 + x) is nonnegative. Thus, any 
values of x for which the numerator and the denominator of this fraction 
have opposite signs are excluded from the domain. The numerator changes 
sign when x — 2, and the denominator changes sign when x = —3. We 
make use of Table 2.13.1 to determine when the fraction is positive, nega- 
tive, zero, or undefined, from which we are able to determine the values 
of x for which f (x) exists. The domain of f is then the interval half-open 
on the left (—3, 2]. The function f is continuous on the open interval 
(-3, 2). It is continuous from the left at 2 because 


lim 2—x. 


ree NO +x 0— fQ) 


However, f is not continuous from the right at —3 because 


: 2 Xe 
e 3 Bum 


We conclude that f is continuous on (—3, 2] and discontinuous on [—3, 2] 
and [—3, 2). 
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Table 2.13.1 
2—x 
2—x 34x 3T f(x) 
x«—3 + = — does not exist 
x=-3 5 0 undefined does not exist 
—3«x«2 + + + + 
x=2 0 3 0 0 
2«x | = + -— does not exist 
EXAMPLE 4: Given g(x) = [x] SOLUTION: Figure 2.13.1 shows a sketch of the graph of g. Suppose that 


and 1 <x <3. Discuss the 
continuity of g. 


y 

3 e. 

2 e—O 

1r €—o 

Ds x 
Figure 2.13.1 


u is any number in (1, 2). Then [u]] = 1, and lim [x] ^ 1. Hence, if 


1<u<2, lim g(x) = g(u), and so g is continuous on (1, 2). 


lim g(x) = lim [[x] =1= (1) 


z:-1* 
Therefore, 2 is continuous from the right at 1. But 


lim g(x) = lim [x] =1 

and g(2) = 2. So g is not continuous from the left at 2. The function g is 

therefore continuous on the interval half-open on the right [1, 2). 
Similarly, g is continuous at every number u for which 2 < u < 3. 

At 2, g is continuous from the right since nn g(x) = 9(2), but g is not 


continuous from the left at 3 because lim £a — 2 and $(3) = 3. Hence, 
r-3- 
g is also continuous on the interval [2, 3). 


i 


Exercises 2.13 


In Exercises 1 TE 16 determine whether the function is continuous or discontinuous on each of the indicated intervals. 


1. f(x) = 

2. f(r) = 

3. g(x) = Vass : e, 
4. f(x) = [x]; CC & 


rry G 7), [76, 4], (~~, 0), (—5, +œ), [—5, +œ), [—10, —5). 


o, —2], (2, +), [—4, 4], (—2, 2]. 


3), (79, —3], (3, +œ), [3, +œ), (—3, 3). 
PG) (1,2), [1,25 (1,2]. 


5. f(t) VIL e. (75,1), (=, 1], [-1, 1], C1, +), Qt). 
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2x —3 ifíx«—2 
6. i-i if “ass si} (~œ, 1), (—2, +œ), C2, 1), [-2, 1). 
3—x ifl<x 
7. f(x) = V4 — xt (—2, 2), [-2, 2], [-2, 2), (-2, 2], (79,—2], (2, +o), 
8. fl) = 4555 2,2), [-2,21, [-2,2), 2,21, C 22), [2, 9). 
E 1 NE um = a 
9. FY) = ea, & 1,3), [ 1,3], [ 1,3), ¢ 1,3]. 


10. f(x) = V3 + 2x— x; (~1,3), [1,3], [71, 3), 1,3]. 


11. G(x) = T £, ; (79, —3), (73, 3), 53, 3], [-3, 3), [3, 4], (3, 4], [4, o), (4, +&). 


12. g(x) = TFT, ca ,—5), Ce, —5], [-5, 2], [-2, 5], E72, 5), C2, 5], C2, 5), [5, 9), (5, 9). 


In Exercises 13 through 20 determine the intervals on which the given function is continuous. 


1 
13. f(x) = 3—1 14. g(y) = TES. 15. h(x) = VE- x 12 16. F(x) = 


17. The function of Exercise 5 in Exercises 2.3. 
18. The function of Exercise 6 in Exercises 2.3. 
19. The function of Exercise 21 in Exercises 2.3. 
20. The function of Exercise 24 in Exercises 2.3. 


In Exercises 21 through 28, functions f and g are defined. In each exercise define f » g, and determine all values of x for 
which f » g is continuous. 


21. f(x) ^35; g(x) = Vx 22. f(x) 235; g(x) 233 —8 23. f(x) = Vx; g(x) =<, 
24. f(x) = Vai g(x) 9 x1 25. f(x) - —5 g(x) = VE 26. f(x) = Vz: g(x) = Vx 1 
27. f(x) = Itt 1 (x) = Vx 28. f(x) = Vx + 1; g(x) = Vx 


In Exercises 29 through 32, find the values of the constants c and k that make the function continuous on (~œ, +œ) and 
draw a sketch of the graph of the resulting function. 


_f3x+7 ifx<4 —fkx—1 ifx<2 
29. fe) = Px 47 if4<x 30. f(x) tes if2<x 


x iíxzl x+2c ifx<—2 


sfasa ifl<x<4 2 fo) = fae if—2<x<1 
=2y if4sx 3x— 2k if1<x 


33. Given that f is defined by 


_fg(x) ifasx<b 
ro= 8 ifb<x<c 


If g is continuous on [4, b), and h is continuous on [b, c], can we conclude that f is continuous on [a,c]? If your answer 
is yes, prove it. If your answer is no, what additional condition or conditions would assure continuity of f on [a, c]? 
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34. If f is the function defined by f(x) = Vx", where m and n are positive integers, prove that f is continuous on the in- 
terval [0, +œ). 


Review Exercises (Chapter 2) 


In Exercises 1 through 4, for the given functions f and g, define the following functions and determine the domain of the 
resulting function: (a) f + g; (b) f— 8; (© f - 8; (d) fle; (€) g/f; €) f ° g; (B 8° f. 

1. f(x) ^ x — 4 and g(x) = 4x — 3. 

2. f(x) = Vx t 2 and g(x) = x? + 4. 

3. f(x) = 1/(x — 3) and g(x) = x/(x+ 1). 

4. f(x) = Vx and g(x) = 1/2. 


In Exercises 5 through 10, evaluate the limit, and when applicable indicate the limit theorems being used. 


ye—4 v9—1—3 
i "m SQQ H4 _  V9—t—3 
5. lim (3x? — 4x + 5) 6. lim 3991 6 7. lim ; 
; oy + 4 _ 8x33 —5x* +3 : Vx +5 
a pE 2 Uae m du ca 
In Exercises 11 through 14, draw a sketch of the graph and discuss the continuity of the function. 
11. f(x) = Vài —9 12. g(x) = Vi = 
13. h(x) = V(x—3)(8— 3) 14. p) =H 


In Exercises 15 and 16 find (f » g) (x) and discuss the continuity of f » g if f is the signum function (see Exercise 2 in Exer- 
cises 2.3) and g is the given function. 


15. g(x) 2 x* +1 16. g(x) =x — x 


In Exercises 17 through 22, establish the limit by using Definition 2.4.1; that is, for any e > 0 find a 8 >0 such that 
|f(x) — L| € e whenever 0 < [x — a| < à. 


17. lim (8 — 3x) = 14 18. lim (222 x —6) 59 19. lim Vt -3—1 
z:-—2 r-3 t^4 
VE ES 2 0543x — ko eem. 

20. lm 2y-1 3 21. lim x41 2 22. am x 8 


23. Prove that lim V —4—0 by showing that for any e > 0 there exists a 8 > 0 such that V — 4 < e whenever 


t22* 


0<t-2<6. 
24. Prove that 


lim 4x + 7 
Xo4352X4—5 


by showing that for any e > 0 there exists an M > 0 such that 


«€ whenever x > M 


25..I£ f (x) = (|x| — x)/x, evaluate: 
(a) lim f(x); (b) lim f(x); (c) lim f(x). 
z20- z-0* r0 
26. Prove that x sgn x= |x|. 


In Exercises 27 through 33 evaluate the limit. 
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p 2—6 5— V4+3s 
27. lim ————— , 
oe x—9 28. M ERES cara 
vw 2 3 =| 
gun Ee Ne 30. lim 2+ Vx —3 
re t r-8 —8 
20 Vx +I- V3tt1 
31. lim —————— ———- 
m x 
( . MX T1— VvEF1 1— VETT $ti) 
HINT: Write ps ere 
x x x 
20 — 2 
32. lim (VP c t— VE +4) 33. lim LT [x1 
t= +œ $51* = 
34. Draw a sketch of the graph of f if f(x) = [1 — x*]] and —2 x x <2. (a) Does lim f(x) exist? (b) Is f continuous at 0? 
r0 


37. 
38. 
39. 
40. 


41. 
. (a) Prove that if lim f(x + h) = f(x) then lim f(x + h) = lim f(x — h). (b) Show that the converse of the theorem in 
h-0 h-0 h-0 


. Draw a sketch of the graph of g if g(x) = (x — 1) [x], and 0 = x x 2. 


(a) Does lim g(x) exist? (b) Is g continuous at 1? 
x1 


. Give an example of a function for which lim |f(x)| exists but lim f(x) does not exist. 
^0 


z-0 E 


Give an example of a function whose domain is the set of all real numbers and that (a) is continuous at every number 
except 0; (b) continuous at every number except 0 and 1; (c) continuous from the left at 1 but discontinuous from the 
right at 1. 


Give an example of a function f that is discontinuous at 1 for which (a) lim f(x) exists but f(1) does not exist; (b) f(1) 
r1 


exists but lim f(x) does not exist; (c) lim f(x) and f(1) both exist but are not equal. 
vol r1 


Let f be the function defined by 


f(x) = t if x is an integer 
0 ifxis not an integer 


(a) Draw a sketch of the graph of f. (b) For what values of a does lim f(x) exist? (c) At what numbers is f continuous? 
ra 


If the function g is continuous at a and f is continuous at g(a), is the composite function f ° g continuous at a? Why? 
If f(x) — 2x/ Vx? — 6x — 7, find the horizontal and vertical asymptotes of the graph of f and draw a sketch of the graph. 


(a) is not true by giving an example of a function for which lim f(x + h) = lim f(x — h) but lim f(x +h) # f(x). 
h-0 h-0 h-.0 


. If the domain of f is the set of all real numbers, and f is continuous at 0, prove that if f(a + b) = f(a) - f(b) forall a and 


b, then f is continuous at every number. 


. If the domain of f is the set of all real numbers and f is continuous at 0, prove that if f(a + b) = f(a) + f(b) for all a 


and b, then f is continuous at every number. 
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y 
^ 
P 
> Xx 
O 
Figure 3.1.1 
y 
E 
T 
Q(x2, f(x1)) 
| 
| fG) 7 fe) 
Pox, fle) 
> x 


Figure 3.1.2 


The Derivative 


Many of the important problems in calculus depend on the problem of 
finding the tangent line to a given curve at a specific point on the curve. 
If the curve is a circle, we know from plane geometry that the tangent 
line at a point P on the circle is defined as the line intersecting the circle 
at only one point P. This definition does not suffice for a curve in general. 
For example, in Fig. 3.1.1 the line which we wish to be the tangent line 
to the curve at point P intersects the curve at another point Q. 

In this section we arrive at a suitable definition of the tangent line 
to the graph of a function at a point on the graph. We proceed by con- 
sidering how we should define the slope of the tangent line at a point, 
because if we know the slope of a line and a point on the line, the line is 
determined. 

Let the function f be continuous at x,. We wish to define the slope of 
the tangent line to the graph of f at P(x,, f(x,)). Let Q(x2, f (x;)) be another 
point on the graph of f such that x, is also in I. Draw a line through P 
and Q. Any line through two points on a curve is called a secant line; 
therefore, the line through P and Q is a secant line. See Fig. 3.1.2. In the 
figure, Q is to the right of P. However, Q may be on either the right or 
left side of P. 

Let us denote the difference of the abscissas of Q and P by Ax so that 


Ax = X4 — Xi 


Ax may be either positive or negative. The slope of the secant line PQ then 
is given by 


3.1.1 Definition 
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iat f(x) — fl) 


m Ax 


Because x, = x, + Ax, we can write the above equation as 


ı + Ax = 1 
mo, = ETAD — fe (1) 


Now, think of point P as being fixed, and move point Q along the 
curve toward P; that is, Q approaches P. This is equivalent to stating 
that Ax approaches zero. As this occurs, the secant line turns about the 
fixed point P. If this secant line has a limiting position, it is this limiting 
position which we wish to be the tangent line to the graph at P. So we 
want the slope of the tangent line to the graph at P to be the limit of mpg 


as Ax approaches zero, if this limit exists. If lim mpa — o, then as Ax 
Ar-0 


approaches zero the line P() approaches the line through P which is 
parallel to the y axis. In this case we would want the tangent line to the 
graph at P to be the line x — x,. The preceding discussion leads us to the 
following definition. 


If the function f is continuous at x,, then the tangent line to the graph of 
f at the point P(x,, f (x;)) is 


(i) the line through P having slope m(x,), given by 


ü a ge 
m) = lim IE x f(x) (1) 


Ax 
if this limit exists; or 


+ a 
(ii) the line x — x, if lim ferm fe) 
Axr-0 x 


L0 


If neither (i) nor (ii) of Definition 3.1.1 holds, then there is no tangent 
line to the graph of f at the point P(x,, f(x,)). 


EXAMPLE 1: Find the slope of 
the tangent line to the curve 
y= x* — Ax + 3 at the point 


(xi, Yı). 


SOLUTION: f(x)=x*—4x+3; therefore, f(x,)=x,—4x,+3, and 
f(x, + Ax) = (x, + Ax)? — 4(x, + Ax) + 3. From Eq. (1), we have 


f(x. + Ax) — f(x) 


m(x,) = lim 


Ax-0 Ax 
zda [ (x, + Ax)? — 4(x, + Ax) - 3] — [x2 — 4x, +3] 
E red Ax 


. X? +2x, Ax + (Ax)? — 4x,— 4 Ax t 3— x?  4x,—3 
Slim eg epo ee 
Azr—0 


2 
= lim 2x, Ax + (Ax)? — 4 Ax 
Ax-0 Ax 
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Because Ax # 0, we can divide the numerator and the denominator by 
Ax and obtain 
m(x,) = lim (2x, + Ax — 4) 
Ar-Ü0ü 


or 


m(x,)—2x,—4 (2) 


We now draw a sketch of the graph of the equation in Example 1. We 
plot some points and a segment of the tangent line at some points. We 
take values of x arbitrarily and compute the corresponding value of y 
from the given equation, as well as the value of m from Eq. (2). The re- 
sults are given in Table 3.1.1, and a sketch of the graph is shown in Fig. 
3.1.3. It is important to determine the points where the graph has a hori- 
zontal tangent. Because a horizontal line has a slope of zero, these points 
are found by setting m(x,) = 0 and solving for x,. Doing this calculation 
for this example, we have 2x, — 4 — 0, which gives x, — 2. Therefore, at 
the point having an abscissa of 2, the tangent line will be parallel to the 
x axis. 


Figure 3.1.3 


Table 3.1.1 


| 
m» onBncong 
oocooooomo 
| 
ro 


EXAMPLE 2: Find an equation of | SOLUTION: Because the slope of the tangent line at any point (xı, y,) is 
the tangent line to the curve of given by 
Example 1 at the point (4, 3). mij og cu 


the slope of the tangent line at the point (4, 3) is m(4) — 2(4) — 4— 4. 
Therefore, an equation of the desired line, if we use the point-slope 
form, is 
y —3-—4(x— 4) 
or 
4x —y —13—0 


3.1.2 Definition 
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The normal line to a curve at a given point is the line perpendicular to 
the tangent line at that point. 


EXAMPLE 3: Find an equation of 
the normal line to the curve 

= Vx — 3 which is parallel to 
the line 6x + 3y —4=0. 


SOLUTION: Let | be the given line. To find the slope of l, we write its 


equation in the slope-intercept form, which is 
y=—2x +$ 


Therefore, the slope of | is —2, and the slope of the desired normal line 
is also —2 because the two lines are parallel. 

To find the slope of the tangent line to the given curve at any point 
(xi, Yı), we apply Definition 3.1.1 with f(x) = Vx — 3, and we have 


|. us Vx T Ax —-3— Vx, —3 
m(x,) = lim > ———3——- 


Axo Ax 


To evaluate this limit, we rationalize the numerator. 


nücedm (Vx, + Ax — 3 — Vx, —3)( Vxy + Ax — 3+ Vx, — 3) 
Ar—0 Ax( Vx, + Ax —3+ Vx,— 3) 


Ax 
=) Ax(V x, + Ax -3-- Vx, — 3) 


Dividing numerator and denominator by Ax (since Ax # 0), we obtain 


m) = lim eee eg 


= 1 
2 Vx —3 


Because the normal line at a point is perpendicular to the tangent 
line at that point, the product of their slopes is —1. Hence, the slope of 
the normal line at (xi, yi) is given by 


-2Vx,—3 
As shown above, the slope of the desired line is —2. So we solve the 
equation 
—2Vx,—3- —2 
giving us 
x,=4 
Therefore, the desired line is the line through point (4, 1) on the curve 


and has a slope of —2. Using the point-slope form of an equation of a 
line, we obtain 
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y—1-—-—2(x— 4) 
or 
2x+y—9=0 


Refer to Fig. 3.1.4, which shows a sketch of the curve together with 
the line 1, the normal line PN at (4, 1), and the tangent line PT at (4, 1). 


Figure 3.1.4 


Exercises 3.1 


In Exercises 1 through 8, find the slope of the tangent line to the graph at the point (xi, yı). Make a table of values of x, y, 
and m at various points on the graph, and include in the table all points where the graph has a horizontal tangent. Draw a 
sketch of the graph. 


1. y=9-2# 2. y xi— 6x49 3. y=7—6x— x 
4. yix 5. y =x? — 3x 6.y— x3—x—x-410 
7. y — Ax? — 13x? + Ax — 8 8. y= Vx F1 


In Exercises 9 through 18, find an equation of the tangent line and an equation of the normal line to the given curve at the 
indicated point. Draw a sketch of the curve together with the resulting tangent line and normal line. 


9. y = xi — 4x — 5; (—2, 7) 10. y — x +2x +1; (1, 4) 11. y = $x; (4,8) 

12. y =2x— x; (—2, 4) 13. y = V9 — 4x; (—4, 5) 14. y = V4x — 3; (3, 3) 
— 6. EE M NN NE 

15. y- 5 (3,2) 16. y vs €-9 17. y= Wx; (8,2) 


18. y= W5— x; (—3, 2) 

19. Find an equation of the tangent line to the curve y = 2x” + 3 that is parallel to the line 8x — y + 3 = 0. 

20. Find an equation of the normal line to the curve y = x? — 3x that is parallel to the line 2x + 18y — 9 — 0. 

21. Find an equation of the tangent line to the curve y= V4x — 3 — 1 that is perpendicular to the line x + 2y — 11 — 0. 
22. Find an equation of each line through the point (3, —2) that is tangent to the curve y — x? — 7. 

23. Find an equation of each line through the point (2, —6) that is tangent to the curve y = 3x? — 8. 

24. Prove analytically that there is no line through the point (1, 2) that is tangent to the curve y = 4 — x’. 


3.2 INSTANTANEOUS 
VELOCITY IN 
RECTILINEAR MOTION 
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Consider a particle moving along a straight line. Such a motion is called 
rectilinear motion. One direction is chosen arbitrarily as positive, and 
the opposite direction is negative. For simplicity, we assume that the 
motion of the particle is along a horizontal line, with distance to the right 
as positive and distance to the left as negative. Select some point on the 
line and denote it by the letter O. Let f be the function determining the 
directed distance of the particle from O at any particular time. 

To be more specific, let s feet be the directed distance of the particle 
from O at t seconds of time. Then f is the function defined by the equation 


s= f(t) (1) 


which gives the directed distance from the point O to the particle at a 
particular instant of time. Equation (1) is called an equation of motion of 
the particle. 

In particular, let 


s—P-H-2t—3 


Then, when t= 0, s = —3; therefore, the particle is 3 ft to the left of point 
O when t — 0. When t — 1, s=0; so the particle is at point O at 1 sec. 
When t= 2, s — 5; so the particle is 5 ft to the right of point O at 2 sec. 
When t= 3, s = 12; so the particle is 12 ft to the right of point O at 3 sec. 

Figure 3.2.1 illustrates the various positions of the particle for spe- 
cific values of t. 


Figure 3.2.1 


Between the time for t — 1 and t= 3, the particle moves from the 
point where s — 0 to the point where s — 12; thus, in the 2-sec interval 
the change in the directed distance from O is 12 ft. The average velocity 
of the particle is the ratio of the change in the directed distance from a 
fixed point to the change in the time. So the number of feet per second in 
the average velocity of the particle from t = 1 to t = 3 is 2 = 6. From t= 0 
to t = 2, the change in the directed distance from O of the particle is 8 ft, 
and so the number of feet per second in the average velocity of the particle 
in this 2-sec interval is $ — 4. 

The average velocity of the particle is obviously not constant; and 
the average velocity supplies no specific information about the motion 
of the particle at any particular instant. For example, if a person is driving 
a car a distance of 70 miles in the same direction, and it takes him 2 hr, 
we say his average velocity in traveling that distance is 35 mi/hr. How- 
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3.2.1 Definition 


ever, from this information we cannot conclude anything about the speed- 
ometer reading of the car at any particular time in the 2-hr period. The 
speedometer reading at a specific time is referred to as the instantaneous 
velocity. The following discussion enables us to arrive at a definition of 
what is meant by "instantaneous velocity.” 

Let Eq. (1) define s (the number of feet in the directed distance of the 
particle from point O) as a function of t (the number of seconds in the 
time). When t= t,, s = s,. The change in the directed distance from O is 
(s — s,) ft over the interval of time (t — t,) sec, and the number of feet per 
second in the average velocity of the particle over this interval of time is 
given by 


S— Sı 
t—t; 


or, because s = f(t) and s, = f(t,), the average velocity is found from 


fi) — f(t) 
t— t 


Now the shorter the interval is from t, to t, the closer the average velocity 
will be to what we would intuitively think of as the instantaneous veloc- 
ity at f,. 

For example, if the speedometer reading of a car as it passes a point 
P, is 40 mi/hr and if a point P is, for instance, 100 ft from P,, then the 
average velocity of the car as it travels this 100 ft will very likely be close 
to 40 mi/hr because the variation of the velocity of the car along this short 
stretch is probably slight. Now, if the distance from P, to P were shortened 
to 50 ft, the average velocity of the car in this interval would be even 
closer to the speedometer reading of the car as it passes P,. We can con- 
tinue this process, and the speedometer reading at P, can be represented 
as the limit of the average velocity between P, and P as P approaches P,. 
We have, then, the following definition. 


If f is a function given by the equation 


s= f(t) (1) 


and a particle is moving along a straight line so that s is the number of 
units in the directed distance of the particle from a fixed point at ¢ units 
of time, then the instantaneous velocity of the particle at time t, sec is v(t,) 
units of velocity where 


(2) 


if this limit exists. 


Because t # t,, we can write 
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t=t,+At (3) 
and conclude that 
"t— t" is equivalent to “At — 0" (4) 


From Eqs. (2) and (3) and statement (4), we obtain the following expres- 
sion for v(t,): 


ngu fu tM TA 


if this limit exists. 

Formula (5) can be substituted for formula (2) in the definition of 
instantaneous velocity. 

The instantaneous velocity may be either positive or negative, de- 
pending on whether the particle is moving along the line in the positive 
or the negative direction. When the instantaneous velocity is zero, the 
particle is at rest. 

The speed of a particle at any time is defined as the absolute value 
of the instantaneous velocity. Hence, the speed is a nonnegative number. 
The terms "speed" and "instantaneous velocity" are often confused. It 
should be noted that the speed indicates only how fast the particle is 
moving, whereas the instantaneous velocity also tells us the direction 
of motion. 


EXAMPLE 1: A particle is moving 
along a straight line according to 
the equation of motion 


s —2P — AP + 2t—1 


Determine the intervals of time 
when the particle is moving to 
the right and when it is moving 
to the left. Also determine the 
instant when the particle reverses 
its direction. 


SOLUTION: f(t) »28 — AP + 2t — 1. 
Applying formula (2) in the definition of the instantaneous velocity 
of the particle at t,, we have 


— ftt 
tat t—t, 
= lim (28 — 4? + 2t — 1) — Qt? — 4t,? + 2t, — 1) 
t-t t— ty 
2p BG Sh Sa Pa ev ou) 
t--t t— ty 
— lim 2(E— to [CP +tt +46?) — 20 E 8) 3-1] 
t-t t— h 


Dividing the numerator and the denominator by t — t, (because t # t,), 
we obtain 


v(t) = lim 2(£ + tt, + t? — 2t — 2t, + 1) 
t-ti 
—2(t? + #2 4 t,? — 2t, — 2t, 4+ 1) 
= 2(3t,? — 4t, +1) 
= 2(3t, —1) (4, — 1) 
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The instantaneous velocity is zero when ft, = 4 and t, = 1. Therefore, the 
particle is at rest at these two times. The particle is moving to the right 
when v(t,) is positive, and it is moving to the left when v(t;) is negative. 
We determine the sign of v(t,) for various intervals of t,, and the results 
are given in Table 3.2.1. 


Table 3.2.1 
31, —1 h—1 Conclusion 

hog = = v(t,) is positive, and the particle is 
moving to the right 

t,=4 0 -— v(t,) is zero, and the particle is 
changing direction from right to 
left 

4<t<1 + = v(t,) is negative, and the particle is 
moving to the left 

t,=1 + 0 v(t,) is zero, and the particle is 
changing direction from left to 
right 

1<t, + + v(t) is positive, and the particle is 
moving to the right 


The motion of the particle, indicated in Fig. 3.2.2, is along the hori- 
zontal line; however, the behavior of the motion is indicated above the 


Table 3.2.2 line. The accompanying Table 3.2.2 gives values of s and v for specific 

t s m values of t. 
-1 -9 18 (ed ees 

0 -1 2 (= -1) > =3) 

19 
AE - zi 
2 3 10 
e jose opposed spes Ls 0 ep opp au 
—10 -5 0 5 10 
Figure 3.2.2 


In the above example, v(t;) can also be found by applying formula 
(5). (See Exercise 1.) 


EXAMPLE 2: A ball is thrown 
vertically upward from the 
ground with an initial velocity of 
64 ft/sec. If the positive direction 


SOLUTION: v(t,) = the number of feet per second in the instantaneous 
velocity of the ball at t, sec. 


s= f(t) where f(t) = —16t + 64t 


of the distance from the starting 
point is up, the equation of 
motion is 


s — —16f? + 64t 


If t is the number of seconds in 
the time which has elapsed since 
the ball was thrown, and s is the 
number of feet in the distance of 
the ball from the starting point 
at t sec, find: (a) the instan- 
taneous velocity of the ball at the 
end of 1 sec; (b) the instan- 
taneous velocity of the ball at the 
end of 3 sec; (c) how many 
seconds it takes the ball to reach 
its highest point; (d) how high 
the ball will go; (e) the speed of 
the ball at the end of 1 sec and at 
the end of 3 sec; (f) how many 
seconds it takes the ball to reach 
the ground; (g) the instantaneous 
velocity of the ball when it 
reaches the ground. At the end of 
1 sec is the ball rising or falling? 
At the end of 3 sec is the ball 
rising or falling? 
(t = 2) 


(t = 4) | (t 0) |O 


Figure 3.2.3 


3.2 INSTANTANEOUS VELOCITY IN RECTILINEAR MOTION 145 


Applying formula (2), we find that 


gerai 
i t-ti t— ty 
= lim —16t? + 64t — (—16t,? + 64t,) 
t^t t—h 
o —16(f — t?) + 64(t — t) 
= lim NNI a, 


tty 


Dividing the numerator and the denominator by t — t, (because t 7 t), 
we obtain 


v(t) = lim [—16(t + t) + 64] — —321 + 64 
t-t 


(a) v(1) =—32(1) + 64 = 32; so at the end of 1 sec the ball is rising 
with an instantaneous velocity of 32 ft/sec. 

(b) v(3) = —32(3) + 64 = —32; so at the end of 3 sec the ball is falling 
with an instantaneous velocity of —32 ft/sec. 

(c) The ball reaches its highest point when the direction of motion 
changes, that is, when v(t,) = 0. Setting v(t,) = 0, we obtain 


—32t,;+64=0 or t,=2 


(d) When t= 2, s = 64; therefore, the ball reaches a highest point of 
64 ft above the starting point. 

(e) |v(t,)| =the number of feet per second in the speed of the ball 
at t, sec. 


lv(1)| 2 32 and |v(3)|=32 


(f) The ball will reach the ground when s — 0. Setting s — 0, we have 
—168? + 64t = 0, from which we obtain t = 0 and t = 4. Therefore, the ball 
will reach the ground in 4 sec. 

(g) v(4) =—64; when the ball reaches the ground, its instantaneous 
velocity is —64 ft/sec. 


Table 3.2.3 
t E v 
0 0 64 
i 28 48 
1 48 32 
2 64 0 
3 48 —32 
$ 28 —48 
4 0 —64 


Table 3.2.3 gives values of s and v for some specific values of t. The 
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motion of the ball is indicated in Fig. 3.2.3. The motion is assumed to 
be in a straight vertical line, and the behavior of the motion is indicated 
to the left of the line. 


Exercises 3.2 


1. Apply formula (5) to find v(f,) for the rectilinear motion in Example 1. 
2. Apply formula (5) to find v(f,) for the rectilinear motion in Example 2. 


In Exercises 3 through 8, a particle is moving along a horizontal line according to the given equation of motion, where s fi 
is the directed distance of the particle from a point O at t sec. Find the instantaneous velocity v(t) ft/sec at t, sec; and then 
find v(4) for the particular value of t; given. 


3. 5-32 - 1; —3 4 s=8— Ë; h4 =5 5. s= Vt+1;4=3 
pee a ee | NS INS NP ed 
6. s= ty 2 7. s Verte h22 8. s=VE+24,=6 


In Exercises 9 through 12, the motion of a particle is along a horizontal line according to the given equation of motion, 
where s ft is the directed distance of the particle from a point O at f sec. The positive direction is to the right. Determine 
the intervals of time when the particle is moving to the right and when it is moving to the left. Also determine when the 
particle reverses its direction. Show the behavior of the motion by a figure similar to Fig. 3.2.2, choosing values of f al 
random but including the values of t when the particle reverses its direction. 


9. s= P - 3P —9t 4 10. s= 20 — 3P — 12t +8 
.ltt EE 
H.s—-j3lg 12. s IFE 
13. If an object falls from rest, its equation of motion is s =—16f?, where t is the number of seconds in the time that has 


elapsed since the object left the starting point, s is the number of feet in the distance of the object from the starting 
point at £ sec, and the positive direction is upward. If a stone is dropped from a building 256 ft high, find: (a) the in- 
stantaneous velocity of the stone 1 sec after it is dropped; (b) the instantaneous velocity of the stone 2 sec after it is 
dropped; (c) how long it takes the stone to reach the ground; (d) the instantaneous velocity of the stone when it reaches 
the ground. 


14. If a stone is thrown vertically upward from the ground with an initial velocity of 32 ft/sec, the equation of motion is 
s = —16P + 32t, where t sec is the time that has elapsed since the stone was thrown, s ft is the distance of the stone 
from the starting point at £ sec, and the positive direction is upward. Find: (a) the average velocity of the stone during 
the time interval: į < t < į; (b) the instantaneous velocity of the stone at $ sec and at 3 sec; (c) the speed of the stone 
at $ sec and at $ sec; (d) the average velocity of the stone during the time interval: $ < t < $ (e) how many seconds it 
will take the stone to reach the highest point; (f) how high the stone will go; (g) how many seconds it will take the stone 
to reach the ground; (h) the instantaneous velocity of the stone when it reaches the ground. Show the behavior of the 
motion by a figure similar to Fig. 3.2.3. 


15. If a ball is given a push so that it has an initial velocity of 24 ft/sec down a certain inclined plane, then s = 24t + 10£, 
where s ft is the distance of the ball from the starting point at t sec and the positive direction is down the inclined 
plane. (a) What is the instantaneous velocity of the ball at ł sec? (b) How long does it take for the velocity to increase 
to 48 ft/sec? 


16. A rocket is fired vertically upward, and it is s ft above the ground t sec after being fired, where s = 560t — 161? and the 
positive direction is upward. Find (a) the velocity of the rocket 2 sec after being fired, and (b) how long it takes for 
the rocket to reach its maximum height. 
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In Sec. 3.1 the slope of the tangent line to the graph of y — f(x) at the 
point (x;, f (xi)) is defined by 


mx) = lim FATED — f) 


(1) 


In Sec. 3.2 we learned that if a particle is moving along a straight 
line so that its directed distance s units from a fixed point at t units of 
time is given by s = f(t), then if v(t,) units of velocity is the instantaneous 
velocity of the particle at t, units of time, 


(ty) = tim FAFA =f) 2) 


The limits in formulas (1) and (2) are of the same form. This type of 
limit occurs in other problems too, and it is given a specific name. 


The derivative of the function f is that function, denoted by f’, such that 


)= lim to e (3) 
if this limit exists. (f' is read “f prime," and f'(x) is read "f prime of x.") 


Another symbol that is used instead of f'(x) is D; f(x), which is read 
“the derivative of f of x with respect to x." 

If y = f(x), then f'(x) is the derivative of y with respect to x, and we 
use the notation D,y. The notation y' is also used for the derivative of y 
with respect to an independent variable, if the independent variable is 
understood. 

If x, is a particular number in the domain of f, then 


ie b 


if this limit exists. Comparing formulas (1) and (4), note that the slope of 
the tangent line to the graph of y = f(x) at the point (x;, f (x;)) is precisely 
the derivative of f evaluated at x,. 

If a particle is moving along a straight line according to the equation 
of motion s = f(t), then upon comparing formulas (2) and (4), it is seen 
that v(t,) in the definition of instantaneous velocity of the particle at t, 
is the derivative of f evaluated at t, or, equivalently, the derivative of s 
with respect to t evaluated at t. 


EXAMPLE 1: Given f(x) 2 33? +12, 
find the derivative of f. 


SOLUTION: If x is any number in the domain of f, from Eq. (3) we obtain 


f'G) = lim FEF Af) 
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qus (e+ Ax +12] — (Bx? + 12) 


Ar-0 Ax 
ME 3x? + 6x Ax + 3(Ax)? + 12 — 3x? — 12 
Ar-0 Ax 
2 
die ox Ax BUMP = lim (6x + 3 Ax) 
Axr-0 Xx Az-0 


=6x 


Therefore, the derivative of f is the function f' defined by f'(x) = 6x. The 


domain of f' is the set of all real numbers, which is the same as the domain 
of f. 


In Sec. 3.2 we showed that the limit 


lim f(t t ab E f(t) 


is equivalent to 


t-ti t—t 


Therefore, an alternative formula to (4) for f'(x;) is given by 


f= (5) 


EXAMPLE 2: For the function f of 
Example 1, find the derivative of 
f at 2 in three ways: (a) apply 
formula (4); (b) apply formula 

(5); (c) substitute 2 for x in the 
expression for f'(x) in Example 1. 


SOLUTION: (a) Applying formula (4), we have 


PO) = lim £2 tA =f) 


Axr-0 Ax 

Sit [3(2 + Ax)? + 12] — [3(2)? + 12] 
Axr-0 Ax 

i 12 +12 Ax + 3(Ax)? + 12 —12—12 
Ar-0 Ax 

= ļi 12 Ax + 3(Ax)? 

= im — _ ~,. ——— 
Az-0 Ax 

= lim (12 +3 Ax) 
Ar-0 

=12 


(b) From formula (5) we obtain 


f°) = tim ER LO 
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Lj, OX + 12) — 24 
22 x—2 


gor X—2 


(x —2) (x +2) 
r2 x—2 


=3 lim (x + 2) 
r2 
=12 


(c) Because, from Example 1, f' (x) = 6x, we obtain f'(2) = 12. 


If the function f is given by the equation y — f(x), we can let 
Ay = f(x + Ax) — f(x) 
and write D,y in place of f'(x), so that from formula (3) we have 
T 


(6) 


A derivative is sometimes indicated by the notation dy/dx. But we 
avoid this symbolism until we have defined what is meant by dy and dx. 


EXAMPLE 3: Given 


—2+x 
y 3—x 
find D,y. 


SOLUTION: 
. Ay 
Dy = lim 4L 
zY h Ax 
, f(x + Ax) — f(x) 
imn A, 
iss Ax 


= lim (2 + x+ Ax)/(3 — x — Ax) — (2 + x)/(3 — x) 


Ar-0 Ax 
= lim (3— x) (2 + x + Ax) — (2 + x) (3 — x — Ax) 
AS Ax(3 — x — Ax) (3 — x) 
xe. (6 +x— xX +3 Ax— x Ax) — (6 +x— x — 2 Ax— x Ax) 
AC Ax(3 — x — Ax) (3 — x) 
= lim T 
az-o âx (3 — x — Ax) (3 — x) 
odi eie e A 
avo (3 — x — Ax) (3 — x) 
5 


~ Bx) 
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EXAMPLE 4 Given f(x) = x’, SOLUTION: 


find f' (x). E uu 
f'G) = tim ft AO FG) _ ,,, Goran a 


x) 
Ar-0 Ax Ar-0 Ax 


We rationalize the numerator in order to obtain a common factor of Ax 
in the numerator and the denominator; this yields 


f'( ) = lim [(x+ Ax)? — x28 [(x* Ax)13 + (x+ Ax) 23x213 + x3 
x Az-0 Ax[(x + Ax) + (x + Ax) 258 + x43] 


MA x+ Ax)? = x? 
àzo Ax[ (x + Ax)? + (x + Ax)?3x23 + xs] 


= lim x? + 2x(Ax) + (Ax)? — x? 

Pour Ax[ (x + Ax)*8 + (x + Ax)288x28 + x53] 
ain 2x(Ax) + (Ax)? 

Azo Ax[ (x + Ax) + (x + Ax)?8x2/3 + xt] 


ee d o 
aro (X + Ax)*? + (x + Ax)?/3x2/3 + yi 


E 2x 
x1 + 2132/3 + x13 


_ 2x 
^ 8x18 


2 


3x13 


Note that f'(0) does not exist even though f is continuous at 0. A 
Figure 3.3.1 sketch of the graph of f is shown in Fig. 3.3.1. 


If for the function of Example 4 we evaluate 


. fea + Ax) — f(x) = 
am E ATUS at x,—0 
we have 
— 2/3 — 
lim [60+ A*) = FO) |. (A077 —0 
Ar-0 Ax Ar-0 Ax 
EUM. 
per (Ax)*8 


=e 


Therefore, we conclude that the tangent line to the graph of f at the origin 
is the y axis. 

Example 4 shows that f' (x) can exist for some values of x in the domain 
of f but fails to exist for other values of x in the domain of f. We have the 
following definition. 
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3.3.2 Definition The function f is said to be differentiable at x, if f'(x,) exists. 


From Definition 3.3.2 it follows that the function of Example 4 is dif- 
ferentiable at every number except 0. 


3.3.3 Definition A function is said to be differentiable if it is differentiable at every number 
in its domain. 


Exercises 3.3 
In Exercises 1 through 10, find f' (x) for the given function by applying formula (3) of this section. 


1. f(x) 2 4 c 5x 8 2. f(x) 2 8 8. f(x) 2 Vx 

4. f(x) = Vax F5 5. f) =- 6. f(x) = Vix 
EM! __3 EE! 

7. f(x) mad 8. f(x) xi 9. f(x) = VEN 


10. f(x) = V2x +3 


In Exercises 11 through 16, find f'(a) for the given value of a by applying formula (4) of this section. 


11. f(x) 217 335; 4—3 12. fix) = a=2 13. fix) - 5 a=6 
14. f(x) ^ iaa 15. f(x) = VÆ 9; a=5 16. f(x) =} +x +x; 42 —8 
x x 
In Exercises 17 through 22, find f'(a) for the given value of a by applying formula (5) of this section. 
17. f(x) =3x+2;a=—3 18. f(x) 23x x *t4;a—4 19. f(x) 227 x’; 4—2—2 
- ts CENT amu M Se rae 
20. f(x) = V1 + 9x; a=7 21. f(x) = 2153 4 3 22. fx) yz x;a=—8 


23. Given f(x) = Wx — 1, find f'(x). Is f differentiable at 1? Draw a sketch of the graph of f. 
24. Given f(x) = V (4x — 3}, find f' (x). Is f differentiable at 1? Draw a sketch of the graph of f. 
25. If g is continuous at a and f(x) = (x — a)g(x), find f'(a). (ant: Use Eq. (5).) 


26. Let f be a function whose domain is the set of all real numbers and f(a + b) = f(a) - f(b) for all a and b. Furthermore, 
suppose that f(0) = 1 and f'(0) exists. Prove that f' (x) exists for all x and that f’ (x) = f'(0) - f(x). 


27. If f is differentiable at a, prove that 


(a) = lim A82 — f(a — x) 
digi 2Àr 
(HINT: f(a + Ax) — f(a — Ax) = f(a + Ax) — f(a) + f(a) — f(a — Ax).) 
28. Let f be a function such that |f(x)| = x for all x. Prove that f is differentiable at 0 and that f’ (0) = 0. (aint: Use The- 
orem 2.10.5.) 


3.4 DIFFERENTIABILITY The function of Example 4 of Sec. 3.3 is continuous at the number zero 
AND CONTINUITY but is not differentiable there. Hence, it may be concluded that continuity 
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3.4.1 Theorem 


of a function at a number does not imply differentiability of the function 
at that number. However, differentiability does imply continuity, which 
is given by the next theorem. 


If a function f is differentiable at x,, then f is continuous at x;. 


PROOF: To prove that f is continuous at x;, we must show that the three 
conditions of Definition 2.11.1 hold there. That is, we must show that 
(i) f(x) exists; (ii) lim f(x) exists; and (iii) lim f(x) = f (xı). 

By hypothesis, f is differentiable at x,. Therefore, f' (x;) exists. Because 
by formula (5) of Sec. 3.3 


f) = tim Led 


r-Xi x—Xi 


(1) 


we conclude that f(x,) must exist; otherwise, the above limit has no 
meaning. Therefore, condition (i) holds at x,. Now, let us consider 


lim [f(x) — f()] 


We can write 


lim [f(2) — f(:)] = lim [e-n le fe] a 
Because 
lim (x — x,) -0 and lim ia) fen) — f'a) 


we apply the theorem on the limit of a product (Theorem 2.5.6) to the 
right side of Eq. (2), and we have 


f(x) — fl) p 
eg Bm) 


lim [f(x) — f(x:)] = lim (x — xi) - lim 
so that 
lim [f(x) — f(x] 50 


Then we have 


lim f(y = lim [ f(x) — fl) + f(%)] 
= lim [ f(x) —f(xo ]-t lim f(x) 


—0- f(x) 
which gives us 


lim f(x) = f(x) (3) 


3.4.2 Definition 


3.4.3 Definition 
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From Eq. (8) we may conclude that conditions (ii) and (iii) for continuity 
of f at x, hold. Therefore, the theorem is proved. B 


As previously stated, Example 4 of Sec. 3.3 shows that the converse of 
the above theorem is not true. Before giving an additional example of a 
function which is continuous at a number but which is not differentiable 
there, the concept of a one-sided derivative is introduced. 


If the function f is defined at x,, then the derivative from the right of f at 
xı, denoted by f(x), is defined by 


or, equivalently, 


fip (eee (5) 


Rox, 


if the limit exists. 


If the function f is defined at x,, then the derivative from the left of f at x1, 
denoted by f' (x;), is defined by 


Hays = tim Cate fC) (6) 


or, scuiivalentls 


pike 2 


f(x )= = lim (7) 


Lag 


if the limit exists. 


EXAMPLE 1: Let f be the 
function defined by 


. (2x —1 ifx<3 
fe) - 3 i if3<x 


(a) Draw a sketch of the graph of 
f. (b) Prove that f is continuous 
at 3. (c) Find f! (3) and f4,(3). 

(d) Is f differentiable at 3? 


SOLUTION: (a) A sketch of the graph is shown in Fig. 3.4.1. 
(b) To prove that f is continuous at 3, we verify the three conditions 
for continuity at a number: 


à) f(3) =5 
(ii) lim f(x) = Hri (2x—1)=5 
lim f(x) = lim (8—x)=5 


Therefore, 
lim f(x) 2 5 


ii) lim f(x) = f(3) 
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y Because conditions (i), (ii), and (iii) all hold at 3, f is continuous at 3. 
pd fG + Ax) — f (3) 
Eee END XD 
= lim [2(3 + Ax) — 1] -5 
Az-0- Ax 
ae 6+2 Ax—6 
O i eee Ax 
= lim 2a 
az-o- AX 
Figure 3.4.1 
= lim 2 
Ar-0- 


f + Ax) — f(3) 


(3) = i 
fi-¢ ) A Ax 
= lim [8 — (3+ Ax)] - 5 
Ar-0* Ax 
ssim 8—3—Ax—5 
Ax-0* Ax 
— lim — 
ar-e AX 
= lim (—1) 
Axr-0* 
=-1 


(d) Because 
lim f(3+ Ax) - f (3) ~ lim f(3+ Ax) — f (3) 
Ar-0- Ax Ar-0* Ax 
we conclude that 
lim f(3+ Ax) - f (3) 
Ar-0 Ax 


does not exist. Hence, f is not differentiable at 3. However, the derivative 
from the left and the derivative from the right both exist at 3. 


The function in Example 1 gives us another illustration of a function 
which is continuous at a number but not differentiable there. 


Exercises 3.4 
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In Exercises 1 through 14, do each of the following: (a) Draw a sketch of the graph of the function; (b) determine if f is con- 
tinuous at x; (c) find f^ (x,) and f} (x1) if they exist; (d) determine if f is differentiable at x. 


_f x*2 ifx<-4 
1 feo - | 1*2 if x > —4 
x, =—4 


3. f(x) = Ix - 3 x: =3 
—1 ifx «0 


za f - L5, ifx=0 
x,=0 


[xt ifx <0 
A^ f= |a ifx 0 


x,=0 


_fVi-x ifx«1 
s. feo = {WI ree 
x,=1 


11. f(x) = Yx +1; x =—1 


_f3-2x ifx<2 
2 fa) = {2-7 ifx>=2 
x,=2 


4. f(x) 31 |x+2|; x —2 
_fx ifx <0 

6. fla) = {5 ifx 20 
x,=0 


xj—4 ifx<2 
B fla) =a ifx>2 


x,—2 

_ fx if x < —1 

10. oe sa if x = —1 
X% = 


12. f(x) = (x — 2); x, =2 


_f 5-6x ifxs3 _ fr ifx <0 
5 fo 21-2 ifx 3 ic P ifx 0 
x73 x,=0 
15. Given f(x) = |x|, draw a sketch of the graph of f. Prove that f is continuous at 0. Prove that f is not differentiable at 0, 
but that f’ (x) = |x|/x for all x # 0. (Hunt: Let |x| = V2.) 
16. Given f(x) = V9 — x?, prove that f is continuous on the closed interval [—3, 3]. Prove that neither the derivative from 
the right at —3 nor the derivative from the left at 3 exist. Draw a sketch of the graph. 
17. Given f(x) = x*?, prove that f4 (0) exists and find its value. Prove that f is continuous from the right at 0. Draw a sketch 
of the graph. 
18. Given f(x) = (1 — x?)??, prove that f is continuous on the closed interval [—1, 1]. Prove that f’ (x) exists for all values 
of x in the open interval (—1, 1), and that both f; (—1) and f* (1) exist. Draw a sketch of the graph of f on [—1,1]. 
19. Find the values of a and b so that f' (1) exists if 
jx ifx «1 
f(z) ee ifx =1 
20. Given f(x) = [x], find f’(x,) if x, is not an integer. Prove by applying Theorem 3.4.1 that f’(x,) does not exist if x, 
is an integer. If x, is an integer, what can you say about f' (x) and f(x)? 
21. Given f(x) = (x — 1) [x]. Draw a sketch of the graph of f for x in [0, 2]. Find: (a) (1); (b) f£(1); (o) f' (1). 
22. Given 
_fO ifxzO0 
w=., ifx>0 
where n is a positive integer. (a) For what values of n is f differentiable for all values of x? (b) For what values of n is 
f' continuous for all values of x? 
23. Given f(x) = sgn x. (a) Prove that f (0) =+% and f^ (0) =+©. (b) Prove that lim f' (x) = 0 and lim f'(x) — 0. 
r-0* r0- 
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24. Let the function f be defined by 


g(x) — g(a) 
f(x) 4 x—a 


' (a) 


ifx#a 


ifx=a 


Prove that if 2' (a) exists, f is continuous at a. 


3.5 SOME THEOREMS ON 
DIFFERENTIATION OF 
ALGEBRAIC FUNCTIONS 


3.5.1 Theorem 


The operation of finding the derivative of a function is called differenti- 
ation, which can be performed by applying Definition 3.3.1. However, 
because this process is usually rather lengthy, we state and prove some 
theorems which enable us to find the derivative of certain functions more 
easily. These theorems are proved by applying Definition 3.3.1. Follow- 
ing the proof of each theorem, we state the corresponding formula of 
differentiation. 


If c is a constant and if f(x) — c for all x, then 


f'(x) =0 


PROOF: 


lim Fera) — f(x) 
x 


Ar-0 


f'(x) = 


(1) 


The derivative of a constant is zero. 


EXAMPLE 1: 
Dry. 


Given y — 5, find 


SOLUTION: 


Dzy — 0. 


3.5.2 Theorem 


If n is a positive integer and if f(x) = x", then 


f'(x) = nx" 


PROOF: 


f'() = im LEAs) 
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= lim 
Ar—-0 


(x + Ax)" — x" 
Ax 
Applying the binomial theorem to (x -- Ax)", we have 


=f 
[e + nxt Ax + A x"?(Ax)* + o + nx(Ax)? + (Ax)*] —x 


f'(x) = lim A 


nx"! Ax + BAD yort(any? + s+ + nx(Ax)™! + (Ax)? 


= lim 
Ar-0 Ax 


Dividing the numerator and the denominator by Ax, we have 
f'(x) = lim |n + BAAD pc (ax) tccoc-n(Ax)"?4 (A 
Ar-0 M 


Every term, except the first, has a factor of Ax; therefore, every term, ex- 
cept the first, approaches zero as Ax approaches zero. So we obtain 


f'(x) = nx" L| 


(2) 


Given f(x) = xê, loan f'(x) = 8x". 


EXAMPLE 2: 

find f' (x). 

EXAMPLE 3: Given f(x) =x, SOLUTION: f'(x)—1:x?^—1:1-1. 
find f' (x). 


3.5.3 Theorem If f is a function, c is a constant, and g is the function defined by 


g(x) = c+ f(x) 
then if f' (x) exists, 

g(x)—c-:f'(x) 
PROOF: 


: xo g(x + Ax) — g(x) 
g(x)- lim NA 


x iem cf(x + Ax) — cf(x) 


Ar-0 Ax 
= tim e [Feta =f} 
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S f(x + Ax) — f(x) 
Ar-0 Ax 


= cf’ (x) u 


(3) 


=C 


The derivative of a constant times a function is the constant times the 


derivative of the function if this derivative exists. 
By combining Theorems 3.5.2 and 3.5.3 we obtain the following re- 
sult: If f(x) = cx", where n is a positive integer and c is a constant, 


f'(x) = cnx"! 


D (cx?) = cnx! (4) 


EXAMPLE 4; Given f(x) = 5x’, soLuTION: f'(x) =5 + 7x®= 35x". 
find f' (x). 


3.5.4 Theorem If f and g are functions and if h is the function defined by 
h(x) = f(x) + g(x) 
then if f' (x) and g'(x) exist, 
h' (x) = f'(x) + g' (x) 


PROOF: 
Karz lim h(x + ES — h(x) 
= jim LOC Ax) + gx + 42) - [f(x) + 800] 
= lim KC A9 — FO) plat + Ax) — g(x)] 
dum f(x + Ax) — f(x) ihn g(x + Ax) — g(x) 
Ax-0 Ax Ax-0 Ax 
= f'(x) + g'(x) " 


(5) 


The derivative of the sum of two functions is the sum of their derivatives 
if these derivatives exist. 
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The result of the preceding theorem can be extended to any finite 
number of functions, by mathematical induction, and this is stated as 
another theorem. 


3.5.5 Theorem The derivative of the sum of a finite number of functions is equal to the 
sum of their derivatives if these derivatives exist. 


From the preceding theorems the derivative of any polynomial func- 
tion can be found easily. 


EXAMPLE 5: Given SOLUTION: 
f(x) =7x — 2x? + 8x+5 f'(x) = D, (7x4 — 2x? + 8x + 5) 
find f' (x). = D,(7x*) + D,(—2x3) + D,(8x) + D,(5) 


= 28x — 6x? + 8 


3.5.6 Theorem If f and g are functions and if h is the function defined by 
h(x) = f(x)g(x) 
then if f'(x) and g'(x) exist, 
h'(x) = f(x)g'(x) + g(x)f' (x) 


PROOF: 
OSS lim h(x + x — h(x) 
= lim f(x + Ax) : g(x oe) — f(x) + g(x) 


We subtract and add f(x + Ax) : g(x) in the numerator, thereby 
giving us 


h(x) = li f(x + Ax): g(x + Ax)—f (x+ Ax): g(x) +f(x+ Ax) :£0)—f (x) 20) 
Lim m Ax 


0 


y g(x + Ax) — g(x) 
Ax 


ge) [E ED 


= lim [re + Ax 
Ax-0 


g(x + Ax) — d 
A 


= lim [re TAX) - 


f(x + Ax) — fœ) 


+ li . 
rae [se Ax 
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= lim f(x-- Az): lim ax 42) 809 
Ar-0 Ar-0 x 


+ lim g(x): lim fetan- 9 
Ar-0 Ar-0 x 


Because f is differentiable at x, by Theorem 3.4.1, f is continuous at x; 
therefore, lim f(x + Ax) = f(x). Also, 
Ar-0 


lim g(x + Ax) — g(x) Eu 


Ar-0 Ax 


mE CRI 
and 
lim, se = se) 
thus giving us 
W (x) = f(x)g'(x) + gGOf' (x) | . 
Del f(x)g(x)] = f(x) - Dag (x) + g(x) : Def) (6) 


The derivative of the product of two functions is the first function times 
the derivative of the second function plus the second function times the deriva- 
tive of the first function if these derivatives exist. 


EXAMPLE 6: Given SOLUTION: 
h(x) = Qx! — 4x?) (38 + x?) h' (x) = (2x38 — Ax?) (15x + 2x) + (3x5 + x?) (6x? — 8x) 
find K’ (x). = (30x7 — 60x® + 4x4 — 8x?) + (18x7 — 24x* + 6x* — 8x?) 
= 48x? — 84x* + 10x! — 16x? 


In this example, note that if we multiply first and then perform the dif- 
ferentiation, the same result is obtained. Doing this, we have 


h(x) = 6x* — 12x! + 2x5 — 4x4 
Thus, 
h'(x) = 48x? — 84x® + 10x* — 16x? 


3.5.7 Theorem If f and g are functions and if h is the function defined by 


h(x) = I where g(x) # 0 
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then if f' (x) and g'(x) exist, 


(S. SOO) F(x) — f(x) 9" (x) 
tope [ee 


PROOF: 


h'(x) = lim 2+ Ad) — ha) 


f(xt Ax) f(x) 
as g(x+ Ax) g(x) 


Ar-0 Ax 
Lg, Ft Ax) ge) — fla) * gc An) 
Ar-0 Ax + g(x) + g(x + Ax) 


Subtracting and adding f(x) - g(x) in the numerator, we obtain 


M (x) = lim EE + AX) * g() = fa) * g(x) = fi) * gGc Ax) + f) ga) 


Ax + g(x) + g(x + Ax) 


Ar-0 
+ Ax) — + Ax) — 
"A [seo fe x) fe p(x)  8& 2) d 
Ar-0 g(x) * g(x + Ax) 
lim g(x) + lim (67-08 10) — ten p(x) + tim SEA R0 


0 
lim g(x) * lim g(x + Ax) 
Ar-0 Ar-0 


ga) : f'() — f) * g'Q) 


g(x) + g(x) 


80) f' (x) — fg x) 
[g(x)]? a 


(7) 


The derivative of the quotient of two functions is the fraction having as 
its denominator the square of the original denominator, and as its numerator 
the denominator times the derivative of the numerator minus the numerator 
times the derivative of the denominator if these derivatives exist. 


EXAMPLE 7: Given SOLUTION: 


h(x) = (2x3 + 4)/(x? — Ax 1) p (x) = LEAX + D (69) — (2x + 4) Qx — 4) 


find h'(x). (x? — 4x + 1)? 
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_ 6x! — 24x? + 6x? — Ax* + 8x? — 8x + 16 


(x? — Ax + 1)? 
_ 2x4 — léx? + 6x? — 8x + 16 
(x? — Ax - 1)? 


3.5.8 Theorem 


If f(x) =x", where —n is a negative integer and x # 0, then 


f'(x) =—nx 
PROOr: If—n is a negative integer, then n is a positive integer. We write 
1 
f(x) = y 
Applying Theorem 3.5.7, we have 
, = x":0— 1: nxt : 0 = 1 - nx”! nx" = — n—i—2n 
f'(x) = x "S 
L-—gx "t! 
a 
EXAMPLE 8: Given SOLUTION: f(x) = 3x. Hence, E > 
2 4.15 
f(9-3 f'(x) =3 (5x) = —15x* - — 5 
find f' (x). 


Exercises 3.5 


If r is any positive or negative integer it follows from Theorems 
3.52 and 3.5.8 that 


D(x) = rx (8) 
and from Theorems 3.5.2, 3.5.3, and 3.5.8 we obtain 


D,(cx") = crx’! (9) 


In Exercises 1 through 26, differentiate the given function by applying the theorems of this section. 


1. f(x) = x8 — 332 + 5x —2 
4. g(x) = x7 — 228 + 5x3 — 7x 


7. v(r) 2 $a? 


2. f(x) 23x! — 553? + 1 
5. F(t) = i*— 30 


3. f(x) = ix8— xt 
6. H(x) - $i? —x t2 


9. F(x) ^ 32 -3x4 


8. G(y =y"+7y—y+1 x 


10. f(x) = xt - 5 + x * + Ax'* 
13. f(s) = V3(s* — s) 

16. g(x) = (4? + 3)? 

19. f(x) = 

22. g(x) = xe ut 
25. f(x) = azil (3x — 1) 
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11. g(x) = +3 12. H(x) -5 
14. g(x) = (22 + 5) (Ax — 1) 15. f(x) = (2x* — 1) (5x3 + 6x) 

(2o 42xd4d _2y+1 
I5 HG) — aoe eI IER Sp 
20. f(x) = (22 — 3x + 2) (223 +1) 21. h(x) =~, 

3_ x2 — 2 
23. f(x) -A T8 24. f(x) -5lZ 
+ 

26. g(x) = 5571 G8 — niet +1) 


27. If f, g, and h are functions and if $(x) = f(x) - g(x) - h(x), prove that if f'(x), g'(x), and h'(x) exist, $'(x) = 
f(x) + g(x) - h'(x) + f(x) + g'(x) + h(x) + f'(x) - g(x) - h(x). (mir: Apply Theorem 3.5.6 twice.) 


Use the result of Exercise 27 to differentiate the functions in Exercises 28 through 31. 


28. f(x) = (x2 + 3) (2x — 5) (3x + 2) 
30. g(x) = (3x8 + x) (x + 3) (32 — 5) 


29. h(x) = (3x + 2)2(x? — 1) 
31. d(x) = (2x2 + x + 1)? 


82. Find an equation of the tangent line to the curve y = 8/ (x? + 4) at the point (2, 1). 
33. Find an equation of each of the lines through the point (—1, 2) which is a tangent line to the curve y = (x — 1)/(x +3). 
34. Find an equation of each of the tangent lines to the curve 3y = x? — 3x? + 6x + 4, which is parallel to the line 


2x—y * 3-0. 


35. Find an equation of each of the normal lines to the curve y = x? — 4x which is parallel to the line x + 8y — 8 = 0. 


36. An object is moving along a straight line according to the equation of motion s = 3t/ (P + 9), with t = 0, where s ft is 
the directed distance of the object from the starting point at t sec. (a) What is the instantaneous velocity of the object 
at t, sec? (b) What is the instantaneous velocity at 1 sec? (c) At what time is the instantaneous velocity zero? 


3.6 THE DERIVATIVE OF 
A COMPOSITE FUNCTION 


Suppose that y is a function of u and u, in turn, is a function of x. For 
example, let 

y= f(u) =u (1) 
and 

u = g(x) = 2x? — 5x? + 4 (2) 
Equations (1) and (2) together define y as a function of x because if we 
replace u in (1) by the right side of (2) we have 

y = h(x) = f(g(x) ) = Qx? — 5x! + 4)? 


where h is a composite function which was defined previously (refer to 
Definition 2.2.2). 

We now state and prove a theorem for finding the derivative of a 
composite function. This theorem is known as the chain rule. 
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3.6.1 Theorem 
Chain Rule 


If y is a function of u, defined by y= f(u), and D,y exists, and if u is a 
function of x, defined by u = g(x), and D,u exists, then y is a function of 
x and Dzy exists and is given by 


Dry = Dyy + Dru 


PROOr: From Eq. (6) of Sec. 3.3, we have 


ai AN 
Pg im ha 


Hence, when |Au| is small (close to zero but not equal to zero) the 
difference 


Ay 
Au “Y 


is numerically small. Denoting the difference by 7, we have 


Ay . 
au Dun if Au #0 


or, equivalently, 


Ay _ , 
Au Duy + if Au #0 


The above equation defines y as a function of Au, provided that Au # 0. 
Letting n = F(Au) and solving for F(Au), we obtain 


F(Au) = a — Duy if Au #0 (3) 


Equation (3) defines F(Au) provided that Au # 0. Now, as we see later, 
we want the function F to be continuous at 0, and so we define F(0) to be 
lim F(Au). From Eq. (3) we have 

Au-0 


lim F(Au) = lim Ay. lim D,y 


Au-0 Au-0 Au Au-0 
= Diy — Duy 
=0 


Hence, we define F(0) = 0, and we have 


Ay j 
F(Au) = E D,y if du #0 
0 if Au =0 


Solving Eq. (3) for Ay, we obtain 
Ay = Dyy ` Au + Au - F(Au) if Au # 0 (4) 
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Note that Eq. (4) also holds if Au = 0 because we have Ay = 0 (remember 
that Ay = f(u + Au) — f(u)). 
Dividing on both sides of Eq. (4) by Ax, where Ax # 0, we obtain 
Ay _ _ Au 
Ax = Duy Ax + : F(Au) 
Taking the limit on both sides of the above equation as Ax approaches 
zero and applying limit theorems, we have 


Ay _ Au 
Hie Ht Day «tm + Ham dm Fu 
or 
Dzy = D,y : Du + D,u : lim F(Au) (5) 
Ar-0 


We now show that lim F(Au) — 0 by making use of Theorem 2.12.5. We 
Ar-0 
first express Au as a function of Ax. Because 


it follows that when |Ax| is small and Ax # 0, Au/Ax differs from D,u by 
a small number which depends on Ax, which is called (Ax). Hence, 
we write 


Aus 

Ax 
and multiplying by Ax we obtain 

Au = Dyu : Ax + (Ax) - Ax if Ax # 0 


= D,u + (Ax) if Ax #0 


The above equation expresses Au as a function of Ax. Calling this func- 
tion G, we have 


G(Ax) = D,u : Ax + (Ax) - Ax if Ax #0 


Hence, F(Au) = F(G(Ax)), and 
lim F(Au) = im. F(G(Ax)) 


Ar-0 


Because lim G(Ax) — 0 and F is continuous at 0 (remember that we made 
Ar-0 


it so), we can apply Theorem 2.12.5, to the right side of the above equation 
and we have 


lim F(Au) — F(lim G(Ax)) 


Ar-0 
= F(0) 
=0 
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So in Eq. (5) if we replace lim F(Au) by 0 we obtain 
Ar-0 


Dy = Duy : Deu + Dau -0 
or 
Dzy = D,y : Dru u" 


Now let us apply the chain rule to our previous example. 


EXAMPLE 1: Given 
y = (2x3 — 5x? + 4)? 
find D,y. 


SOLUTION: Considering y as a function of u, where u is a function of 
x, we have 


yu where u = 2x? — 5x* + 4 
Therefore, from the chain rule, 
D,y = Dyy : D,u = 5u*(6x? — 10x) 


= 5(2x3 — 5x? + 4)*(6x? — 10x) 


EXAMPLE 2: Given 


ES NRI: os Fe 
feo = Gay ee — 7x48 


find f'(x). 


SOLUTION: Write f(x) = (4x? + 5x* — 7x + 8) , and apply the chain rule 
to obtain 


f' (x) 9 —1(4x5 + 5x? — 7x + 8) ? (1222 + 10x — 7) 


_ —12x— 10x +7 
(4x3 + 5x? — 7x + 8)? 


EXAMPLE 3; Given 


f(x) = (E. 


find f'(x). 


soLUTION: Applying the chain rule, we have 


s o4 (2x +1? (8x — 1)(2) — (2x 4-1) (3) 
fix) =4 (231) (3x — 1)? 
20x FAC) 
|». (8x—1)5 
___ 20(2x 4- 1)? 
~ — (83x— 1)? 


EXAMPLE 4: Given 
f(x) = (3x? + 2)? (x? — 5x)? 
find f' (x). 


SOLUTION: Consider f as the product of the two functions g and h, where 
g(x) = (3x! +2)? and h(x) = (x? — 5x)? 


Using Theorem 3.5.6 for the derivative of the product of two functions, 
we have 


f'(x) = g(x)h' (x) + h(x) 9’ (x) 
We find h'(x) and g'(x) by the chain rule, thus giving us 
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f'(x) = (Bx? + 2) [3( — 5x)* (2x — 5)] + (x? — 5x)? [2 (3x + 2) (6x) ] 
= 3(3x? + 2) (x? — 5x) [ (3x? + 2) (2x — 5) + 4x(x? — 5x)] 
= 3(3x2 + 2) (x2 — 5x)?[6x3 — 15x? + Ax — 10 + 4x? — 20x?] 
= 3(3x? + 2) (x? — 5x)? (10x3 — 35x? + Ax — 10) 


Exercises 3.6 


In Exercises 1 through 20, find the derivative of the given function. 


. F(x) = (xà + Ax — 5)3 2. f(x) = (10 — 5x) 3. f(t) = Q* — 78 + 2t—1)? 

. g(r) = (2r + 8r? + 1)5 5. f(x) = (x + 4)? 6. H(z) = (2 —32: 4 1)? 

. h(u) = (312 + 5)? (3u — 1)? 8. f(x) = (4x? + 7)? 2x3 + 1)* 9. g(x) = (2x — 5) (4x + 3)? 

. f(x) = (Q8 — 4x ?)? (3 t 1) 11. f(y) = (y 12. g(t) = Getty 

. f(x) = A YA 14. h(x) — msn 15. f(r) = (r? + 1)? (2r + 5)? 

. f(y) = (y c 3)*(5y + 1)*(3y?—4) 17. f(z) -E 18. g(x) = (2x — 9)? (33 + 4x — 5)? 
JL (Ax — 1)? (3$ + 2)4 .(5x—8)* 

. G(x) TU PTSS — 20. F(x) (383) 


. A particle is moving along a straight line according to the equation of motion s = [(£* — 1) /(2+1)]?, with t = 0, 


where s ft is the directed distance of the particle from the origin at t sec. (a) What is the instantaneous velocity of the 
particle at t, sec? (b) What is the instantaneous velocity of the particle at 1 sec? (c) What is the instantaneous velocity 
at $ sec? 


. Find an equation of the tangent line to the curve y = 2/(4 — x)? at each of the following points: (0, è), (1, $), (2, 3), 


(3, 2), (5, 2), (6, 4). Draw a sketch of the graph and segments of the tangent lines at the given points. 


. Find an equation of the normal line to the curve y = 2/(x? — 2x — 4)? at the point (3, 2). 

. Find an equation of the tangent line to the curve y = (x? — 4)?/(3x — 5)? at the point (1, 2). 

. Given f(x) = xè and g(x) = f(x?). Find: (a) f’ (2); (b) g'(x). 

. Given f(u) =u? +5u+5 and g(x) = (x - 1)/(x — 1). Find the derivative of f° g in two ways: (a) by first finding 


(f° g) (x) and then finding (f ° g)’ (x); (b) by using the chain rule. 


. Suppose that f and g are two functions such that (i) g'(x;) and f'(g(x))) exist and (ii) for all x # x, in some open in- 


terval containing xı, g(x) — g (xı) # 0. Then 
(fog)(x) — (fog)(x) (fog)(x) — (og) g600—8(x) 
eg ea ee (6) 
1 g(x) — g(x) x—2 
(a) Prove that as x > xı, g(x) — g(x) and hence that 
(f° gy x) = f (ges (x) 


thus simplifying the proof of the chain rule under the additional hypothesis (ii); (b) Show that the proof of the chain 
rule given in part (a) applies if f(u) = u? and g(x) = x?, but that it does not apply if f(u) = u? and g(x) = sgn x. 
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28. Use the chain rule to prove that (a) the derivative of an even function is an odd function, and (b) the derivative of an 
odd function is an even function, provided that these derivatives exist. 


29. Use the result of Exercise 28(a) to prove that if g is an even function and g'(x) exists, then if h(x) = (f° g) (x) and f 
is differentiable everywhere, k’ (0) = 0. 


30. Suppose that f and g are functions such that f'(x) = 1/x and f(g(x)) = x. Prove that if g'(x) exists then g'(x) = g(x). 


31. Suppose that y is a function of v, v is a function of u, and u is a function of x, and that the derivatives D,y, D,v, and 
D,u all exist. Prove the chain rule for three functions: 


Dzy = (D,y) (Dv) (D,u) 


3.7 THE DERIVATIVE OF THE 
POWER FUNCTION FOR 
RATIONAL EXPONENTS 


The function f defined by 
f(x) = x" (1) 


is called the power function. In Sec. 3.5 we obtained the following formula 
for the derivative of this function when r is a positive or negative integer: 


f'G) = nr (2) 


We now show that this formula holds when r is a rational number, with 
certain stipulations when x — 0. 

We first consider x # 0, and r= 1/43, where q is a positive integer. 
Equation (1) then can be written 


f(x) = xi 


From Definition 3.3.1, we have 


; mm (x + Ax)” — xi 
DUE END NN e 


To evaluate the limit in Eq. (3) we must rationalize the numerator. To do 
this, we use formula (2) in Sec. 2.10, which is 


g^ — b" = (a — b) (a"^! + a"?b + a"3p? + + o e + ab™ t ab™? + bt) (4) 


So we rationalize the numerator of the fraction in Eq. (3) by applying 
Eq. (4), where a= (x + Ax)", b — x", and n= q. So we multiply the 
numerator and denominator by 


[(x Ax)!]07» + [(x Ax) la](e7 yt 4. at; Ne 
+ (x + Ax) Y (x19) (@-2) + (x1/9)(@-D 
We have, then, from Eq. (3), f' (x) equals 


lim [(x+ Ax)” — xv] [ (x + Ax)(a-Um + (x+ Ax) (-2)ay1ia 4 DES xia] 
hea Ax[(x + Ax) Dia + (x + Ax) Daya DE x(a] 


(5) 


and now applying Eq. (4) to the numerator we get (x + Ax)"* — x, 
which is Ax. So from (5) we obtain 
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f'(x) = lim SEE. e 
AZ Axl (x + Ax)@ a (x + Ax)@ Vayila 4 ex yia] 
Es 1 
C ante (x + AX) EDEL (x + Ax) Magia po. o yea 
= 1 
E x(a-0/a 4 x(a7-D/la p . . . 4 x(a- 0a 


Because there are exactly 4 terms in the denominator of the above frac- 
tion, we have 


: 1 
f' 6) = rare 


or, equivalently, 
, 1 ia- 
f (x) =a xia 1 (6) 


which is formula (2) with r= 1/q. 

Now, in Eq. (1) with x ¥ 0, let r= p/q, where p is any nonzero in- 
teger, and q is any positive integer; that is, ris any rational number except 
zero. Then Eq. (1) is written as 


f(x) = xia 
or, equivalently, 
f(x) = (xia)? 


Because p is either a positive or negative integer, we have, from the chain 
rule and Theorems 3.5.2 and 3.5.8, 


f'(x) = pirum . D (x!) 
Applying formula (6) for D.(x!^), we get 


f'(x) = p(x)” . 3 xia 


f (x) — : xPla-Latliq-t 


(oa eet (7) 


Formula (7) is the same as formula (2) with r= p/q. 

If r= 0, and x # 0, Eq. (1) becomes f(x) = x° = 1. In this case f' (x) = 0, 
which can be written as f'(x) — 0 - x**!. Therefore, formula (2) holds if 
r — 0 with x # 0. We have therefore shown that formula (2) holds when 
ris any rational number and x # 0. 

Now 0 is in the domain of the power function f if and only if r is a 
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3.7.1 Theorem 


3.7.2 Theorem 


positive number because when r x 0, f (0) is not defined. Hence, we wish 
to determine for what positive values of r, f'(0) will be given by formula 
(2). We must exclude the numbers in the interval (0, 1] because for those 
values of r, x"! is not a real number when x= 0. Suppose, then, that 
r > 1. By the definition of a derivative 

r 


xX— o : e 
= lim x^! 
x—0 r-0 


f'(0) — lim 


When r > 1, lim x^ ! exists and equals 0 provided that r is a number such 
r-0 


that x"! is defined on some open interval containing 0. For example, if 
y—$, x 1 = x321 = x!?, which is not defined on any open interval con- 
taining 0 (since x"? does not exist when x < 0). However, if r= $, x"! 
= x531 = xy?^, which is defined on every open interval containing 0. 
Hence, we conclude that formula (2) gives the derivative of the power 
function when x = 0 provided that r is a number for which x”! is defined 
on some open interval containing 0. Thus, we have proved the following 
theorem. 


If f is the power function, where r is any rational number (i.e., f(x) = x’), 
then 


f'(x) = rx! 
For this formula to give f’ (0), r must be a number such that x^^! is defined 


on some open interval containing 0. 


An immediate consequence of Theorem 3.7.1 and the chain rule is 
the following theorem. 


If f and g are functions such that f(x) = [g(x) ]", where r is any rational 
number, and if g'(x) exists, then 


f'G) = r[gG2]"7g' (x) 


For this formula to give f' (0), r must be a number such that [g(x) ]"^! is 
defined on some open interval containing 0. 


EXAMPLE 1: Given 
f(x) =4V2 
find f' (x). 


SOLUTION: f(x) = 4x?! 
Applying Theorem 3.7.1, we find 


f'(x) =4- 2 [x2271] 


SER 


3.7 THE DERIVATIVE OF THE POWER FUNCTION FOR RATIONAL EXPONENTS 


8 


= 3x1/3 


| 
o 
xi 
x 
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EXAMPLE 2: Given 
h(x) = V2x8 —4x * 5 
find h'(x). 


SOLUTION: h(x) = (2x3 — 4x + 5)". 
Applying Theorem 3.7.2, we have 


W (x) = 4(2x8 — 4x + 5)? (6x? — 4) 
3x7 — 2 
V2x3 — 4x +5 


EXAMPLE 3: Given 


3 
80) = Vari 
find g'(x). 


SOLUTION: Writing the given fraction as a product we have 
g(x) = x3(3x* — 1)715 
Using Theorems 3.5.6 and 3.7.2, we have 
g (x) = 3x? (338 — 1) 8 — 4(3x? — 1)~43(6x) (x°) 
= xi(3x? — 1) *[3(3x? — 1) — 2x7] 


(3 — 3) 
“Be” 


Exercises 3.7 


In Exercises 1 through 18 find the derivative of the given function. 


1. f(x) = (3x + 5)? 


4. h(t) - M 


7. E(x) = V2axi C 5x? +x 


10. f(x) = 3x2 — 6x? + ya 


13. h(x) -3—HM 
TETI 


16. G(t) = 5t—4 


2. f(s) = V2 —38 3. 86) = eae 

5. f(x) = 4x"? + 5x71? 6. g(y) = (y? + 3) ^(y? — 1)'? 
8. g(x) = VG T 5x19 9. g(t) = Vi 2 

11. F(x) = vēl 12. G(x) -7 

14. f(s) = (st + 3s? + 1) ?? 15. f(x) = VÆ —5Vx* +3 

17. f(x) = Vo V9 —x 18. g(x) = (4 


19. Find an equation of the tangent line to the curve y = Vx? + 9 at the point (4, 5). 


172 THE DERIVATIVE 


20. Find an equation of the tangent line to the curve y = (6 — 2x)!? at each of the following points: (—1, 2), (1, V/4), 
(3, 0), (5, — V4), (7, —2). Draw a sketch of the graph and segments of the tangent lines at the given points. 


21. Find an equation of the normal line to the curve y = x V16 + x’ at the origin. 
22. Find an equation of the tangent line to the curve y= 1/ V7x — 6 which is perpendicular to the line 12x — 7y + 2 — 0. 


23. An object is moving along a straight line according to the equation of motion s = V4f + 3, with t = 0. Find the values 
of t for which the measure of the instantaneous velocity is (a) 0; (b) 1; (c) 2. 


24. Given f(u) = 1/4? and g(x) = Vx| V2x3 — 6x + 1, find the derivative of f » g in two ways: (a) by first finding (f » g) (x) 
and then finding (f ° g)' (x); (b) by using the chain rule. 


In Exercises 25 through 28, find the derivative of the given function. (NT: |a| = Væ.) 
25. f(x) = |x? — 4| 26. g(x) = x|x| 
27. g(x) = |x|’ 28. h(x) = Vix] +x 
29. Suppose g(x) = |f(x)|. Prove that if f'(x) and g'(x) exist, then |g’ (x)| = |f’ (x)|. 
30. Suppose that g(x) = V9 — x? and h(x) = f(g(x)) where f is differentiable at 3. Prove that h’ (0) = 0. 
31. If g and h are functions and if f is the function defined by 
f(x) = gha) 
where r and s are rational numbers, prove that if g' (x) and h’ (x) exist 
f'(x) = [g69]7 En) JT Er > hG)g' (x) t s: g(x) h'(x)] 


In Exercises 32 through 35, use the result of Exercise 31 to find the derivative of the given function. 


32. g(x) = (4x + 3) (4 — 2) vi 33. f(x) = (3x + 2)4(x2 — 1)2^ 
34. f(r) = (By GENI 35. F(t) = (P — 2t - 1)" (B + t +5)" 


3.8 IMPLICIT Ify is a function of x defined by the equation 
DIFFERENTIATION 
y = 3x7 +5x4+1 (1) 


then y is defined explicitly in terms of x, and we can write 
y = f(x) where f(x) = 3x2 - 5x - 1 


However, not all functions are defined explicitly. For example, if we 
have the equation 


xê — 2x = 3y + y5 — y? (2) 
we cannot solve for y explicitly as a function of x; however, there may 


exist one or more functions f such that if y = f(x), Eq. (2) is satisfied, that 
is, such that the equation 


xê — 2x = Sf + LEGO =f}? 


is true for all values of x in the domain of f. In this case we state that y 
is defined implicitly as a function of x, or that the function f is defined 
implicitly by the given equation. 
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Using the assumption that Eq. (2) defines y as one or more differen- 
tiable functions of x, we can find the derivative of y with respect to x by 
the process called implicit differentiation, which we now do. 

The left side of Eq. (2) is a function of x, and the right side is a func- 
tion of y. Let F be the function defined by the left side of (2), and let G 
be the function defined by the right side of (2). Thus, 


F(x) = xê — 2x (3) 
and 

Gly) = 3y + y% = y? (4) 
where y is a function of x, say, 

y = f(x) 
So we write Eq. (2) as 

F(x) = G(f(x)) (5) 


Equation (5) is satisfied by all values of x in the domain of f for which 
G[f(x)] exists. 
Then for all values of x for which f is differentiable, we have 


D,[x* — 2x] = D«[3y* + v? — v*] (6) 
The derivative on the left side of Eq. (6) is easily found, and we have 

D [x — 2x] = 635 — 2 (7) 
We find the derivative on the right side of Eq. (6) by the chain rule, 
giving us 

D,[3y$ + y? — y?] = 18y* - Dry + 5y* - Dry — 2y : Dy (8) 
Substituting the values from (7) and (8) into (6), we obtain 

6x5 — 2 = [185° + 5y* — 2y] - Dzy 
Solving for D,y, we get 

Del EESTI 

Equation (2) is a special type of equation involving x and y because 
it can be written so that all the terms involving x are on one side of the 


equation and all the terms involving y are on the other side. We use the 
method of implicit differentiation to find D,y from an equation such as 


3x4y? — 7xy? = 4 — 8y (9) 


assuming that there exist one or more differentiable functions f such that 
if y = f(x), Eq. (9) is satisfied. Differentiating on both sides of Eq. (9) 
(bearing in mind that y is one or more differentiable functions of x), and 
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applying the theorems for the derivative of a product, the derivative of 
a power, and the chain rule, we obtain 


12:3y* + 3x*[2y + Dry] — 7y? — 7x[3? * Dy] = 0 — 8D,y 
Solving for Dzy, we have 
D,y[6x*y — 21xy? + 8] = 7,? — 12x? 


P LA 12x4? 
Pod = yy — 21xy! + 8 


Remember that we assumed that both Eqs. (2) and (9) define y as 
one or more differentiable functions of x. It may be that an equation in 
x and y does not imply the existence of any real-valued function, as is 
the case for the equation 


er+y+4=0 


which is not satisfied by any real values of x and y. Furthermore, it is pos- 
sible that an equation in x and y may be satisfied by many different func- 
tions, some of which are differentiable and some of which are not. A 
general discussion is beyond the scope of this book, but can be found in 
an advanced calculus text. In subsequent discussions, when we state that 
an equation in x and y defines y implicitly as a function of x, we assume 
that one or more of these functions is differentiable. Example 3, which 
follows, illustrates the fact that implicit differentiation gives the deriva- 
tive of every differentiable function defined by the given equation. 


EXAMPLE 1: Given SOLUTION: Differentiating implicitly with respect to x, we have 
(x + y)?— (x— y)?= x* + y 2(x + y)(1+ Dzy) — 2(x — y) (1 — Dry) = 4x3 + Ay? - Dry 
find Dzy. from which we obtain 


2x + 2y + (2x + 2y)Dry — 2x + 2y + 2x — 2y) Dry = Ax? + Ay?D,y 
Dzy (4x — 4y?) = Ax? — 4y 


x— 
Das 


EXAMPLE 2: Find an equation of | SOLUTION: Differentiating implicitly with respect to x, we obtain 
the tangent line to the curve "A B 
x3 + y — 9 at the point (1, 2). 3x? + 3y? - Dy — 0 

Hence, 


x? 
D,y-—25 
E 
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is then 


y=2=-4(x— 1) 
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Therefore, at the point (1, 2), Dzy — —&. An equation of the tangent line 


EXAMPLE 3: Given the equation 
xX + y* = 9, find: (a) Dy by 
implicit differentiation; (b) two 
functions defined by the equa- 
tion; (c) the derivative of each of 
the functions obtained in part (b) 
by explicit differentiation. 

(d) Verify that the result obtained 
in part (a) agrees with the results 
obtained in part (c). 


SOLUTION: (a) Differentiating implicitly, we find 


2x -2yD,y —0 and so Dj -—7 


(b) Solving the given equation for y, we obtain 
y^ V9—3x* and y—-—-V9—3 
Let f; be the function for which 


fix) = V9— x? 
and f, be the function for which 
fo(x) =—V9— x? 


(c) Because f,(x) = (9 — x?)!?, by using the chain rule we obtain 
fi (x) = 409 — x3) 1^(—2x) 


PENES. 
7 ve-g 
Similarly, we get 
; x 
fi) = ae 


(d) For y = f,(x), where f,(x) = V9 — x?, we have from part (c) 


x x 


er eas y 


— V9 — x*, we have from part (c) 


F m x 
fe (x) = V9 — æ 


which also agrees with the answer in part (a). 


which agrees with the answer in part (a). For y = f;(x), where f,(x) = 
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Exercises 3.8 


In Exercises 1 through 16, find D,y by implicit differentiation. 


1. 3c4a)-—16 2. 2x3y + 3xy2=5 3. x3 + y? = 8xy 
4, = 2 ty s l.l. 6. f—4y— x 

x— 2y x y y 
7. Vx * Vy —4 8. y+ Vxy = 3x? 9. xj? =x + y) 
10. yV2+3x+xV1l+y=x 11. (xt y} — (x— y} =x +y 12. (2x + 3)t = 3y 
CEA 14. Vy + Yy + NVy-x 15. Vxy +2x= Vy 


16. Xy? = x* — y* 
In Exercises 17 through 20, consider y as the independent variable and find D,x. 
17. x! + y* = 12x?y 18. y= 2x3 — 5x 
19. x*y + 2y*— x! - 0 20. y Vx —x Vy — 9 
21. Find an equation of the tangent line to the curve 16x* + y* = 32 at the point (1, 2). 
22. There are two lines through the point (—1, 3) which are tangent to the curve 
x? + 4y? — 4x — 8y -3-0 

Find an equation of each of these lines. 
23. Prove that the sum of the x and y intercepts of any tangent line to the curve x1? + y"? = k"? is constant and equal to k. 
24. If x"y" = (x + y)"*™, prove that x > Dzy = y. 
In Exercises 25 through 30, an equation is given. Do the following in each of these problems: (a) Find two functions de- 
fined by the equation, and state their domains. (b) Draw a sketch of the graph of each of the functions obtained in part (a). 
(c) Draw a sketch of the graph of the equation. (d) Find the derivative of each of the functions obtained in part (a) and 


state the domains of the derivatives. (e) Find D,y by implicit differentiation from the given equation, and verify that the 
result so obtained agrees with the results in part (d). (f) Find an equation of each tangent line at the given value of x,. 


25. y2 = 4x —8; x,—3 26. 2+ y —25;x,—4 
27. — 259; x,— —5 28. y? — x? = 16; x, =—3 
29, P+ y —2x -4y -4— 0; x4,—1 30. xX + Ay? + 6x — 40y + 93 =0; x,— —2 


Review Exercises (Chapter 3) 


In Exercises 1 through 14, find D,y. 


2Q x 2x 
m mp 2. y= J29 3. 4x* + 4y? — y3=0 
TAs x3 
4 y= V1+x+V1I-x 5. =(vz+ ) Y= 
: i TUER $ 37 GE 2) 4x — 5) 
7. y= sd 8. xy? + 2y3=x—2y 9, MT AMET 
10, x?3 + y28 = qaa 11. y= (x2 — 1)?2 (2 — 4) 12 12. y= Ve+1+Vx—-1 


YO VEFi- Ve i 


13. 


15. 


32. 


33. 
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x V3 T 2x 


z= 2]3 = 
y — xt [x + (xt+x)?] 14. y= 


A particle is moving in a straight line according to the equation of motion s = t — 11# + 24t + 100 where s ft is the 
directed distance of the particle from the starting point at t sec. (a) The particle is at the starting point when t — 0. For 
what other values of t is the particle at the starting point? (b) Determine the velocity of the particle at each instant 
that it is at the starting point, and interpet the sign of the velocity in each case. 


. Find equations of the tangent lines to the curve y = 2x? + 4x? — x that have the slope 3. 
. Find equations of the tangent line and normal line to the curve 2x? + 2y? — 9xy = 0 at the point (2, 1). 


. An object is sliding down an inclined plane according to the equation of motion s = 128? + 6t where s ft is the directed 


distance of the object from the top t sec after starting. (a) Find the velocity 3 sec after the start. (b) Find the initial velocity. 


. Using only the definition of a derivative find f'(x) if f(x) — Vax — 3. 

. Using only the definition of a derivative find f'(5) if f(x) = V3x +1. 

, Find f'G) if f(x) = (|x + 1| — |x|). 

. Find f'(x) if f(x) = x — [x]. 

. Given f(x) = |x|*. (a) Draw a sketch of the graph of f. (b) Find lim f(x) i£ it exists. (c) Find f'(0) if it exists. 


. Given f(x) — x? sgn x. (a) Discuss the differentiability of f. (b) Is f' continuous on its domain? 
. Find f' (—3) if f(x) = [x + 41 V/9x. 
. Find f' (—3) if f(x) = (|x| — x) W9x. 


. Prove that the line tangent to the curve y = —x* + 2x? + x at the point (1, 2) is also tangent to the curve at another 


point, and find this point. 


. Find an equation of the normal line to the curve x — y — Vx t y at the point (3, 1). 
. A ball is thrown vertically upward from the top of a house 112 ft high. Its equation of motion is s = —16f + 96t where 


s ft is the directed distance of the ball from the starting point at t sec. Find: (a) the instantaneous velocity of the ball 
at 2 sec; (b) how high the ball will go; (c) how long it takes for the ball to reach the ground; (d) the instantaneous velocity 
of the ball when it reaches the ground. 


. Prove that the tangent lines to the curves 4y? — x?y — x + 5y = 0 and xt — 4y? + 5x + y = 0 at the origin are perpendicular. 
31. 


Given 
ax +b ifx=<=1 
f(x) = B ifx 1 


Find the values of a and b so that f'(1) exists. 


If the two functions f and g are differentiable at the number x,, is the composite function f ° g necessarily differen- 
tiable at x,? If your answer is yes, prove it. If your answer is no, give a counterexample. 


Suppose f(x) = 3x + |x| and g(x) = ix — 4|x|. Prove that neither f'(0) nor g’(0) exists but that (f » g)’(0) does exist. 


Give an example of two functions f and g for which f is differentiable at g (0), g is not differentiable at 0, and f ° g is 
differentiable at 0. 


. Give an example of two functions f and g for which f is not differentiable at (0), g is differentiable at 0, and f ° g is 


differentiable at 0. 


. In Exercise 27 of Exercises 3.3, you are to prove that if f is differentiable at a, then 
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f(a) = lim fla + 29 fe — Ax) 


Show by using the absolute value function that it is possible for the limit in the above equation to exist even thougt 
f'(a) does not exist. 


37. If f'(x) exists, prove that 
ia xf (x1) — xif(x) 


rx x—Xx 


f(x) xf’ (x) 


38. Let f and g be two functions whose domains are the set of all real numbers. Furthermore, suppose that (i) g(x) = xf(x) 
+1; (ii) g(a + b) = g(a) * g(b) for all a and b; (iii) lim f(x) = 1. Prove that g'(x) = g(x). 
r-0 


39. The remainder theorem of elementary algebra states that if P(x) is a polynomial in x and r is any real number, ther 
there is a polynomial Q(x) such that P(x) = Q(x) (x — r) + P(r). What is lim Q(x)? 


* 


4.1 THE DERIVATIVE AS A 
RATE OF CHANGE 


4 
Applications 
of the Derivative 


The concept of velocity in rectilinear motion corresponds to the more 
general concept of instantaneous rate of change. For example, if a particle 
is moving along a straight line according to the equation of motion s — f(t), 
we have seen that the velocity of the particle at t units of time is deter- 
mined by the derivative of s with respect to t. Because velocity can be 
interpreted as a rate of change of distance per unit change in time, we 
see that the derivative of s with respect to t is the rate of change of s per 
unit change in t. 

In a similar way, if a quantity y is a function of a quantity x, we may 
express the rate of change of y per unit change in x. The discussion is 
analogous to the discussions of the slope of a tangent line to a graph and 
the instantaneous velocity of a particle moving along a straight line. 

If the functional relationship between y and x is given by 


y = f(x) 
and if x changes from the value x, to x, + Ax, then y changes from f(x) to 
f(x, + Ax). So the change in y, which we may denote by Ay, is f(x, + Ax) 
— f(x) when the change in x is Ax. The average rate of change of y, per 
unit change in x, as x changes from x, to x, + Ax is then 

f(x + Ax) — f(x) _ Ay 

Ax Ax (1) 

If the limit of this quotient exists as Ax — 0, this limit is what we intui- 


tively think of as the instantaneous rate of change of y per unit change 
in x at xy. Accordingly, we have the following definition. 
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(xv y1) 


o| 


Figure 4.1.1 
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If y = f(x), the instantaneous rate of change of y per unit change in x at x, 
is f' (x1) or, equivalently, the derivative of y with respect to x at x, if it 
exists there. 


The instantaneous rate of change of y per unit change in x may be 
interpreted as the change in y caused by a change of one unit in x if the 
rate of change remains constant. To illustrate this geometrically, let f' (x,) 
be the instantaneous rate of change of y per unit change in x at x,. Then if 
we multiply f' (xi) by Ax (the change in x) we have the change that would 
occur in y if the point (x, y) were to move along the tangent line at (x,, yi) 
of the graph of y — f(x). See Fig. 4.1.1. The average rate of change of y 
per unit change in x is given by the fraction in Eq. (1), and if this is multi- 
plied by Ax, we have 

Ay 


A Ax = Ay 


which is the actual change in y caused by a change of Ax in x when the 
point (x, y) moves along the graph. 


EXAMPLE 1: Let V cubic inches 
be the volume of a cube having 
an edge of length e inches. Find 
the average rate of change of the 
volume per inch change in the 
length of the edge as e changes 
from (a) 3 to 3.2; (b) 3 to 3.1; 

(c) 3 to 3.01. (d) What is the 
instantaneous rate of change of 
the volume per inch change in 
the length of the edge when 
e=3? 


SOLUTION: Because the formula for finding the volume of a cube is 
V= æ, let f be the function defined by f(e) = e?. Then the average rate 
of change of V per unit change in e as e changes from e, to e, + Ae is 


f(e + Ae) — f(e) 


Ae 
(a) e, — 3, Ae = 0.2, and 16.2) 7 TO) = i 2 T 28.84 
(b) e; = 3, Ae = 0.1, and fen) - er. mae 27.91 
(c) ey =3, Ae=0.01, and 13-01) — £0) _ GON oa. 27.09 


In part (a) we see that as the length of the edge of the cube changes 
from 3 inches to 3.2 inches, the change in the volume is 5.768 cubic inches 
and the average rate of change of the volume is 28.84 cubic inches per 
inch change in the length of the edge. There are similar interpretations 
of parts (b) and (c). 

(d) The instantaneous rate of change of V per unit change in e at 3 
is f' (3). 

f (e) 23e 
Hence, 

f'3)227 
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Therefore, when the length of the edge of the cube is 3 inches, the instan- 
taneous rate of change of the volume is 27 cubic inches per inch change 
in the length of the edge. 


EXAMPLE 2: The annual gross 
earnings of a particular corpora- 
tion t years after January 1, 1970, 
is p millions of dollars and 


p=%P+ 2t+ 10 


Find: (a) the rate at which the 
gross earnings were growing 
January 1, 1972; (b) the rate at 
which the gross earnings should 
be growing January 1, 1976. 


SOLUTION: (a) On January 1, 1972, t — 2; hence, we find Dip when t = 2. 


Dp=4t+2 De| =$42=36 
t=2 
So on January 1, 1972, the gross earnings were growing at the rate of 3.6 
million dollars per year. 
(b) On January 1, 1976, t = 6 and 


Dp | — $4 -F2— 6.8 


t-6 
Therefore, on January 1, 1976, the gross earnings should be growing at 
the rate of 6.8 million dollars per year. 


4.1.2 Definition 


The results of Example 2 are meaningful only if they are compared 
to the actual earnings of the corporation. For example, if on January 1, 
1971, it was found that the earnings of the corporation for the year 1970 
had been 3 million dollars, then the rate of growth on January 1, 1972, 
of 3.4 million dollars annually would have been excellent. However, if 
the earnings in 1970 had been 300 million dollars, then the growth rate 
on January 1, 1972, would have been very poor. The measure used to 
compare the rate of change with the amount of the quantity which is 
being changed is called the relative rate. 


If y = f(x), the relative rate of change of y per unit change in x at x, is given 
by f'(x1)/f(x1) or, equivalently, D;vy/y evaluated at x = x,. 


If the relative rate is multiplied by 100, we have the percent rate of 
change. 


EXAMPLE 3: Find the relative 
rate of growth of the gross earn- 
ings on January 1, 1972, and 
January 1, 1976, for the corpo- 
ration of Example 2. 


SOLUTION: (a) When t= 2, p = &(4) + 2(2) + 10 = 15.6. Hence, on Janu- 
ary 1, 1972, the relative rate of growth of the corporation’s annual gross 
earnings was 


Dp] _ 36 
AS 156 0.231 = 23.1% 


(b) When t= 6, p = #(36) + 2(6) + 10 = 36.4. Therefore, on January 
1, 1976, the relative rate of growth of the corporation’s annual gross 
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earnings should be 


Dp 6.8 
Alb 36.4 0.187 = 18.7% 


Note that the growth rate of 6.8 million dollars for January 1, 1976, is 
greater than the 3.6 million dollars for January 1, 1972; however, the rela- 
tive growth rate of 18.7% for January 1, 1976, is less than the relative 
growth rate of 23.1% for January 1, 1972. 


Exercises 4.1 


1. 


10. 


11. 


12. 


If A in.? is the area of a square and s in. is the length of a side of the square, find the average rate of change of A with 
respect to s as s changes from (a) 4 to 4.6; (b) 4 to 4.3; (c) 4 to 4.1. (d) What is the instantaneous rate of change of A with 
respect to s when s is 4? 


. Suppose a right-circular cylinder has a constant height of 10 in. If V in.? is the volume of the right-circular cylinder, 


and r in. is the radius of its base, find the average rate of change of V with respect to r as r changes from (a) 5 to 5.4; 
(b) 5 to 5.1; (c) 5 to 5.01. (d) Find the instantaneous rate of change of V with respect to r when r is 5. 


. Let r be the reciprocal of a number n. Find the instantaneous rate of change of r with respect to n and the relative rate 


of change of r per unit change in n when n is (a) 4 and (b) 10. 


. Let s be the principal square root of a number x. Find the instantaneous rate of change of s with respect to x and the 


relative rate of change of s per unit change in x when x is (a) 9 and (b) 4. 


. If water is being drained from a swimming pool and V gal is the volume of water in the pool t min after the draining 


starts, where V — 250(40 — t)?, find (a) the average rate at which the water leaves the pool during the first 5 min, and 
(b) how fast the water is flowing out of the pool 5 min after the draining starts. 


. The supply equation for a certain kind of pencil is x = 3p? + 2p where p cents is the price per pencil when 1000x pen- 


cils are supplied. (a) Find the average rate of change of the supply per 1 cent change in the price when the price is 
increased from 10 cents to 11 cents. (b) Find the instantaneous (or marginal) rate of change of the supply per 1 cent 
change in the price when the price is 10 cents. 


. The profit of a retail store is 100y dollars when x dollars are spent daily on advertising and y = 2500 + 36x — 0.2x?. 


Use the derivative to determine if it would be profitable for the daily advertising budget to be increased if the current 
daily advertising budget is (a) $60 and (b) $100. 


. A balloon maintains the shape of a sphere as it is being inflated. Find the rate of change of the surface area with re- 


spect to the radius at the instant when the radius is 2 in. 


. In an electric circuit, if E volts is the electromotive force, R ohms is the resistance, and I amperes is the current, Ohm's 


law states that IR — E. Assuming that E is constant, show that R decreases at a rate that is proportional to the inverse 
square of I. 


Boyle's law for the expansion of a gas is PV — C, where P is the number of pounds per square unit of pressure, V is 
the number of cubic units in the volume of the gas, and C is a constant. Find the instantaneous rate of change of the 
volume per change of one pound per square unit in the pressure when P — 4 and V — 8. 


A bomber is flying parallel to the ground at an altitude of 2 mi and at a speed of 4$ mi/min. If the bomber flies directly 
over a target, at what rate is the line-of-sight distance between the bomber and the target changing 20 sec later? 


At 8 A.M. a ship sailing due north at 24 knots (nautical miles per hour) is at a point P. At 10 A.M. a second ship sailing 
due east at 32 knots is at P. At what rate is the distance between the two ships changing at (a) 9 a.m. and (b) 11 A.M.? 
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There are many problems concerned with the rate of change of two or 
more related variables with respect to time, in which it is not necessary 
to express each of these variables directly as functions of time. For ex- 
ample, suppose that we are given an equation involving the variables x 
and y, and that both x and y are functions of a third variable t, where 
t sec denotes time. Then, because the rate of change of x with respect to 
t and the rate of change of y with respect to t are given by D,x and Dy, 
respectively, we differentiate on both sides of the given equation with 
respect to t by applying the chain rule and proceed as below. 


EXAMPLE 1: A ladder 25 ft long 
is leaning against a vertical wall. 
If the bottom of the ladder is 
pulled horizontally away from 
the wall at 3 ft/sec, how fast is 
the top of the ladder sliding 
down the wall, when the bottom 
is 15 ft from the wall? 


25 ft 


e 
TH 
LL 


Figure 4.2.1 


Let t= the number of seconds in the time that has elapsed 
since the ladder started to slide down the wall; 
y = the number of feet in the distance from the ground 
to the top of the ladder at t sec; 
x= the number of feet in the distance from the bottom 
of the ladder to the wall at t sec. 
See Fig. 4.2.1. Because the bottom of the ladder is pulled horizontally 
away from the wall at 3 ft/sec, D,x = 3. We wish to find D,y when x = 15. 
From the Pythagorean theorem, we have 


y = 625 — x (1) 


SOLUTION: 


Because x and y are functions of t, we differentiate on both sides of 
Eq. (1) with respect to t and obtain 


2y Dy = —2x Dx 


giving us 
x 
Dy =- y Dix (2) 


When x = 15, it follows from Eq. (1) that y = 20. Because D,x = 3, we 
get from (2) 


Da 


Therefore, the top of the ladder is sliding down the wall at the rate of 
24 ft/sec when the bottom is 15 ft from the wall. (The significance of the 
minus sign is that y is decreasing as t is increasing.) 


--H:3--i 


y=20 


EXAMPLE 2: A tank is in the 
form of an inverted cone, having 
an altitude of 16 ft and a base 
radius of 4 ft. Water is flowing 
into the tank at the rate of 

2 ft?/min. How fast is the water 


SOLUTION: Let f= the number of minutes in the time that has elapsed 

since water started to flow into the tank; 

h = the number of feet in the height of the water level at 
t min; 

r= the number of feet in the radius of the surface of the 
water at f min; 

V — the number of cubic feet in the volume of water in 
the tank at f min. 
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level rising when the water is 
5 ft deep? 


Figure 4.2.2 


At any time, the volume of water in the tank may be expressed in 
terms of the volume of a cone (see Fig. 4.2.2). 
V-—isrih (3) 


V, r, and h are all functions of f. Because water is flowing into the tank at 
the rate of 2 ft?/min, D,V = 2. We wish to find D,h when h = 5. To express 
r in terms of h, we have from similar triangles 


LIRE —1 
nde. tu 
Substituting this value of r into formula (3), we obtain 
V=4n(th)2(h) or V= mh? (4) 


Differentiating on both sides of Eq. (4) with respect to t, we get 
DY = ich D,h 
Substituting 2 for D,V and solving for D,h, we obtain 


32 

DA = qe 
Therefore, 

_ 32 

Da]. 25a 


We conclude that the water level is rising at the rate of 32/257 ft/min 
when the water is 5 ft deep. 


EXAMPLE 3: Two cars, one going 
due east at the rate of 37.5 mi/hr 
and the other going due south at 
the rate of 30 mi/hr, are traveling 
toward an intersection of the two 
roads. At what rate are the two 
cars approaching each other at 
the instant when the first car is 
400 ft and the second car is 300 ft 
from the intersection? 


the two roads. 
Let x = the number of feet in the distance of the first car from P at 
t sec; 
y = the number of feet in the distance of the second car from P 
at t sec; 
— the number of feet in the distance between the two cars at 
] t sec. 

Because the first car is approaching P at the rate of 37.5 mi/hr — 
37.5 - 1$ ft/sec = 55 ft/sec and because x is decreasing as t is increasing, 
it follows that Dx — —55. Similarly, because 30 mi/hr = 30 : i2 ft/sec = 
44 ft/sec, Dy — —44. We wish to find D,z when x= 400 and y = 300. 
From the Pythagorean theorem we have 


g-r£t1y (5) 
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Differentiating on both sides of Eq. (5) with respect to t, we obtain 
2z Diz = 2x Dix + 2y Dy 
and so 


x Dix + y Dy 


D,z == 
Z 


(6) 
When x = 400 and y = 300, it follows from Eq. (5) that z = 500. In Eq. (6), 
substituting Dx — —55, Diy = —44, x = 400, y = 300, and z = 500, we get 


Dal — (400) (55) + (000-40. 5, 


Therefore, at the instant in question the cars are approaching each other 
at the rate of 70.4 ft/sec. 


Exercises 4.2 


1. A kite is flying at a height of 40 ft. A boy is flying it so that it is moving horizontally at a rate of 3 ft/sec. If the string 
is taut, at what rate is the string being paid out when the length of the string released is 50 ft? 


2. A spherical balloon is being inflated so that itf volume is increasing at the rate of 5 ft?/min. At what rate is the diameter aA 
increasing when the diameter is 12 ft? 


3. A spherical snowball is being made so that its volume is increasing at the rate of 8 ft?/min. Find the rate at which the 
radius is increasing when the snowball is 4 ft in diameter. 


4. Suppose that when the diameter is 6 ft the snowball in Exercise 3 stopped growing and started to melt at the rate of 
1 ft?/min. Find the rate at which the radius is changing when the radius is 2 ft. 


5. Sand is being dropped at the rate of 10 ft?/min onto a conical pile. If the height of the pile is always twice the base 
radius, at what rate is the height increasing when the pile is 8 ft high? 


6. A light is hung 15 ft above a straight horizontal path. If a man 6 ft tall is walking away from the light at the rate of 
5 ft/sec, how fast is his shadow lengthening? 


7. In Exercise 6 at what rate is the tip of the man's shadow moving? 


8. A man 6 ft tall is walking toward a building at the rate of 5 ft/sec. If there is a light on the ground 50 ft from the build- 
ing, how fast is the man's shadow on the building growing shorter when he is 30 ft from the building? 


9. A water tank in the form of an inverted cone is being emptied at the rate of 6 ft?/min. The altitude of the cone is 24 ft, 
and the base radius is 12 ft. Find how fast the water level is lowering when the water is 10 ft deep. 


10. A trough is 12 ft long and its ends are in the form of inverted isosceles triangles having an altitude of 3 ft and a base 
of 3 ft. Water is flowing into the trough at the rate of 2 ft?/min. How fast is the water level rising when the water is 
1 ft deep? 


11. Boyle's law for the expansion of gas is PV — C, where P is the number of pounds per square unit of pressure, V is the 
number of cubic units of volume of the gas, and C is a constant. At a certain instant the pressure is 3000 lb/ft’, the vol- 
ume is 5 ft®, and the volume is increasing at the rate of 3 ft?/min. Find the rate of change of the pressure at this instant. 


12. The adiabatic law (no gain or loss of heat) for the expansion of air is PV** = C, where P is the number of pounds per 
square unit of pressure, V is the number of cubic units of volume, and C is a constant. At a specific instant, the pres- 
sure is 40 Ib/in.? and is increasing at the rate of 8 Ib/in.? each second. What is the rate of change of volume at this instant? 
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13. 


14. 


15. 


16. 


17. 


18. 


An automobile traveling at a rate of 30 ft/sec is approaching an intersection. When the automobile is 120 ft from the 
intersection, a truck traveling at the rate of 40 ft/sec crosses the intersection. The automobile and the truck are on roads 
that are at right angles to each other. How fast are the automobile and the truck separating 2 sec after the truck leaves 
the intersection? 


A man on a dock is pulling in a boat at the rate of 50 ft/min by means of a rope attached to the boat at water level. If 
the man's hands are 16 ft above the water level, how fast is the boat approaching the dock when the amount of rope 
out is 20 ft? 


A ladder 20 ft long is leaning against an embankment inclined 60? to the horizontal. If the bottom of the ladder is being 
moved horizontally toward the embankment at 1 ft/sec, how fast is the top of the ladder moving when the bottom is 
4 ft from the embankment? 


A horizontal trough is 16 ft long, and its ends are isosceles trapezoids with an altitude of 4 ft, a lower base of 4 ft, and 
an upper base of 6 ft. Water is being poured into the trough at the rate of 10 ft?/min. How fast is the water level rising 
when the water is 2 ft deep? 


In Exercise 16 if the water level is decreasing at the rate of 1 ft/min when the water is 3 ft deep, at what rate is water 
being drawn from the trough? 


Water is being poured at the rate of 8 ft*/min into a tank in the form of a cone. The cone is 20 ft deep and 10 ft in di- 
ameter at the top. If there is a leak in the bottom, and the water level is rising at the rate of 1 in./min, when the water 
is 16 ft deep, how fast is the water leaking? 


4.3 MAXIMUM AND We have seen that the geometrical interpretation of the derivative of a 
MINIMUM VALUES function is the slope of the tangent line to the graph of a function at a 
OF A FUNCTION point. This fact enables us to apply derivatives as an aid in sketching 
graphs. For example, the derivative may be used to determine at what 

points the tangent line is horizontal; these are the points where the de- 

rivative is zero. Also, the derivative may be used to find the intervals for 

which the graph of a function lies above the tangent line and the intervals 

for which the graph lies below the tangent line. Before applying the deriv- 

ative to draw sketches of graphs, we need some definitions and theorems. 


4.3.1 Definition The function f is said to have a relative maximum value at c if there exists 
an open interval containing c, on which f is defined, such that f(c) = f(x) 
for all x in this interval. 


Figures 4.3.1 and 4.3.2 each show a sketch of a portion of the graph 
of a function having a relative maximum value at c. 


xv e x 
a c b Figure 4.3.1 a c b Figure 4.3.2 


4.3.2 Definition 


4.3.3 Theorem 
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The function f is said to have a relative minimum value at c if there exists 
an open interval containing c, on which f is defined, such that f (c) = f(x) 
for all x in this interval. 


Figures 4.3.3 and 4.3.4 each show a sketch of a portion of the graph 
of a function having a relative minimum value at c. 
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If the function f has either a relative maximum or a relative minimum 
value at c, then f is said to have a relative extremum at c. (The plurals of 
maximum and minimum are maxima and minima; the plural of extremum 
is extrema.) 

The following theorem enables us to locate the possible values of c 
for which there is a relative extremum. 


If f(x) exists for all values of x in the open interval (a, b) and if f has a rela- 
tive extremum at c, where a « c « b, then if f'(c) exists, f'(c) — 0. 


PROOr: The proof will be given for the case when f has a relative mini- 
mum value at c. 
If f' (c) exists, from formula (5) of Sec. 3.3 we have 


f(x) — fle) 
Dm E 


c 


f'(c) - lim (1) 


Because f has a relative minimum value at c, by Definition 4.3.2, if x is 
sufficiently close to c, it follows that 


f(x) —f(c) =0 
If x is approaching c from the right, x — c > 0, and therefore 
$0 Ka... 
xc 
By Theorem 2.10.7, if the limit exists, 


lim Hay hey — fe) =0 


rct x—c 


Q) 
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Similarly, if x is approaching c from the left, x — c < 0, and therefore 
fe) = flO . 
xe 
so that by Theorem 2.10.6, if the limit exists, 
OE O 


rc x— Ce 


(3) 


Because f'(c) exists, the limits in inequalities (2) and (3) must be 
equal, and both must be equal to f' (c). So from (2) we have 


f'(c) 20 (4) 
and from (3), 
f'(c) «0 (5) 


Because both (4) and (5) are taken to be true, we conclude that 
f'(c) = 
which was to be proved. 


The proof for the case when f has a relative maximum value at c is 
similar and is left for the reader (see Exercise 37). a 


The geometrical interpretation of Theorem 4.3.3 is that if f has a rela- 
tive extremum at c and if f’(c) exists, then the graph of y = f(x) must have 
a horizontal tangent line at the point where x= c. 

If f is a differentiable function, then the only possible values of x for 
which f can have a relative extremum are those for which f' (x) = 0. How- 
ever, f'(x) can be equal to zero for a specific value of x, and yet f may not 
have a relative extremum there. For example, consider the function f de- 
fined by 


f(x) = (x-1)? 
A sketch of the graph of this function is shown in Fig. 4.3.5. f'(x) = 
3(x — 1)?, and so f'(1) —0. However, f(x) < 0, if x < 1, and f(x) > 0, 
if x > 1. So f does not have a relative extremum at 1. 

Furthermore, f may have a relative extremum at a number, and f' 


may fail to exist there. This is illustrated by the function f defined as 
follows: 


 (2x—1 ifx <3 

fx) ={ 8—x if3<x 
A sketch of the graph of this function is shown in Fig. 4.3.6. The 
function f has a relative maximum value at 3. The derivative from the 
left at 3 is given by f'(3) — 2, and the derivative from the right at 3 is 
given by f'(3) — —1. Therefore, we conclude that f'(3) does not exist. 


4.3.4 Definition 
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This example demonstrates why the condition "f'(c) exists" must be 
included in the hypothesis of Theorem 4.3.3. 

In summary, then, if a function f is defined at a number c, a necessary 
condition for f to have a relative extremum there is that either f'(c) = 0 
or f'(c) does not exist. But we have noted that this condition is not 
sufficient. 


If c is a number in the domain of the function f and if either f’ (c) = 0 or 
f'(c) does not exist, then c is called a critical number of f. 


Because of this definition and the previous discussion, we can con- 
clude that a necessary condition for a function to have a relative extremum 
at a number c is for c to be a critical number. 


EXAMPLE 1: Find the critical 
numbers of the function f 
defined by f(x) = x*? + 4x8, 


4 4 


SOLUTION: f'(x) = greets x ae =$ x(x +1) = aor) 


3x?? 


f'(x) =0 when x ——1, and f'(x) does not exist when x = 0. Both —1 
and 0 are in the domain of f; therefore, the critical numbers of f are —1 
and 0. 


4.3.5 Definition 


4.3.6 Definition 


We are frequently concerned with a function which is defined on a 
given interval, and we wish to find the largest or smallest function value 
on the interval. These intervals can be either closed, open, or closed at 
one end and open at the other. The greatest function value on an interval 
is called the absolute maximum value, and the smallest function value on 
an interval is called the absolute minimum value. Following are the pre- 
cise definitions. 


The function f is said to have an absolute maximum value on an interoal if 
there is some number c in the interval such that f(c) = f(x) for all x in 
the interval. In such a case, f(c) is the absolute maximum value of f on 
the interval. 


The function f is said to have an absolute minimum value on an interval if 
there is some number c in the interval such that f(c) < f(x) for all x in 
the interval. In such a case, f(c) is the absolute minimum value of f on 
the interval. 


An absolute extremum of a function on an interval is either an abso- 
lute maximum value or an absolute minimum value of the function on 
the interval. A function may or may not have an absolute extremum on a 
given interval. In each of the following examples a function and an in- 
terval are given, and we determine the absolute extrema of the function 
on the interval if there are any. 
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EXAMPLE 2: Given 
f(x) = 2x 


find the absolute extrema of f on 
the interval [1, 4) if there are any. 


EXAMPLE 3; Given 
f(x) 2-2 


find the absolute extrema of f on 
(—3, 2] if there are any. 


SOLUTION: A sketch of the graph of f on [1, 4) is shown in Fig. 4.3.7. 

The function f has an absolute minimum value of 2 on [1,4). There is no 

absolute maximum value of f on [1, 4), because lim f(x) = 8, but f(x) is 
3-47 


always less than 8 on the given interval. 


y 


Figure 4.3.7 


SOLUTION: A sketch of the graph of f on (-3, 2] is shown in Fig. 4.3.8. 

The function f has an absolute maximum value of 0 on (—3, 2]. There is 

no absolute minimum value of f on (—3, 2] because lim f(x) — —9, but 
L+—3t 


f(x) is always greater than —9 on the given interval. 


Figure 4.3.8 


EXAMPLE 4: Given 


f(x) = — 


1—3 


| sotution: A sketch of the graph of f on (—1, 1) is shown in Fig. 4.3.9. 


The function f has neither an absolute maximum value nor an absolute 
minimum value on (—1, 1). 


find the absolute extrema of f on 
(71, 1) if there are any. 
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lim f(x) ——9 and lim f(x) =+ 
q-—1* Z-r 


y 


l 
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Figure 4.3.9 


EXAMPLE 5; Given 
ie x+1 ifx <1 
j xXx—6x+7 iflsx 


find the absolute extrema of f on 
[-5, 4] if there are any. 


SOLUTION: A sketch of the graph of f on [—5, 4] is shown in Fig. 4.3.10. 
The absolute maximum value of f on [—5, 4] occurs at 1, and f(1) = 2; the 
absolute minimum value of f on [—5, 4] occurs at —5, and f(—5) = —4. 
Note that f has a relative maximum value at 1 and a relative minimum 
value at 3. Also, note that 1 is a critical number of f because f' does not 
exist at 1, and 3 is a critical number of f because f' (3) — 0. 


Figure 4.3.10 


Given 


1 
x=3 


EXAMPLE 6: 


f(x) = 


find the absolute extrema of f on 


the interval [1, 5] if there are any. 


SOLUTION: A sketch of the graph is shown in Fig. 4.3.11. The function 

f has neither an absolute maximum value nor an absolute minimum value 

on [1, 5]. lim f(x) =—%; so f(x) can be made less than any negative 
e 


z> 
number by taking (3 — x) > 0 and less than a suitable positive 5. Also, 
lim f(x) = +%; so f(x) can be made greater than any positive number 
z-3* 


by taking (x — 3) > 0 and less than a suitable positive ô. 
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2 
_1/0 5 
2 | 
= 
Figure 4.3.11 


We may spẹak of an absolute extremum of a function when no in- 
terval is specified. In such a case we are referring to an absolute extremum 
of the function on the entire domain of the function. 


4.3.7 Definition f(c) is said to be the absolute maximum value of the function f if c is in 
the domain of f and if f(c) = f(x) for all values of x in the domain of f. 


4.3.8 Definition f(c) is said to be the absolute minimum value of the function f if c is in the 
domain of f and if f(c) s f(x) for all values of x in the domain of f. 


EXAMPLE 7: Given soLUTION: The graph of f is a parabola, and a sketch is shown in Fig. 
f(x) 233 — Ax - 8 4.3.12. The vertex of the parabola is at the point (2, 4), and the parabola 


opens upward. The function has an absolute minimum value of 4 at 2. 
determine the absolute extrema There is no absolute maximum value of f. 


of f if there are any. y 


(2, 4) 


Figure 4.3.12 


4.3.9 Theorem 


Extreme-Value Theorem 
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Referring back to Examples 2-7, we see that the only case in which 
there is both an absolute maximum function value and an absolute mini- 
mum function value is in Example 5, where the function is continuous on 
the closed interval [—5, 4]. In the other examples, either we do not have 
a closed interval or we do not have a continuous function. If a function 
is continuous on a closed interval, there is a theorem, called the extreme- 
value theorem, which assures us that the function has both an absolute 
maximum value and an absolute minimum value on the interval. The 
proof of this theorem is beyond the scope of this book, but we can state 
it without proof. The reader is referred to an advanced calculus text for 
the proof. 


If the function f is continuous on the closed interval [a, b], then f has an 
absolute maximum value and an absolute minimum value on [a, b]. 


An absolute extremum of a function on a closed interval must be 
either a relative extremum or a function value at an endpoint of the in- 
terval. Because a necessary condition for a function to have a relative 
extremum at a number c is for c to be a critical number, we can determine 
the absolute maximum value and the absolute minimum value of a con- 
tinuous function f on a closed interval [a, b] by the following procedure: 


(1) find the function values at the critical numbers of f on [a, b]; 

(2) find the values of f(a) and f(b); 

(3) the largest of the values from steps (1) and (2) is the absolute 
maximum value, and the smallest of the values from steps (1) 
and (2) is the absolute minimum value. 


EXAMPLE 8: Given 


f(x) =P +2—-—x4+1 


find the absolute extrema of f on 


[-2, 4]. 
Table 4.3.1 
x E, —1 3 ż 
f(x) | ed 2 22 Í 


SOLUTION: Because f is continuous on [—2, 3], the extreme-value theorem 
applies. To find the critical numbers of f we first find f': 


f'x)953x -2x-1 


f' (x) exists for all real numbers, and so the only critical numbers of f will 
be the values of x for which f'(x) = 0. Setting f' (x) = 0, we have 


(3x— 1)(x -1) 20 
from which we obtain 
x=4%3 and x=-1 


The critical numbers of f are —1 and 4, and each of these numbers is 
in the given closed interval [-2, 2]. We find the function values at the 
critical numbers and at the endpoints of the interval, which are given 
in Table 4.3.1. 
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Figure 4.3.13 


The absolute maximum value of f on [-2, 4] is therefore 2, which 
occurs at —1, and the absolute minimum value of f on [-2, 3] is 71, which 
occurs at the left endpoint —2. A sketch of the graph of this function on 
[-2, 2] is shown in Fig. 4.3.13. 


EXAMPLE 9: Given 
f(x) = (2) 


find the absolute extrema of f on 
[1, 5]. 


Table 4.3.2 


y 
a 
| 
WA 
NN E 
O| 1 2 5 


Figure 4.3.14 


SOLUTION: Because f is continuous on [1, 5], the extreme-value theorem 
applies. 


P= sg iy 


There is no value of x for which f'(x) = 0. However, because f'(x) does 
not exist at 2, we conclude that 2 is a critical number of f, so that the 
absolute extrema occur either at 2 or at one of the endpoints of the in- 
terval. The function values at these numbers are given in Table 4.3.2. 

From the table we conclude that the absolute minimum value of f 
on [1, 5] is 0, occurring at 2, and the absolute maximum value of f on [1, 5] 
is V9, occurring at 5. A sketch of the graph of this function on [1, 5] is 
shown in Fig. 4.3.14. 


Exercises 4.3 


In Exercises 1 through 10, find the critical numbers of the given function. 


1. f(x) = x + 7x? — 5x 


4. f(x) = x73 + x13 — 3x5 


7. f(x) = (a1 — 4)? 


2. f(x) 22:8 — 22 — 16x + 1 
5. f(x) = x8 — 12x5 


3. f(x) = x! + 4x3 — 2x? — 12x 
6. f(x) = x! + 11x? + 34x + 15x — 2 
9. f(x) = 


x 
x-—9 


8. f(x) = (x3 — 3x? + 4)? 
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x+1 


10. fe) — e Fi 
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In Exercises 11 through 24, find the absolute extrema of the given;function on the given interval, if there are any, and find 
the values of x at which the absolute extrema occur. Draw a sketch of the graph of the function on the interval. 


11. f(x) 24 — 3x; (71, 2] 
14. f(x) -L5 [2, 3) 


17. f(x) = cg 


[2, 5] 
20. f(x) = |4 — 2 |; (|œ, +2) 


23. f(x) ^ x — [x]; (1, 3) 


12. f(x) =x? — 2x +4; (—9, +0) 13. f(x) = L [-2, 3] 


15. f(x) = V3 Y x; [-3, o) 16. f(x) =;"5 (-3, 2) 


18. f(x) = V4— £; (—2, 2) 19. f(x) = |x — 4| + 1; (0, 6) 


21. f(x) — E zB Ber i [3, 5] 
2.  ifx=5 


24. f(x) = U(x) — U(x — 1); (71, 1) 


|x--1| ifx#—1 


ee taf px 


In Exercises 25 through 36, find the absolute maximum value and the absolute minimum value of the given function on 
the indicated interval by the method used in Examples 8 and 9 of this section. Draw a sketch of the graph of the function 


on the interval. 

25. f(x) =x? + 5x — 4; [-3, —1] 
27. f(x) = x* — 8x? + 16; [—4, 0] 
29, f(x) = x* — 8x? + 16; [0, 3] 


31. f(x) - —— [71,2] 
33. f(x) = (x + 1)? [-2, 1] 


35. f(x) = D —4 


3$—2 iflzxz3 


26. f(x) = x? + 3x? — 9x; [—4, 4] 
28. f(x) = x* — 8x + 16; [—1, 4] 
30. f(x) = xt — 8x? + 16; [-3, 2] 
x+5 


32. f(x) = z3; [-5, 2] 
34. f(x) =1— (x — 3)?5; [-5, 4] 

_f 4—(x+5)? if-6zxzx-4l, 
96; gue c if-4<x<0 he 6, 0] 


37. Prove Theorem 4.3.3 for the case when f has a relative maximum value at c. 


4.4 APPLICATIONS 
INVOLVING AN 
ABSOLUTE EXTREMUM ON 
A CLOSED INTERVAL 


We consider some problems in which the solution is an absolute ex- 
tremum of a function on a closed interval. Use is made of the extreme- 
value theorem, which assures us that both an absolute maximum value 
and an absolute minimum value of a function exist on a closed interval 
if the function is continuous on that closed interval. The procedure is 
illustrated by some examples. 


EXAMPLE 1: A cardboard box 
manufacturer wishes to make 
open boxes from pieces of card- 
board 12 in. square by cutting 
equal squares from the four 
corners and turning up the sides. 


SOLUTION: Let x= the number of inches in the length of the side of the 
square to be cut out; 

V — the number of cubic inches in the volume of the box. 

The number of inches in the dimensions of the box are then x, 

(12 — 2x), and (12 — 2x). Figure 4.4.1 represents a given piece of card- 
board, and Fig. 4.4.2 represents the box. 
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Find the length of the side of the 
square to be cut out in order to 
obtain a box of the largest 
possible volume. 


k— (12 — 2x) in. ——39 


Figure 4.4.2 


The volume of the box is the product of the three dimensions, and 
so V is a function of x, and we write 


V(x) = x(12 — 2x) (12 — 2x) (1) 


If x — 0, V— 0, and if x = 6, V = 0. The value of x that we wish to find is 
in the closed interval [0, 6]. Because V is continuous on the closed interval 
[0, 6], it follows from the extreme-value theorem that V has an absolute 
maximum value on this interval. We also know that this absolute maxi- 
mum value of V must occur either at a critical number or at an endpoint 
of the interval. To find the critical numbers of V, we find V' (x), and then 
find the values of x for which either V' (x) — 0 or V'(x) does not exist. 
From Eq. (1), we obtain 


V(x) = 144x — 48x? + Ax? 
Thus, 
V' (x) = 144 — 96x + 12x? 
V' (x) exists for all values of x. Setting V' (x) = 0, we have 
12(x? — 8x + 12) =0 
from which we obtain 
x=6 and x=2 


The critical numbers of V are 2 and 6, both of which are in the closed 
interval [0, 6]. The absolute maximum value of V on [0, 6] must occur at 
either a critical number or at an endpoint of the interval. Because V(0) = 0 
and V(6) = 0, while V(2) = 128, we conclude that the absolute maximum 
value of V on [0, 6] is 128, occurring at 2. 

Therefore, the largest possible volume is 128 in.?, and this is ob- 
tained when the length of the side of the square cut out is 2 in. 


We should emphasize that in Example 1 the existence of an absolute 
maximum value of V is guaranteed by the extreme-value theorem. In the 
following example, the existence of an absolute minimum value is guaran- 
teed by the same theorem. 


EXAMPLE 2: An island is at 
point A, 6 miles offshore from 
the nearest point B on a straight 
beach. A store is at point C,7 
miles down the beach from B. If 
a man can row at the rate of 4 
mi/hr and walk at the rate of 


SOLUTION: Refer to Fig. 4.4.3. Let P be the point on the beach where the 
man lands. Therefore, the man rows from A to P and walks from P to C. 
Let x — the number of miles in the distance from B to P. 
T — the number of hours in the time it takes the man to make the 
trip from A to C. 
Then T — the number of hours in the time to go from A to P plus the 
number of hours in the time to go from P to C. Because time is obtained 


5 mi/hr, where should he land in 
order to go from the island to the 
store in the least possible time? 
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by dividing distance by rate, we have 
JAP] JPC] 
pe—— 
4° 5 (2) 


6 miles 


Figure 4.4.3 


From Fig, 4.4.3, we see that |AP| is the length of the hypotenuse of right 
triangle ABP. Therefore, 


|AP| = Væ + 36 


We also see from the figure that |PC| — 7 — x. So from Eq. (2) T can be 
expressed as a function of x, and we have 
Vx +36 ,7—x 


EE 


T(x) = 
Because the distance from B to C is 7 miles and because P can be any 
point on the line segment BC, we know that x is in the closed interval 
[0, 7]. 

We wish to find the value of x for which T has an absolute minimum 
value on [0, 7]. Because T is a continuous function of x on [0, 7], we know 
that such a value exists. The critical numbers of T are found by first com- 
puting T' (x): 


T()-—ÀÓ—-l 
4Vx 36 5 
T' (x) exists for all values of x. Setting T' (x) = 0 and solving for x, we have 
num 3 6) 
5x = A Vx* + 36 
25x? = 16(x? + 36) 
9x? = 16 - 36 
x? = 64 
x=+8 


The number —8 is an extraneous root of Eq. (3), and 8 is not in the 
interval [0, 7]. Therefore, there are no critical numbers of T in [0, 7]. The 
absolute minimum value of T on [0, 7] must therefore occur at an endpoint 
of the interval. Computing T(0) and T(7), we get 


T(0)—1i$ and T(7)=4V85 


Since 1V85 < 3$, the absolute minimum value of T on [0, 7] is 1v85, 
occurring when x — 7. Therefore, in order for the man to go from the 
island to the store in the least possible time, he should row directly there 
and do no walking. 
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EXAMPLE 3: A rectangular field 
is to be fenced off along the bank 
of a river and no fence is re- 
quired along the river. If the 
material for the fence costs $2 per 
running foot for the two ends 
and $3 per running foot for the 
side parallel to the river, find the 
dimensions of the field of largest 
possible area that can be enclosed 
with $900 worth of fence. 


coffee shop it is estimated that if | 


SOLUTION: Let x= the number of feet in the length of an end of the field; 
y = the number of feet in the length of the side parallel 
to the river; 
A= the number of square feet in the area of the field. 
Hence, 


A=xy (4) 


Since the cost of the material for each end is $2 per running foot and 
the length of an end is x ft, the total cost for the fence for each end is 2x 
dollars. Similarly, the total cost of the fence for the third side is 3y dollars. 
We have, then, 


2x + 2x + 3y = 900 (5) 


To express A in terms of a single variable, we solve Eq. (5) for y in terms 
of x and substitute this value into Eq. (4), yielding A as a function of x, 
and 


A(x) = x(300 — 4x) (6) 


If y= 0, x = 225, and if x = 0, y = 300. Because both x and y must be non- 
negative, the value of x that will make A an absolute maximum is in the 
closed interval [0, 225]. Because A is continuous on the closed interval 
[0, 225], we conclude from the extreme-value theorem that A has an abso- 
lute maximum value on this interval. From Eq. (6), we have 


A(x) = 300x — $x? 
Hence, 
A' (x) = 300 — 3x 


Because A'(x) exists for all x, the critical values of A will be found by 
setting A'(x) — 0, which gives 


x= 112} 


The only critical number of A is 1123, which is in the closed interval 
[0, 225]. Thus, the absolute maximum value of A must occur at either 0, 
1123, or 225. Because A(0) — 0 and A(225) — 0, while A(1123) = 16,875, 
we conclude that the absolute maximum value of A on [0, 225] is 16,875 
occurring when x — 1123 and y — 150 (obtained from Eq. (5) by substi- 
tuting 1123 for x). 

Therefore, the largest possible area that can be enclosed for $900 is 
16,875 square feet, and this is obtained when the side parallel to the 
river is 150 ft long and the ends are each 1123 ft long. 


P — the number of dollars in the total weekly profit. 
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there are places for 40 to 80 
people, the weekly profit will be 
$8 per place. However, if the 
seating capacity is above 80 
places, the weekly profit on each 
place will be decreased by 4 cents 
times the number of places above 
80. What should be the seating 
capacity in order to yield the 
greatest weekly profit? 
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The value of P depends upon x, and it is obtained by multiplying x 
by the number of dollars in the profit per place. When 40 = x = 80, $8 is 
the profit per place, and so P — 8x. However, when x > 80, the num- 
ber of dollars in the profit per place is (8 — 0.04(x — 80)], thus giving 
P = x[8 — 0.04 (x — 80)] = 11.20x — 0.04x?. So we have 


roel if 40 < x = 80 
^ {11.20x — 0.04x? if 80 = x = 280 


The upper bound of 280 for x is obtained by noting that 11.20x — 0.04x? = 0 
when x = 280; and when x > 280, 11.20x — 0.04»? is negative. 

Even though x, by definition, is an integer, to have a continuous 
function we let x take on all real values in the interval [40, 280]. Note that 
there is continuity at 80 because 

lim P(x) = lim 8x = 640 

X-—807 4-807 
and 

lim P(x) = lim (11.20x — 0.04x?) = 640 


xr-80t xr-80t 
from which it follows that the two-sided limit lim P(x) = 640 = P(80). 
x-80 


So P is continuous on the closed interval [40, 280] and the extreme-value 
theorem guarantees an absolute maximum value of P on this interval. 

When 40 < x < 80, P' (x) = 8, and when 80 < x < 280, P' (x) = 11.20 
— 0.08x. P'(80) does not exist since P- (80) = 8 and P! (80) = 4.80. Setting 
P'(x) = 0, we have 


11.20x — 0.08x = 0 
: x= 140 


The critical numbers of P are then 80 and 140. Evaluating P(x) at the end- 
points of the interval [40, 280] and at the critical numbers, we have P(40) — 
320, P(80) — 640, P(140) — 784, and P(280) — 0. The absolute maximum 
value of P, then, is 784 occurring when x — 140. 

The seating capacity should be 140 places, which gives a total weekly 
profit of $784. 


EXAMPLE 5: Find the dimensions 
of the right-circular cylinder of 
greatest volume which can be 
inscribed in a right-circular cone 
with a radius of 5 in. and a 
height of 12 in. 


Let r = the number of inches in the radius of the cylinder; 
h = the number of inches in the height of the cylinder; 
V=the number of cubic inches in the volume of the 
cylinder. 
Figure 4.4.4 illustrates the cylinder inscribed in the cone, and Fig. 
4.4.5 illustrates a plane section through the axis of the cone. 
If r= 0 and h = 12, we have a degenerate cylinder, which is the axis 
of the cone. If r — 5 and ^ — 0, we also have a degenerate cylinder, which 


SOLUTION: 
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12in. 


k-s in. 


Figure 4.4.4 


Figure 4.4.5 


is a diameter of the base of the cone. We conclude that r is in the closed 
interval [0, 5] and h is in the closed interval [0, 12]. 

The following formula expresses V in terms of r and h: 

V=anrh (7) 


To express V in terms of a single variable we need another equation 
involving r and h. From Fig. 4.4.5, and using similar triangles, we have 


12-h 12 
r 5 
or 
60 — 12r 
e um (8) 


Substituting from Eq. (8) into formula (7), we obtain V as a function of 
r and write 


V(r) = (5r? — r?) with r in [0, 5] (9): 
Because V is continuous on the closed interval [0, 5], it follows from 
the extreme-value theorem that V has an absolute maximum value on this 


interval. The values of r and h that give this absolute maximum value for 
V are the numbers we wish to find. 


V' (r) 2 «c (10r — 3r?) 

To find the critical numbers of V, we set V'(r) — 0 and solve for r: 
r(10—3r) 20 ` 

from which we obtain 
r=0 and r=} 


Because V’(r) exists for all values of r, the only critical numbers of V are 
0 and +, both of which are in the closed interval [0,5]. The absolute maxi- 
mum value of V on [0, 5] must occur at either 0, +}, or 5. From Eq. (9) we 
obtain V(0) — 0, V(32) = $82 zr, and V(5) = 0. We therefore conclude that 
the absolute maximum value of V is 4827, and this occurs when r = 4. 
When r= 42, we find from Eq. (8) that h= 4. 

Thus, the greatest volume of an inscribed cylinder in the given cone 
is 48°7 in.?, which occurs when the radius is 5? in. and the height is 4 in. 


Exercises 4.4 


1. Find the area of the largest rectangle having a perimeter of 200 ft. . 


2. Find the area of the largest isosceles triangle having a perimeter of 18 in. 
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. A manufacturer of tin boxes wishes to make use of pieces of tin with dimensions 8 in. by 15 in. by cutting equal squares 


from the four corners and turning up the sides. Find the length of the side of the square to be cut out if an open box 
having the largest possible volume is to be obtained from each piece of tin. 


. A rectangular plot of ground is to be enclosed by a fence and then divided down the middle by another fence. If the 


fence down the middle costs $1 per running foot and the other fence costs $2.50 per running foot, find the dimensions 
of the plot of largest possible area that can be enclosed with $480 worth of fence. 


. Points A and B are opposite each other on shores of a straight river that is 3 mi wide. Point C is on the same shore as B 


but 6 mi down the river from B. A telephone company wishes to lay a cable from A to C. If the cost per mile of the cable is 
25% more under the water than it is on land, what line of cable would be least expensive for the company? 


6. Solve Exercise 5 if point C is only 3 mi down the river from B. 


13. 


14. 
15. 


16. 


17. 


18. 


. Solve Example 2 of this section if the store is 9 mi down the beach from point B. 


. Example 2 and Exercises 5, 6, and 7 are special cases of the following more general problem. Let f(x) = u Va? + x? 


+ v(b — x), where x is in [0, b] and u > v > 0. Show that in order for the absolute minimum value of f to occur at a 
number in the open interval (0, b) the following inequality must be satisfied: av < b Vu? — v*. 


. Find the dimensions of the right-circular cylinder of greatest lateral surface area that can be inscribed in a sphere with 


a radius of 6 in. 


. Find the dimensions of the right-circular cylinder of greatest volume that can be inscribed in a sphere with a radius 


of 6 in. 


. Given the circle having the equation x? + y? = 9, find (a) the shortest distance from the point (4, 5) to a point on the 


circle, and (b) the longest distance from the point (4, 5) to a point on the circle. 


. A manufacturer can make a profit of $20 on each item if not more than 800 items are produced each week. The profit 


decreases 2 cents per item over 800. How many items should the manufacturer produce each week in order to have 
the greatest profit? 

A school-sponsored trip will cost each student $15 if not more than 150 students make the trip; however, the cost per 
student will be reduced 5 cents for each student in excess of 150. How many students should make the trip in order for 
the school to receive the largest gross income? 


Solve Exercise 13 if the reduction per student in excess of 150 is 7 cents. 


A private club charges annual membership dues of $100 per member less 50 cents for each member over 600 and plus 
50 cents for each member less than 600. How many members would give the club the most revenue from annual dues? 


Suppose a weight is to be held 10 ft below a horizontal line AB by a wire in the shape of a Y. If the points A and B are 
8 ft apart, what is the shortest total length of wire that can be used? 


A piece of wire 10 ft long is cut into two pieces. One piece is bent into the shape of a circle and the other into the shape 
of a square. How should the wire be cut so that (a) the combined area of the two figures is as small as possible and 
(b) the combined area of the two figures is as large as possible? ; 


Solve Exercise 17 if one piece of wire is bent into the shape of an equilateral triangle and the other piece is bent into 
the shape of a square. 


45.ROLLE'S THEOREM AND Let f be a function which is continuous on the closed interval [z, b], dif- 


THE MEAN-VALUE THEOREM  ferentiable on the open interval (a, b), and let f(a) = 0 and f(b) = 0. The 


French mathematician Michel Rolle (1652-1719) proved that if a function 


202 


APPLICATIONS OF THE DERIVATIVE 


Figure 4.5.2 


Figure 4.5.3 


4.5.1 Theorem 


Rolle's Theorem 


f satisfies these conditions, there is at least one number c between a and 
b for which f'(c) = 0. 

Let us see what this means geometrically. Figure 4.5.1 shows a sketch 
of the graph of a function f that satisfies the conditions in the preceding 
paragraph. We intuitively see that there is at least one point on the curve 
between the points (a, 0) and (b, 0) where the tangent line is parallel to 
the x axis; that is, the slope of the tangent line is zero. This situation is 
illustrated in Fig. 4.5.1 at the point P. So the abscissa of P would be the 
c such that f'(c) = 0. 

The function, whose graph is sketched in Fig. 4.5.1, not only is differ- 
entiable on the open interval (a, b) but also is differentiable at the end- 
points of the interval. However, the condition that f be differentiable at 
the endpoints is not necessary for the graph to have a horizontal tangent 
line at some point in the interval; Fig. 4.5.2 illustrates this. We see in Fig. 
4.5.2 that the function is not differentiable at a and b; there is, however, 
a horizontal tangent line at the point where x = c, and c is between a and b. 

It is necessary, however, that the function be continuous at the end- 
points of the interval to guarantee a horizontal tangent line at an interior 
point. Figure 4.5.3 shows a sketch of the graph of a function that is con- 
tinuous on the interval [a, b) but discontinuous at b; the function is differ- 
entiable on the open interval (a, b), and the function values are zero at 
both a and b. However, there is no point at which the graph has a hori- 
zontal tangent line. 

We now state and prove Rolle's theorem. 


Let f be a function such that 
(i) it is continuous on the closed interval [a, b]; 
(ii) it is differentiable on the open interval (a, b); 
(iii) f(a) — f(b) — 0. 
Then there is a number c in the open interval (a, b) such that 
fi(c) -0 
PROOF: We consider two cases. 


Case 1: f(x) — 0 for all x in [a, b]. 
Then f' (x) — 0 for all x in (a, b); therefore, any number between 4 
and b can be takenfor c. 


Case 2: f(x) is not zero for some value of x in the open interval (a, b). 

Because f is continuous on the closed interval [a, b], we know by 
Theorem 4.3.9 that f has an absolute maximum value on [a, b] and an 
absolute minimum value on [a, b]. Because f(a) = f(b) = 0 by hypothesis, 
and for this case f(x) is not zero for some x in (a, b), we can conclude that 
f will have either a positive absolute maximum value at some c, in (a, b) 
or a negative absolute minimum value at some c, in (a, b), or both. Thus, 


a C4 


Figure 4.5.4 


4.5 ROLLE’S THEOREM AND THE MEAN-VALUE THEOREM 203 


for c = c, or c = c; as the case may be, we have an absolute extremum at 
an interior point of the interval [a, b]. Therefore, the absolute extremum 
f(c) is also a relative extremum, and because f' (c) exists by hypothesis, 
it follows from Theorem 4.3.3 that f'(c) — 0. This proves the theorem. @ 


It should be noted that there may be more than one number in the 
open interval (2, b) for which the derivative of f is zero. This is illustrated 
geometrically in Fig. 4.5.4, where there is a horizontal tangent line at the 
point where x = c, and also at the point where x = c,, so that both f' (c,) — 0 
and f’ (c) = 0. 

The converse of Rolle's theorem is not true. That is, we cannot con- 
clude that if a function f is such that f'(c) = 0, with a < c < b, then the 
conditions (i), (ii), and (iii) must hold. (See Exercise 40.) 


EXAMPLE 1: Given 
f(x) = 4x3 — 9x 


verify that conditions (i), (ii), and 
(iii) of the hypothesis of Rolle’s 
theorem are satisfied for each of 
the following intervals: [-3, 0], 
[0, 3], and [7 £, #]. Then find a 
suitable value for c in each of 
these intervals for which 


f'(c) =0. 


bilities for c: either —$ V3 or $V3. 


SOLUTION: f'(x) =12x?—9; f'(x) exists for all values of x, and so f is 
differentiable on (-~, +) and therefore continuous on (—%, +). Con- 
ditions (i) and (ii) of Rolle’s theorem thus hold on any interval. To deter- 
mine on which intervals condition (iii) holds, we find the values of x for 
which f(x) = 0. Setting f(x) = 0, we have 


4x(x* — 1) =0 
which gives us 
x=- x=0 x=? 


Taking 4 — —$ and b — 0, we see that Rolle's theorem holds on [- $, 0]. 
Similarly, Rolle's theorem holds on [0, #] and [- $, 3]. 
To find the suitable values for c, we set f'(x) — 0 and get 


1222 —9 —0 
which gives us 
x—-—4V3 and x=4V3 


Therefore, in the interval [-2, 0] a suitable choice for c is —4 V3. In the 
interval [0, 3], we take c = 4 V3. In the interval [—£, #] there are two possi- 


4.5.2 Theorem 


Mean-Value Theorem 


We apply Rolle's theorem to prove one of the most important the- 
orems in calculus—that known as the mean-value theorem (or law of the 
mean). The mean-value theorem is used to prove many theorems of both 
differential and integral calculus. You should become thoroughly familiar 
with the content of this theorem. 


Let f be a function such that 


(i) it is continuous on the closed interval [a, b]; 
(ii) it is differentiable on the open interval (a, b). 
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Then there is a number c in the open interval (a, b) such that 


f'(c 0-59 f(a) 


b—a 


Before proving this theorem, we interpret it geometrically. If we 
draw a sketch of the graph of the function f, then [ f(b) — f(a) |/(b — a) is 
the slope of the line segment joining the points A(a, f(a)) and B(b, f(b)). 
The mean-value theorem states that there is some point on the curve be- 
tween A and B where the tangent line is parallel to the secant line through 
A and B; that is, there is some number c in (a, b) such that 


po "ED - ia) 


Refer to Fig. 4.5.5. 

Notice that if the x axis were along the line segment AB, then the 
mean-value theorem is a generalization of Rolle's theorem, which is used 
in its proof. 


PROOF: An equation of the line through A and B in Fig. 4.5.5 is 


Ko - Re ZAD) 


y— fla) = — a) 


or 


= fe) fo) =o) | Cannes 


Now if F(x) measures the vertical distance between a point (x, f(x)) on 
the graph of the function f and the corresponding point on the secant 
line through A and B, then 


— f(a) (1) 

We show that this function F satisfies the three conditions of the 
hypothesis of Rolle’s theorem. 

The function F is continuous on the closed interval [a, b] because it 
is the sum of f and a linear polynomial, both of which are continuous 
there. Therefore, condition (i) is satisfied by F. Condition (ii) is satisfied 
by F because f is differentiable on (a, b). From Eq. (1) we see that F(a) = 0 
and F(b) = 0. Therefore, condition (iii) of Rolle’s theorem is satisfied by F. 

The conclusion of Rolle's theorem states that there is a c in the open 
interval (a, b) such that F'(c) = 0. 

But 


b 
P(x) = fo) FOL 
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Thus 


mec f(a) 


F (c) he 


=f'(c)— 
Therefore, there is a number c in (a, b) such that 


o= (o - ED - 16) 


or, equivalently, 


He) fa» fo) 


ppp 


which was to be proved. 
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EXAMPLE 2: Given 
f(x) = xX — 5x? — 3x 


verify that the hypothesis of the 
mean-value theorem is satisfied 
for à — 1 and b — 3. Then find 
all numbers c in the open 
interval (1, 3) such that 


P(o) _ f(3) f@) fa) 


SOLUTION: Because f is a polynomial function, f is continuous and dif- 
ferentiable for all values of x. Therefore, the hypothesis of the mean-value 


theorem is satisfied for any a and b. 


f'(x) = 3x? — 10x — 3 
f@)=-7 and f(3) =—27 
Hence, 
(3) = RI) a C7) 
cs ene, aria 


Setting f'(c) =—10, we obtain 
c — 10c — 3 =—10 
or 
c—10c+7=0 
or 
(3c — 7)(c— 1) 20 
which gives us 


c=% and c=1 


Because 1 is not in the open interval (1, 3), the only possible value for c 


is $. 


EXAMPLE 3: Given 


f(x) = xt 


draw a sketch of the graph of f. 
Show that there is no number c 
in the open interval (—2, 2) such 
that 


SOLUTION: 


A sketch of the graph of f is shown in Fig. 4.5.6. 


Figure 4.5.6 
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fo - E - ICD AO 
— p2) So 
Which condition of the hypoth- f(o- 
esis of the mean-value theorem 5m 
fails to hold for f when a — —2 2)—£(—2) 413—413 
and b — 2? AQ) ACD m = ge = 
=0 


There is no number c for which 2/3c!? = 0. 

The function f is continuous on the closed interval [—2, 2]; however, 
f is not differentiable on the open interval (—2, 2) because f'(0) does not 
exist. Therefore, condition (ii) of the hypothesis of the mean-value the- 
orem fails to hold for f when a — —2 and b — 2. 


Exercises 4.5 


In Exercises 1 through 4, verify that conditions (i), (ii), and (iii) of the hypothesis of Rolle's theorem are satisfied by the 
given function on the indicated interval. Then find a suitable value for c that satisfies the conclusion of Rolle's theorem. 
1. f(x) =x? — 4x + 3; [1, 3] 2. f(x) = x3 222 — x + 2; [1, 2] 
3. f(x) = x3 — 2x? — x + 2; [-1, 2] 4. f(x) = x3 — 16x; [—4, 0] 


5. For the function f defined by f(x) = 4x? + 12x? — x — 3, determine three sets of values for a and b so that conditions (i), 
(ii), and (iii) of the hypothesis of Rolle’s theorem are satisfied. Then find a suitable value for c in each of the three open 
intervals (a, b) for which f'(c) = 0. 


In Exercises 6 through 13, verify that the hypothesis of the mean-value theorem is satisfied for the given function on the 
indicated interval. Then find a suitable value for c that satisfies the conclusion of the mean-value theorem. 


6. f(x) 2 x* + x — x; [-2, 1] 7. f(x) 2 x3 + 2x — 3; [0,1] 8. fix) -x-1* 4; [2, 3] 
9. f(x) = x3; [0, 1] 10. f(x) = v100 — x’; [—6, 8] 11. f(x) = Vx t 2; [4, 6] 
12. f(x) = CLE. : [2,6] 13. f(x) - E314, [-1, 4] 


In Exercises 14 NAM 23, (a) draw a sketch of the graph of the given function on the indicated interval; (b) test the three 
conditions (i), (ii), and (iii) of the hypothesis of Rolle's theorem and determine which conditions are satisfied and which, 
if any, are not satisfied; and (c) if the three conditions in part (b) are satisfied, determine a point at which there is a hori- 
zontal tangent line. 


14. f(x) = x — 2x14; (0, 4] 15. f(x) = x1? — 3x"; [0, 3] 
16. f(x) = B2, [-& 3] 17. f(x) = a i i zn [-3, 7] 


18. f(x jp cul [-2, 4] 19. f(x) = ŻA gs 4) 


4.5 ROLLE’S THEOREM AND THE MEAN-VALUE THEOREM 207 


x—5x*4 i12] x6—4 ifx<1 
20. - -1 ; [1,4 2I[x—4 3x1]. is g 
f=) xci KE ip pa] a. fx) = {274 <1 ag 
22. f(x) 21— |x|; [71, 1] 23. f(x) = |9 — 4x*[; [—#, 8] 


24. If f(x) = (2x — 1)/(2x — 4) and if a = 1 and b = 2, show that there is no number c in the open interval (a, b) that satis- 
fies the conclusion of the mean-value theorem. Which part of the hypothesis of the mean-value theorem fails to hold? 
Draw a sketch of the graph of f on [1, 2]. 

The geometric interpretation of the mean-value theorem is that for a suitable c in the open interval (a, b), the tangent 

line to the curve y = f(x) at the point (c, f(c)) is parallel to the secant line through the points (a, f(a)) and (b, f(b)). In 

Exercises 25 through 30, find a value of c satisfying the conclusion of the mean-value theorem, draw a sketch of the graph 

on the closed interval [a, b], and show the tangent line and secant line. 


25. f(x) =x2;4=3,b=5 26. f(x) =x a—2, b 4 27. fx) - LL 1=3.1,b=3.2 


28. f(x) 2 x — 1; a — 10, b= 26 29. f(x) 233—9x41;4——3,b—4 — 30. f(x) =. a=3.01, b — 3.02 
For each of the functions in Exercises 31 through 34, there is no number c in the open interval (a, b) that satisfies the con- 
clusion of the mean-value theorem. In each exercise, determine which part of the hypothesis of the mean-value theorem 


fails to hold. Draw a sketch of the graph of y = f(x) and the line through the points (a, f(a)) and (b, f(b)). 


31. f) = c p a= L b-6 32. f(x) =Z; a=1,b=2 
33. f(x) 23(x — 4)?5; a——4, b 5 34. fy = [rts iz <3} a=-1,b=5 


35. If f(x) =xt— 2x? + 2x? — x, then f'(x) = 4x? — 6x? + 4x — 1. Prove by Rolle's theorem that the equation 4x? — 6x? 
+ 4x — 1=0 has at least one real root in the open interval (0, 1). 


36. Prove by Rolle's theorem that the equation x? + 2x + c = 0, wherec is any constant, cannot have more than one real root. 


37. Use Rolle's theorem to prove that the equation x? + x? + 2x — 3 — 0 has exactly one root that lies in the interval (0, 1). 
(HINT: First show that there is at least one number in (0, 1) that is a root of the equation. Then assume that there is 
more than one root of the equation in (0, 1) and show that this leads to a contradiction.) 


38. Suppose s — f(t) is an equation of motion of a particle moving in a straight line where f satisfies the hypothesis of the 
mean-value theorem. Show that the conclusion of the mean-value theorem assures us that there will be some instant 
during any time interval when the instantaneous velocity will equal the average velocity during that time interval. 


39. Suppose that the function f is continuous on [a, b] and f'(x) = 1 for all x in (a, b). Prove that f(x) =x — a + f(a) for 
all x in [a, b]. 

40. The converse of Rolle's theorem is not true. Make up an example of a function for which the conclusion of Rolle's the- 
orem is true and for which (a) condition (i) is not satisfied but conditions (ii) and (iii) are satisfied; (b) condition (ii) 
is not satisfied but conditions (i) and (iii) are satisfied; (c) condition (iii) is not satisfied but conditions (i) and (ii) are 
satisfied. Draw a sketch of the graph showing the horizontal tangent line for each case. 

41. Use Rolle's theorem to prove that if every polynomial of the fourth degree has at most four real roots, then every poly- 
nomial of the fifth degree has at most five real roots. (HINT: Assume a polynomial of the fifth degree has six real roots 
and show that this leads to a contradiction.) 


42. Use the method of Exercise 41 and mathematical induction to prove that a polynomial of the nth degree has at most 
n real roots. 
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4.6 INCREASING AND 
DECREASING FUNCTIONS 
AND THE 
FIRST-DERIVATIVE TEST 


4.6.1 Definition 


Suppose that Fig. 4.6.1 represents a sketch of the graph of a function 
f for all x in the closed interval [x,, x7]. In drawing this sketch, we have 
assumed that, for all values of x in this interval, f is defined and that the 
first and second derivatives of f exist. Then, because f is differentiable for 
all x in the interval, it follows that f is continuous on the interval. Be- 
cause the second derivative of f exists for all values of x in the interval, 
f’ is differentiable for all x in the interval, and so f' is continuous on the 
interval. Therefore, the slope of the tangent line to the curve is a con- 
tinuous function of x; thus, as a point P moves along the curve so that its 
abscissa x increases, the tangent line to the curve at P turns continuously. 


y 


X4, Ya) 
| G 


(7, Y7) 


Xi 


Fy 
(Xs, V6) 


B(x;, y2) 


C 
(x3, Ya) 


A(xi,yi) 


Figure 4.6.1 


Figure 4.6.1 shows that as a point moves along the curve from A to 
B, the function values increase as the abscissa increases, and that as a 
point moves along the curve from B to C, the function values decrease 
as the abscissa increases. We say, then, that f is increasing on the closed 
interval [x,, x2] and that f is decreasing on the closed interval [x;, x3]. Fol- 
lowing are the precise definitions of a function increasing or decreasing 
on an interval. 


A function f defined on an interval is said to be increasing on that interval 
if and only if 


fon) < f(x.) whenever x, < x; 
where x, and x; are any numbers in the interval. 


The function of Fig. 4.6.1 is increasing on the following closed inter- 
vals: [x;, xs]; [%3, xa]; [xs^ Xe]; [xo^ xz]; [xs. x7]. 
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4.6.2 Definition 


4.6.3 Theorem 


A function f defined on an interval is said to be decreasing on that interval 
if and only if 


f(x.) > f(x) — whenever x, € x, 


where x, and x; are any numbers in the interval. 


The function of Fig. 4.6.1 is decreasing on the following closed inter- 
vals: [xs, xs]; [X4, Xs]. 

If a function f is either increasing on an interval or decreasing on 
an interval, then f is said to be monotonic on the interval. 

Before stating a theorem that gives a test for determining if a given 
function is monotonic on an interval, let us see what is happening geo- 
metrically. Referring to Fig. 4.6.1, we observe that when the slope of the 
tangent line is positive the function is increasing, and when the slope of 
the tangent line is negative the function is decreasing. Because f'(x) is 
the slope of the tangent line to the curve y — f(x), f is increasing when 
f'(x) > 0, and f is decreasing when f'(x) < 0. Also, because f'(x) is the 
rate of change of the function values f (x) with respect to x, when f'(x) > 0, 
the function values are increasing as x increases; and when f'(x) « 0, the 


function values are decreasing as x increases. We have the following 


theorem. 


Let the function f be continuous on the closed interval [a, b] and differ- 
entiable on the open interval (a, b): 


(i) if f'(x) > 0 for all x in (a, b), then f is increasing on [a, b]; 
(ii) if f'(x) < 0 for all x in (a, b), then f is decreasing on [a, b]. 


PROOF OF (i): Let x, and x; be any two numbers in [a, b] such that x, < x;. 
Then f is continuous on [x;, x;] and differentiable on (x,, x;). From the 
mean-value theorem it follows that there is some number c in (xi, x2) 
such that 

= f (x2) — f(x) 


rear 


Because x, < xz, then x, — x, > 0. Also, f'(c) > 0 by hypothesis. There- 
fore f(x.) — f(x,) > 0, and so f(x.) > f(x,). We have shown, then, that 
f(%1) < f(x2) whenever x, < x,, where x, and x; are any numbers in the 
interval [a, b]. Therefore, by Definition 4.6.1, it follows that f is increasing 
on [a, b]. 

The proof of part (ii) is similar and is left for the reader (see Exer- 
cise 34). : a 


An immediate application of Theorem 4.6.3 is in the proof of what 
is known as the first-derivative test for relative extrema of a function. 
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4.6.4 Theorem Let the function f be continuous at all points of the open interval (a, b) 
First- Derivative Test for Relative Extrema — containing the number c, and suppose that f' exists at all points of (a, b) 
except possibly at c: 


(i) if f' (x) > 0 for all values of x in some open interval having c as 
its right endpoint, and if f'(x) « 0 for all values of x in some 
open interval having c as its left endpoint, then f has a relative 
maximum value at c; 

(ii) if f'(x) « 0 for all values of x in some open interval having c as 


its right endpoint, and if f'(x) > 0 for all values of x in some 
open interval having c as its left endpoint, then f has a relative 
Figure 4.62 minimum value at c. 


PROOF OF (i: Let (d, c) be the interval having c as its right endpoint 
for which f'(x) — 0 for all x in the interval. It follows from Theorem 
4.6.3(i) that f is increasing on [d, c]. Let (c, e) be the interval having c as 
its left endpoint for which f'(x) « 0 for all x in the interval. By Theorem 
4.6.3(ii) f is decreasing on [c, e]. Because f is increasing on (4d, c], it fol- 
lows from Definition 4.6.1 that if x, is in [d, c] and x, ¥ c, then f(x,) < 
f(c). Also, because f is decreasing on [c, e], it follows from Definition 4.6.2 
that if x, is in [c, e] and x, # c, then f(c) > f(x;). Therefore, from Defi- 
nition 4.3.1, f has a relative maximum value at c. 


>< 


f(x) «o f(x)>0 


If (c) =0 The proof of part (ii) is similar to the proof of part (i), and it is E 
for the reader (see Exercise 35). 


| 
E b 


Spi LIE 


The first-derivative test for relative extrema essentially states that if 

Figure 4.6.3 f is continuous at c and f'(x) changes algebraic sign from positive to 
negative as x increases through the number c, then f has a relative maxi- 

mum value at c; and if f' (x) changes algebraic sign from negative to posi- 

y tive as x increases through c, then f has a relative minimum value at c. 

Figures 4.6.2 and 4.6.3 illustrate parts (i) and (ii), respectively, of 

Theorem 4.6.4 when f'(c) exists. Figure 4.6.4 shows a sketch of the graph 

of a function f that has a relative maximum value at a number c, but f'(c) 

does not exist; however, f'(x) > 0 when x < c, and f'(x) < 0 whenx > c. 


In Fig. 4.6.5, we show a sketch of the graph of a function f for which c is 

/| " a critical number, and f'(x) < 0 when x < c, and f'(x) < 0 when x > c; 
O c f does not have a relative extremum at c. 

Further illustrations of Theorem 4.6.4 occur in Fig. 4.6.1. At x, and x, 

Figure 4.64 the function has a relative maximum value, and at x, and x; the function 


has a relative minimum value; even though x, is a critical number for the 
function, there is no relative extremum at xg. 

In summary, to determine the relative extrema of a function f: 

(1) Find f'(x). 

(2) Find the critical numbers of f, that is, the values of x for which 
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f'(x) =0 or for which f'(x) does not exist. 
(3) Apply the first-derivative test (Theorem 4.6.4). 


: 
I 
l 
l 
Í 
I 
l 
| 
7 = E 
O c 
Figure 4.6.5 


The following examples illustrate this procedure. 


Given 
f(x) = x8 — 6x +9x +1 


find the relative extrema of f by 
applying the first-derivative test. 
Determine the values of x at 
which the relative extrema occur, 
as well as the intervals on which 
f is increasing and the intervals 
on which f is decreasing. Draw a 
sketch of the graph. 


EXAMPLE 1: 


| soLutTIoN: f'(x) 2 333 — 12x +9. 


f'(x) exists for all values of x. Setting f’(x) = 0, we have 
3x3 — 12x c9 — 0 
or 
3(x—3)(x—1) 20 
which gives us 
x=3 and x=1 


Thus, the critical numbers of f are 1 and 3. To determine whether f has a 
relative extremum at either of these numbers, we apply the first-derivative 
test. The results are summarized in Table 4.6.1. 

We see from the table that 5 is a relative maximum value of f occur- 


Table 4.6.1 
f(x) f'(x) Conclusion 
x<1 23 f is increasing 
x=1 5 0 f has a relative maximum value 
1«x«3 = f is decreasing 
x=3 1 0 f has a relative minimum value 
3«x t f is increasing 
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ring at 1, and 1 is a relative minimum value of f occurring at 3. A sketch 
of the graph is shown in Fig. 4.6.6. 


y 
^ 
O x 
Figure 4.6.6 

EXAMPLE 2: Given SOLUTION: If x «3, f'(x) —2x. If x > 3, f'(x) =—1. Because f.(3) = 6 
dece Te and f,(3) =—1, we conclude that f'(3) does not exist. Therefore, 3 is a 

x!—4 ifx<3 sai 

f(x) = 8—x HES Sy critical number of f. 


find the relative extrema of f by 
applying the first-derivative test. 
Determine the values of x at 
which the relative extrema occur, 
as well as the intervals on which 
f is increasing and the intervals 
on which f is decreasing. Draw a 
sketch of the graph. 


Figure 4.6.7 


Because f'(x) = 0 when x — 0, it follows that 0 is a critical number 
of f. Applying the first-derivative test, we summarize the results in Table 
4.6.2. A sketch of the graph is shown in Fig. 4.6.7. 


Table 4.6.2 
f'(x) Conclusion 
— f is decreasing 
0 f has a relative minimum value 
+ f is increasing 


does not exist f has a relative maximum value 


— f is decreasing 


EXAMPLE 3: Given 
f(x) = x15 + 4x18 


find the relative extrema of f, 
determine the values of x at 


SOLUTION: f'(x) = $x + $x”? = $x (x + 1) 

Because f' (x) does not exist when x = 0, and f' (x) = 0 when x =—1, 
the critical numbers of f are —1 and 0. We apply the first-derivative test 
and summarize the results in Table 4.6.3. A sketch of the graph is shown 
in Fig. 4.6.8. 
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which the relative extrema occur, 
and determine the intervals on 
which f is increasing and the 
intervals on which f is decreasing. 
Draw a sketch of the graph. 


y 
^ 


Figure 4.6.8 


Table 4.6.3 
f(x) fi (x) Conclusion 

x<-1 ud f is decreasing 

x—--—1 —3 0 f has a relative minimum 
value 

—1«x«0 T f is increasing 

=0 0 does not exist f does not have a relative ex- 

tremum at x — 0 

0cx F f is increasing 


Exercises 4.6 


In Exercises 1 through 30, do each of the following: (a) find the relative extrema of f by applying the first-derivative test; 
(b) determine the values of x at which the relative extrema occur; (c) determine the intervals on which f is increasing; 
(d) determine the intervals on which f is decreasing; (e) draw a sketch of the graph. 


1. f(x) 2 x — 4x —1 
3. f(x) 222 — x? +3x— 1 


5. f(x) = xX — 5x? — 20x — 2 


7. f(x) = Vi zy 

9. f(x) 22x V3 — x 

11. f(x) = (1 — x)? (1 + x)? 
13. f(x) 22 — 3(x — 4)?’ 


_f2x+1 ifxs4 
15. fla) = [5*1 if4<<x 


_ f2x+9 ifxs-2 
v. fo- [411 if—2 <x 


_ f(x—2)?-3 ifx<5 
ad fe) = 165.2» if5<x 


2. f(x) = x? 9x3 + 15x —5 
4. f(x) = xt + 4x 


6. fe) 22 d 
— 


10. f(x) = x vb x 
12. f(x) = (x + 2)? (x — 1)? 
M. f(x) 22— (x1)! 
 [5—2x ifx<3 
16. fay = [3775 if3<x 
_f 4~-(x+5)? ifx«—4 
18. fay = {9 (x+1)? if—4 =x 


_f§V25—(x+7)? ifx =-3 
dia Hep. df-3«x 
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21. 


36. 


37. 


40. 
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3x+5 ifíx«-—1 x—6 ifx <6 
fix) ={4241 if-1zx«2 22. f(x) 2 4—V4— (x —8)? if6<x=10 

7—x if2<x 20— 2x if 10 € x 
(x-9))—8 if x < —7 12— (x+5)} ifx=-3 

f(x) =4-V25 — (x - 4» if-7zxx0 24. f(x) =45—x if-3 < x x—1 
(x—2)?—7 if0<x V100 — (x —7)? if-1<x 

. f(x) = x^ + 10x"4 26. f(x) = x33 — 10x28 

. f(x) = (x + 1)?8(x — 2)15 28. f(x) = (Ax — a)! ? (2x — a)?’ 

. f(x) = xt(x + 4) 25 30. f(x) = (x— a*5 +1 


. Find a and b so that the function defined by f(x) = x? + ax* + b will have a relative extremum at (2, 3). 


. Find a, b, and c so that the function defined by f(x) = ax? + bx + c will have a relative maximum value of 7 at 1 and the 


graph of y — f(x) will go through the point (2, —2). 


. Find a, b, c, and d so that the function defined by f(x) = ax? + bx? + cx + d will have relative extrema at (1,2) and (2,3). 
. Prove Theorem 4.6.3(ii). 35. Prove Theorem 4.6.4(ii). 


Given that the function f is continuous for all values of x, f(3) —2, f'(x) < 0 if x < 3, and f'(x) 2 0 if x > 3, draw a 

sketch of a possible graph of f in each of the following cases, where the additional condition is satisfied: (a) f' is con- 

tinuous at 3; (b) f'(x) — —1if x < 3, and f’ (x) — 1 if x > 3; (c) lim f'(x) =—1, lim f'(x) = 1, and f'(a) # f'(b) ifa # b. 
x-37 r:-3* 


Given f(x) = x"(1 — x)?, where p and q are positive integers greater than 1, prove each of the following: (a) if p is even, 
f has a relative minimum value at 0; (b) if q is even, f has a relative minimum value at 1; (c) f has a relative maximum 
value at p/(p + q) whether p and q are odd or even. 


. Prove that if f is increasing on an interval I and if g is increasing on I, then if f ° g exists on I, f ° g is increasing on I. 


. The function f is increasing on the interval I. Prove: (a) if g(x) — —f(x), then g is decreasing on I; (b) if h(x) = 1/f(x), 


then h is decreasing on I. 


The function f is differentiable at each number in the closed interval [a, b]. Prove that if f'(a) - f'(b) < 0, there isa 
number c in the open interval (a, b) such that f'(c) — 0. 


4.7 DERIVATIVES OF Iff is the derivative of the function f, then f’ is also a function, and it is 
HIGHER ORDER the first derivative of f. It is sometimes referred to as the first derived func- 
tion. If the derivative of f' exists, it is called the second derivative of f, or 
the second derived function, and can be denoted by f'' (read as "f double 
prime”). Similarly, we define the third derivative of f, or the third derived 
function, as the first derivative of f’’ if it exists. We denote the third de- 
rivative of f by f'"" (read as "f triple prime"). 

The nth derivative of the function f, where n is a positive integer 
greater than 1, is the first derivative of the (n — 1)st derivative of f. We 
denote the nth derivative of f by f™®. Thus, if f denotes the nth derived 
function, we can denote the function f itself by f9. Another symbol for 
the nth derivative of f is D;"f. If the function f is defined by the equation 
y — f(x), we can denote the nth derivative of f by D;"y. 
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EXAMPLE 1: Find all the deriva- 
tives of the function f defined by 


f(x) = 8x4 + 5x3 —x +7 


SOLUTION: 
f'(x) =32x + 15x? — 2x 


f (x) = 96x? + 30x — 2 
f" (x) = 192x + 30 


f(x) = 192 
f& (x) =0 
f(x) 20 n25 


Because f'(x) gives the rate of change of f(x) per unit change in x, 
f" (x), being the derivative of f'(x), gives the rate of change of f'(x) per 
unit change in x. The second derivative f''(x) is expressed in units of 
f' (x) per unit of x, which is units of f(x) per unit of x, per unit of x. For 
example, in straight-line motion, if f(t) feet is the distance of a particle 
from the origin at t seconds, then f’(t) feet per second is the velocity of 
the particle at t seconds, and f'' (t) feet per second per second is the in- 
stantaneous rate of change of the velocity at t seconds. In physics, the in- 
stantaneous rate of change of the velocity is called the instantaneous ac- 
celeration. Therefore, if a particle is moving along a straight line according 
to the equation of motion s = f(t), where the instantaneous velocity at f 
sec is given by v ft/sec and the instantaneous acceleration is given by 
a ft/sec’, then a is the first derivative of v with respect to t or, equivalently, 
the second derivative of s with respect to f; that is, 


v—D,s and a= Dw = Des 


EXAMPLE 2: A particle is moving 
along a straight line according to 
the equation of motion 
=l p 4t 

pP] 
where s ft is the directed distance 
of the particle from the origin at 
t sec. If v ft/sec is the instan- 
taneous velocity at t sec and a 
ft/sec? is the instantaneous accel- 
eration at ¢ sec, find f, s, and v 
when a — 0. 


SOLUTION: 
= = 4 
v= Dis =t+ FFI 
8 
= = 25 — a 
a Dw Ds 1 G+ "SE 


Setting a — 0, we have 
(Con ILES MM 
t+1 
or 
(¢+1)?=8 
from which the only real value of t is obtained from the principal cube 
root of 8, so that 


t+1=2 or t=1 
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When t-1 
cds: l.l 
s=5 0t rY1725 
and 
= 4 _ 
v= 1+ G42 


If (x, y) is any point on the graph of y = f(x), then D,y gives the slope 
of the tangent line to the graph at the point (x, y). Then D,’y is the rate of 
change of the slope of the tangent line with respect to x at the point (x, y). 


EXAMPLE 3: Let m(x) be the 
slope of the tangent line to the 
curve y = x? — 2x? + x at the 
point (x, y). Find the instan- 
taneous rate of change of m per 
unit change in x at the point 
(2, 2). 


SOLUTION: m=D,y = 3x*— 4x +1. 

The instantaneous rate of change of m per unit change in x is given 
by D,m or, equivalently, D ;?y. 

D,m = Dy = 6x —4 
At the point (2, 2), D,?y = 8. Hence, at the point (2, 2), the change in m 
is 8 times the change in x. 


Further applications of the second derivative are its uses in the 
second-derivative test for relative extrema (Sec. 4.8) and the sketching 
of the graph of a function (Secs. 4.10 and 4.11). An important application 
of other higher-ordered derivatives is to determine infinite series as 
shown in Chapter 14. 

The following example illustrates how the second derivative is found 
for functions defined implicitly. 


EXAMPLE 4: Given 
4x? + 9y? = 36 


find D;?y by implicit 
differentiation. 


SOLUTION: Differentiating implicitly with respect to x, we have 
8x + 18y ` Dıy —0 
so that 
4x 
Dry ~~ oO, (1) 
To find D,’y, we find the derivative of a quotient and keep in mind that 


y is a function of x. So we have 


9y (—4) — (74x) (9 Dy) 
2 = 
Substituting the value of Dzy from Eq. (1) into Eq. (2), we get 


—Ax 
—36y + (36x) Oy ~36y? — 16x 


24, — 
poy- 81? 81y? 
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or 

.LCAQy. + AY) 
i 81y? 
Because any values of x and y satisfying Eq. (3) must also satisfy the 
original equation, we can replace (9y? + 4x?) by 36 and obtain 


—4(36)_ 16 


$52 4907 — — 
Diy giy? 9,5 


D,?y (3) 


Exercises 4.7 


In Exercises 1 through 10, find the first and second derivative of the function defined by the given equation. 


1. 
4. 


7. 


10. 


11. 
12. 


13. 


14. 


15. 
16. 


17. 


18. 
19. 
20. 
21. 


f(x) =x — 2x +x 
G(t)-5—?P-ct 


F(x) = x2 Vx — 5x 


|2- Vx 
fe) 73 vx 
Find D,*y if y = x* — 2x? + x — 5. 
Find Ds if s= V4t+ 1. 


Find D.¥f(x) if f(x) = t3 s 


Find f(x) if f(x) = "Tcr 


Find D,*y if y = x? — 2392 + x1. 
Find Du ifu — v Vv — 2. 


Given x? + y? = 1, show that D;?y = 


2. F(x) = 7389 — 8x? 
5. f(x) = V2 +1 


3. g(s) = 2s! — 453+ 75 — 1 
6. h(y) = V2y +5 


8. g(r) = Vr 9. G(x) =e 


—2x 


5 


Given x? + y!? = 2, show that D,?y = 1/x??. 


Given x^ + j* = a‘ (a is a constant), find D,?y in simplest form. 


Given b?x? — ay? = ab? (a and b are constants), find D;?y in simplest form. 


Find the slope of the tangent line at each point of the graph of y = x* + x? — 3x” where the rate of change of the slope 


is zero. 


In Exercises 22 and 23, a particle is moving along a straight line according to the given equation of motion, where s ft is 
the directed distance of the particle from the origin at t sec. If v ft/sec is the velocity and a ft/sec? is the acceleration of the 
particle at t sec, find v and a in terms of t. Also find when the velocity is an absolute maximum and the intervals of time 
when the particle is moving toward the origin and when it is moving away from the origin. 


22. 


s= —9P + 15t 


23. s= dt! — 284 4P 
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In Exercises 24 through 27, a particle is moving along a straight line according to the given equation of motion, where s 
ft is the directed distance of the particle from the origin at t sec. Find the time when the instantaneous acceleration is zero, 
and then find the directed distance of the particle from the origin and the instantaneous velocity at this instant. 


125 2 
= 3 — 2 -— = ——ÓÁÓÉL la 
24. s= 286 — 6+ 3t-—4,t 2 0 25.5 16t + 32 gb, t20 
26. $298 +2V2t+1,t=0 27. s =$ +27, t= 0 
In Exercises 28 through 31, find formulas for f' (x) and f’’(x) and state the domains of f' and f". 
x 
— díx0 —x* ifx<0 
28. f(x) = i ee m. f= e iio 
x if 
30. f(x) = |x|’ 31. f(x) = [s peed 
0 ifx=0 


32. For the function of Exercise 30 find f’’’(x) when it exists. 
33. For the function of Exercise 31 find f’’’(x) when it exists. 
34. Show that if xy = 1, then D,’y ` D,?x = 4. 
35. If f’, g', f", and g” exist and if h =f ° g, express h'' (x) in terms of the derivatives of f and g. 
36. If f and g are two functions such that their first and second derivatives exist and if h is the function defined by h(x) = 
f(x) + g(x), prove that 
h'' (x) = f(x) - g'(x) + 2f'(x) > g'(x) + f” (x) + g(x) 
37. If y = x", where n is any positive integer, prove by mathematical induction that D,"y = n! 
38. If 


PNE: ND 
y71-2x 


prove by mathematical induction that 


2”n! 


Sn a 


4.8 THE SECOND- In Sec. 4.6 we learned how to determine whether a function f has a rela- 
DERIVATIVE TEST FOR tive maximum value or a relative minimum value at a critical number c 
RELATIVE EXTREMA by checking the algebraic sign of f' at numbers in intervals to the left 
and right of c. Another test for relative extrema is one that involves only 
the critical number c, and often it is the easier test to apply. It is called 
the second-derivative test for relative extrema, and it is stated in the follow- 

ing theorem. 


mo 4.8.1 Theorem Let c be a critical number of a function f at which f'(c) — 0, and let f' 
Second- Derivative Test for Relative Extrema — exist for all values of x in some open interval containing c. Then if f"' (c) 
exists and 


Teas UPS PPS 


O 


Figure 4.8.1 


Figure 4.8.2 


Figure 4.8.3 
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(i) if f' (c) < 0, f has a relative maximum value at c; 
(ii) if f” (c) > 0, f has a relative minimum value at c. 


PROOF OF (i): By hypothesis, f'' (c) exists and is negative; so we have 


! ED 
f'(o zy i Fr MO «0 
re x—c 
Therefore, by Theorem 2.10.4, there is an open interval I containing c 
such that 


FOSFO o T 


X c6 


for every x # c in the interval. 

Let I’ be the open interval containing all values of x in I for which 
x < c; therefore, c is the right endpoint of the open interval I’. Let I'’ be 
the open interval containing all values of x in I for which x > c; so c is the 
left endpoint of the open interval I'’. 

Then if x is in I', (x — c) < 0, and it follows from inequality (1) that 
[f (x) — f’(c)] > 0 or, equivalently, f' (x) > f'(c). If xis in I’, (x —c) > 
0, and it follows from (1) that [f’(x) —f’(c)] <0 or, equivalently, 
f'(x) fric 

But because f' (c) = 0, we conclude that if x is in I’, f’ (x) > 0, and if 
xis in l^, f'(x) < 0. Therefore, f' (x) changes algebraic sign from positive 
to negative as x increases through c, and so by Theorem 4.6.4, f has a rela- 
tive maximum value at c. 

The proof of part (ii) is similar and is left for the reader (see Exer- 
cise 18). " 


Note that if f” (c) = 0, as well as f' (c) = 0, nothing can be concluded 
regarding a relative extremum of f at c. For example, if f(x) — x*, then 
f' (x) = 4x? and f" (x) = 12x; hence, f(0), f' (0), and f''(0) all have the 
value zero. In this case, f has a relative minimum value at 0, as can be seen 
by applying the first-derivative test. If g(x) — —x*, then g'(x) = —4x? and 
g" (x) 7 —12x5; thus, (0) = g' (0) = g"' (0) = 0. By applying the first-de- 
rivative test, we see that g has a relative maximum value at 0. If h(x) = xë, 
then A' (x) = 3x* and A" (x) = 6x; so h(0) = h' (0) = h”' (0) = 0. The func- 
tion does not have a relative extremum at 0 because if x < 0, h(x) < h(0); 
and if x > 0, h(x) > h(0). Here we have examples of three functions, each 
of which has zero for its second derivative at a number for which its first 
derivative is zero; yet one function has a relative minimum value at that 
number, another function has a relative maximum value at that number, 
and the third function has neither a relative maximum value nor a rela- 
tive minimum value at that number. Sketches of the graphs of these func- 
tions f, g, and h are shown in Figs. 4.8.1, 4.8.2, and 4.8.3, respectively. 
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EXAMPLE 1: Given SOLUTION: 
zi deas leg f' (x) = 423 + Ax? — 8x 
fay =x tie — A f” (x) =122 +8x—8 
find the relative maxima and the 
relative minima of f by applying 
the second-derivative test. 4x(x -2)(x—1) 2-0 


Setting f'(x) — 0, we have 


which gives 

x=0 x——2 x=1 
Thus, the critical numbers of f are —2, 0, and 1. We determine whether or 
not there is a relative extremum at any of these critical numbers by find- 


ing the sign of the second derivative there. The results are summarized 
in Table 4.8.1. 


Table 4.8.1 
fe) f'e f(x) Conclusion 
x=—2 0 + f has a relative minimum value 
x=0 0 = f has a relative maximum value 
x= 0 + f has a relative minimum value 


Exercises 4.8 


In Exercises 1 through 14, find the relative extrema of the given function by using the second-derivative test, if it can be 
applied. If the second-derivative test cannot be applied, use the first-derivative test. 


1. f(x) 2332 - 2x +1 2. g(x) =x — 5x t6 3. f(x) ^ —4x? + 3x? + 18x 
4. h(x) = 228 — 9x? + 27 5. f(x) = (x — 4)? 6. G(x) = (x + 2)? 

7. G(x) = (x - 3)* 8. f(x) = xx — 1)? 9. h(x) 2 x Vx -3 
10. f(x) 2x va— x? 11. f(x) = 4x!? + Ax !? 12. g(x) = 2 +2 

13. F(x) = 6x13 — x? 14. G(x) = x(x — 4)? 


15. Given f(x) = x? + 3rx + 5, prove that (a) if r > 0, f has no relative extrema; (b) if r < 0, fhas both a relative maximum 
value and a relative minimum value. 


16. Given f(x) =x" — rx + k, where r > 0 and r # 1, prove that (a) if 0 < r < 1, f has a relative maximum value at 1; (b) if 
r > l,fhasa relative minimum value at 1. 


17. Given f(x) = x? + rx, prove that regardless of the value of r, f has a relative minimum value and no relative maxi- 
mum value. 


18. Prove Theorem 4.8.1(ii). 


4.9 ADDITIONAL PROBLEMS 
INVOLVING 
ABSOLUTE EXTREMA 
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The extreme-value theorem (Theorem 4.3.9) guarantees an absolute maxi- 
mum value and an absolute minimum value for a function which is con- 
tinuous on a closed interval. We now consider some functions defined 
on intervals for which the extreme-value theorem does not apply and 
which may not have absolute extrema. 


EXAMPLE 1: Given 


fx) == 


find the absolute extrema of f on 
the interval [0, 6) if there are any. 


SOLUTION: f is continuous on the interval [0, 6) because the only dis- 
continuity of f is at 6, which is not in the interval. 


fie) .2x(x—6)-— 0? — 27) x? —12x +27 .(x—3) (x — 9) 
(x — 6)? (x — 6)? (x — 6)? 
f'(x) exists for all values of x in [0, 6), and f' (x) = 0 when x = 3 or 9; so 
the only critical number of f in the interval [0, 6) is 3. The first-derivative 
test is applied to determine if f has a relative extremum at 3. The results 
are summarized in Table 4.9.1. 


Table 4.9.1 
f(x) f'(x) Conclusion 
0zx«3 + f is increasing 
x=3 6 0 f has a relative maximum value 
3<x<6 = f is decreasing 


Because f has a relative maximum value at 3, and f is increasing on 
the interval [0, 3) and decreasing on the interval (3, 6), we conclude that 
on [0, 6) f has an absolute maximum value at 3, and it is f(3) which is 6. 
Noting that lim f(x) =—%, we conclude that there is no absolute mini- 

r267 


mum value of f on [0, 6). 


EXAMPLE 2: Given 
=— * 
f(x) = (x? + 6)? 


find the absolute extrema of f on 
[0, +œ) if there are any. 


SOLUTION: f is continuous for all values of x. 


f'a) 1 + 6)? + 4r (x + 6) = cc X6) 14?  3x—6 


(x?  6)* (x? +6)" (+6)? 


f'(x) exists for all values of x. Setting f'(x) = 0, we obtain x =+V2; so 
V2 is the only critical number of f in [0, +). The first-derivative test is 
applied at V2, and the results are summarized in Table 4.9.2. 

Because f has a relative minimum value at V2 and because f is de- 
creasing on [0, V2) and increasing on (V2, +%), we conclude that f has 
an absolute minimum value at V2 on [0, +œ). The absolute minimum 
value is ^4 V2. There is no absolute maximum value of f on [0, +%). 
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Table 4.9.2 
f(x) f'(x) Conclusion 
O<x< V2 — fis decreasing 
x= V2 — V2 0 f has a relative minimum value 
V2 < x < +% + f is increasing 


EXAMPLE 3: Find the shortest 
distance from the point A(2, 3) to 
a point on the parabola y — x?, 
and find the point on the parab- 
ola that is closest to A. 


y 
P(x, y) 
A(2, >) 
x 
O 
Figure 4.9.1 


SOLUTION: Let z= the number of units in the distance from the point 
A(2, 3) to a point P(x, y) on the parabola. Refer to Fig. 4.9.1. 
z= V(x— 2)? + (y— 4)? (1) 


Because P(x, y) is on the parabola, its coordinates satisfy the equation 
y = x*. Substituting this value of y into Eq. (1), we obtain z as a function 
of x and write 


z(x) = V(x — 2)? + Gay 


or 
z(x) = Vx‘ — 4x + 42 (2) 


Because P can be any point on the parabola, x is any real number. 
We wish to find the absolute minimum value of z on (—%, +%). 


2(x—1)(2 - x1) 


z' (x) exists for all values of x because the denominator is z(x) , which 
is never zero. Consequently, the critical numbers are obtained by setting 
Z' (x) = 0. The only real solution is 1; thus, 1 is the only critical number 
of z. We apply the first-derivative test and summarize the results in 
Table 4.9.3. 


z'(x) = 44x? — 4) (x* — Ax + Ap) 12 = 


Table 4.9.3 
z(x) z' (x) Conclusion 
[m 
—~<x<l = z is decreasing 
x=1 v5 0 z has a relative minimum value 
1«x«-co RE z is increasing 


Because z has a relative minimum value at 1, and because z is de- 
creasing on (—9, 1) and increasing on (1, +œ), we conclude that z has 
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an absolute minimum value of $ V5 at 1. So the point on the parabola 
closest to À is (1, 1). 

We can show that the point A(2, 2) lies on the normal line at (1, 1) of 
the graph of the parabola. Because the slope of the tangent line at any 
point (x, y) of the parabola is 2x, the slope of the tangent line at (1, 1) is 2. 
Therefore, the slope of the normal line at (1, 1) is —4, which is the same 
as the slope of the line through A(2, 3) and (1, 1). 


4.9.1 Theorem 


In the next two examples, where the second-derivative test is used 
to determine the relative extrema, we use the following theorem to de- 
termine the absolute extrema. 


Let the function f be continuous on the interval I containing the num- 
ber c. If f(c) is the one and only relative extremum of f on I, then f(c) is 
an absolute extremum of f on I. Furthermore, 


(i) if f(c) is a relative maximum value of f on I, then f(c) is an abso- 
lute maximum value of f on I; 

(ii) if f(c) is a relative minimum value of f on I, then f(c) is an abso- 
lute minimum value of f on I. 


The proof of this theorem is beyond the scope of this book and can 
be found in an advanced calculus text. 


EXAMPLE 4: A closed box with a 
square base is to have a volume 
of 2000 cubic inches. The material 
for the top and bottom of the box 
is to cost $3 per square inch, and 
the material for the sides is to 
cost $1.50 per square inch. If the 
cost of the material is to be the 
least, find the dimensions of 

the box. 


soLUTION: Letx- the number of inches in the length of a side of the 
square base; 
y = the number of inches in the depth of the box; 
C — the number of dollars in the cost of the material. 
The total number of square inches in the combined area of the top 
and bottom is 2x”, and for the sides it is 4xy; so we have 


C—3(222) + £(Axy) (3) 


Because the volume of the box is the product of the area of the base and 
the depth, we have 


x*y = 2000 (4) 
Solving Eq. (4) for y in terms of x and substituting into Eq. (3) we get 
C= e + 200 (5) 


x is in the interval (0, +), and C is a function of x, which is continuous 
on (0, +). From Eq. (5) we obtain 


12,000 


D,C—12x— (6) 
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D,C does not exist when x= 0, but 0 is not in (0, +). Hence, the only 
critical numbers will be those obtained by setting D,C = 0. The only real 
solution is 10; thus, 10 is the only critical number. To determine if x = 10 
makes C a relative minimum we apply the second-derivative test. From 
Eq. (6) it follows that 


2C >= + Az 
D. C 12 3 


The results of the second-derivative test are summarized in Table 4.9.4. 


Table 4.9.4 
| D,C DC Conclusion 


x=10 0 + C has a relative minimum value 


From Eq. (5) we see that C is a continuous function of x on (0, +%). Be- 
cause the one and only relative extremum of C on (0, +%) is at x = 10, it 
follows from Theorem 4.9.1(ii) that this relative minimum value of C is 
the absolute minimum value of C. Hence, we conclude that the total cost 
of the material will be the least when the side of the square base is 10 in. 
and the depth is 20 in. 


In the preceding examples and in the exercises of Sec. 4.4, the variable 
for which we wished to find an absolute extremum was expressed as a 
function of only one variable. Sometimes this procedure is either too diffi- 
cult or too laborious, or occasionally even impossible. Often the given 
information enables us to obtain two equations involving three variables. 
Instead of eliminating one of the variables, it may be more advantageous 
to differentiate implicitly. The following example illustrates this method. 


EXAMPLE 5: If a closed tin can of 
specific volume is to be in the 
form of a right-circular cylinder, 
find the ratio of the height to the 
base radius if the least amount of 
material is to be used in its 
manufacture. 


soLUTION: We wish to find a relationship between the height and the 
base radius of the right-circular cylinder in order for the total surface area 
to be an absolute minimum for a fixed volume. Therefore, we consider 
the volume of the cylinder a constant. 

Let V — the number of cubic units in the volume of a cylinder (a 
constant). 

We now define the variables: 


r — the number of units in the base radius of the cylinder; 0 « r « 
To; 

h = the number of units in the height of the cylinder; 0 < h < +%; 

S= the number of square units in the total surface area of the 
cylinder. 


We have the following equations: 
S= 2mr? + 2mrh (7) 
V=arh (8) 
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Because V is a constant, we could solve Eq. (8) for either r or h in terms of 
the other and substitute into Eq. (7), which will give us S as a function 
of one variable. The alternative method is to consider S as a function of 
two variables r and h; however, r and h are not independent of each other. 
That is, if we choose r as the independent variable, then S depends on 
7; also, h depends on r. 

Differentiating S and V with respect to r and bearing in mind that 
h is a function of r, we have 


D,S = Amr + 2mh + 27r D,h (9) 
and 
D,V = 2arh + mr? D,h (10) 


Because V is a constant, D,V = 0; therefore, from Eq. (10) we have 
2qrh + mr? D,h=0 
with r # 0, and we can divide by r and solve for D,h, thus obtaining 


D,h - - 25 (11) 


Substituting from Eq. (11) into Eq. (9), we obtain 


D,S = 27 [2r+ h+ r(-#)] 


or 
D,S = 2n (2r — h) (12) 


To find when S has a relative minimum value, we set D,S = 0 and 
obtain 2r — h — 0, which gives us 


r—ih 


To determine if this relationship between r and h makes S a relative 
minimum, we apply the second-derivative test. From Eq. (12) we find that 


Dj?S = 27 (2 — D,h) (13) 
Substituting from Eq. (11) into (13), we get 


DÈS = 2m [2 = =) =2n (2 4 2) 


The results of the second-derivative test are summarized in Table 4.9.5. 


Table 4.9.5 


D,S DS Conclusion 


r=th 0 F S has a relative minimum value 
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From Eqs. (7) and (8) we see that 5 is a continuous function of r on 
(0, +œ). Because the one and only relative extremum of S on (0, +œ) is at 
r= th, we conclude from Theorem 4.9.1(ii) that S has an absolute mini- 
mum value at r= 4h. Therefore, the total surface area of the tin can will 
be least for a specific volume when the ratio of the height to the base 
radius is 2. 


Exercises 4.9 


In Exercises 1 through 8 find the absolute extrema of the given function on the given interval if there are any. 
1. f(x) = 2; (3, 2] 2. g(x) = - 245 — 4x +1; (3,2) 3. F(x) = B z [—4, 4] 
2 
4. f(x) = m [74, —1] 5. g(x) = 4x! — 2x + 1; (—%, +2) 6. G(x) = (x — 5); (—o, +0) 
Se 2E -2-3 
7. f) = Gay [0, +œ) 8. f(x) = eat | oo, 4) 
9. A rectangular field, having an area of 2700 yd?, is to be enclosed by a fence, and an additional fence is to be used to 


20. 


divide the field down the middle. If the cost of the fence down the middle is $2 per running yard, and the fence along 
the sides costs $3 per running yard, find the dimensions of the field so that the cost of the fencing will be the least. 


. A rectangular open tank is to have a square base, and its volume is to be 125 yd’. The cost per square yard for the bot- 
tom is $8 and for the sides is $4. Find the dimensions of the tank in order for the cost of the material to be the least. 


. A box manufacturer is to produce a closed box of specific volume whose base is a rectangle having a length that is 
three times its width. Find the most economical dimensions. 


. Solve Exercise 11 if the box is to have an open top. 


. A funnel of specific volume is to be in the shape of a right-circular cone. Find the ratio of the height to the base radius 
if the least amount of material is to be used in its manufacture. 


. A Norman window consists of a rectangle surmounted by a semicircle. Find the shape of such a window that will 
admit the most light for a given perimeter. 


. Solve Exercise 14 if the window is such that the semicircle transmits only half as much light per square unit of area 
as the rectangle. 


. The strength of a rectangular beam is proportional to the breadth and the square of its depth. Find the dimensions of 
the strongest beam that can be cut from a log in the shape of a right-circular cylinder of radius a in. 


. The stiffness of a rectangular beam is proportional to the breadth and the cube of its depth. What is the shape of the 
stiffest beam that can be cut from a log in the shape of a right-circular cylinder? 


. A page of print is to contain 24 in? of printed area, a margin of 13 in. at the top and bottom, and a margin of 1 in. at 
the sides. What are the dimensions of the smallest page that would fill these requirements? 


. A one-story building having a rectangular floor space of 13,200 ft? is to be constructed where a 22-ft easement is re- 
quired in the front and back and a 15-ft easement is required on each side. Find the dimensions of the lot having the 
least area on which this building can be located. 


Find the point on the curve y? — x? = 1 that is closest to the point (2, 0). 


21. 


23. 


24. 
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A direct current generator has an electromotive force of E volts and an internal resistance of r ohms. E and r are con- 
stants. If R ohms is the external resistance, the total resistance is (r + R) ohms and if P watts is the power, then 


EE. 
ix (r+ RP 


What external resistance will consume the most power? 


. A right-circular cone is to be inscribed in a sphere of given radius. Find the ratio of the altitude to the base radius of 


the cone of largest possible volume. 

A right-circular cone is to be circumscribed about a sphere of given radius. Find the ratio of the altitude to the base 
radius of the cone of least possible volume. 

Prove by the method of this section that the shortest distance from the point P, (xı, yı) to the line J, having the equa- 
tion Ax + By + C=0, is |Ax, + By, + C|/ WA? + B®. (minr: If s is the number of units from P, to a point P(x, y) on l, 
then s will be an absolute minimum when s? is an absolute minimum.) 


4.10 CONCAVITY AND 
POINTS OF INFLECTION 


B(x 2, y3) 
G(x; y;) 


C(x3, ys) 


F(x,, Ya) 


A(X1/ Y1) 
E(xs, ys) 


D(x,, Y4) 


Figure 4.10.1 


Figure 4.10.1 shows a sketch of the graph of a function f whose first and 
second derivatives exist on the closed interval [x,, x7]. Because both f and 
f' are differentiable there, f and f’ are continuous on [x;, x;]. 

If we consider a point P moving along the graph of Fig. 4.10.1 from 
A to G, then the position of P varies as we increase x from x, to x;. As P 
moves along the graph from A to B, the slope of the tangent line to the 
graph is positive and is decreasing; that is, the tangent line is turning 
clockwise, and the graph lies below the tangent line. When the point P 
is at B, the slope of the tangent line is zero and is still decreasing. As P 
moves along the graph from B to C, the slope of the tangent line is nega- 
tive and is still decreasing; the tangent line is still turning clockwise, and 
the graph is below its tangent line. We say that the graph is concave 
downward from A to C. As P moves along the graph from C to D, the slope 
of the tangent line is negative and is increasing; that is, the tangent line 
is turning counterclockwise, and the graph is above its tangent line. At 
D, the slope of the tangent line is zero and is still increasing. From D to 
E, the slope of the tangent line is positive and increasing; the tangent line 
is still turning counterclockwise, and the graph is above its tangent line. 
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4.10.1 Definition 


4.10.2 Definition 


4.10.3 Theorem 


We say that the graph is concave upward from C to E. At the point C, the 
graph changes from concave downward to concave upward. Point C is 
called a point of inflection. We have the following definitions. 


The graph of a function f is said to be concave upward at the point (c, f (c)) 
if f'(c) exists and if there is an open interval I containing c such that for 
all values of x # c in I the point (x, f (x)) on the graph is above the tangent 
line to the graph at (c, f (c)). 


The graph of a function f is said to be concave downward at the point 
(c, f(c)) if f'(c) exists and if there is an open interval I containing c such 
that for all values of x # c in] the point (x, f (x)) on the graph is below the 
tangent line to the graph at (c, f (c)). 


Figure 4.10.2 shows a sketch of a portion of the graph of a function 
f that is concave upward at the point (c, f(c)), and Fig. 4.10.3 shows a 
sketch of a portion of the graph of a function f that is concave downward 
at the point (c, f (c)). 


(e, f(c)) 


| 

| 

(c, f(c)) i 

| | 

| l 

| | 

| | 

oe fe — 
€ c 
Figure 4.10.2 Figure 4.10.3 


The graph of the function f of Fig. 4.10.1 is concave downward at all 
points (x, f(x)) for which x is in either of the following open intervals: 
(x1, Xs) Or (x5, xo). Similarly, the graph of the function f in Fig. 4.10.1 is 
concave upward at all points (x, f(x)) for which x is in either (x3, x;) or 
(Xs, X7). The following theorem gives a test for concavity. 


Let f be a function which is differentiable on some open interval con- 
taining c. Then 


(i) if f” (c) > 0, the graph of f is concave upward at (c, f(c)); 
(ii) if f" (c) < 0, the graph of f is concave downward at (c, f(c)). 


PROOF OF (i): 


f (c) = Him PLO 
Because f'' (c) > 0, 
x iens 
zc x—e 


(c, f(c)) 


| 
| 
| 
| 
l 
| 
| 
l 
c 


Figure 4.10.4 
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Then, by Theorem 2.10.3, there is an open interval I containing c such that 


Cs Oper a 


x—c 
for every x # c in I. 


Now consider the tangent line to the graph of f at the point (c, f(c)). 
An equation of this tangent line is 


y — f(c) = f'(e) (x — c) 

or 
y= f(c) + f'(e) (x— c) (2) 

Let x be a number in the interval J such that x # c, and let Q be the 
point on the graph of f whose abscissa is x. Through Q draw a line parallel 
to the y axis, and let T be the point of intersection of this line with the 
tangent line (see Fig. 4.10.4). 

To prove that the graph of f is concave upward at (c, f(c)), we must 
show that the point Q is above the point T or, equivalently, that the 
directed distance TQ > 0 for all values of x 7 c in I. TQ equals the ordi- 
nate of Q minus the ordinate of T. The ordinate of Q is f(x), and the ordi- 
nate of T is obtained from Eq. (2); so we have 


TQ = f(x) — [f(c) + f'C) (x— e)] 
or 
TQ = [f(x) — f(c)] — f' (c) (x — c) (3) 


From the mean-value theorem there exists some number d between 
x and c such that 


bea e m fee) 
foe x—c 
or 
f(x) — f(c) = f’(d) (x — c) for some d between x and c (4) 


Substituting from Eq. (4) into (3), we have 
TQ = f'(d)(x— c) — f'(c)(x—c) 
or 
TQ = (x— c)[f' (d) - f'(0] (5) 


Because d is between x and c, d is in the interval I, and so by taking x = d 
in inequality (1), we obtain 


re re PO >0 (6) 


To prove that TQ > 0, we show that both of the factors on the right 
side of Eq. (5) have the same sign. If (x — c) > 0, then x > c. And be- 
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4.10.4 Definition 


c 


Figure 4.10.5 


cause d is between x and c, then d > c; therefore, from inequality (6), 
[f' (d) — f'(c)] > 0. If (x — c) <0, then x < c, and so d < c; therefore, 
from (6), [f'(d) —f'(c)] < 0. We conclude that (x — c) and [f' (4) — f'(c)] 
have the same sign; therefore, TQ is a positive number. Thus, the graph 
of f is concave upward at (c, f(c)), which is what we wished to prove. 

The proof of part (ii) is similar and is left for the reader (see Exer- 
cise 27). | 


The converse of Theorem 4.10.3 is not true. For example, if f is the 
function defined by f(x) = x‘, the graph of f is concave upward at the 
point (0, 0) but f'' (0) — 0 (see Fig. 4.8.1). Accordingly, a sufficient con- 
dition for the graph of a function f to be concave upward at the point 
(c, f(c)) is that f" (c) > 0, but this is not a necessary condition. Similarly, 
a sufficient—but not a necessary—condition that the graph of a function 
f be concave downward at the point (c, f(c)) is that f''(c) « 0. 

If there is a point on the graph of a function at which the sense of 
concavity changes, then the graph crosses its tangent line at this point, 
as shown in Figs. 4.10.5, 4.10.6, and 4.10.7. Such a point is called a point 
of inflection. 


The point (c, f(c)) is a point of inflection of the graph of the function f if 
the graph has a tangent line there, and if there exists an open interval I 
containing c such that if x is in I, then either 


(i) f (x) < 0 if x «candf''(x) > 0ifx c; or 
(ii) f” (x) > 0if x < cand f'(x) <Oifx>c 


Figure 4.10.5 illustrates a point of inflection where condition (i) of 
the above definition holds; in this case, the graph is concave downward 
at points immediately to the left of the point of inflection, and the graph 
is concave upward at points immediately to the right of the point of in- 
flection. Condition (ii) is illustrated in Fig. 4.10.6, where the sense of 
concavity changes from upward to downward at the point of inflection. 
Figure 4.10.7 is another illustration of condition (i), where the sense of 


Figure 4.10.6 Figure 4.10.7 


4.10.5 Theorem 


[ei 
5 Lx 


Figure 4.10.8 
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concavity changes from downward to upward at the point of inflection. 
Note that in Fig. 4.10.7 there is a horizontal tangent line at the point of 
inflection. For the graph in Fig. 4.10.1 there are points of inflection at 
C, E, and F. 

Definition 4.10.4 indicates nothing about the value of the second 
derivative of f at a point of inflection. The following theorem states that 
if the second derivative exists at a point of inflection, it must be zero 
there. 


If the function f is differentiable on some open interval containing c, and 
if (c, f(c)) is a point of inflection of the graph of f, then if f” (c) exists, 
f'(c) 20. 


PROOF: Let 2 be the function such that g(x) = f'(x); then g'(x) = f” (x). 
Because (c, f(c)) is a point of inflection of the graph of f, then f''(x) 
changes sign at c and so g'(x) changes sign at c. Therefore, by the first- 
derivative test (Theorem 4.6.4), g has a relative extremum at c, and c isa 
critical number of g. Because g’ (c) = f” (c) and since by hypothesis f"'(c) 
exists, it follows that 2'(c) exists. Therefore, by Theorem 4.3.3 g'(c) — 0 
and f” (c) — 0, which is what we wanted to prove. a 


The converse of Theorem 4.10.5 is not true. That is, if the second 
derivative of a function is zero at a number c, it is not necessarily true 
that the graph of the function has a point of inflection at the point where 
x — c. This can be shown by again considering the function f defined by 
f(x) = xt. f'(x) = 4x? and f''(x) = 12x. Further, f'' (0) — 0; but because 
f" (x) > 0 if x < 0 and f''(x) > 0 if x > 0, the graph is concave upward 
at points on the graph immediately to the left of (0, 0) and at points im- 
mediately to the right of (0, 0). Consequently, (0, 0) is not a point of in- 
flection. We showed previously that this function f has a relative mini- 
mum value at zero and that the graph is concave upward at the point (0, 0) 
(see Fig. 4.8.1). 

The graph of a function may have a point of inflection at a point, and 
the second derivative may fail to exist there. For example, if f is the func- 
tion defined by f(x) = x'?, then 


f'x)-—i4x?5 and f’’(x) =—$x 58 


f''(0) does not exist; but if x < 0, f''(x) > 0, and if x > 0, f''(x) < 0. 
Hence, f has a point of inflection at (0, 0). A sketch of the graph of this 
function is shown in Fig. 4.10.8. Note that for this function f'(0) also 
fails to exist. The tangent line to the graph at (0, 0) is the y axis. 

In drawing a sketch of a graph having points of inflection, it is helpful 
to draw a segment of the tangent line at a point of inflection. Such a tan- 
gent line is called an inflectional tangent. 
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EXAMPLE 1: For the function in 
Example 1 of Sec. 4.6, find the 
points of inflection of the graph 
of the function, and determine 
where the graph is concave up- 
ward and where it is concave 
downward. 


(2, 3) 


(0) 


Figure 4.10.9 


SOLUTION: 
f(x) 2 33 — 63 + 9x41 


f'(x) 2 332 — 12x - 9 
f" (x) =6x— 12 
f'' (x) exists for all values of x; so the only possible point of inflec- 
tion is where f'' (x) =0, which occurs at x —2. To determine whether 
there is a point of inflection at x = 2, we must check to see if f'' (x) changes 


sign; at the same time, we determine the concavity of the graph for the 
respective intervals. The results are summarized in Table 4.10.1. 


Table 4.10.1 NEN mu 
fœ) jf flx) Conclusion 
—ocx«2 = graph is concave downward 
x=2 3 —3 0 graph has a point of inflection 
2<x<+o + graph is concave upward 


In Example 1 of Sec. 4.6 we showed that f has a relative maximum 
value at 1 and a relative minimum value at 3. A sketch of the graph show- 
ing a segment of the inflectional tangent is shown in Fig. 4.10.9. 


EXAMPLE 2: If f(x) = (1 — 2x)’, 
find the points of inflection of 
the graph of f and determine 
where the graph is concave 
upward and where it is concave 
downward. 


y 
^ 


Figure 4.10.10 


SOLUTION: 


f'(x) =—6(1 — 2x)? 
f” (x) = 24(1 — 2x) 


Because f''(x) exists for all values of x, the only possible point of 
inflection is where f'' (x) = 0, that is, at x = 3. By using the results sum- 
marized in Table 4.10.2, we see that f'' (x) changes sign from “+” to "—"' 
at x = 4, and so the graph has a point of inflection there. Note also that 
because f'(3) — 0, the graph has a horizontal tangent line at the point 
of inflection. A sketch of the graph is shown in Fig. 4.10.10. 


Table 4.10.2 
fe) fx) f(x) Conclusion 
—o<x<ż + graph is concave upward 
x=ż 0 0 0 graph has a point of inflection 
ij«x«to = graph is concave downward 
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Exercises 4.10 


In 


Exercises 1 through 10 determine where the graph of the given function is concave upward, where it is concave down- 


ward, and find the points of inflection if there are any. 


1 
3 


5. 


7. 


9. 


11. 
12. 


13. 


14. 


In 


. f(x) =x? + 9x 2. g(x) = x3 + 332—3x —8 
. E(x) = x! — 89 + 24x? 4. f(x) = 16x! + 32x? + 24x? — 5x — 20 
2x l 
£0 =a 6 GG = ur m 
f(x) = (x—2)15 8. F(x) = 2x — 6)*? +1 
afe ifx<0 _ fx? ifx<1 
fos fi ifx=0 ipfe ANE ifíxz1 


If f(x) = ax? + bx?, determine a and b so that the graph of f will have a point of inflection at (1, 2). 


If f(x) = ax? + bx? + cx, determine a, b, and c so that the graph of f will have a point of inflection at (1, 2) and so that 
the slope of the inflectional tangent there will be —2. 


If f(x) = ax? + bx? + cx + d, determine a, b, c, and d so that f will have a relative extremum at (0, 3) and so that the 
graph of f will have a point of inflection at (1, —1). 


If f(x) = axt + bx? + cx? + dx + e, determine the values of a, b, c, d, and e so the graph of f will have a point of inflec- 
tion at (1, —1), have the origin on it, and be symmetric with respect to the y axis. 


Exercises 15 through 24, draw a sketch of a portion of the graph of the function f through the point where x — c if the 


given conditions are satisfied. If the conditions are incomplete or inconsistent, explain. It is assumed that f is continuous 
on some open interval containing c. 


15 
16 


17. 
18. 
19. 
20. 
21. 
22. 
23. 


24. 


25. 
26. 
27. 
28. 


.f'G) »0ifx«cf'(x) < Oifx>c f(x) »0ifx«cf'(x) >Oifx>c. 
.f'G) > Vif x < c f'(x) > Oifx > c f(x) »0ifx«cf'(x) <Oifx >c. 
f''(c) =0; f'(c) =0; f'(x) > Oifx «c f" (x) > Oifx>c. 

f'(c) =0; f'(x) > Oifx < c; f” (x) > Oifx>c. 

f'(c) =0; f'(x) «0ifx«cf'(x) >Oifx>c. 

f''(c) =0; f'(c) =4 fl" (x) > Oifx <c; f" (x) <Oifx>c. 

f'(c) does not exist; f" (x) > 0 if x < c; f" (x) >Oifx>c. 

f'(c) does not exist; f''(c) does not exist; f' (x) < Oif x < c; f''(x) > 0 if x >c. 


lim f'(x) = +; lim f'(x) 20; f" (x) > 0 if x < c; f'(x) < 0 if x > c. 


g=- 


lim f' (x) = +%; lim f'(x) =—%; f" (x) > 0 if x < c; f” (x) >0ifx >c. 


z-c- z-c* 
Draw a sketch of the graph of a function f for which f(x), f'(x), and f”' (x) exist and are positive for all x. 
If f(x) = 3x?  x|x|, prove that f'' (0) does not exist but the graph of f is concave upward everywhere. 
Prove Theorem 4.10.3(ii). 


Suppose that f is a function for which f” (x) exists for all values of x in some open interval I and that at a number c in 
I, f'' (c) — 0 and f'"' (c) exists and is not zero. Prove that the point (c, f(c)) is a point of inflection of the graph of f. 
(HINT: The proof is similar to the proof of the second-derivative test (Theorem 8.7.1).) 
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4.11 APPLICATIONS TO 
DRAWING A SKETCH 
OF THE GRAPH 

OF A FUNCTION 


APPLICATIONS OF THE DERIVATIVE 


We now apply the discussions in Secs. 4.6, 4.8, and 4.10 to drawing a 
sketch of the graph of a function. If we are given f(x) and wish to draw a 
sketch of the graph of f, we proceed as follows. First, find f'(x) and f''(x). 
Then the critical numbers of f are the values of x in the domain of f for 
which either f'(x) does not exist or f'(x) — 0. Next, apply the first-deriva- 
tive test (Theorem 4.6.4) or the second-derivative test (Theorem 4.8.1) to 
determine whether we have at a critical number a relative maximum value, 
a relative minimum value, or neither. To determine the intervals on which 
f is increasing, we find the values of x for which f'(x) is positive; to de- 
termine the intervals on which f is decreasing, we find the values of x 
for which f'(x) is negative. In determining the intervals on which f is 
monotonic, we also check the critical numbers at which f does not have a 
relative extremum. The values of x for which f''(x) — 0 or f''(x) does not 
exist give us the possible points of inflection, and we check to see if f''(x) 
changes sign at each of these values of x to determine whether we actually 
have a point of inflection. The values of x for which f''(x) is positive and 
those for which f''(x) is negative will give us points at which the graph 
is concave upward and points at which the graph is concave downward. 
It is also helpful to find the slope of each inflectional tangent. It is sug- 
gested that all the information so obtained be incorporated into a table, 
as illustrated in the following examples. 


Given 


f(x) = x3 — 3L +3 


EXAMPLE 1: 


find: the relative extrema of f; the 
points of inflection of the graph 
of f; the intervals on which f is 
increasing; the intervals on which 
f is decreasing; where the graph 
is concave upward; where the 
graph is concave downward; and 
the slope of any inflectional 
tangent. Draw a sketch of the 
graph. 


SOLUTION: f'(x) = 3x" — 6x; f''(x) — 6x — 6. Setting f'(x) — 0, we ob- 
tain x — 0 and x — 2. Setting f'' (x) — 0, we obtain x= 1. In making the 
table, we consider the points at which x = 0, x= 1, and x — 2, and the 
intervals excluding these values of x: 


—ocx«0 0cx«1 1<x<2 2<x<+m 


Using the information in Table 4.11.1 and plotting a few points, we 
obtain the sketch of the graph shown in Fig. 4.11.1. 


| e- 


Figure 4.11.1 
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Table 4.11.1 
fx) f'(x) Conclusion 

—o«cx«0 + f is increasing; graph is con- 
cave downward 

x=0 3 0 f has a relative maximum 
value; graph is concave 
downward 

0<x<1 = f is decreasing; graph is con- 
cave downward 

x=1 1 —3 f is decreasing; graph has a 
point of inflection 

1<x<2 — f is decreasing; graph is con- 
cave upward 

x=2 SI 0 f has a relative minimum 
value; graph is concave 
upward 

2< x< +0 + f is increasing; graph is con- 
cave upward 

EXAMPLE 2: Given SOLUTION: 
f(x) = 5x?/3 — x93 f (x) = AP 7-1/3 = ER and f" (x) = — 42 7-488 =— 9-1/3 


find: the relative extrema of f; the 
points of inflection of the graph 
of f; the intervals on which f is 
increasing; the intervals on which 
f is decreasing; where the graph 
is concave upward; where the 
graph is concave downward; and 
the slope of any inflectional 
tangent. Draw a sketch of the 
graph. 


f'(x) does not exist when x = 0. Setting f'(x) = 0, we obtain x = 2. There- 
fore, the critical numbers of f are 0 and 2. f'' (x) does not exist when x = 0. 


Figure 4.11.2 
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Setting f''(x) —0, we obtain x — —1. In making the table, we consider 
the points at which x — —1, x —0, and x —2, and the following intervals: 
—o«cx«-—1 -1<x<0 0cx«2 2«x«-o 
A sketch of the graph, drawn from the information in Table 4.11.2 
and by plotting a few points, is shown in Fig. 4.11.2. 
Table 4.11.2 
f(x) fc) f(x) Conclusion 
L 
—o«cx«-1 = + f is decreasing; graph is 
concave upward 
x=-1 6 —5 0 f is decreasing; graph 
has a point of in- 
flection 
—1«x«0 EF — f is decreasing; graph is 
concave downward 
x=0 0 does does f has a relative mini- 
not not mum value 
exist exist 
O0<x<2 + = f is increasing; graph is 
concave downward 
x= 2 3W4~4.8 0 — f has a relative maxi- 
mum value; graph is 
concave downward 
2«x«-to = = f is decreasing; graph is 
concave downward 
' i 


Exercises 4.11 


For each of the following functions find: the relative extrema of f; the points of inflection of the graph of f; the intervals 
on which f is increasing; the intervals on which f is decreasing; where the graph is concave upward; where the graph is 
concave downward; the slope of any inflectional tangent. Draw a sketch of the graph. 


1. f(x) 22x* — 6x 1 2. f(x) = x9 + x? — Sx 3. f(x) = xt — 2x8 

4. f(x) = 3x4 + 2x3 5. f(x) = x9 + 5x* -3x — 4 6. f(x) = 2x3 —ix— 2x € 1 

7. f(x) = xt — 3x3 + 333 +1 8. f(x) = x! — Ax? + 16x 9. f(x) dx! 46 — xà € 1 
E E Pe _fe ifx<0 = ifx <0 

10. f(x) = 3x4 + Ax! + 6x? — 4 11. f(x) ER ee bose cn 


s d= [2 228 mere POR HESE fencer rear 


16. f(x) = x*(x + 4? 
19. f(x) = 3x35 — 2x 
22. f(x) = 319? — Ax 
25. f(x) 22 + (x — 3)55 
28. f(x) 23 4- (x  1)75 
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17. f(x) = 335 + 5x4 18. f(x) = 3x5 + 5x? 

20. f(x) = 3x! — x 21. f(x) = x13 + 2x15 
23. f(x) 22 + (x —3)15 24. f(x) =2 + (x —3)15 
26. f(x) 22 + (x —3)?8 27. f(x) =3 + (x + 1)95 
29. f(x) 2x3 VA— x 30. f(x) 2x v9— x 

32. f(x) = = 9 33. f(x) = (x +2) V-x 


In economics the variation of one quantity with respect to another can be 
described by either an average concept or a margínal concept. The aver- 
age concept expresses the variation of one quantity over a specified range 
of values of a second quantity, whereas the marginal concept is the in- 
stantaneous change in the first quantity that results from a very small 
unit change in the second quantity. For example, in our discussion of 
rectilinear motion (Sec. 3.2) we considered both an average concept and 
a marginal concept. The average velocity in traveling a distance of s miles 
in t hours is s/t mi/hr, whereas the instantaneous velocity is a marginal 
concept as it gives the rate of change of s with respect to a small unit 
change in t at a particular instant of time. We begin our examples in eco- 
nomics with the definitions of average cost and marginal cost. It should 
be clear that to define a marginal concept precisely we must use the no- 
tion of a limit, and this will lead to the derivative. 

Suppose that C(x) dollars is the total cost of producing x units of a com- 
modity. The function C is called a total cost function. In normal circum- 
stances, x and C(x) are nonnegative. If zero is in the domain of C, C(0) 
is called the overhead cost of production. Note that since x represents the 
number of units of a commodity, x must be a nonnegative integer. How- 
ever, to apply the calculus we assume that x is a nonnegative real number 
(and then round off any noninteger values of x to the nearest integer), 
thus giving us the continuity requirements for the function C. 

The average cost of producing each unit of a commodity is obtained 
by dividing the total cost by the number of units produced. Letting Q(x) 
be the number of dollars in the average cost, we have 


C(x) 
x 


Q(x) = 


and Q is called an average cost function. 
Now, let us suppose that the number of units in a particular output 
is x, and this is changed by Ax. Then the change in the total cost is given 
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4.12.1 Definition 


by C(x, + Ax) — C(x,), and the average change in the total cost with re- 
spect to the change in the number of units produced is given by 


C(x, + Ax) — C(x,) 
Ax (1) 


Economists use the term marginal cost for the limit of the quotient in (1) 
as Ax approaches zero, provided the limit exists. Being the derivative of 
C at x,, this limit gives us the following definition. 


If C(x) is the number of dollars in the total cost of producing x units of a 
commodity, then the marginal cost, when x= x, is given by C’(x,) if it 
exists. The function C’ is called the marginal cost function. 


In the above definition, C’(x,) can be interpreted as the rate of change 
of the total cost per unit change in the quantity produced, when x, units 
are produced. 


EXAMPLE 1: Suppose that C(x) 
is the number of dollars in the 
total cost of producing x picture 
frames (x = 10) and 


C(x) =15 + 8x + 2 


Find: (a) the marginal cost func- 
tion; (b) the marginal cost when 
x = 50; (c) the cost of producing 
the fifty-first frame. 


SOLUTION: (a) C' (x) =8— >? 
(b) C' (50) = 8 — = = 8 — 0.02 = 7.98 


(c) The number of dollars in the cost of producing the fifty-first frame 
is C(51) — C(50) = 423.9804 — 416 = 7.9804. 

Note that the answers in parts (b) and (c) differ by 0.0004. This dis- 
crepancy occurs because the marginal cost is the instantaneous rate of 
change of C(x) with respect to a unit change in x. Hence C'(50) is the ap- 
proximate number of dollars in the cost of producing the fifty-first frame. 


4.12.2 Definition 


Reasoning similar to that preceding Definition 4.12.1 leads to the 
following definition. 


If Q(x) is the number of dollars in the average cost of producing one unit 
of x units of a commodity, then the marginal average cost, when x = xi, is 
given by Q'(xj) if it exists, and Q' is called the marginal average cost 
function. 


The graphs of the total cost function, the marginal cost function, and 
the average cost function are called the total cost curve (labeled TC), the 
marginal cost curve (labeled MC), and the average cost curve (labeled AC), 
respectively. Q’ (xı) gives the slope of the tangent line to the average cost 
curve at the point where x — x,. 

Consider now a linear total cost function. 


C(x) =mx+b 


y 
MAC 
TC 
b 
PA STET No CIEN 
——» x 
fe) 


Figure 4.12.1 
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Note that b represents the overhead cost (the total cost when x — 0). The 
marginal cost is given by C'(x) — m. If Q is the average cost function, 
Q(x) =m + bjx, and the marginal average cost is given by Q'(x) = —b/x*. 

Refer to Fig. 4.12.1 for sketches of the total cost curve and the average 
cost curve. The total cost curve is a segment of a straight line in the first 
quadrant having slope m and y-intercept b. The average cost curve is a 
branch of an equilateral hyperbola in the first quadrant having as hori- 
zontal asymptote the line y — m. Because Q'(x) is always negative, the 
average cost function is always decreasing, and as x increases, the value 
of Q(x) gets closer and closer to m. 

Now suppose that we have a quadratic total cost function 


C(x) = ax? + bx t c 


where a and c are positive. Here c is the number of dollars in the over- 
head cost. The total cost curve is a parabola opening upward. Because 
C'(x) =2ax + b, a critical number of C is —b/2a. We distinguish two 
cases: b => 0 and b < 0. 


Case 1: b z 0. —b/2a is then either negative or zero, and the vertex of 
the parabola is either to the left of the y axis or on the y axis. Hence, the 
domain of C is the set of all nonnegative numbers. A sketch of TC for 
which b > 0 is shown in Fig. 4.12.2. 


Case 2: b< 0. —b/2a is positive; thus, the vertex of the parabola is to 
the right of the y axis, and the domain of C is restricted to numbers in the 
interval [-5/2a, 4- ^»). A sketch of TC for which b < 0 is shown in Fig. 4.12.3. 


j y 
x kd ^ IC 


Figure 4.12.2 Figure 4.12.3 
EXAMPLE 2: Suppose that C(x) SOLUTION: 
dollars is the total cost of pro- (a) If Q is the average cost function, 
ducing 100x units of a commodity 1 5 


and C(x) = ix? — 2x + 5. Find the 
function giving (a) the average 


Q(x) —5*—2txX 
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cost; (b) the marginal cost; (c) the 
marginal average cost. (d) Find 
the absolute minimum average 
unit cost. (e) Draw sketches of 
the total cost curve, the average 
cost curve, and the marginal cost 
curve on the same set of axes. 


y 
TC 


MC 


AC 


Figure 4.12.4 


(b) The marginal cost function is C', and 


C'(x 2x—2 
(c) Q' is the marginal average cost function, and 
(y) -1— 35. 


(d) Setting Q'(x) = 0, we obtain V10 as a critical number of Q, and 
Q(V10) = V10—2 = 1.16. Because Q" (x) = 10/2, Q"( V10) > 0, and 
so Q has a relative minimum value of approximately 1.16 at x= V10. 
From the equation defining Q(x) we see that Q is continuous on (0, +œ). 
Because the only relative extremum of Q on (0, +œ) is at x= V10, it fol- 
lows from Theorem 4.9.1(ii) that Q has an absolute minimum value there. 
When x= V10 ~ 3.16, 100x = 316, and so we conclude that the absolute 
minimum average unit cost is $1.16 when 316 units are produced. 

The sketches of the curves TC, AC, and MC are shown in Fig. 4.12.4. 


In Fig. 4.12.4 note that the lowest point on curve AC occurs at the 
point of intersection of the curves AC and MC, and this is the point where 
the marginal average cost is zero. This is true in general and it follows from 
the fact that the value of x which causes the marginal average cost to be 
zero is a critical number of the function Q. That is, since Q(x) — C(x)/x, 


Q'(x) = xC' aL = 
and so Q' (x) =0 when xC’ (x) — C(x) = 0 or, equivalently, when 


You should note the economic significance that when the marginal cost 
and the average cost are equal, the commodity is being produced at the 
very lowest average unit cost. 

In normal circumstances, when the number of units of the commodity 
produced is large, the marginal cost will be eventually increasing or zero; 
hence, C''(x) = 0 for x greater than some positive number N. So unless 
C'' (x) — 0,the graph of the total cost function is concave upward for x > N. 
However, the marginal cost may decrease for some values of x; hence, for 
these values of x, C''(x) « 0, and therefore the graph of the total cost 
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function will be concave downward for these values of x. The following 
example involving a cubic cost function illustrates the case in which the 
concavity of the graph of the total cost function changes. 


EXAMPLE 3: Draw a sketch of 
the graph of the total cost func- 
tion C for which 


C(x) = x3 — 6x? + 13x - 1 


Determine where the graph is 
concave upward and where it is 
concave downward. Find any 
points of inflection and an equa- 
tion of any inflectional tangent. 
Draw a segment of the inflec- 
tional tangent. 


Figure 4.12.5 


SOLUTION: 
C' (x) = 3x? — 12x + 13 
C'(x) 26x—12 


C'(x) can be written as 3(x — 2)? -- 1. Hence, C'(x) is never zero. 
C"' (x) =0 when x= 2. To determine the concavity of the graph for the 
intervals (0, 2) and (2, +œ) and if the graph has a point of inflection at 
x — 2, we use the results summarized in Table 4.12.1. 


Table 4.12.1 
C(x) C(x) C" (x) Conclusion 
0<x<2 = graph is concave downward 
x=2 11 1 0 graph has a point of 
inflection 
2<x<+o + graph is concave upward 


An equation of the inflectional tangent is x — y +9 = 0. A sketch of 
the graph of the total cost function together with a segment of the inflec- 
tional tangent is shown in Fig. 4.12.5. 


Consider now an economic situation in which the variables are the 
price and quantity of the commodity demanded. Let p dollars be the price 
of one unit of the commodity and x be the number of units of the com- 
modity. Upon reflection, it should seem reasonable that the amount of 
the commodity demanded in the marketplace by consumers depends on 
the price of the commodity. As the price falls, consumers generally de- 
mand more of the commodity. Should the price rise, the opposite occurs. 
Consumers demand less. Thus, if p, and p, are the number of dollars in 
the prices of x, and x, units, respectively, of a commodity, then 


Pi > Pe 


An equation giving the relationship between the amount, given by 


if and only if x, < x, (1) 
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4.12.3 Definition 


x, of a commodity demanded and the price, given by p, is called a demand 
equation. If the equation is solved for p, we have 


p= P(x) 


The function P is called the price function and P(x) is the number of dollars 
in the unit price for which x units of the commodity are demanded at that 
price. Because of statement (1), P is a decreasing function. In a normal eco- 
nomic situation, x and P(x) are nonnegative numbers. Even though x 
should be an integer (because x is the number of units of a commodity) 
we assume only that x is a real number in order that P may be a continuous 
function so that we can apply the calculus. 

Another function important in economics is the total revenue function, 
which we denote by R, and 


R(x) = xP(x) 
where P(x) dollars is the price of each unit and x is the number of units 
sold. When x # 0, from the above equation we obtain 
R(x) | 
"S P(x) 


which shows that the revenue per unit (the average revenue) and the 
price per unit are equal. 


If R(x) is the number of dollars in the total revenue obtained when x units 
of a commodity are demanded, then the marginal revenue, when x = x,, 
is given by R’(x,), if it exists. The function R' is called the marginal revenue 
function. 


R'(xj) can be positive, negative, or zero, and it can be interpreted as 
the rate of change of the total revenue per unit change in the demand when 
x, units are demanded. The graphs of the functions R and R' are called 
the total revenue curve (labeled TR) and the marginal revenue curve (labeled 
MR), respectively. The graph of the demand equation is called the demand 
curve. 


EXAMPLE 4: The demand equa- 
tion for a particular commodity is 
P? +x—12=0. Find the price 
function, the total revenue func- 
tion, and the marginal revenue 
function. Draw sketches of the 
demand curve, the total revenue 
curve, and the marginal revenue 
curve on the same set of axes. 


| soLuTION: If the demand equation is solved for p, we find p= 12-x. 


Since P(x) = 0, we have 


P(x) = V12—x 
R(x) -xv12—x 
j _ 24—3x 
KG) 73 A3— x 


Setting R'(x) = 0, we obtain x = 8. Using the information in Table 4.12.2, 
we see that the required sketches are drawn as shown in Fig. 4.12.6. 


Table 4.12.2 
x P(x) R(x) R'(x) 
0 v12 0 v 12 
3 3 9 3 
8 2 16 0 
11 1 11 —$ 
12 0 0 does not 
exist 
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Figure 4.12.6 


We have seen that for a given demand equation the amount de- 
manded by the consumer depends only on the price of the commodity. 
Under a monopoly (which means that there is only one producer of a cer- 
tain commodity), price and, hence, demand can be controlled by regu- 
lating the quantity of the commodity produced. The producer under a 
monopoly is called a monopolist, and he wishes to control the quantity 
produced and, hence, the price per unit so that the profit will be as large 
as possible. 

The profit earned by a business is the difference between the total 
revenue and the total cost. That is, if S(x) dollars is the profit obtained 
by producing x units of a commodity, then 


S(x) — R(x) — C(x) (2) 
where R(x) dollars is the total revenue and C(x) dollars is the total cost. 


S is called the profit function. From Eq. (2), if we differentiate with respect 
to x, we obtain 


S' (x) = R'(x) — C' (x) (3) 
and 

S” (x) = R” (x) — C"' (x) (4) 
It follows from Eq. (3) that S'(x) > 0 if and only if R’ (x) > C' (x); there- 
fore, the profit is increasing if and only if the marginal revenue is greater 
than the marginal cost. Let us determine what level of production is neces- 
sary to obtain the greatest profit. S has a relative maximum function value 


at a number x for which S’(x) = 0 and S''(x) < 0. From Eqs. (3) and (4) 
we observe that this will occur at a value of x for which the marginal 
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Figure 4.12.7 
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revenue equals the marginal cost and R''(x) < C''(x). The values of x 
will be restricted to a closed interval, in which the left endpoint is 0 (since 
x = 0) and the right endpoint (the largest permissible value of x) is de- 
termined from the demand equation. At each of the endpoints there will 
be no profit, and so the absolute maximum value of S occurs at a value 
of x where S has a relative maximum value. 

To illustrate this geometrically, refer to Fig. 4.12.7 where both the 
total revenue curve and the total cost curve are drawn on the same set 
of axes. The vertical distance between the two curves for a particular 
value of x is S(x), which gives the profit corresponding to that value of x. 
When this vertical distance is largest, S(x) is an absolute maximum. This 
is the distance AB in the figure where A and B are the points on the two 
curves where the tangent lines are parallel, and hence C'(x) = R'(x). 


EXAMPLE 5: Suppose that the 
demand equation for a certain 
commodity is p — 4 — 0.0002x, 
where x is the number of units 
produced each week and p dol- 
lars is the price of each unit. The 
number of dollars in the total 
cost of producing x units is 

600 + 3x. If the weekly profit is 
to be as large as possible, find: 
(a) the number of units that 
should be produced each week; 
(b) the price of each unit; (c) the 
weekly profit. 


SOLUTION: The price function is given by P(x) — 4 — 0.0002x, and x is in 
the closed interval [0, 20,000] because x and P(x) must be nonnegative. 
R(x) = xP(x), and so 


R(x) =4x—0.0002x2 xin [0, 20,000] (5) 
The cost function is given by 

C(x) = 600 + 3x (6) 
If S(x) dollars is the profit, S(x) = R(x) — C(x), and so 

S(x) =x — 0.0002x? — 600 x in [0, 20,000] 
From Eqs. (5) and (6) we obtain 

R'(x) = 4 — 0.0004x 
and 

C'(x) 23 
Also, R” (x) =—0.004 and C''(x) =0. Equating R'(x) and C'(x) we get 

4 — 0.0004x = 3 

x — 2500 


Because R” (x) is always less than C” (x), S" (x) = R'(x) — C'(x) < 0, 
and so we conclude that S(2500) is an absolute maximum value. (Note 
that S(x) is negative for x —0 and x= 20,000. P(2500) = 3.50 and 
S(2500) — 650. 

Therefore, to have the greatest weekly profit, 2500 units should be 
produced each week to be sold at $3.50 each for a total profit of $650. 


EXAMPLE 6: Solve Example 5 if a 
tax of 20 cents is levied by the 


SOLUTION: With the added tax, the total cost function is now given by 


C(x) = (600 + 3x) + 0.20x 
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government on the monopolist and so the marginal cost function is given by 
for each unit produced. C'(x) — 3.20 


Equating R'(x) and C'(x), we get 
4 — 0.0004x — 3.20 
x — 2000 
As in Example 5 it follows that when x — 2000, S has an absolute maxi- 
mum value on [0, 20,000]. From P(x) =4—0.0002x and S(x) =0.8x 
— 0.00023? — 600, we have P(2000) = 3.60 and S(2000) = 200. 
Therefore, if the tax of 20 cents per unit is levied, only 2000 units 


should be produced each week to be sold at $3.60 in order to attain a 
maximum total weekly profit of $200. 


It is interesting to note that in comparing the results of Examples 
5 and 6, the entire 20 cents rise should not be passed on to the consumer 
to achieve the greatest weekly profit. That is, it is most profitable to raise 
the unit-price by only 10 cents. The economic significance of this result 
is that consumers are sensitive to price changes, which prohibits the 
monopolist from passing on the tax completely to the consumer. 

A further note of interest in the two examples is how the fixed costs 
of a company do not affect the determination of the number of units to 
be produced or the unit price such that maximum profit is obtained. The 
fixed cost of a company is the cost that does not change as the company's 
output changes. Regardless of whether anything is produced, the fixed 
cost must be met. In Examples 5 and 6, because C(x) = 600+ 3x and 
600 + 3.2x, respectively, the fixed cost is $600. If the 600 in the expres- 
sions for C(x) is replaced by any constant k, C'(x) is not affected; hence, 
the value of x for which the marginal cost equals the marginal revenue 
is not affected by any such change. Of course, a change in fixed cost 
affects the unit cost and hence the actual profit; however, if a company 
is to have the greatest profit possible, a change in its fixed cost will not 
affect the number of units to be produced nor the price per unit. 


Exercises 4.12 


1. The number of dollars in the total cost of manufacturing x watches in a certain plant is given by C(x) = 1500 + 30x 
+ 20/x. Find (a) the marginal cost function, (b) the marginal cost when x = 40, and (c) the cost of manufacturing the 
forty-first watch. 


2. If C(x) dollars is the total cost of manufacturing x toys and C(x) = 110 + 4x + 0.02x?, find (a) the marginal cost func- 
tion, (b) the marginal cost when x — 10, and (c) the cost of manufacturing the eleventh toy. 


3. Suppose a liquid is produced by a certain chemical process and the total cost function C is given by C(x) = 6 + 4Vx, 
where C(x) dollars is the total cost of producing x gallons of the liquid. Find (a) the marginal cost when 16 gal are pro- 
duced and (b) the number of gallons produced when the marginal cost is 40 cents per gal. 
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4. 


10. 


11. 


12. 


13. 
14. 


15. 


The number of dollars in the total cost of producing x units of a certain commodity is C(x) = 40 + 3x + 9 V2x. Find 
(a) the marginal cost when 50 units are produced and (b) the number of units produced when the marginal cost is $4.50. 


. The number of dollars in the total cost of producing x units of a commodity is C(x) = x? + 4x + 8 Find the function 


giving (a) the average cost, (b) the marginal cost, and (c) the marginal average cost. (d) Find the absolute minimum 
average unit cost. (e) Draw sketches of the total cost, average cost, and marginal cost curves on the same set of axes. 
Verify that the average cost and marginal cost are equal when the average cost has its least value. 


. If C(x) dollars is the total cost of producing x units of a commodity and C(x) = 3x? — 8x + 4, find (a) the average cost 


function, (b) the marginal cost function, and (c) the marginal average cost function. (d) What is the range of C? (e) Find 
the absolute minimum average unit cost. (f) Draw sketches of the total cost, average cost, and marginal cost curves on 
the same set of axes. Verify that the average cost and marginal cost are equal when the average cost has its least value. 


. The total cost function C is given by C(x) = $x — 2x? + 5x + 2. (a) Determine the range of C. (b) Find the marginal 


cost function. (c) Find the interval on which the marginal cost function is decreasing and the interval on which it is 
increasing. (d) Draw a sketch of the graph of the total cost function; determine where the graph is concave upward 
and where it is concave downward, and find the points of inflection and an equation of any inflectional tangent. 


If C(x) dollars is the total cost of producing x units of a commodity and C(x) = 2x? — 8x + 18, find (a) the domain and 
range of C, (b) the average cost function, (c) the absolute minimum average unit cost, and (d) the marginal cost func- 
tion. (e) Draw sketches of the total cost, average cost, and marginal cost curves on the same set of axes. 


. The fixed overhead expense of a manufacturer of children's toys is $400 per week, and other costs amount to $3 for each 


toy produced. Find (a) the total cost function, (b) the average cost function, and (c) the marginal cost function. (d) Show 
that there is no absolute minimum average unit cost. (e) What is the smallest number of toys that must be produced 
so that the average cost per toy is less than $3.42? (f) Draw sketches of the graphs of the functions in (a), (b), and (c) on 
the same set of axes. 


The number of hundreds of dollars in the total cost of producing 100x radios per day in a certain factory is C(x) = 4x + 5. 
Find (a) the average cost function, (b) the marginal cost function, and (c) the marginal average cost function. (d) Show 
that there is no absolute minimum average unit cost. (e) What is the smallest number of radios that the factory must 
produce in a day so that the average cost per radio is less than $7. (f) Draw sketches of the total cost, average cost, and 
marginal cost curves on the same set of axes. 


If the demand equation for a particular commodity is 3x + 4p = 12, find (a) the price function, (b) the total revenue 
function, and (c) the marginal revenue function. Draw sketches of the demand, total revenue, and marginal revenue 
curves on the same set of axes. Verify that the marginal revenue curve intersects the x axis at the point whose abscissa 
is the value of x for which the total revenue is greatest and that the demand curve intersects the x axis at the point whose 
abscissa is twice that. 


The demand equation for a particular commodity is px? + 9p — 18 = 0 where p dollars is the price per unit when 100x 
units are demanded. Find (a) the price function, (b) the total revenue function, and (c) the marginal revenue function. 
(d) Find the absolute maximum total revenue. 


Follow the instructions of Exercise 12 if the demand equation is x? + p? — 36 — 0. 


Let R(x) dollars be the total revenue obtained when x units of a commodity are demanded and R(x) —2 - 3Vx — 1, 
where x is in the closed interval [2, 17]. Find (a) the demand equation, (b) the price function, and (c) the marginal 
revenue function. (d) Find the absolute maximum total revenue. (e) Draw sketches of the demand, total revenue, and 
marginal revenue curves on the same set of axes. 


The demand equation for a certain commodity is x + p = 14, where x is the number of units produced daily and p is 
the number of hundreds of dollars in the price of each unit. The number of hundreds of dollars in the total cost of pro- 
ducing x units is given by C(x) = x? — 2x + 2, and x is in the closed interval [1, 14]. (a) Find the profit function and 
draw a sketch of its graph. (b) On a set of axes different from that in (a), draw sketches of the total revenue and total 
cost curves and show the geometrical interpretation of the profit function. (c) Find the maximum daily profit. (d) Find 


16. 
17. 


18. 


19. 
20. 
21. 


22. 


23. 
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the marginal revenue and marginal cost functions. (e) Draw sketches of the graphs of the marginal revenue and margi- 
nal cost functions on the same set of axes and show that they intersect at the point for which the value of x makes the 
profit a maximum. 


Follow the instructions of Exercise 15 if the demand equation is x? + p = 32 and C(x) = 5x. 


The demand equation for a certain commodity is p = (x — 8)?, and the total cost function is given by C(x) = 18x — x?, 
where C(x) dollars is the total cost when x units are purchased. (a) Determine the permissible values of x. (b) Find 
the marginal revenue and marginal cost functions. (c) Find the value of x which yields the maximum profit. (d) Draw 
sketches of the marginal revenue and marginal cost functions on the same set of axes. 


A monopolist determines that if C(x) cents is the total cost of producing x units of a certain commodity, then C(x) — 
25x + 20,000. The demand equation is x + 50p = 5000, where x units are demanded each week when the unit price 
is p cents. If the weekly profit is to be maximized, find (a) the number of units that should be produced each week, 
(b) the price of each unit, and (c) the weekly profit. 


Solve Exercise 18 if the government levies a tax on the monopolist of 10 cents per unit produced. 
Solve Exercise 18 if the government imposes a 1046 tax based upon the consumer's price. 


For the monopolist of Exercise 18, determine the amount of tax that should be levied by the government on each unit 
produced in order for the tax revenue received by the government to be maximized. 


Find the maximum tax revenue that can be received by the government if an additive tax for each unit produced is 
levied on a monopolist for which the demand equation is x + 3p = 75, where x units are demanded when p dollars 
is the price of one unit, and C(x) = 3x + 100, where C(x) dollars is the total cost of producing x units. 


The demand equation for a certain commodity produced by a monopolist is p — a — bx, and the total cost, C(x) dollars, 
of producing x units is determined by C(x) = c + dx, where a, b, c, and d are positive constants. If the government levies 
a tax on the monopolist of t dollars per unit produced, show that in order for the monopolist to maximize his profits 
he should pass on to the consumer only one-half of the tax; that is, he should increase his unit price by 4t dollars. 


Review Exercises (Chapter 4) 


1. 
2. 
3. 


Given f(x) = |9 — x?|. Find the absolute extrema of f on the interval [—2, 3]. 

Given f(x) = x! — 12x? + 36. Find the absolute extrema of f on the interval (a) [—2, 6] and (b) [0, 5]. 

Two towns A and B are to get their water supply from the same pumping station to be located on the bank of a straight 
river that is 15 mi from town A and 10 mi from town B. If the points on the river nearest to A and B are 20 mi apart and 


A and B are on the same side of the river, where should the pumping station be located so that the least amount of 
piping is required? 


4. Find the shortest distance from the point ($, 0) to the curve y = Vx. 


5. A ship leaves a port at 12 noon and travels due west at 20 knots. At 12 noon the next day, a second ship leaves the 


same port and travels northwest at 15 knots. How fast are the two ships separating when the second ship has traveled 
90 nautical miles? 


. The demand in a certain market for a particular kind of breakfast cereal is given by the demand equation px + 25p 


— 2000 — 0, where p cents is the price of one box and x thousands of boxes is the quantity demanded per week. If the 
current price of the cereal is 40 cents per box and the price per box is increasing at the rate of 0.2 cents each week, find 
the rate of change in the demand. 


. A particle is moving in a straight line according to the equation of motion s = Va + bf’, where a and b are positive 


constants. Prove that the measure of the acceleration of the particle is inversely proportional to s? for any t. 
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As the last car of a train passes under a bridge, an automobile crosses the bridge on a roadway perpendicular to the 
track and 30 ft above it. The train is traveling at the rate of 80 ft/sec and the automobile is traveling at the rate of 40 ft/sec. 
How fast are the train and the automobile separating after 2 sec? 


. A manufacturer offers to deliver to a dealer 300 tables at $90 per table and to reduce the price per table on the entire 


order by 25 cents for each additional table over 300. Find the dollar total involved in the largest possible transaction 
between the manufacturer and the dealer under these circumstances. 


. A particle is moving along the curve x? — y? — 9, and the ordinate of the point of its position is increasing at the rate of 


3 units per second. How fast is the abscissa changing at the point (5, —4)? 


. A funnel in the form of a cone is 10 in. across the top and 8 in. deep. Water is flowing into the funnel at the rate of 


12 in.?/sec, and out at the rate of 4 in.?/sec. How fast is the surface of the water rising when it is 5 in. deep? 


. Prove that among all the rectangles having a given perimeter the square has the greatest area. 
. Prove that among all the rectangles of a given area, the square has the least perimeter. 
. If f is the function defined by f(x) = |2x — 4| — 6, then f(—1) = f(5) = 0. However, f' never has the value 0. Show why 


Rolle’s theorem does not hold. 


(a) If f is a polynomial function and f(a) = f(b) = f'(a) = f'(b) =0 prove that there are at least two numbers in the 
open interval (a, b) that are roots of the equation f''(x) = 0. (b) Show that the function defined by the equation 
f(x) = (x? — 4)? satisfies part (a). 


If f is a polynomial function, show that between any two consecutive roots of the equation f'(x) — 0 there is at most 
one root of the equation f(x) — 0. 


Suppose that f and g are two functions that satisfy the hypothesis of the mean-value theorem on [a, b]. Furthermore, 
suppose that f' (x) = g'(x) for all x in the open interval (a, b). Prove that f(x) — g(x) = f(a) — g(a) for all x in the 
closed interval [a, b]. 


Let f and g be two functions that are differentiable at every number in the closed interval [a, b]. Suppose further that 
f(a) = g(a) and f(b) = g(b). Prove that there exists a number c in the open interval (a, b) such that f'(c) = g' (c). 
(HINT: Consider the function f — g.) 


Find the dimensions of the right-circular cone of least volume that can be circumscribed about a right-circular cylinder 
of radius r in. and altitude h in. 


A tent is to be in the shape of a cone. Find the ratio of the measure of the radius to the measure of the altitude fora 
tent of given volume to require the least material. 


Two particles start their motion at the same time. One particle is moving along a horizontal line and its equation of 
motion is x= f? — 2t where x ft is the directed distance of the particle from the origin at t sec. The other particle is 
moving along a vertical line that intersects the horizontal line at the origin and its equation of motion is y= f? — 2, 
where y ft is the directed distance of the particle from the origin at t sec. Find when the directed distance between the 
two particles is least, and their velocities at that time. 

A property development company rents each apartment at p dollars per month when x apartments are rented and 
p = 10 V300 — 2x. How many apartments must be rented before the marginal revenue is zero? 


Using Boyle's law for the expansion of gas (Exercise 10 in Exercises 4.1) find the rate of change of the pressure of a 
certain gas at the instant when the pressure is 8 lb/in.? and the volume is 700 ft? if the volume of the gas is increasing 
at the rate of 3 ft?/min. 


Suppose y is the number of workers in the labor force needed to produce x units of a certain commodity, and x = 43?. 
If the production of the commodity this year is 250,000 units and the production is increasing at the rate of 18,000 units 
per year, what is the current rate at which the labor force should be increased? 


Suppose C is the number of millions of dollars in the capitalization of a certain corporation, P is the number of mil- 


In 
is 
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lions of dollars in the corporation's annual profit, and P = 0.05C — 0.004C*. If its capitalization is increasing at the rate 
of $400,000 per year, find the rate of change of the corporation's annual profit if its current capitalization is (a) $3 million 
and (b) $6 million. 


Exercises 26 through 29 find: the relative extrema of f; the points of inflection of the graph of f; the intervals on which f 
increasing; the intervals on which f is decreasing; where the graph is concave upward; where the graph is concave down- 


ward; the slope of any inflectional tangent. Draw a sketch of the graph. 


26. f(x) = (x + 2)48 27. f(x) = (x — AY (x + 2)? 
28. f(x) 2 x V2b5 — x? 29. f(x) = (x —3)? +1 
30. If 
x1 
f(x) = +1 


31. 


33. 


36. 


37. 


38. 


39. 


40. 


prove that the graph of f has three points of inflection that are collinear. Draw a sketch of the graph. 
If f(x) = x|x|, show that the graph of f has a point of inflection at the origin. 


. Let f(x) = x" where n is a positive integer. Prove that the graph of f has a point of inflection at the origin if and only 
if n is an odd integer and n > 1. Furthermore show that if n is even, f has a relative minimum value at 0. 


If f(x) = (x? + a)”, where p is a rational number and p 7 0, prove that if p < 4 the graph of f has two points of inflec- 
tion and if p = 4 the graph of f has no points of inflection. 


. Suppose the graph of a function has a point of inflection at x — c. What can you conclude, if anything, about (a) the 
continuity of f at c; (b) the continuity of f’ at c; (c) the continuity of f’’ at c? 


. The demand equation for a particular commodity is (p + 4) (x +3) = 48 where p dollars is the price per unit when 
100x units are demanded. Find (a) the price function, (b) the total revenue function, (c) the marginal revenue function. 
(d) Find the absolute maximum total revenue. (e) Draw sketches of the demand, total revenue, and marginal revenue 
curves on the same set of axes. 


The demand equation for a certain commodity is p — 2 Vx — 1 = 6 and the total cost function is given by C(x) = 2x* — x. 
(a) Determine the permissible values of x. (b) Find the marginal revenue and marginal cost functions. (c) Find the 
value of x which yields the maximum profit. 


The demand equation for a certain commodity is 
108px = 10? — 2 - 10x + 18 - 10%x* — 6x? 
where x is the number of units produced weekly and p dollars is the price of each unit, and x = 100. The number of 


dollars in the average cost of producing each unit is given by Q(x) = sx — 24 + 11 - 103x^*. Find the number of units 
that should be produced each week and the price of each unit in order for the weekly profit to be maximized. 


When 1000x boxes of a certain kind of material are produced, the number of dollars in the total cost of production is 
given by C(x) = 135x"? + 450. Find (a) the marginal cost when 8000 boxes are produced and (b) the number of boxes 
produced when the marginal cost (per thousand boxes) is $20. 


A ladder is to reach over a fence h ft high to a wall w ft behind the fence. Find the length of the shortest ladder tha 
may be used. 


Draw a sketch of the graph of a function f on the interval I in each case: (a) I is the open interval (0, 2) and f is con- 
tinuous on I. At 1, f has a relative maximum value but f'(1) does not exist. (b) I is the closed interval [0,2]. The func- 
tion f has a relative minimum value at 1, but the absolute minimum value of f is at 0. (c) I is the open interval (0,2), 
and f' has a relative maximum value at 1. 
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41. Suppose 


_ fx ifx<1 
Ke escis ifx21 


Find the values of a, b, and c so that f'' (1) exists. 


42. (a) If f(x) = 3|x| + 4|x — 1|, prove that f has an absolute minimum value of 3. (b) If g(x) = 4|x| + 3|x — 1|, prove that 
g has an absolute minimum value of 3. (c) If h(x) = a|x| + b|x — 1|, where a > 0 and b > 0 prove that h has an abso- 
lute minimum value that is the smaller of the two numbers a and b. 


43. If f(x) = |x|*- |x — 1|?, where a and b are positive rational numbers, prove that f has a relative maximum value of 
ath] (a + b)***, 


44. Suppose g(x) = |f(x)|. If f(x) exists and f(x) # 0, prove that 


f(x) 
VCI 


g(x) = f(x) 


5.1 THE DIFFERENTIAL 


5 
The Differential 
and Antidifferentiation 


Suppose that the function f is defined by 
y = f(x) 
Then, when f'(x) exists 


'(x) = lim AY 
PO)= Ema 


where Ay = f (x + Ax) — f (x). Because 


lim [r0] — lim a lim f'(x) 


Ar-0 Ar-0 Ax Ar-0 
= f'(x) — f'(x) 
=0 


it follows that for any e > 0 there exists a 6 > 0 such that 


A p) <e whenever 0 < |Ax| < ô 


which is equivalent to 
|Ay — f'(x) Ax| < eļAx| — whenever 0 < |Ax| < à 


This means that |Ay — f'(x) Ax| can be made as small as we please by 
taking |Ax| sufficiently small. Hence, f' (x) Ax is a good approximation to 
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5.1.1 Definition 


5.1.2 Definition 


the value of Ay for a sufficiently small |Ax|. Using the symbol ^, meaning 
"is approximately equal to," we say then that 


Ay = f'(x) Ax 
if |Ax| is sufficiently small. The right side of the above expression is 
defined to be the differential of y. 


If the function f is defined by y — f (x), then the differential of y, denoted by 
dy, is given by 


(1) 


where x is in the domain of f' and Ax is an arbitrary increment of x. 


This concept of the differential involves a special type of function of 
two variables (a detailed study of such functions will be given in Chapter 
17). The notation df may be used to represent this function, where the 
symbol df is regarded as a single entity. The variable x can be any number 
in the domain of f’, and Ax can be any number whatsoever. To state that df 
is a function of the two independent variables x and Ax means that to each 
ordered pair (x, Ax) in the domain of df there corresponds one and only 
one number in the range of df, and this number can be represented by 
df (x, Ax), so that 


df (x, Ax) = f' (x) Ax (2) 


Comparing Eqs. (1) and (2) we see that when y — f(x), dy and df(x, Ax) 
are two different notations for f'(x) Ax. We shall use the "dy" symbolism 
in subsequent discussions. 

As a particular example, if y = 4x? — x, then f (x) = 4x? — x, and so 
f' (x) = 8x — 1. Therefore, from Definition 5.1.1, dy = (8x — 1) Ax. In par- 
ticular, if x = 2, dy = 15 Ax. 

When y = f (x), Definition 5.1.1 indicates what is meant by dy, the 
differential of the dependent variable. We also wish to define the differen- 
tial of the independent variable, or dx. To arrive at a suitable definition for 
dx that is consistent with the definition of dy, we consider the identity 
function, which is the function f defined by f (x) = x. Then f'(x) ^ 1 and 
y = x; so dy —1: Ax = Ax. Because y = x, we want dx to be equal to dy for 
this particular function; that is, for this function we want dx = Ax. It is this 
reasoning that leads us to the following definition. 


If the function f is defined by y — f(x), then the differential of x, denoted by 
dx, is given by 


(3) 


where Ax is an arbitrary increment of x, and x is any number in the 
domain of f'. 
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From Eqs. (1) and (3) we obtain 


(4) 


Dividing on both sides of the above by dx, we have 
dy _ ç, ; 
dx = f' (x) if dx #0 (5) 


Equation (5) expresses the derivative as the quotient of two differen- 

tials. The notation dy/dx often denotes the derivative of y with respect to 
x—a symbolism we have avoided until now. 

Because Ay ~ f'(x) Ax when Ax is sufficiently small, we conclude that 
the differential of y, which is dy, and the increment of y, which is Ay, are 
approximately equal when dx is sufficiently close to zero. 

We now interpret the differential geometrically. In Fig. 5.1.1 the equa- 
tion of the curve is y — f(x). The line PT is tangent to the curve at P; Ax 
and dx are equal and are represented by the directed distance PM; MQ is 
Ay. The slope of PT is f'(x) = dy/dx. Also, the slope of PT is MR/PM, and 
because PM — dx, we have dy — MR and RQ — Ay — dy. Note that the 
smaller the value of dx (i.e., the closer the point Q is to the point P), then 
the smaller will be the value of Ay — dy (i.e., the smaller will be thelength 
of the line segment RQ). 

Note that in Fig. 5.1.1 the graph is concave upward. In Exercise 30 you 
are asked to draw a similar figure if the graph is concave downward. 


y 
^ 
y = f(x) 
(x + Ax, y + Ay)Q 
>x 
O 
Figure 5.1.1 
EXAMPLE 1: Given ' SOLUTION: (a) Because y = 4x? — 3x + 1, we have 


y—4x —3x t1 y + Ay = A(x + Ax)? — 3(x + Ax) +1 
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find Ay and dy for (a) any x and 
Ax; (b) x = 2, Ax —0.L;(o)x-2, 
Ax = 0.01; (d) x = 2, Ax = 0.001. 


(4x? — 3x + 1) + Ay = Ax? + 8x Ax + A(Ax)?* —3x - 3 Ax + 1 


Ay = (8x — 3) Ax + (Ax)? 
Also, 


dy — f' (x) dx 
or 
dy = (8x — 3) dx 
= (8x — 3) Ax 


The results for parts (b), (c), and (d) are given in Table 5.1.1, where Ay = 
(8x — 3) Ax + A(Ax)? and dy = (8x — 3) Ax. 


Table 5.1.1 
x Ax Ay dy Ay — dy 
2 0.1 1.34 1.3 0.04 
2 0.01 0.1304 0.13 0.0004 
2 0.001 0.013004 0.013 0.000004 


Note from Table 5.1.1 that the closer Ax is to zero, the smaller is the 
difference between Ay and dy. Therefore, dy is an approximation of Ay 
when Ax is small. Or, if x is changed by a small amount Ax, the corre- 
sponding change in y is approximately dy. 


EXAMPLE 2: Find an approxi- 
mate value for V28 without using 
tables. 


soLUTION: Consider the function f defined by f(x)-— Vx and let 
y = f (x). Hence, 


y= Wx 
y + Ay = Vx + Ax 
and 
dy = f'(x) dx 


1 


= gga a 


Because the nearest perfect cube to 28 is 27, we take x = 27 and Ax — 1. 
Therefore, x + Ax = 28, dx = Ax = 1, and 


1 
dy = 3073s (1) 
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= Wx+ Ax 
=y+ Ay 
Because Ay ~ dy, we have 
X28. ~ y + dy 
or 
V28 = 3d; 


Hence, V28 ~ 3.037. 


EXAMPLE 3: Find the approxi- | soLuTION: We consider the volume of the spherical shell as an increment 
mate volume of a spherical shell | of the volume of a sphere. 

whose inner radius is 4 in. and Let r — the number of inches in the radius of a sphere; 

whose thickness is 7g in. V — the number of cubic inches in the volume of a sphere; 

AV — the number of cubic inches in the volume of a spherical shell. 


| V-—inr? sothat dV = Amr? dr 
Substituting r= 4 and dr = js into the above, we obtain 
dV = 4v (4)? Te 
= 4m 


Therefore, AV ~ 47, and we conclude that the volume of the spherical 
shell is approximately 47 in.*. 


Exercises 5.1 
In Exercises 1 through 6, find (a) Ay; (b) dy; (c) Ay — dy. 


1. y= x 2. y= 4x* — 3x t 1 8. y= Vx 
1 1 
4. y= 5. y= 2x7 + 3x? 6. y = -z= 
4 241 y a YT 
In Exercises 7 through 12, find for the given values: (a) Ay; (b) dy; (c) Ay — dy. 
7. y= xi — 3x; x = 2; Ax = 0.03 8 y = X — 3x; x ——1; Ax = 0.02 9. y= xX +1; x= 1; Ax =—0.5 
10. y= +1; x=—1; Ax=0.1 11. yo ly x= 2; Ax = 0.01 12, y =J; 37 —5; Ax = —01 


In Exercises 13 through 20, use differentials to find an approximate value for the given quantity. Express each answer to 
three significant digits. 


13. v37.5 14. Y7.5 15. V/82 
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29. 
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1 1 
v82 17. ¥/0.00098 18. V0.042 19. 55 20. az 


The measurement of an edge of a cube is found to be 15 in. with a possible error of 0.01 in. Using differentials find 
the approximate error in computing from this measurement (a) the volume; (b) the area of one of the faces. 


The altitude of a right-circular cone is twice the radius of the base. The altitude is measured as 12 in., with a possible 
error of 0.005 in. Find the approximate error in the calculated volume of the cone. 


An open cylindrical tank is to have an outside coating of thickness ¢ in. If the inner radius is 6 ft and the altitude is 
10 ft, find by differentials the approximate amount of coating material to be used. 


A metal box in the form of a cube is to have an interior volume of 64 in.?. The six sides are to be made of metal į in. 
thick. If the cost of the metal to be used is 8 cents per cubic inch use differentials to find the approximate cost of the 
metal to be used in the manufacture of the box. 


If the possible error in the measurement of the volume of a gas is 0.1 ft? and the allowable error in the pressure is 
0.001C Ib/f£, find the size of the smallest container for which Boyle's law (Exercise 10 in Exercises 4.1) holds. 


A contractor agrees to paint on both sides of 1000 circular signs each of radius 3 ft. Upon receiving the signs, it is dis- 
covered that the radius is $ in. too large. Use differentials to find the approximate percent increase of paint that will 
be needed. 


The measure of the electrical resistance of a wire is proportional to the measure of its length and inversely propor- 
tional to the square of the measure of its diameter. Suppose the resistance of a wire of given length is computed from 
a measurement of the diameter with a possible 2% error. Find the possible percent error in the computed value of 
the resistance. 


If t sec is the time for one complete swing of a simple pendulum of length I ft, then 477! = gt, where g = 32.2. A clock 
having a pendulum of length 1 ft gains 5 min each day. Find the approximate amount by which the pendulum should 
be lengthened in order to correct the inaccuracy. 


For the adiabatic law for the expansion of air of Exercise 12 in Sec. 4.2, prove that dP/P — —1.4 dV/V. 


. Draw a figure similar to Fig. 5.1.1, if the graph is concave downward. Indicate the line segments whose lengths repre- 


sent the following quantities: Ax, Ay, dx, and dy. 


5.2 DIFFERENTIAL Suppose that y is a function of x and that x, in turn, is a function of a third 
FORMULAS variable t; that is, 
y=f(x) and x-g(t) 


The two equations in (1) together define y as a function of t. For example, 
suppose that y = x? and x = 2t — 1. Combining these two equations, we 
get y = (2t — 1)?. In general, if the two equations in (1) are combined, we 
obtain 


y =f (g(t)) (2) 


The derivative of y with respect to t can be found by the chain rule, 
which yields 


Dy = Dy Dix (3) 


Equation (3) expresses Dy as a function of x and t because D,y is a func- 
tion of x and Dx is a function of t. 


5.2.1 Theorem 
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Because Eq. (2) defines y as a function of the independent variable t, 
the differential of y is obtained from Definition 5.1.1: 


dy = Dy dt (4) 
Equation (4) expresses dy as a function of t and dt. Substituting from (3) 
into (4), we get 

dy = Dy Dix dt (5) 

Now because x is a function of the independent variable t, Definition 
5.1.1 can be applied to obtain the differential of x, and we have 

dx = Dx dt (6) 
Equation (6) expresses dx as a function of t and dt. From (5) and (6), we get 

dy = D,y dx (7) 


You should bear in mind that in Eq. (7) dy is a function of t and dt, and that 
dx is a function of t and dt. If D;y in Eq. (7) is replaced by f' (x), we have 


dy = f' (x) dx (8) 
Equation (8) resembles Eq. (4) of Sec. 5.1. However, in that equation x 
is the independent variable, and dy is expressed in terms of x and dx, 


whereas in Eq. (8) t is the independent variable, and both dy and dx are 
expressed in terms of t and dt. Thus, we have the following theorem. 


If y — f (x), then when f'(x) exists 
dy = f' (x) dx 


whether or not x is an independent variable. 


If on both sides of Eq. (8) we divide by dx (provided dx ¥ 0), we 
obtain 


fat dx #0 (9) 


Equation (9) states that if y= f (x), then f'(x) is the quotient of the two ` 
differentials dy and dx, even though x may not be an independent vari- 
able. 

We now proceed to write the chain rule for differentiation by ex- 
pressing the derivatives as quotients of differentials. If y = f (u) and D,y 
exists, and if u = f (x) and D,u exists, then the chain rule gives 


Dzy = Dy Du (10) 


But D,y = dy/dx if dx #0; D,y = dy/du if du +0; and D,u = du/dx if 
dx # 0. From (10), therefore, we have 
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The German mathematician Gottfried Leibnitz (1646-1716) was the 
first to use the notation dy/dx for the derivative of y with respect to x. The 
concept of a derivative was introduced, in the seventeenth century, almost 
simultaneously by Leibnitz and Sir Isaac Newton (1642-1727), who were 
working independently. Leibnitz probably thought of dx and dy as small 
changes in the variables x and y and of the derivative of y with respect to x 
as the ratio of dy to dx as dy and dx become small. The concept of a limit as 
we know it today was not known to Leibnitz. 

Corresponding to the Leibnitz notation dy/dx for the first derivative 
of y with respect to x, we have the symbol d?y/dx? for the second deriva- 
tive of y with respect to x. However, d?y/dx? must not be thought of as a 
quotient because in this text the differential of a differential is not consid- 
ered. Similarly, d"y/dx" is a notation for the nth derivative of y with 
respect to x. The symbolism f', f'', f’’’, and so on, for the successive 
derivatives of a function f was introduced by the French mathematician 
Joseph Lagrange in the eighteenth century. 

Earlier in this chapter, we derived formulas for finding derivatives. 
These formulas are now stated by using the Leibnitz notation. Along with 
the formula for the derivative, we shall give a corresponding formula for 
the differential, which is obtained by multiplying on both sides of the first 
formula by dx. In these formulas, u and v are functions of x, and it is 
understood that the formulas hold if D,u and D,v exist. When c appears, 
it is a constant. 


d(c) _ apa 
I FA 0 I’ d(c)=0 
d(x”) SA n-i ! ny = n—1 
II Cd o" W d(x") = nx"! dx 
d(cu) _ du , - 
III dr Cdr II d(cu) = c du 
d(u-c v) du , dv ; E 
DA rums IV’ d(u + v) = du + dv 
v £O) Lo s E V' d(uv) =u dv + v du 
E 
VI z 2 dx : dx vl d (5)- v du = dv 
x [^ [^ v 
VII ae u”! a VI d(u") = nu" du 


The operation of differentiation is extended to include the process of 
finding the differential as well as finding the derivative. If y = f (x), dy can 
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be found either by applying formulas I' -VII' or by finding f' (x) and mul- 
tiplying it by dx. 


EXAMPLE 1: Given soLUTION: Applying formula VI’, we obtain 
CREER dy EEDE +1) -— Vx *1dQx1) T 
2x1 y= Qx +1)? 
find dy. From formula VII’, 
d(Vx? +1) =} (xà +1)" 2x dx = x(x? + 1)? dx (12) 
and 
d(2x +1) — 2 dx (13) 


Substituting values from (12) and (13) into (11), we get 
— X(Qx - 1) (2 - 1) 7? dx — 2(x? +1)? dx 


dy (2x + 1)? 
or 
iy (2x2 + x) dx — 2(x3 +1) dx 
(2x +1} (22 +1)" 
or 
dy = E on ee A 
(2x +1} Vx +1 
EXAMPLE 2: Given SOLUTION: This is a problem in implicit differentiation. Taking the dif- 


ferential term by term, we get 


2x4; — 3x? + 5y? + 6xy? —5 
Axy? dx + Ax?y dy — 9x? dx + 154? dy + 6y? dx + 12xy dy = 0 


where x and y are functions of a 


third variable t, find dy/dx by Dividing by dx, if dx # 0, we have 
finding the differential term by d 
term. (4x°y + 15y? + 12xy) = = —4xy? + 9x? — 6y? 


dy | 9x!:—6y! — Axy? 
dx 4xy + 15y? + 12xy 


Exercises 5.2 
In Exercises 1 through 8, find dy. 


1. y= (3:2 2x + 1)? 2. y= VA— xt 3. y= x2N2x +3 
EE: = x-i = 13(~ — 9)2/3- 
4. y r2 5. y ril 6. y= (x + 2)!^(x — 2) 
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2x 
HY JeF 


8. y= V3x +4 Vx: - 1 


In Exercises 9 through 16, x and y are functions of a third variable t. Find dy/dx by finding the differential term by term 


(see Example 2). 
9. 3x? + 4y? = 48 
11. Vx Vy=4 
13. xt — 3x3y + Axy? + y* —2 
15. 333 — xy + 2xy? — y — 3x? + y? — 
In Exercises 17 through 24, find dy/dt. 


17. y=38-SP +1 x=P-1 
19. y= XP? —3x+1;x= VP—-t+4 
21. y 2 2—5xtL;x-s-—2sctl;s— 


23. x3 — 3x*y + y? —5; x 2 AP +1 


5.3 THE INVERSE OF 
DIFFERENTIATION 


5.3.1 Definition 


10. 8x2 — y? = 32 

12. 222y — 3xy? + 6y? = 1 
14, x3 + y?’ = g? 

16. 324 y=Wx+y 


5x —2 


18. y= gi x7 Qt- 1)? 
20. y= W5x — 1; x= V2t 3 
xi—1. 2s+2 


P—4t+5 


Prl Ng tuaque E ST 


24. 3x?y — Axy? + 7y? = 0; 228 — 3x2 + P —1 


The reader is already familiar with inverse operations. Addition and sub- 
traction are inverse operations; multiplication and division are also in- 
verse operations, as well as raising to powers and extracting roots. The in- 
verse operation of differentiation is called antidifferentiation. 


A function F is called an antiderivative of a function f on an interval I if 
F'(x) — f (x) for every value of x in I. 


For example, if F is defined by F(x) = 4x? + xX? +5, then F'(x) = 
12x? + 2x. Thus, if f is the function defined by f (x) = 12x? + 2x, we state 
that f is the derivative of F and that F is an antiderivative of f. If G is the 
function defined by G(x) = 4x? + x? — 17, then G is also an antiderivative 
of f because G'(x) = 12x? + 2x. Actually any function whose function 
value is given by 4x? + x? + C, where C is any constant, is an antideriva- 
tive of f. 

In general, if a function F is an antiderivative of a function f on an in- 
terval I and if G is defined by 


G(x) 2 F(x) - C 
where C is an arbitrary constant, then 
G'(x) = F'(x) = f (x) 


and G is also an antiderivative of f on the interval I. 
In the next chapter we state that if f is a continuous function on an in- 
terval I, then an antiderivative of f exists on I. We now proceed to prove 


5.3.2 Theorem 


5.3.3 Theorem 
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that if F is any particular antiderivative of f on an interval I, then all pos- 
sible antiderivatives of f on I are defined by F (x) + C, where C is an arbi- 
trary constant. First, two preliminary theorems are needed. 


If f is a function such that f' (x) — 0 for all values of x in the interval I, then 
f is constant on I. 


PROOF: Let us assume that f is not constant on the interval I. Then there 
exist two distinct numbers x, and x, in I where x, < x; such that f (xi) # 
f (x2). Because, by hypothesis, f’ (x) = 0 for all x in I, then f' (x) = 0 for all x 
in the closed interval [x,, x2]. Hence, f is differentiable at all x in [x,, x2] 
and f is continuous on [x,, x2]. Therefore, the hypothesis of the mean- 
value theorem is satisfied, and we conclude that there is a number c, with 
x, € c € x,, such that 


f' (c) xm f (xi) n ] (x3) (1) 

X1 — Xo 
But because f'(x) = 0 for all x in the interval [x,, x2], then f' (c) = 0, and 
from Eq. (1) it follows that f (xi) = f (x;). Yet our assumption was that 


f (x1) * f (x2). Hence, there is a contradiction, and so f is constant on I, 
which is what we wished to prove. L| 


If f and g are two functions such that f'(x) — $' (x) for all values of x in the 
interval I, then there is a constant K such that 
f(x) =g(x)+K for all x in I 


PROOF: Let h be the function defined on I by 
h(x) = f(x) — g(x) 

so that for all values of x in I we have 
h' (x) = f'(x) — g'(x) 

But, by hypothesis, f'(x) = g'(x) for all values of x in J. Therefore, 
h'(x) =0 for all values of x in I 


Thus, Theorem 5.3.2 applies to the function h, and there is a constant K 
such that 


h(x) =K for all values of x in I 
Replacing h(x) by f (x) — g(x), we have 
f(x)=g(x) +K for all values of x in I 


and the theorem is proved. a 


The next theorem follows immediately from Theorem 5.3.3. 
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5.3.4 Theorem 


If F is any particular antiderivative of f on an interval I, then the most gen- 
eral antiderivative of f on I is given by 


FGEC (2) 
where C is an arbitrary constant, and all antiderivatives of f on J can be ob- 


tained from (2) by assigning particular values to C. 


PROOF: Let G be any antiderivative of f on I; then 

G'(x) =f (x) on I (3) 
Because F is a particular antiderivative of f on I, we have 

F'(x) =f (x) on I (4) 
From Eqs. (3) and (4), it follows that 

G' (x) = E'(x) on! 
Therefore, from Theorem 5.3.3, there is a constant K such that 

G(x) = F(x) + K for all x in I 
Because G is any antiderivative of f on I, it follows that all antiderivatives 
of f can be obtained from F(x) + C, where C is an arbitrary constant. 
Hence, the theorem is proved. a 

If F is an antiderivative of f, then F’(x) =f (x), and so 

d(F(x)) = f(x) dx 


Antidifferentiation is the process of finding the most general antiderivative 
of a given function. The symbol 


J 


denotes the operation of antidifferentiation, and we write 


IL dx= F(x) +C (5) 
where 

F'(x) = f(x) 
or, equivalently, 

d(F(x)) = f (x) dx (6) 


From Eqs. (5) and (6), we can write 
[ 4@@)=F@ «c (7) 


Equation (7) says that when we antidifferentiate the differential of a 
function we obtain that function plus an arbitrary constant. So we can 
think of the f symbol for antidifferentiation as meaning that operation 


5.3.5 Formula 1 


5.3.6 Formula 2 


5.3.7 Formula 3 


5.3.8 Formula 4 


5.3.9 Formula 5 
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which is the inverse of the operation denoted by d for finding the differ- 
ential. 

Because antidifferentiation is the inverse operation of differentiation, 
we can obtain antidifferentiation formulas from differentiation formulas. 
We use the following formulas that can be proved from the corresponding 
formulas for differentiation. 


f dx=x+C. 
f af(x) dx=aff(x) dx, where a is a constant. 


Formula 2 states that to find an antiderivative of a constant times a 
function, first find an antiderivative of the function, and then multiply it 
by the constant. 


f ERGO + 600] dx = ffa(x) dx + ffo (x) dx. 


Formula 3 states that to find an antiderivative of the sum of two func- 
tions, find an antiderivative of each of the functions separately, and then 
add the results. It is understood that both functions must be defined on 
the same interval. Formula 3 can be extended to any finite number of func- 
tions. Combining Formula 3 with Formula 2, we have Formula 4. 


S [efi + ef (x) + + + + + esf] dx 
=e ffi(x) dx + coffo(x) dx+ +++ + CnSfn(x) dx. 


| dee Vt ifn #-1. 


(+1) ay: 


As stated above, these formulas follow from the corresponding for- 
mulas for finding the differential. Following is the proof of Formula 5: 


n+l n 
d (3 +c)= eine dx 


= x" dx 


Application of the above formulas is illustrated in the following ex- 
amples. ; 


EXAMPLE 1: Evaluate 


| (8x +5) dx 


i SOLUTION: 


[ @x+5) dk-3 | xdr+5 | ax (by Formula 4) 


=3 (5 + c) +5(x+C,) (by Formulas 5 and 1) 


=x + 5x + 3C, + 5C: 
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Because 3C, + 5C, is an arbitrary constant, it may be denoted by C, and so 
our answer is 


ix 45x4+C 


This answer may be checked by finding the derivative. Doing this, we 
have 


D, (3x2 + 5x-- C)-8x45 


EXAMPLE 2: Evaluate 


[ we ax 


SOLUTION: | Vx dx = | 32° dx 


2/3+1 


= 341 +C (from Formula 5) 


= beh C 


EXAMPLE 3: Evaluate 


[Es 


SOLUTION: [G+ 1 ) ar= | (x^^ + x74) dx 


ee 
= 4 4C 
=- +$ ntc 


Many antiderivatives cannot be found directly by applying formulas. 
However, sometimes it is possible to find an antiderivative by the for- 
mulas after changing the variable. For example, suppose that we wish to 
find 


IE: Vl-c x? dx (8) 


If we make the substitution u = 1 + x?, then du = 2x dx, and (8) becomes 


| ye du 


which by Formula 5 gives 
šu’? + C 

Then, replacing u by (1 + x?), we have as our result 
abc) ee 


Justification of this procedure is provided by the following theorem, 


5.3.10 Theorem 
Chain Rule for Antidifferentiation 
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which is analogous to the chain rule for differentiation, and hence may be 
called the chain rule for antidifferentiation. 


Let g be a differentiable function of x, and let the range of g be an interval I. 
Suppose that f is a function defined on I and that F is an antiderivative of f 
on I. Then if u = g(x), 


[EEDE de [ fw) du= Fw) + C= Fg) C 


PROOF: Because u = g(x), then u is in I; and because F is an antideriva- 
tive of f on I, it follows that 


EU — f(u) "t 
and 

fro du = F(u) +C Hm) 
Also, 

Si _ Du (11) 


Applying the chain rule for differentiation to the right side of Eq. (11), we 
obtain 


dF(g(x)) _ dF(u) | du 


dx "du dx (12) 
Substituting from Eq. (9) into (12) gives 
dF(g(x)) _ p y | du 
dx = f(u) ae (13) 
Because u = g(x), from Eq. (13) we have 
dF(g(x)) _ v 
d TIE 8g Q9 
from which we conclude that 
freo - g'(x) dx = F(g(x)) +C (14) 


Because u = g(x), we have 

F(g(x)) + C= F(u) - C (15) 
Therefore, from (10), (14), and (15), we have 

I (da = [foo du = F(u) + C= F(g(3)) 4 C 


which is what we wished to prove. | 
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As a particular case of Theorem 5.3.10, from Formula 5 we have the 
generalized power formula for antiderivatives, which we state as For- 
mula 6. 


5.3.11 Formula 6 ‘If g is a differentiable function, then if u = g(x), 


where n x —1. 


Examples 4, 5, and 6 illustrate the application of Formula 6. 


EXAMPLE 4: Evaluate SOLUTION: To apply Formula 6, we make the substitution u —3x + 4; then 


du = 3 dx, or i du = dx. Hence, 
f vera dx 
[ exa dx 


Il 
— 
= 

n 

S 
a 

[8 


| 
w 
— 
= 
8 
a 
= 


= (3x4 4)? -E C 


The details of the solution of Example 4 can be shortened by not 
explicitly stating the substitution of u. The solution then takes the follow- 
ing form. 


| vea de=} f Gx ya dx 


3/2 
eun ne 


1 
3 
=4(3x +4)” +C 


EXAMPLE 5: Evaluate SOLUTION: Since d(5+ 3E) = 6t dt, we write 
i t(5 + 38)* dt f t(5 + 3t2)8 dt = Jl (5 + 3£?)56t dt 


(5 + 3P)* 
9 


= (5 + 32)°+C 


"UT 
=a +C 
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EXAMPLE 6: Evaluate SOLUTION: 
| METTE IER 7—43 dx = -+ Í (7 — 4x3) 5(—1232) dx 
mS ; (7 — 4x3) 65 
CT MS $ ia 
— —45(7 — 4x?)95 + C 
EXAMPLE 7: Evaluate SOLUTION: Let v= V1+x; then v=1 +x. Hence, x= v? — 1, and 
dx — 2v dv. Making these substitutions, we have 
| xfvld x dx 
fen +x de= f i -1* «v: (2v dv) 
-2 [v do—4 f v*do 2 f vdv 
= dy? — WP + $0? - C 
=F(1+x)7? — 14+ x)? + 8(1 + x)” +C 


The answers to each of the above examples can be checked by finding 
the derivative (or the differential) of the answer. In particular, in Example 
5, we have 


Í H5 + 3t2)8 dt= 4, (5 +32)? +C 


Checking by differentiation gives 
D,[s& (5 + 3¢)°] = sz - 9(5 + 3t?) £ - 6t 
= t(5 + 3P)* 


In Example 7, we have 
Í LVIF dx— 40d x)*— 41+ x)??4- 80 2)? C 


Checking by differentiation gives 


DBA + x)"? — $(1-- x)9? + 4(1 + x)??] 
= (1 + x)92 — 2(1 + x)? + (1 + x)? 
(14+ x)? [(1- x)? 20.9 x) +1] 

= (1+ x)?[1-2x- x2 —2—2x t 1] 
—vVlIcTx 


Exercises 5.3 


In Exercises 1 through 26 find the most general antiderivative. In Exercises 1 through 10 check by finding the derivative 
of your answer. 
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NET 2, f (4x*— 3x? 6-0 dx 3. [6-249 dt 
2 3 yt +2y?—1 
4. [ (ax? etn c) dx 5. f(S*25)e 6. EE 
7. K VES a) di 8. T dt 9, [* veia 
10. [x (4— 2)? dx 11. = 12. Í V5r F1 dr 
13. f 1-14 14. [eva dx 15. fea-ey ar 
= 4/3 t dt | = 2r dr 
16. Í (x3 — Ax + A) 5 dx 17. VIr3 18. D 
(x? + 2x) dx 
V3-% 1/4. 
y+3 
22. | V3 + s(s - 1)? ds 23. Byr” 24. Í (28 + 1) dt 
(r8 + 2)4 f D (E z 1) 
25. | ——ás——— d 26. +- — — | dt 
J ws à t g 


27. Evaluate f (2x + 1)? dx by two methods: (a) Expand (2x + 1)? by the binomial theorem, and apply Formulas 1, 4, and 
5; (b) make the substitution u = 2x + 1. Explain the difference in appearance of the answers obtained in (a) and (b). 


28. Evaluate f Vx — 1 x? dx by two methods: (a) Make the substitution u = x — 1; (b) make the substitution v = Vx — 1. 
Compare the answers obtained in (a) and (b) and explain the difference in appearance of the answers. 


29. Let f(x) — 1 for all x in (—1, 1) and 


o -[! if-l1<x <0 
8 1 if0<x<1 


Then f'(x) — 0 for all x in (—1, 1) and g'(x) = 0 whenever g’ exists in (—1, 1). However, f(x) # g(x) + K for x in 
(—1, 1). Why doesn't Theorem 5.3.3 hold? 


30. Let f(x) = sgn x and F(x) = |x|. Show that F'(x) = f(x) if x # 0. Is F an antiderivative of f on (~œ, +œ)? Explain. 
31. Let f(x) = |x| and F be defined by 


_ f-$2 ifx<0 
Bay = ee iíxz0 


Show that F is an antiderivative of f on (~œ, +). 
32. Show that the unit step function U (Exercise 1 in Exercises 2.3) does not have an antiderivative on (~%, +œ). (HINT: 


Assume that U has an antiderivative F on (~œ, +), and a contradiction is obtained by showing that it follows from 
the mean-value theorem that there exists a number k such that F(x) = x + k if x > 0, and F(x) =k if x < 0.) 


5.4 DIFFERENTIAL  IfF is a function defined by the equation 
EQUATIONS WITH =F) 
VARIABLES SEPARABLE d (1) 
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and f is the derivative of F, then 


dy 
Ir 2 
ax O (2) 
and F is an antiderivative of f. 

Writing Eq. (2) using differentials, we have 


dy = f (x) dx (3) 


Equations (2) and (3) are very simple types of differential equations. 
They are differential equations of the first order (because only derivatives 
of the first order are involved) for which the variables are separable. To 
solve Eq. (3) we must find all functions G for which y = G(x) so that the 
equation is satisfied. So if F is an antiderivative of f, all functions G are 
defined by G(x) = F(x) + C, where C is an arbitrary constant. That is, if 
d(G(x)) — d(F(x) + C) =f (x) dx, then what is called the complete solution 
of Eq. (3) is given by 


y F(x) +C (4) 


Often in problems involving differential equations it is desired to 
find particular solutions which satisfy certain conditions called boundary 
conditions or initial conditions. For example, if differential equation (3) is 
given as well as the boundary condition that y = y, when x = x,, then after 
the complete solution (4) is found, if x and y in (4) are replaced by x, and 
Yı, a particular value of C is determined. When this value of C is substi- 
tuted back into Eq. (4), a particular solution is obtained. 

Equation (4) represents a family of functions depending on an arbi- 
trary constant C. This is called a one-parameter family. The graphs of these 
functions form a one-parameter family of curves in the plane, and through 
any particular point (x,,yi) there passes just one curve of the family. 


EXAMPLE 1: Find the complete 
solution of the differential equa- 
tion 


dy = 2x dx 


and then find the particular solu- 
tion satisfying the boundary con- 
dition that y = 6 when x — 2. 


SOLUTION: The most general antiderivative for the left side of the given 
equation is (y -- Cj), and the most general antiderivative of 2x is 
(x2 + C2). So we have 


y+ = 2C 


Because (C, — C.) is an arbitrary constant if C, and C, are arbitrary, we 
can replace (C; — C,) by C, thereby obtaining 


y=xrX+C (5) 


which is the complete solution of the given differential equation. 

Equation (5) represents a one-parameter family of functions. Figure 
5.4.1 shows sketches of the graphs of the functions corresponding to 
C=—4,C=—-1,C=0,C=1, and C=2. 
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To find the particular solution for which y — 6, when x — 2, we substi- 
tute these values in Eq. (5) and solve for C, giving 6 =4 +C, or C— 2. 
Substituting this value of C in (5), we obtain 


y-2x-2 


which is the particular solution desired. 


Another type of differential equation is 
d 
T (x) (6) 


Equation (6) is a differential equation of the second order. Two succes- 
sive antidifferentiations are necessary to solve Eq. (6), and two arbitrary 
constants occur in the complete solution. The complete solution of Eq. (6) 
therefore represents a two-parameter family of functions, and the graphs of 
these functions form a two-parameter family of curves in the plane. 


EXAMPLE 2: Findthe complete 
solution of the differential equa- 
tion 

d'y 


ue 4? 


SOLUTION: Because d*y/dx? = dy’/dx, the given equation can be written 
as 


dy' 
dx 

Writing this in differential form, we have 
dy’ = (4x +3) dx 

Antidifferentiating, we have 


[a= (4x +3) dx 


from which we get 
y —2x + 3x+Cy 


=4x +3 
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Because y' = dy/dx, we make this substitution in the above equation 
and get 


dy oye ay + Ci 
dx 


Using differentials, we have 
dy = (2x? + 3x + C1) dx 


Antidifferentiating, we obtain 
[e- (2x? + 3x + C1) dx 


from which we get 
y= e +e + Cix +C 


which is the complete solution. 


EXAMPLE 3: Find the particular 

solution of the differential equa- 

tion in Example 2 for which y = 2 
and y' =—3 when x= 1. 


SOLUTION: Because y’ = 23? + 3x + C;, we substitute —3 for y' and 1 for x, 
giving —3 = 2 + 3 + Cı, or C, — —8. Substituting this value of C, into the 
complete solution gives 


y= $8 T à? — 8x C, 


Because y = 2 when x = 1, we substitute these values in the above equa- 
tion and get 2 = $+ $— 8+ C,, from which we obtain C, = 4. The partic- 
ular solution desired, then, is 


A more general type of differential equation of the first order is of the 
form 


dy — f(x) 
dx  g(y) 


For such equations, the variables can be separated by multiplying on both 
sides of the equation by g(y) dx; thus, Eq. (7) can be written as 


8(y) dy =f (x) dx 


The following example gives us an equation of this type. 


(7) 


EXAMPLE 4: The slope of the 
tangent line to a curve at any point 
(x, y) on the curve is equal to 
3x?y?. Find an equation of the 
curve if it contains the point (2, 1). 


SOLUTION: Because the slope of the tangent line to a curve at any point 
(x, y) is the value of the derivative at that point, we have 


dy _ ; 
a 3xty 
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This is a first-order differential equation, in which the variables can be 
separated, and we have 


a 3x? dx 
y 


Antidifferentiating, we have 


IE dy = [9 dx 


from which we obtain 
ete e+e 
y 


This is an equation of a one-parameter family of curves. To find the partic- 
ular curve of this family which contains the point (2, 1), we substitute 2 for 
x and 1 for y, which gives us —1 = 8 + C, from which we obtain C =—9, 
Therefore, the required curve has the equation 


E peg 


y 


Exercises 5.4 


In Exercises 1 through 8, find the complete solution of the given differential equation. 


dy _ - dy _ 3 4 
Loa 32x 7 2. dc^ Ox +1) Uk = 3xy? 
ds _ dy 3xV1 +y dy Vx+x 
4. =5Vs ae ae 6. dx Vy—y 
d*y d*y 
7. 438^ 9* +1 8. prd = V2x— 3 


In Exercises 9 through 14, for each of the differential equations find the particular solution determined by the given bound- 
ary conditions. 


d d 

9. a = x —2x—A4;y 6 when x = 3 10. = (x+ 1) (x +2); y=—Fwhen x=—3 
dx 4dy — dy _ x A ES 

11. w^ ue 2 when x= 4 12. l A (D RU when es d 
d*y ; Ty ECT, 

13. Ge A + 3x) y=—1 and y’ = —2 when x =—1 14. eo y= 2 and y’=5 whenx=3 


15. The point (3, 2) is on a curve, and at any point (x, y) on the curve the tangent line has a slope equal to 2x — 3. Find an 
equation of the curve. 


16. The slope of the tangent line at any point (x, y) on a curve is 3 Vx. If the point (9, 4) is on the curve, find an equation 
of the curve. 
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. The points (—1, 3) and (0, 2) are on a curve, and at any point (x, y) on the curve D,2y = 2 — 4x. Find an equation of 


the curve. 


. An equation of the tangent line to a curve at the point (1,3) is y = x + 2. If at any point (x, y) on the curve, D;?y = 6x, 


find an equation of the curve. 


. Át any point (x, y) on a curve, D;?y — 1 — x?, and an equation of the tangent line to the curve at the point (1, 1) is 


y — 2 — x. Find an equation of the curve. 


. At any point (x, y) on a curve, D,*y = 2, and (1,3) is a point of inflection at which the slope of the inflectional tangent 


is —2. Find an equation of the curve. 


. The equation x? = 4ay represents a one-parameter family of parabolas. Find an equation of another one-parameter 


family of curves such that at any point (x, y) there is a curve of each family through it and the tangent lines to the two 
curves at this point are perpendicular. (HINT: First show that the slope of the tangent line at any point (x, y), not on the 
y axis, of the parabola of the given family through that point is 2y/x.) 


22. Solve Exercise 21 if the given one-parameter family of curves has the equation x? + y? = a’, 


5.5 ANTIDIFFERENTIATION 
AND RECTILINEAR MOTION 


We learned in Secs. 3.2 and 47 that in considering the motion of a particle 
along a straight line, when an equation of motion, s — f (t), is given, then 
the instantaneous velocity and the instantaneous acceleration can be de- 
termined from the equations 


v= Ds —f'(t) 
and 
a= Des = Dy = f”) 
Hence, if we are given v or a as a function of t, as well as some boundary 


conditions, it is possible to determine the equation of motion by antidif- 
ferentiation. This is illustrated in the following example. 


EXAMPLE 1: A particle is moving 
on a straight line; s is the number 
of feet in the directed distance of 
the particle from the origin at t sec 
of time, v is the number of ft/sec 
in the velocity of the particle at t 
sec, and a is the number of ft/sec? 
in the acceleration of the particle 
attsec. Ifa —2t — 1andv —3, 
ands — 4 when f — 1, express v 
and s as functions of t. 


SOLUTION: Because a = Dw, we have 
dv _ 
dt 2t — 1 


which, expressed in differential form, gives 
dv — (2t — 1) dt 


Antidifferentiating, we have 


[a=] (21 — 1) dt 


from which we get 
v= P —t + C, (1) 
Substituting v = 3 and t= 1, we have 


38—-1—1-4C, 
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and hence C, — 3. Therefore, substituting this value of C, into Eq. (1), we 
obtain 


v—£É—tt3 (2) 


which expresses v as a function of t. 
Now, letting v = Dss in Eq. (2), we have 


and writing this in differential form gives 
ds = (f — t+ 3) dt 
Antidifferentiating, we get 
s= 18 — i? + 3t+C, (3) 


Lettings = 4 and t = 1 in the above equation and solving for C;, we obtain 
C, = 4. Therefore, by substituting $ for C; in Eq. (3) we have s expressed 
as a function of t, which is 


s=48—$P+3t+ 4 


If an object is moving freely in a vertical line and is being pulled 
toward the earth by a force of gravity, the acceleration of gravity, denoted 
by g ft/sec, varies with the distance of the object from the center of the 
earth. However, for small changes of distances the acceleration of gravity 
is almost constant, and an approximate value of g if the object is near sea 
level is 32. 


EXAMPLE 2: A stone is thrown 
vertically upward from the ground 
with an initial velocity of 128 
ft/sec. If the only force considered 
is that attributed to the accelera- 
tion of gravity, find how high the 
stone will rise and the speed with 
which it will strike the ground. 
Also, find how long it will take for 
the stone to strike the ground. 


SOLUTION: The motion of the stone is illustrated in Fig. 5.5.1, The positive 
direction is taken as upward. 

Let t — the number of seconds in the time that has elapsed since the 

stone was thrown; 
s= the number of feet in the distance of the stone from the 
ground at t sec of time; 
v — the number of feet per second in the velocity of the stone at t 
sec of time; 
|v| = the number of feet per second in the speed of the stone at t 
sec of time. 

The stone will be at its highest point when the velocity is zero. Let s 
be the particular value of s when v = 0. When the stone strikes the ground, 
s — 0. Let f and v be the particular values of t and v when s = 0, and t # 0, 
Table 5.5.1 is a table of boundary conditions for this problem. 

The positive direction of the stone from the starting point is taken as 
upward. Because the only acceleration is due to gravity, which is in the 
downward direction, the acceleration has a constant value of —32 ft/sec’, 
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A 
j 


f =0 Because a is the derivative of v with respect to t, we have 


do _ 
Writing this in differential form, we have 
dv = —32 dt 


i 
Y 
[ 
[ 
l 
i 
| 
H Antidifferentiating, we have 
[ 
Y 
[ 
[ 
l 
[ 
[ 
l 
I 
[ 
l 
[ 


g----------39--. 


f w= f -32 a 


from which we obtain 
v= —32łt + Cı 


t . : 
=0 0 Because v = 128 when t = 0, we substitute these values in the above and 
[2 


t=0 
E] 
v= SN i ^ | get C; = 128. Therefore, we have 


v — —32t + 128 (4) 
Because v is the derivative of s with respect to t, then v = ds/dt, and so 


d 
Table 5.5.1 En = —82t + 128 


Figure 5.5.1 


which in differential form is 
ds = (—32t + 128) dt 


Antidifferentiating gives 
| ds = Í (—32t + 128) dt 


from which we obtain 


s = —16t? + 128t + C, 
Because s = 0 when t = 0, we get C, — 0, and substituting 0 for C, in the 


above equation gives 
s =—16t? + 128t 

Substituting t for t and 0 for s, we get 
0 — —16t(t — 8) 


from which we obtain t = 0 and t= 8. However, the value 0 occurs when 
the stone is thrown; so we conclude that it takes 8 sec for the stone to strike 
the ground. 

To obtain v, substitute 8 for t and v for v in Eq. (4), which gives 
9 — (—32)(8) + 128, from which we obtain v» = —128. So |v| = 128. There- 
fore, the stone strikes the ground with a speed of 128 ft/sec. 
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Exercises 5.5 


In Exercises 1 through 4, a particle is moving on a straight line, s ft is the directed distance of the particle from the origin 


at t 
1. 
2. 


3. 


4. 


sec of time, v ft/sec is the velocity of the particle at t sec, and a ft/sec? is the acceleration of the particle at f sec. 
a —5—2t; v — 2 and s = 0 when t= 0. Express v and s in terms of t. 
a= 3t—#; v= % and s=1 when t= 1. Express v and s in terms of t. 


Lies Nm aat dvds _ do 
a = 800; v = 20 when s = 1. Find an equation involving v and s. (mr: ae ls d? 2) 


a=2s+1; v — 2 when s= 1. (HINT: See Hint for Exercise 3.) 


In Exercises 5 through 10, the only force considered is that due to the acceleration of gravity, which we take as 32 ft/sec? 
in the downward direction. 


5. 


14. 


15. 


A stone is thrown vertically upward from the ground with an initial velocity of 20 ft/sec. How long will it take the 
stone to strike the ground, and with what speed will it strike? How long will the stone be going upward, and how 
high wili it go? 


. A ball is dropped from the top of the Washington monument, which is 555 ft high. How long will it take the ball to 


reach the ground, and with what speed will it strike the ground? 


. À man in a balloon drops his binoculars when it is 150 ft above the ground and rising at the rate of 10 ft/sec. How 


long will it take the binoculars to strike the ground, and what is their speed on impact? 


. A stone is thrown vertically upward from the top of a house 60 ft above the ground with an initial velocity of 40 ft/sec. 


At what time will the stone reach its greatest height, and what is its greatest height? How long will it take the stone 
to pass the top of the house on its way down, and what is its velocity at that instant? How long will it take the stone 
to strike the ground, and with what velocity does it strike the ground? 


. A ball is thrown vertically upward with an initial velocity of 40 ft/sec from a point 20 ft above the ground. If v ft/sec 


is the velocity of the ball when it is s ft from the starting point, express v in terms of s. What is the velocity of the ball 
when it is 36 ft from the ground and rising? (uiNT: See Hint for Exercise 3.) 


. If a ball is rolled across level ground with an initial velocity of 20 ft/sec and if the speed of the ball is decreasing at the 


rate of 6 ft/sec? due to friction, how far will the ball roll? 


. If the driver of an automobile wishes to increase his speed from 20 mi/hr to 50 mi/hr while traveling a distance of 


528 ft, what constant acceleration should he maintain? 


What constant acceleration (negative) will enable a driver to decrease his speed from 60 mi/hr to 20 mi/hr while travel- 
ing a distance of 300 ft? 


If the brakes are applied on a car traveling 50 mi/hr and the brakes can give the car a constant negative acceleration of 
20 ft/sec?, how long will it take the car to come to a stop? How far will the car travel before stopping? 


A ball started upward from the bottom of an inclined plane with an initial velocity of 6 ft/sec. If there is a downward 
acceleration of 4 ft/sec?, how far up the plane will the ball go before rolling down? 


If the brakes on a car can give the car a constant negative acceleration of 20 ft/sec?, what is the greatest speed it may 
be going if it is necessary to be able to stop the car within 80 ft after the brake is applied? 


5.6 APPLICATIONS OF In Sec. 4.12 we learned that the marginal cost function and the marginal 
ANTIDIFFERENTIATION revenue function are the first derivatives of the total cost function and the 
IN ECONOMICS total revenue function, respectively. Hence, if the marginal cost function 
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and the marginal revenue function are known, the total cost function and 
the total revenue function are obtained from them by antidifferentiation. 

In finding the total cost function from the marginal cost function, the 
arbitrary constant can be evaluated if we know either the fixed cost (i.e., 
the cost when no units are produced) or the cost of production of a specific 
number of units of the commodity. Because it is generally true that the 
total revenue is zero when the number of units produced is zero, this fact 
may be used to evaluate the arbitrary constant when finding the total reve- 
nue function from the marginal revenue function. 


EXAMPLE 1: Ifthe marginal reve- 
nue is given by 27 — 12x + x’, find 
the total revenue function and the 
demand equation. Also determine 
the permissible values of x. Draw 
sketches of the demand curve, the 
total revenue curve, and the 
marginal revenue curve on the 
same set of axes. 


Figure 5.6.1 


SOLUTION: IfR is the total revenue function, the marginal revenue func- 
tion is R', and 


R'(x)227— 12x + x? 
Antidifferentiating, we get 
R(x) = 27x — 6x? + $2 +C 
Because R(0) = 0, we get C= 0. Hence, 
R(x) = 27x — 6x? + $3 
If P is the price function, R(x) = xP(x), and so 
P(x) = 27 — 6x + i? 


If we let p dollars be the price of one unit of the commodity when x units 
are demanded, and because p = P(x), the demand equation is 


3p = 81 — 18x + x 


To determine the permissible values of x, we use the facts that x = 0, 
p = 0, and P is a decreasing function. Because 


P'(x) 2—6-4 ix 


P is decreasing when x < 9 (i.e., when P'(x) < 0). Also, when x —9, 
p = 0, and so the permissible values of x are the numbers in the closed in- 
terval [0, 9]. The required sketches are shown in Fig. 5.6.1. 


EXAMPLE2: The marginal cost 
function C’ is given by C’ (x) = 
4x — 8. If the cost of producing 5 
units is $20, find the total cost 


SOLUTION: The marginal cost must be nonnegative. Hence, 4x — 8 = 0, 
and therefore the permissible values of x are x = 2. 


C'(x) 24x —8 
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function. Determine the permis- 
sible values of x and draw 
Sketches of the total cost curve and 
the marginal cost curve on the 
same set of axes. 


O 12345 


Figure 5.6.2 
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Therefore, 


C(x) =Í (Ax — 8) dx 
—2x!:—8x-ck 
Because C(5) — 20, we get k — 10. Hence, 
C(x) = 2x? — 8x + 10 (x = 2) 


The required sketches are shown in Fig. 5.6.2. 


EXAMPLE 3: After experi- 
mentation, a certain manufacturer 
determined that if x units of a par- 
ticular commodity are produced 
per week, the marginal cost is 
given by 0.3x — 11, where the pro- 
duction cost is in dollars. If the 
selling price of the commodity is 
fixed at $19 per unit, and the fixed 
cost is $100 per week, find the 
maximum weekly profit that can 
be obtained. 


SOLUTION: Let C(x) = the number of dollars in the total production cost 

of x units; 

P(x) — the number of dollars in the selling price of one 
unit if x units are produced; 

R(x) =the number of dollars in the total revenue ob- 
tained by selling x units; 

S(x) = the number of dollars in the profit obtained by 
selling x units. 


Because R(x) = xP(x), we have 


R(x) = 19x 
The marginal revenue then is given by 
R'(x) = 19 


C’ is the marginal cost function, and we are given that 
C'(x) = 0.3x— 11 


The profit will be a maximum when marginal revenue equals marginal 
cost (see Sec. 4.12). Equating R’ (x) and C' (x), we get x = 100. So 100 units 
should be produced each week for maximum profit. 


C(x) =| (0.3x — 11) dx 
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—0.15x? — 11x + k 
Because the fixed cost is $100, C(0) = 100, and hence k = 100. Therefore, 
C(x) = 0.15x? — 11x + 100 
Setting S(x) = R(x) — C(x), we have 
S(x) =19x — (0.15x? — 11x + 100) 
= —0.15x? + 30x — 100 


Hence, S(100) = 1400. Therefore, the maximum weekly profit is $1400, 
which is obtained if 100 units are produced weekly. 


EXAMPLE 4: A business firm has 
made an analysis of its production 
facilities and its personnel. With 
the present equipment and 
number of workers, the firm can 
produce 3000 units per day. It was 
estimated that without any 
change in investment, the rate of 
change of the number of units 
produced per day with respect to a 
change in the number of addi- 
tional workers is 80 — 6x!?, where 
x is the number of additional 
workers. Find the daily produc- 
tion if 25 workers are added to the 
labor force. 


SOLUTION: Let y = the number of units produced per day. Then 
dy = 80 — 6x1? 
dx 


from which we get 
dy = (80 — 6x1?) dx 
Antidifferentiating gives us 
y = 80x — 4x9? + C 
Because y = 3000 when x = 0, we get C = 3000. Hence, 
y = 80x — Ax?" + 3000 
Letting y;; be the value of y when x = 25, we have 
Yos = 2000 — 500 + 3000 
— 4500 


Therefore, 4500 units are produced per day if the labor force is increased 
by 25 workers. 


Exercises 5.6 


1. Find an equation of the total revenue curve of a company if its slope at any point is given by 12 — 3x and P(4) — 6, 
where P is the price function. Draw sketches of the total revenue curve and the demand curve on the same set of axes. 

2. The rate of change of the slope of the total cost curve of a particular company is the constant 2, and the total cost curve 
contains the points (2, 12) and (3, 18). Find the total cost function. 


3. Find the demand equation for a commodity for which the marginal revenue function is given by 10/(x + 5)? — 4. 
4. The marginal cost function is given by 3/ V2x + 4. If the fixed cost is zero, find the total cost function. 


5. The marginal revenue function is given by 16 — 3x?. Find the permissible values of x, the total revenue function, and 
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the demand equation. Draw sketches of the demand curve, the total revenue curve, and the marginal revenue curve 
on the same set of axes. 


6. Find the total revenue function, the demand equation, and the permissible values of x if the marginal revenue function 
is given by 2x? — 10x + 12. Also draw sketches of the demand curve, the total revenue curve, and the marginal revenue 
curve on the same set of axes. 


7. The marginal cost function is given by 3x? + 8x + 4, and the fixed cost is $6. If C(x) dollars is the total cost of x units, 
find the total cost function, and draw sketches of the total cost curve and the marginal cost curve on the same set of axes. 


8. The marginal cost function C' is defined by C'(x) = 6x, where C(x) is the number of hundreds of dollars in the total 
cost of x hundred units of a certain commodity. If the cost of 200 units is $2000, find the total cost function and the 
fixed cost. Draw sketches of the total cost curve and the marginal cost curve on the same set of axes. 


9. The cost of a certain piece of machinery is $700 and its value depreciates with time according to the formula D,V — 
—500(t + 1)? where V dollars is its value t years after its purchase. What is its value three years after its purchase? 


10. Suppose that a particular company estimates its growth in income from sales by the formula D,S = 2(t — 1)?9, where 
S millions of dollars is the gross income from sales t years hence. If the gross income from the current year's sales is 
$8 million, what should be the expected gross income from sales two years from now? 


Review Exercises (Chapter 5) 


In Exercises 1 through 6, find the most general antiderivative. 


4, 
1. [a 2. (v-z) dt 3. [5 vzvse dx 
3x? Nt 
+2 1 
a. | (8 +x) VES de s. | vict +1) dx 6. ( 3 ) x—udx 
In Exercises 7 through 10, find the complete solution of the given differential equation. 
dy dy x*1 
7. ey a = (YD? 8. vx 
2 2 10. ËY = 1232 — 30 
9. y? dx + y? dy = dy 0. Fa = x x 


11. If y = 80x — 16x’, find the difference Ay — dy if (a) x = 2, Ax = 0.1; (D) x= 4, Ax =—0.2. 
12. Use differentials to find an approximate value of V/126. 


13. The slope of the tangent line at any point (x, y) on a curve is 10 — 4x and the point (1, —1) is on the curve. Find an 
equation of the curve. 


14. At any point (x, y) on a curve D;?y = 4 — x? and an equation of the tangent line to the curve at the point (1, —1) is 
2x — 3y — 3. Find an equation of the curve. 


15. If x? + y? — 3xy? + 1— 0, find dy at the point (1, 1) if dx = 0.1. 

16. Find dy/dt if y = x? — 2x + 1 and x? + 8 —3t— 0. 

17. Find dy/dt if 8x? + 274? — 4xy = 0 and P + £x — x? = 4. 

18. Evaluate f (x*)94x? dx as f'u$ du and as f4x” dx and compare the results. 


19. Evaluate f(x + 1)?x* dx by two methods: (a) Make the substitution u = x? + 1; (b) first expand (x? + 1)?. Compare 
the results and explain the difference in the appearance of the answers obtained in (a) and (b). 


20. Find the particular solution of the differential equation x? dy = y? dx for which y = 1 when x = 4. 


21. 
. A ball is thrown vertically upward from the top of a house 64 ft above the ground, and the initial velocity is 48 ft/sec. 


27. 


28. 
29. 


30. 


31. 


32. 


33. 
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Find the particular solution of the differential equation D,?y = Vx + 4 for which y = 3 and y' =2 when x = 4. 


How long will it take the ball to reach its greatest height, and what is its greatest height? How long will it take the 
ball to strike the ground and with what velocity does it strike the ground? 


. Suppose the ball in Exercise 22 is thrown downward with an initial velocity of 48 ft/sec. How long will it take the 


ball to strike the ground and with what velocity does it strike the ground? 


. Suppose the ball in Exercise 22 is dropped from the top of the house. Determine how long it takes for the ball to strike 


the ground and the velocity when it strikes the ground. 


. Neglecting air resistance, if an object is dropped from an airplane at a height of 30,000 ft above the ocean, how long 


would it take the object to strike the water? 


. Suppose a bullet is fired directly downward from the airplane in Exercise 25 with a muzzle velocity of 2500 ft/sec. 


If air resistance is neglected, how long would it take the bullet to reach the ocean? 


A container in the form of a cube having a volume of 1000 in? is to be made by using 6 equal squares of material cost- 
ing 2 cents per square inch. How accurately must the side of each square be made so that the total cost of the material 
shall be correct to within 50 cents? 


The measure of the radius of a right-circular cone is $ times the measure of the altitude. How accurately must the alti- 
tude be measured if the error in the computed volume is not to exceed 3%? 


If t sec is the time for one complete swing of a simple pendulum of length ! ft, then 47?! = gf, where g = 32.2. What is 
the effect upon the time if an error of 0.01 ft is made in measuring the length of the pendulum? 


An automobile traveling at a constant speed of 60 mi/hr along a straight highway fails to stop at a stop sign. If 3 sec 
later a highway patrol car starts from rest from the stop sign and maintains a constant acceleration of 8 ft/sec?, how 
long will it take the patrol car to overtake the automobile, and how far from the stop sign will this occur? Also deter- 
mine the speed of the patrol car when it overtakes the automobile. 


If f(x) =x + |x — 1|, and 


_ jx ifx<1 
Fe e oi ifx =1 


show that F is an antiderivative of f on (~œ, +). 


Let f and g be two functions such that for all x in (~œ, +), f'(x) = g(x) and g'(x) = —f(x). Furthermore, suppose 
that f(0) = 0 and g(0) = 1. Prove that [f(x) ]? + [g(x)]? = 1. (aint: Consider the functions F and G where F(x) = [f(x)]? 
and G(x) ^ —(g(x) ]? and show that F' (x) = G' (x) for all x.) 


The marginal revenue function is given by ab/ (x + b)? — c. Find the total revenue function and the demand equation. 
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6.1 THE SIGMA NOTATION In this chapter we are concerned with the sums of many terms, and so a 
notation called the sigma notation is introduced to facilitate writing these 
sums. This notation involves the use of the symbol Z, the capital sigma of 


the Greek alphabet, which corresponds to our letter S. Here are some ex- 
amples of the sigma notation: 


5 
Y Ps-re-2.3 64.5? 


i=1 


2 

Y (Bi +2) = [3C2) + 2] + [3(—1) + 2] + [3-042] 

i--2 

*[3:142] 4 [3:2 2] 
= (-4) + (-1) 24548 

SPBB: +n 

j-1 

ene aren Wares Deroy Torpor 

Da ae eC SE Ar 


We have, in general, 


E 


F(i) ^ F(m) + F(m+1)+F(m+2)4+--- + F(n) (1) 


m 


m 
Ml 


where m and n are integers, and m x n. 
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6.1.1 Property 1 


6.1.2 Property 2 
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The right side of formula (1) consists of the sum of (n — m + 1) terms, 
the first of which is obtained by replacing i by m in F(i), the second by 
replacing i by (m + 1) in F(i), and so on, until the last term is obtained by 
replacing i by n in F(i). 

The number m is called the lower limit of the sum, and 7 is called the 
upper limit. The symbol i is called the index of summation. It is a “dummy” 
symbol because any other letter can be used. For example, 


is the same as 
5 
x k=3 + 44+ 5? 


We give an example of formula (1): 


i? 3? 4? 5? 


6 6? 
itl 341^ "4-1 541 6-41 


Sometimes the terms of the sum involve subscripts, as illustrated 
here: 


n 

Ş ASA t+ Ast +++ + An 

i= 

9 

bs kb, = 4b, + 5b; + 6b, + 7b; + 8b, + 9b, 


5 

> fa) Ax = f(x) Ax + f(x2) Ax + f(xs) Ax + f(x4) Ax + f(x5) Ax 

A 

The following properties of the sigma notation are useful, and they 
are easily proved. 


n 
X, c= cn where c is any constant. 


i=1 


The proof is left for the reader (see Exercise 9). 
n n 
> c: Fi) = c V F(i) where c is any constant. 
i-1 i=1 
PROOF: 


Š c- FG) =c F(1) +c- F(2) +c: F(3) +>- +c F(n) 


{i 
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—c[F(1) + F(2) c F(3) -- - - t F()] 


=c¥ F(i) [| 


613 Propety3 Y [F() € GG] - X FO +S GG). 


6.1.4 Property 4 


6.1.5 Formula 1 


6.1.6 Formula 2 


6.1.7 Formula 3 


6.1.8 Formula 4 


i= 


The proof is left for the reader (see Exercise 10). Property 3 can be ex- 
tended to the sum of any number of functions. 


5 [F() — FG —1)] = F(n) — F (0). 


PROOF: 
Š [F(i) -F—1)] = [FQ) — F(0)] + [F2) — F(a) + [F(3)—F(2)]+ > - 
+ [F(n—1) — F(n—2)] + [F(n) — F(n) — 1] 
=—F(0) + [F(1) — F(1)] + [FQ) — F2)] 
+:++++([F(n—1) —F(n—1)]+ F(n) 


=—F(0)+0+0+::+-+0+F(n) 
= F(n) — F(0) a 


The following formulas, which are numbered for future reference, are 
also useful. 


n. n(n+1) 
A de——— 
i=1 


5 gn + Dt 1) 


z jpn t1)? 
Damar REESE 


Y a= n(n +1)(6n? + 9n? + n—1) 
30 ` 


These formulas can be proved with or without using mathematical in- 
duction. 
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EXAMPLE 1: Prove Formula 1 
without using mathematical in- 
duction. 


SOLUTION: 


n 
ON a a ee es oa a 


Yi-ent(n-1t(1-2)94::-: 4241 


If we add these two equations term by term, the left side is 
25i 
i=1 


and on the right side there are n terms, each having the value (n + 1). 
Hence, 


2Y i- (n1) (n1) (0*1) +--+ + (141) n terms 
ii 
=n(n+1) 
Therefore, 
Y i- mL 


i-1 


The proof of Formula 1 by mathematical induction is left for the reader 
(see Exercise 11). 


EXAMPLE 2: Prove Formula 2 by 
mathematical induction. 


SOLUTION: We wish to prove that 


n(n+1)(2n +1) 


n p= 
» 6 
1 
First the formula is verified for n = 1. The left side is then 5 i = 1. When 


n= 1, the right side is [1(1 + 1) (2 + 1)]/6 = (1: 2- 3)/6 — ]. There- 
fore, the formula is true when n = 1. Now we assume that the for- 
mula is true for n = k, where k is any positive integer; and with this as- 
sumption we wish to prove that the formula is also true for n = k + 1. If 
the formula is true for n — k, we have 


- k(k t- 1) 2k +1) 


Que eee @) 


i=1 
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When n = k + 1, we have 


k+1 
Y PR-01' 2 Ox > ++ ++ (k+1)? 


i=1 
k 
=% #+ (k+1) 
i=1 


= HAA VORTD + (k41)? (by applying Eq. (2)) 


_ k(k+1)(2k +1) +6(k +1)? 
6 


_ (k-- D[KQk +1) + 6(k +1)] 
6 


— (kK+1) QE +7k +6) 
= 6 


_ (K+1)(K +2) (2k +3) 
6 


LL (k+ DEG E 1) + 1] [2 (c 1) +1] 
6 


Therefore, the formula is true for n =k + 1. We have proved that the 
formula holds for n = 1, and we have also proved that when the formula 
holds for n = k, the formula also holds for n =k + 1. Therefore, it follows 
that the formula holds when 7 is any positive integer. 


A proof of Formula 2, analogous to the proof of Formula 1, without 
using mathematical induction is left for the reader. The proofs of Formulas 
3 and 4 are also left to the reader (see Exercises 12 to 16). 


EXAMPLE 3: Evaluate SOLUTION: From Property 4, where F(i) = 4, it follows that 
» (4! -— 4171) » (4? — 45-1) = 4” — 4° 
i=1 i=1 
=4"—-1 
EXAMPLE 4: Evaluate SOLUTION: 
n 
i(3i — 2) (3i—2) =¥ (32 —2i 
à » i(3i — 2) 2 (8i i) 


by using Properties 1-4 and For- " " 
mulas 1—4. — V (3?) +Y, (—2i) (by Property 3) 
=1 =1 
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n 
—3W?P—2VWi (by Property 2) 
i=1 i=l 


3. n(ntiQnt1) —2- At) (by Formulas 2 and 1) 


6 
— 2n? + 3n? = 2 2n 
2 
2A +n -n 
2 
Exercises 6.1 
In Exercises 1 through 8, find the given sum. 
"T L S. d 
1. X (3:—2) 2. X (+1)? 3. X -oo 
i=1 i=1 i=2 t 1 
4 S 2 $i S cod 
SE Fier rears 5. 2 6. 
Aa 2, EE 
4 (71) 3 k 
7. —— : LE. 
2k $ 2 Tra 
9. Prove Property 1 (6.1.1). 
10. Prove Property 3 (6.1.3). 
11. Prove Formula 1 (6.1.5) by mathematical induction. 
12. Prove Formula 2 (6.1.6) without using mathematical induction. (HINT: i? — (i — 1)? = 3? — 3i + 1, so that 
n n 
Y [8— (i—1)] = V GF — 3i +1) 
i=1 i=1 
On the left side of the above equation, use Property 4; on the right side, use Properties 1, 2, and 3 and Formula 1.) 
13. Prove Formula 3 (6.1.7) without using mathematical induction. (HINT: i* — (i — 1)* = 4i? — 6i? + 4i — 1, and use a method 
similar to the one for Exercise 12.) 
14. Prove Formula 4 (6.1.8) without using mathematical induction (see hints for Exercises 12 and 13 above). 
15. Prove Formula 3 (6.1.7) by mathematical induction. 
16. Prove Formula 4 (6.1.8) by mathematical induction. 
In Exercises 17 through 25, evaluate the indicated sum by using Properties 1 through 4 and formulas 1 through 4. 
25 20 
17. X 2i(i — 1) 18. Y 3i(? + 2) 
i=l 1 
"n n 
19. Y (107 — 104) 20. S. (27 — 95) 
i=1 k=1 
s cde 2. 3 [VIFT - Vii-1] 
a. Y l-z] 2» i i 


k=1 
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23. Y aif (i — 2) 


25. Y [(3-*— 34)? — (3*3 + 3-12] 
kel 


27. (a) Use Property 4 to show that 


n 
i=) 


(b) Prove that 


24. ` 2i(1 + i?) 


1-1 


26. Prove: Y E = yy =2 5 E -— GOD +1 


t=—n 


5 [Fi +1)— F(i—1)]=F(n+1)+ F(n) — F(1) — F(0) 


Š [0+1 (6-1) = 04194 8-1 


i=1 


(c) Prove that 


i=1 


* [@+1)8- G7 03] 2 Y (6242)-2n4 6 Y P 


(d) Using the results of parts (b) and (c), prove Formula 2. 


28. Use the method of Exercise 27 to prove Formula 3. 


29. If x — —— , prove that Y (xi x)? - Y x?-x x 


i-1 


6.2 AREA 


Figure 6.2.1 


T y = f(x) 


Figure 6.2.2 


i=1 i-1 


We use the word measure extensively throughout the book. A measure 
refers to a number (no units are included). For example, if the area of a tri- 
angle is 10 in.?, we say that the measure of the area of the triangle is 10. 
You probably have an intuitive idea of what is meant by the measure of 
the area of certain geometrical figures; it is a number that in some way 
gives the size of the region enclosed by the figure. The area of a rectangle 
is the product of its length and width, and the area of a triangle is half the 
product of the lengths of the base and the altitude. 

The area of a polygon can be defined as the sum of the areas of trian- 
gles into which it is decomposed, and it can be proved that the area thus 
obtained is independent of how the polygon is decomposed into triangles 
(see Fig. 6.2.1). However, how do we define the measure of the area of a 
region in a plane if the region is bounded by a curve? Are we even certain 
that such a region has an area? 

Let us consider a region R in the plane as shown in Fig. 6.2.2. The 
region R is bounded by the x axis, the lines x = a and x = b, and the curve 
having the equation y — f(x), where f is a function continuous on the 
closed interval [z, b]. For simplicity, we take f(x) = 0 for all x in [a, b]. We 
wish to assign a number A to be the measure of the area of R. We use a 
limiting process similar to the one used in defining the area of a circle: The 
area of a circle is defined as the limit of the areas of inscribed regular poly- 
gons as the number of sides increases without bound. We realize intui- 
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tively that, whatever number is chosen to represent A, that number must 
be at least as great as the measure of the area of any polygonal region con- 
tained in R, and must be no greater than the measure of the area of any 
polygonal region containing R. 

We first define a polygonal region contained in R. Divide the closed 
interval [a, b] into n subintervals. For simplicity, we shall now take each of 
these subintervals as being of equal length, for instance, Ax. Therefore, 
Ax (b — a)/n. Denote the endpoints of these subintervals by x, xi, 
Xo)... Xni; Xy, Where xy a, = 8 Ax, ...,Xji— Ga FiAx, ..., 
Xy, =a + (t — 1) Ax, x, = b. Let the ith subinterval be denoted by [x ,, xi]. 
Because f is continuous on the closed interval [a, b], it is continuous on 
each closed subinterval. By the extreme-value theorem (4.3.9), there is a 
number in each subinterval for which f has an absolute minimum value. 
In the ith subinterval, let this number be cj, so that f(c;) is the absolute 
minimum value of f on the subinterval [x;_,, xj]. Consider n rectangles, 
each having a width Ax units and an altitude f (c;) units (see Fig. 6.2.3). 
Let the sum of the areas of these n rectangles be given by S, square units; 
then 


Sn = f(c4) Ax + f(c) Ax + +--+ t f(e)) Axt c c +f(cy) Ax 


or, with the sigma notation, 


S,— Y f(c) Ax a) 


>< 


fe) 


Xia Xi 


Figure 6.2.3 
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6.2.1 Definition 


The summation on the right side of Eq. (1) gives the sum of the 
measures of the areas of n inscribed rectangles. Thus, however we define 
A, it must be such that 


A=S, 


In Fig. 6.2.3 the shaded region has an area of S, square units. Now, let 
n increase. Specifically, multiply n by 2; then the number of rectangles is 
doubled, and the width of each rectangle is halved. This is illustrated in 
Fig. 6.2.4, showing twice as many rectangles as Fig. 6.2.3. By comparing 
the two figures, notice that the shaded region in Fig. 6.2.4 appears to 
approximate the region R more nearly than that of Fig. 6.2.3. So the sum of 
the measures of the areas of the rectangles in Fig. 6.2.4 is closer to the 
number we wish to represent the measure of the area of R. 


y 
T 


y = f(x) 


—————————————————1-—— 


Figure 6.2.4 


As n increases, the values of S, found from Eq. (1) increase, and suc- 
cessive values of S, differ from each other by amounts that become arbi- 
trarily small. This is proved in advanced calculus by a theorem which 
states that if f is continuous on [a, b], then as n increases without bound, 
the value of S, given by (1) approaches a limit. It is this limit that we take 
as the definition of the measure of the area of region R. 


Suppose that the function f is continuous on the closed interval [z, b], with 
f(x) = 0 for all x in [a, b], and that R is the region bounded by the curve 
y = f(x), the x axis, and the lines x = a and x = b. Divide the interval [a, b] 
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into n subintervals, each of length Ax= (b — a)/n, and denote the ith subin- 
terval by [x;-,, x;]. Then if f(c;) is the absolute minimum function value on 
the ith subinterval, the measure of the area of region R is given by 


(2) 


el 


Equation (2) means that, for any e > 0, there is a number N > 0 such that 


n 
Y f(a) Ax— A] <e | whenevern >N 
ii 


and n is a positive integer. 


We could take circumscribed rectangles instead of inscribed rec- 
tangles. In this case, we take as the measures of the altitudes of the 
rectangles the absolute maximum value of f on each subinterval. The exis- 
tence of an absolute maximum value of f on each subinterval is guaranteed 
by the extreme-value theorem (4.3.9). The corresponding sums of the 
measures of the areas of the circumscribed rectangles are at least as great 
as the measure of the area of the region R, and it can be shown that the 
limit of these sums as 7 increases without bound is exactly the same as the 
limit of the sum of the measures of the areas of the inscribed rectangles. 
This is also proved in advanced calculus. Thus, we could define the mea- 
sure of the area of the region R by 


A= lim Y f(d) Ax (3) 


"n--o i=1 
where f (d;) is the absolute maximum value of f on [x,-1, xi]. 


The measure of the altitude of the rectangle in the ith subinterval 
actually can be taken as the function value of any number in that sub- 
interval, and the limit of the sum of the measures of the areas of the rec- 
tangles is the same no matter what numbers are selected. This is also 
proved in advanced calculus, and later in this chapter we extend the defi- 
nition of the measure of the area of a region to be the limit of such a sum. 


EXAMPLE 1: Find the area of the 
region bounded by the curve 

y = x’, the x axis, and the line 

x = 3 by taking inscribed rec- 
tangles. 


SOLUTION: Figure 6.2.5 shows the region and the ith inscribed rectangle. 
We apply Definition 6.2.1. Divide the closed interval [0, 3] into n subin- 


tervals, each of length Ax: x = 0, x, = Ax, x, =2 Ax, . . . ,x;=iAx,..., 
Xn-1 = (n — 1) Ax, x, = 3. 
Aar= 320 3 
n n 


The function value f(x) = x? and because f is increasing on [0, 3], the 
absolute minimum value of f on the ith subinterval [x,_,, x] is f(x). 
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Therefore, from Eq. (2) 


A= lim Y f(x) Ax (4) 


n--o i-1 
Because x; = (i — 1) Ax and f(x) = x’, we have 
fxm) = EG — 1) Ax]? 
Therefore, 
Y fGua) Ax ^ Y, (i- 1) (Ax)? 
i=1 i 


But Ax — 3/n, so that 


i— i z e 27... 27 «. ps 
e Y fei) Acc Y G- Dos» G- D* 
Figure 6.2.5 i=1 i=l fi 


i=1 i=1 


ap P-2yieY | 
i=1 
and using Formulas 2 and 1 and Property 1 from Sec. 6.1, we get 


_ 27 | 2m? c 8r? - n — 6n? — 6n + 6n 


nè 6 
_9 ,2n?’—-3n+1 
2 n? 


Then, from Eq. (4), we have 


2 
A= lim Hi TH 
2 n 
n^ 
9 , 3,1 
z2.dim (2-2+3) 
2 eis n m 
—$(2—04 0) 
=9 


Therefore, the area of the region is 9 square units. 


EXAMPLE 2: Find the area of the SOLUTION: We take as the measure of the altitude of the ith rectangle the 
region in Example 1 by taking cir- | absolute maximum value of f on the ith subinterval [x;_,, xj] which is 
cumscribed rectangles. f (xi). From Eq. (3), we have 

A= lim Y f(x) Ax (5) 


n--9o i=1 
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Because x; = i Ax, then f(x) = (i Ax)?, and so 


$ fled Ax- y PA) m LY i 


i=1 


= [net n+) 


n? 6 
-:9 2n?+3n+1 
2 n? 


Therefore, from Eq. (5), we obtain 


A= lim 2: 064241) 
M n n 


—9 (as in Example 1) 


EXAMPLE 3: Find the area of the 
trapezoid which is the region 
bounded by the line 2x + y = 8, 
the x axis, and the lines x — 1 and 
x — 3. Take inscribed rectangles. 


(3, 2) 


VAN 
Xi—1 Xi 


Figure 6.2.6 


SOLUTION: The region and the ith inscribed rectangle are shown in Fig. 
6.2.6. The closed interval [1,3] is divided into n subintervals, each of length 


Ax; xo = 1, x, =1+Ax,x,=14+2 Ax,...,x=1+i1Ax,... X= 
1+ (n—1) Ax, x4, —8. 
Os 
n n 


Solving the equation of the line for y, we obtain y = —2x + 8. There- 
fore, f(x) = —2x + 8, and because f is decreasing on [1, 3], the absolute 
minimum value of f on the ith subinterval [x;.,, x;] is f (xj). Because x; = 
1+ i Ax, and f(x) =—2x + 8, f(x) =—2(1 + i Ax) + 8=6 — 2i Ax. From 
Eq. (2), we have 


A= lim Y f(x) Ax 


n-cro i-i 


lim Y (6— 2i Ax) Ax 


n+ i-i 


= lim Y [6 Ax — 2i(Ax)?] 


n=+% i-1 


tim $ [6 (2) — 2 (2) 


Il 
tis 
i 
8 

— 

E Is 
Ms: 
= 

| 

| oo 
uy 3 
LT, 


Using Property 1 (6.1.1) and Formula 1 (6.1.5), we have 


A= lim [2.,- 5 2092] 
n 2 


n— +90 
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Therefore, the area is 8 square units. Using the formula from plane geome- 
try for the area of a trapezoid, A = żh(b, + b»), where h, b,, and b, are, 
respectively, the number of units in the lengths of the altitude and the two 
bases, we get A = $(2)(6 + 2) = 8, which agrees with our result. 


Exercises 6.2 


In Exercises 1 through 14, use the method of this section to find the area of the given region; use inscribed or circumscribed 
rectangles as indicated. For each exercise, draw a figure showing the region and the ith rectangle. 


. The region bounded by y = x’, the x axis, and the line x = 2; inscribed rectangles. 

. The region of Exercise 1; circumscribed rectangles. 

. The region bounded by y — 2x, the x axis, and the lines x — 1 and x — 4; circumscribed rectangles. 
. The region of Exercise 3; inscribed rectangles. 


. The region above the x axis and to the right of the line x — 1 bounded by the x axis, the line x= 1, and the curve 


y —4— x; inscribed rectangles. 


. The region of Exercise 5; circumscribed rectangles. 

. The region lying to the left of the line x = 1 bounded by the curve and lines of Exercise 5; circumscribed rectangles. 
. The region of Exercise 7; inscribed rectangles. 

. The region bounded by y = 344, the x axis, and the line x = 1; inscribed rectangles. 

. The region of Exercise 9; circumscribed rectangles. 

. The region bounded by y = x’, the x axis, and the lines x = —1 and x = 2; inscribed rectangles. 

. The region of Exercise 11; circumscribed rectangles. 


. The region bounded by y = mx, with m > 0, the x axis, and the lines x = a and x = b, with b > a > 0; circumscribed 


rectangles. 


. The region of Exercise 13; inscribed rectangles. 


. Use the method of this section to find the area of an isosceles trapezoid whose bases have measures b, and b; and whose 


altitude has measure h. 


The graph of y = 4 — |x| and the x axis from x = —4 tox = 4 form a triangle. Use the method of this section to find the 
area of this triangle. 


In Exercises 17 through 22, find the area of the region by taking as the measure of the altitude of the ith rectangle f(m;), 
where m; is the midpoint of the ith subinterval. (HINT: m; = $ (x; + xj a).) 


17. 
20. 


The region of Example 1. 18. The region of Exercise 1. 19. The region of Exercise 3. 


The region of Exercise 5. 21. The region of Exercise 7. 22. The region of Exercise 9. 
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6.3 THE DEFINITE INTEGRAL In the preceding section, the measure of the area of a region was defined 
as the following limit: 


lim Y f(c) Ax (1) 

n-—-o i=1 
To lead up to this definition, we divided the closed interval [a, b] into 
subintervals of equal length and then took c; as the point in the ith subin- 
terval for which f has an absolute minimum value. We also restricted the 
function values f(x) to be nonnegative on [4, b] and further required f to be 
continuous on [a, b]. 

To define the definite integral, we need to consider a new kind of 
limiting process, of which the limit given in (1) is a special case. Let f bea 
function defined on the closed interval [a, b]. Divide this interval into n 
subintervals by choosing any (n — 1) intermediate points between a and b. 


Let x, =a and x, = b, and xj, x5, . . . , x4, be the intermediate points so 
that 

Xo << Xy€« Xo «757 «X Xna X Xs 
The points Xo, Xi, Xo, . . . , X41, Xn are not necessarily equidistant. Let Aix 


be the length of the first subinterval so that A,x = x, — xy; let Ax be the 
length of the second subinterval so that A,x =x, — xı; and so forth, so that 
the length of the ith subinterval is A,x, and 


Aw = Xi — Xi4 


A set of all such subintervals of the interval [a, b] is called a partition of the 
interval [a, b]. Let A be such a partition. Figure 6.3.1 illustrates one such 
partition A of [a, b]. 


Figure 6.3.1 


The partition A contains n subintervals. One of these subintervals is 
longest; however, there may be more than one such subinterval. The 
length of the longest subinterval of the partition A, called the norm of the 
partition, is denoted by ||A|l. 

Choose a point in each subinterval of the partition A: Let £, be the 
point chosen in [x,, x] so that xy = é = x,. Let é be the point chosen in 
[xi, X,] so that x, = é = x, and so forth, so that £; is the point chosen in 
[xi-1, xi], and xi, = é& x x; Form the sum 


f(&) Aix + flé) Ax t+ + c  f(é) Ax tc cc + lEn) Ax 
or 


y KE) Aa 
iA 


Such a sum is called a Riemann sum. 
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EXAMPLE 1: Given f(x) = 10 — x?, 
with 1 < x < 3, find the Riemann 
sum for the function f on [2, 3] for 
the partition A: x) = i, xi = 1, 

X = 1}, x; = 13,x,=24,x,=3, 
and é& =}, € = 11, £57 11,6,— 2, 
é = 21. Draw a sketch of the 

graph of the function on [1, 3], 

and show the rectangles, the mea- 
sures of whose areas are the terms 
of the Riemann sum. What is the 
norm of the partition? 


soLUTION: Figure 6.3.2 shows a sketch of the graph and the five rec- 
tangles. 


>Q 


10 


Y fE) Ac = fE) Aux + fl) Ax + flé) Agx + f()) Ax + flé) Asx 
m - f8)ü—32 -fiüi- 10 -f003-19 
+ f(2)(24— 19) + fH) G — 24) 
= (98) (3) + (85) (H) + (680 D + (6) 4) + (2%) (D 
= 1855 


The norm of A is the length of the longest subinterval. Hence, [A|| = $. 


Xo£i Xi£ao] Xs \ X4 Es X 
TIN 
2 és 


Figure 6.3.2 


6.3.1 Definition 
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Because the function values f (x) are not restricted to nonnegative val- 
ues, some of the f(£) could be negative. In such a case, the geometric in- 
terpretation of the Riemann sum would be the sum of the measures of the 
areas of the rectangles lying above the x axis plus the negatives of the 
measures of the areas of the rectangles lying below the x axis. This situa- 
tion is illustrated in Fig. 6.3.3. Here 


10 
Y fe) Ag = A; + A, — As — Ay— As + Ag + Az — Ag — Ag — Aio 
iz 


because f(é3), f(&), f(&), flé), flé), and f(£i) are negative numbers. 


Figure 6.3.3 


We are now in a position to define what is meant by a function f being 
integrable on the closed interval [a, b]. 


Let f be a function whose domain includes the closed interval [a, b]. Then f 
is said to be integrable on [a, b] if there is a number L satisfying the condi- 
tion that, for every e > 0, there exists a 8 > 0 such that 


Y Ke) Ax—L|«e 


for every partition A for which ||Al| < 5, and for any £; in the closed interval 
[xiz xi] i= 1, 2, PRIME í 


In words, Definition 6.3.1 states that, fora given function f defined on 
the closed interval [a, b], we can make the values of the Riemann sums as 
close to L as we please by taking the norms |[A|| of all partitions A of [a, b] 
sufficiently small for all possible choices of the numbers é; for which x;_; = 
é: = x; If Definition 6.3.1 holds, we write 


lim Ñ f(£) Ax=L (2) 


llall-o i-i 
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6.3.2 Definition 


The above limiting process is different from that discussed in Chapter 
2. From Definition 6.3.1, the number L in (2) exists if for every e > 0 there 
exists a ô > 0 such that 


b flé) Aix — L| <e 


for every partition A for which ||A|| < 5, and for any €; in the closed interval 
[xi xil, i= 1, 2, eost. gd. 
In Definition 2.4.1 we had the following: 


lim f(x) =L (3) 


if for every e > 0 there exists a ó > 0 such that 
f(x) -L| «e | whenever0 < |x—a| « 8 


In limiting process (2), for a particular ô > 0 there are infinitely many par- 
titions A having norm |A|| < à. This is analogous to the fact that in limiting 
process (3), for a given 6 > 0 there are infinitely many values of x for 
which 0 < |x — 4| < 8. However, in limiting process (2), for each partition 
A there are infinitely many choices of £; It is in this respect that the two 
limiting processes differ. 

In Chapter 2 (Theorem 2.4.2) we showed that if the number L in 
limiting process (3) exists, it is unique. In a similar manner we can show 
that if there is a number L satisfying Definition 6.3.1, then it is unique. 
Now we can define the definite integral. 


If f is a function defined on the closed interval [a, b], then the definite inte- 
gral of f from a to b, denoted by f? f(x) dx, is given by 
b mom 
J fo) de= lim fle) Ae (a 
a Hall-o i1. : 


if the limit exists. 


Note that the statement, "the function f is integrable on the closed in- 
terval [a, b]," is synonymous with the statement, “the definite integral of f 
from a to b exists." 


In the notation for the definite integral f? f(x) dx, f(x) is called the in- 
tegrand, a is called the lower limit, and b is called the upper limit. The 
symbol 


J 


is called an integral sign. The integral sign resembles a capital S, which is 
appropriate because the definite integral is the limit of a sum. It is the 


6.3.3 Theorem 


EXAMPLE2: Let f be the function 
defined by 


. [0 ifx 40 
fo-[ if x=0 


Let [a, b] be any interval such that 
a <0 < b. Show that f is discon- 
tinuous on [a, b] and yet integra- 
ble on [a, b]. 
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same symbol we used in Chapter 5 to indicate the operation of antidif- 
ferentiation. The reason for the common symbol is that a theorem (6.6.2), 
called the fundamental theorem of the calculus, enables us to evaluate a 
definite integral by finding an antiderivative (also called an indefinite 
integral). 

A question that now arises is as follows: Under what conditions does 
a number L satisfying Definition 6.3.1 exist; that is, under what conditions 
is a function f integrable? An answer to this question is given by the fol- 
lowing theorem. 


If a function f is continuous on the closed interval [a, b] then f is integrable 
on [a, b]. 


The proof of this theorem is beyond the scope of this book and is 
given in advanced calculus texts. The condition that f is continuous on 
[2, b], while being sufficient to guarantee that f is integrable on [a,b], is nota 
necessary condition for the existence of f? f(x) dx. That is, if f is continu- 
ous on [a, b], then Theorem 6.3.3 assures us that f? f(x) dx exists; however, 
it is possible for the integral to exist even if the function is discontinuous 
at some numbers in [a, b]. The following example gives a function which is 
discontinuous and yet integrable on a closed interval. 


“SOLUTION: Because lim f(x) =0 # f(0), fis discontinuous at 0 and hence 
r-0 
discontinuous on [a, b]. 


To prove that f is integrable on [a, b] we show that Definition 6.3.1 is 
satisfied. Consider the Riemann sum 


Y fe) Ax 


If none of the numbers é, é, . . . , én is zero, then the Riemann sum is 
zero. Suppose that é = 0. Then 


Y f(é) Ax 21- Ax 
i=1 
In either case 


Y f(é) Aal = Al 
1-1 


Hence, 


D flé) Ax — o <e — whenever ||Al| < e 
i=1 


300 


THE DEFINITE INTEGRAL 


Comparing the above with Definition 6.3.1 where ô= e and L = 0, we see 
that f is integrable on [a, b]. 


6.3.4 Definition 


6.3.5 Definition 


In Definition 6.3.2, the closed interval [a, b] is given, and so we as- 
sume that a < b. To consider the definite integral of a function f from a to b 
when a > b, or when a= b, we have the following definitions. 


If a > b, then 


[fo dx=- [ foo) dx 


if f? f(x) dx exists. 


Je f(x) dx — 0 if f(a) exists. 


At the beginning of this section, we stated that the limit used in Defi- 
nition 6.2.1 to define the measure of the area of a region is a special case of 
the limit used in Definition 6.3.2 to define the definite integral. In the dis- 
cussion of area, the interval [a, b] was divided into n subintervals of equal 
length. Such a partition of the interval [a, b] is called a regular partition. If 
Ax is the length of each subinterval in a regular partition, then each 
Ax = Ax, and the norm of the partition is Ax. Making these substitutions 
in Eq. (4), we have 


b n 
Í f(x) dx= lim ` f(é&) Ax (5) 
a Ar-0 i=1 
Furthermore, 

b — 
Ax= ae Z (6) 
and 

_ b-a 

HX (7) 


So from Eq. (6) 
lim Ax =0 (8) 
no o 


and from (7), because b > a and Ax approaches zero through positive val- 
ues (because Ax > 0), 


lim n = +% (9) 


Ar-0 
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From limits (8) and (9), we conclude that 
Ax — 0 is equivalent to n — +% (10) 


Thus, we have from Eq. (5) and statement (10), 


y f(x) dx= nd > f(&) Ax (11) 
It should be remembered that &; can be any point in the ith subinterval 
[Xi-1, xi]. 

In applications of the definite integral regular partitions are often 
used; therefore, formulas (5) and (11) are especially important. 

Comparing the limit used in Definition 6.2.1, which gives the 

measure of the area of a region, with the limit on the right side of Eq. (11), 
we have in the first case: 


Dm $ fled Ax (12) 
=+% j= 
where f(c;) is the absolute minimum function value on [x;.,, xj]. In the sec- 
ond case, we have 


din > f(&) Ax (13) 
=+% 7=1 
where £; is any number in [x;_,, x;]. 
Because the function f is continuous on [a, b], by Theorem 6.3.3, 
f? f(x) dx exists; therefore, this definite integral is the limit of all Riemann 
sums of f on [a, b] including those in (12) and (13). Because of this, we 
redefine the area of a region in a more general way. 


6.3.6 Definition Let the function f be continuous on [a, b] and f(x) = 0 for all x in [a, b]. Let 
R be the region bounded by the curve y — f(x), the x axis, and the lines 
y=f(x) X74 and x— b. Then the measure of the area of region R is given by 


| 


= lim Y f(&) Aix — f f(x) dx 


l[Al[-0 41 


The above definition states that if f (x) = 0 for all x in [a, b], the defi- 
nite integral f? f(x) dx can be interpreted geometrically as the measure of 
x the area of the region R shown in Fig. 6.3.4. 
Equation (11) can be used to find the exact value of a definite integral 
Figure 6.3.4 as illustrated in the following example. 
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EXAMPLE 3: Find the exact value | sOLUTION: Consider a regular partition of the closed interval [1, 3] into n 


of the definite integral subintervals. Then Ax — 2/n. 
i If we choose £; as the right endpoint of each subinterval, we have 
x? dx 
2 2 2 .(2 
i &=1+2 65142) 65143 Z)... eie 


oo Gen (2) 


Because f (x) = x?, 


fle) = (1 +24) = (2226) 


n 


Therefore, by using Eq. (11) and applying properties and formulas 
from Sec. 6.1, we get 


3 n (n+2i\? 2 
x? dx = lim (244) = 


lim — =>) (n? + 4ni + A?) 


gogo It i-1 


I 
E 
3, 
| meen | 
3, 
Ms 
[wr 
+ 
A 
s 
Ms 
+ 
A 
M 
ig 


Nx i=1 i-i i1 
n- 4o n 2 6 
— lim á n? + 2n? + 2n? + 2n (2n? et 
n= +% 
= lim le 443, 8r * 12n * 4 
n-4o n 3n? 
— lim [6+ E tiata] 
n- 4o 3 n 3n 


=6+0+$+0+0 
= 8% 


Let us interpret the result of this example geometrically. Because x? = 0 
for all x in [1, 3], the region bounded by the curve y = x’, the axis, and the 
lines x = 1 and x = 3 has an area of 8$ square units. The region is shown 
Figure 6.3.5 in Fig. 6.3.5. 
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Exercises 6.3 


In Exercises 1 through 6, find the Riemann sum for the function on the interval, using the given partition A and the given 
values of £,. Draw a sketch of the graph of the function on the given interval, and show the rectangles the measure of whose 
areas are the terms of the Riemann sum. (See Example 1 and Fig. 6.3.2.) 


1. f(x) 2 335,0 =x = 3; for A: x =0, x, — 5 x, = 14, x4 = 245, x,—3; & — 4 & — 1, & — 15 i= 24 

2. f(x) =2?,0 = x x3; for A: x =0, x = 4, x5 = 14, x4 —2,x,—21,x,—3; = & = 1, & = 19, 64-21, 6,21 

3. f(x) =1/x,1 <x x3; for A: x) =1, x = 14, x4 = 24, x = 23, 3,73; & = 14, & = 2, & = 25 6, = 23 

4. f(x) 233, 1 x x 2; for A: x 1, x 3, X_= 4, g= 1, x= 14, X5 = 2; & $}, = 0, &= $, & = 1, & = 14 
5. f(x) =2?-—x+1,0 =x x1; for A: xo =0,x,=0.2, x, = 0.5, x3 = 0.7, x, = 1; & = 0.1, & = 0.4, & = 0.6, & = 0.9 


6. f(x) =1/(x+2),-1 <x <3; for A: xo 1,% 4, % = 0, xy — à, x= 14, x4 = 2, xe = 21, x; = 2$, Xs = 3; & 4 
&—0,671£6-1,6-1L6-2, 6 = 2}, 6-3 


In Exercises 7 through 14, find the exact value of the definite integral. Use the method of Example 3 of this section. 


2 4 2 

7. f x? dx 8. i x? dx 9. i x? dx 
0 2 d. 
1 4 4 

10. I x* dx 11. f (x? + Ax + 5) dx 12. f (x? + x — 6) dx 
—2 1 0 
2 2 

13. f (x8 +1) dx 14. f (4x8 — 3x2) dx 
—2 —1 


In Exercises 15 through 20, find the exact area of the region in the following way: (a) Express the measure of the area as the 
limit of a Riemann sum with regular partitions; (b) express this limit as a definite integral; (c) evaluate the definite inte- 
gral by the method of this section and a suitable choice of £. Draw a figure showing the region. 

15. Bounded by the line y — 2x — 1, the x axis, and the lines x — 1 and x — 5. 

16. Bounded by the line y = 2x — 6, the x axis, and the lines x = 4 and x — 7. 

17. Bounded by the curve y = 4 — x’, the x axis, and the lines x = 1 and x = 2. 

18. Bounded by the curve y = (x + 3)?, the x axis, and the lines x = —3 and x= 0. 

19. Bounded by the curve y = 12 — x — x’, the x axis, and the lines x = —3, and x = 2. 

20. Bounded by the curve y = 6x + x? — x’, the x axis, and the lines x = —1 and x= 3. 


21. Express as a definite integral: lim bj (8i?/n?). (HINT: Consider the function f for which f(x) = x?.) 


n=+% i=1 


22. Express as a definite integral: lim Y, 1/(n +i). (Hint: Consider the function f for which f(x) = 1/x on [1, 2].) 


no 1 
23. Express as a definite integral: lim Y, (n/i*). (HINT: Consider the function f for which f(x) = 1/x*.) 
n=+% i=1 
24. Let [a, b] be any interval such thata < 0 « b. Prove that even though the unit step function (Exercise 1 in Exercises 2.3) 
is discontinuous on [a, b], it is integrable on [2, b] and Jf? U(x) dx — b. 
25. Prove that the signum function is discontinuous on [—1, 1] and yet integrable on [—1, 1]. Furthermore show that 
[3 sgn x dx — 0. 
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26. Prove that the greatest integer function is discontinuous on [0, 3] and yet integrable on [0, 3]. Furthermore, show that 


#? [Ix] de=} 


6.4 PROPERTIES OF THE 
DEFINITE INTEGRAL 


6.4.1 Theorem 


6.4.2 Theorem 


6.4.3 Theorem 


Evaluating a definite integral from the definition, by actually finding the 
limit of a sum as we did in Sec. 6.3, is usually quite tedious and frequently 
almost impossible. To establish a much simpler method we first need to 
develop some properties of the definite integral. First the following two 
theorems about Riemann sums are needed. 


If A is any partition of the closed interval [a, b], then 


n 
lim Aix-—b-—a 
llall-o i—1 


PROOF: 
> Aix — (b— a) = (b—a) — (b— a) =0 
i=1 
Hence, for any e > 0 any choice of 8 > 0 guarantees the inequality 


» Ax— (b—a)| «e whenever ||A|| < 6 
ici 
and so by Definition 6.3.1 


n 
lim by Aix-—b-—a " 
llall-o i-i 


If f is defined on the closed interval [a, b] and if 
lim » f(£) Ax 
llall-o #1 
exists, where A is any partition of [a, b], then if k is any constant, 


lim > kf(£)) Ax =k lim » fé) Ax 


\lAll-0 i— llall-o 1-1 


The proof of this theorem is left for the reader (see Exercise 1). 
We now state and prove some theorems that give important proper- 
ties of the definite integral. 


If the function f is integrable on the closed interval [a, b] and if k is any 
constant, then 


6.4.4 Theorem 
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PROOF: Because f is integrable on [a, b], lim 5 f(&) Ax exists and so by 


||Al|+0 i= 
Theorem 6.4.2 


lim > kf(é:) Aix =k pm > fé) Ax 


llall-o i— llall-o i= 
Therefore, 
b b 
I kf (x) dx = kÍ f(x) dx [| 


If the functions f and g are integrable on [a, b], then f + g is integrable on 
[a, b] and 


PROOF: The functions f and g are integrable on [a, b]; thus, let 
b b 
Í f(x) dx 2 M and Í g(x) dx ^ N 


To prove that f + g is integrable on [a, b] and that f2 [f(x) + g(x)] dx = 
M +N, we must show that for any e > 0 there exists à 6 > 0 such that 


n 

Y [GO e (50] Ax — (M+ N) «e 

i=1 

for all partitions A for which ||Al| < 5 and for any £; in [x;_,, x;]. Because 


= lim EO Aix and N= lim Š gé) Aix 


llall-o i= llall-o i=1 


it follows that for any e > 0 there exist a 6, > 0 and a ô, > 0 such that 


:) ax—M s5 and D ^x -NI <5 


for all partitions A for which ||A|| < 5, and ||A|| < 8», and for any £i in 
[x;-1, x;]. Therefore, if 8 = min(6,, 8;), then for any e > 0 


> AE) Ax-M|* [S glé) Ax-N «$*357€ (1) 


for all partitions A for which ||Al| < 8 and for any é; in [xi xj]. 
By the triangle inequality, we have 


(S f(&) Ax — M) + (> g(£) Ax — N) 
= |$ fg) ha — m| + » ee 


(2) 
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6.4.5 Theorem 


From inequalities (1) and (2), we have 


(5 feo Ax+> &(&) ax) — (M+ N)| «e (3) 
i—1 i=1 
From Property 3 (6.1.3) of the sigma notation, we have 


Y, AG) Ax Y gE) Ax => Lf)  8(60] Ax (4) 


i= 


So by substituting from (4) and (3) we can conclude that for any e > 0 


Y UC) 860] Ax — (M+ N) era 


for all partitions A for which ||Al| < 8, where 8 = min(8,, 8;) and for any £i 
in [x;-1, xj]. This proves that f + g is integrable on [a, b] and that 


b b b 
[ ye 8601 dx [pen det |? g(a ax j 


Theorem 6.4.4 can be extended to any number of functions. That 
is, if the functions fı, fọ .. . , f, are all integrable on [a, b], then 
(fot fat cc + fa) is integrable on [a, b] and 


[ [EY ERG t eR GT de 


=f feo ace [fe det oe fn s 


The plus sign in the statement of Theorem 6.4.4 can be replaced by a 
minus sign as a result of applying Theorem 6.4.3, where k — —1. 


If the function f is integrable on the closed intervals [a, b], [a, c], and [c, b], 


NIST a [feo ax + [feo dx 


where a <c <b. 


PROOF: Let A be a partition of [a, b]. Form the partition A’ of [a, b] in the 
following way. If c is one of the partitioning points of A (i.e., c — x; for 
some i), then A' is exactly the same as A. If c is not one of the partitioning 
points of A but is contained in the subinterval [x;_,, xj], then the partition 
A' has as its partitioning points all the partitioning points of A and, in ad- 
dition, the point c. Therefore, the subintervals of the partition A' are the 
same as the subintervals of A, with the exception that the subinterval 
[x;-1, x;] of A is divided into the two subintervals [x,_,, c] and [c, x]. 
If ||A’|| is the norm of A’ and if ||A|| is the norm of A, then 


la'l] = IA 


y = f(x) 


c b 


Figure 6.4.1 


6.4.6 Theorem 
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If in the partition A' the interval [a, c] is divided into r subintervals and 
the interval [c, b] is divided into (n — r) subintervals, then the part of the 
partition A’ from a to c gives a Riemann sum of the form 


$ fE) Ax 


and the other part of the partition A', from c to b, gives a Riemann sum of 
the form 


> fKGD Ax 


i=r+1 


Using the definition of the definite integral and properties of the 
sigma notation, we have 


[r0 de= tim. $ re) e 


llall-o i21 


— lim x f(&) Ax + > f(&) As] 


llAll-o Li=1 i=rt+1 
= lim 5 f(£&) Aux + Hm 5 flé Aix 
llAll- o i21 IlAll-0 icr*1 
Since 0 < ||A’|| < ||Al, we can replace ||Al| ^ 0 by ||A'|| > 0, giving us 
[Len de= tim. f) aart tim S fE Ba 
llA']|^0 7=1 lla’ Il-0 izr*1 


Applying the definition of the definite integral to the right side of the 
above equation, we have 


f f(x) dx= | f(x) dx + I f(x) dx " 


We now interpret Theorem 6.4.5 geometrically. If f (x) = 0 for all x in 
(a, b], then Theorem 6.4.5 states that the measure of the area of the region 
bounded by the curve y — f (x) and the x axis from a to b is equal to the 
sum of the measures of the areas of the regions from a to c and from c to b 
(see Fig. 6.4.1). 


The result of Theorem 6.4.5 is true for any ordering of the numbers a, 
b, and c. This is stated as another theorem. 


If f is integrable on a closed interval containing the three numbers a, b, and 
c, then 


(5) 
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6.4.7 Theorem 


regardless of the order of a, b, and c. 


PROOF: If a,b, and c are distinct, there are six possible orderings of these 

three numbers:a «b «c,a«c«b,b«a«c,b«c«a,c«a«b,and 

c <b < a. The second ordering, a < c < b, is Theorem 6.4.5. We make use 

of Theorem 6.4.5 in proving that Eq. (5) holds for the other orderings. 
Suppose that a < b < c; then from Theorem 6.4.5 we have 


i: f(x) dx + là f(x) dx— i f(x) dx (6) 
From Definition 6.3.4 
f fœ de=- [pe ax (7) 
b c 


Substituting from (7) into (6), we obtain 


[io a [' f(x) dx— [ro dx 
or 

i f(x) dx= [' feo dx + ii f(x) dx 
which is the desired result. 


The proofs for the other four orderings are similar and are left for the 
reader (see Exercises 2 to 5). 


There is also the possibility that two of the three numbers are equal; 
for example, a= c < b. Then 


€ a 
l f(x) ax = Í f(x) dx=0 (by Definition 6.3.5) 
a a 
Also, because a — c, 
b b 
Í f(x) da= [ f(x) dx 
Therefore, 
c b b 
Í f(x) a [ f(x) &x=0 + | f(x) dx 
a € a 
which is the desired result. [| 


If k is any constant and if f is a function such that f(x) = k for all x in [a, b], 
then 


[ro de= [" k dx = k(b— a) 


Figure 6.4.2 


6.4.8 Theorem 
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PROOF: From Definition 6.3.2, 


f f(x) dx= jim » flé) Aix 


|All-0 ¿=1 


= lim Y kA« 


Ilall-o i21 


=k lim M Ax (by Theorem 6.4.2) 


llall-o i1 
=k(b—a) (by Theorem 6.4.1) H 
A geometric interpretation of Theorem 6.4.7 when k > 0 is given by 
Fig. 6.4.2. The definite integral f? k dx gives the measure of the area of the 


shaded region, which is a rectangle whose dimensions are k units and 
(b — a) units. 


If the functions f and g are integrable on the closed interval [a, b] and if 
f(x) = g(x) for all x in [a, b], then 


[ro dx = fao dx 


PROOF: Because f and gare integrable on [a, b], f? f(x) dx and f? g(x) dx 
both exist. Therefore (by Theorem 6.4.3), 


li f(x) ax— [so da= [| f(x) dx + [ [—g(x)] dx 
-[ [f(x) — g(x)] dx (by Theorem 6.4.4) 


Let h be the function defined by 
h(x) = f(x) — g(x) 


Then h(x) = 0 for all x in [a, b] because f(x) = g(x) for all x in [a, b]. 
We wish to prove that f? [f(x) — g(x)] dx = 0. 


fte - se de= f ho a= lim Y h(E) Ax (8) 
a a All-o i=1 
Assume that 
lim S hE) Ax =L <0 (9) 
||al|-o #=1 


Then by Definition 6.3.1, with e— —L, there exists a 6 > 0 such that 
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Figure 6.4.3 


6.4.9 Theorem 


5 h(£) Aix — 1 «—L whenever |All <6 (10) 
=1 


But because 


Y hg) Ax—L = |y hlé) Ax L 


from inequality (10) we have 


Y hé) Ax -L «—L whenever ||A| < à 
i=1 
or 


> h(£) Ax «0 | whenever ||Al| < 8 (11) 
[st 


But statement (11) is impossible because every h(£j)) is nonnegative and 
every Ai > 0; thus, we have a contradiction to our assumption (9). 
Therefore, (9) is false, and 


lim X h(£) Aix = 0 (12) 


IlAll-o i21 


From (8) and (12), we have 


MUCLEOPED 


Hence, 


[ro de= [seo dx =0 


and so 


[ro dx z [so dx 


Figure 6.4.3 gives a geometric interpretation of Theorem 6.4.8 when 
f(x) = g(x) = 0 for all x in [a, b]. f? f(x) dx gives the measure of the area 
of the region bounded by the curve y — f(x), the x axis, and the lines x — a 
and x — b. f? g(x) dx gives the measure of the area of the region bounded 
by the curve y — g(x), the x axis, and the lines x — a and x — b. In the 
figure we see that the first area is greater than the second area. 


Suppose that the function f is continuous on the closed interval [a, b]. If m 
and M are, respectively, the absolute minimum and absolute maximum 
function values of f on [a, b] so that 


ae-——p = ab 


Figure 6.4.4 


y = f(x) 


x 
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m=<f(x)=M forasxsb 
then 
b 
m(b — a) <Í f(x) dx = M(b— a) 
a 
PROOF: Because f is continuous on [a, b], the extreme-value theorem 


(4.3.9) guarantees the existence of m and M. 
By Theorem 6.4.7 


[mio mt-0 (13) 
and 


[| Max- Mb — 2) (14) 


Because f is continuous on [a, b], it follows from Theorem 6.3.3 that f is in- 
tegrable on [a, b]. Then because f(x) = m for all x in [a, b], we have from 
Theorem 6.4.8 


b b 
Í f(x) ax = | m dx 
which from (13) gives 
[ro dx = m(b— a) (15) 


Similarly, because M = f(x) for all x in [a, b], it follows from Theorem 6.4.8 
that 


[€ dx = | feo dx 


which from (14) gives 


b 
M(b—a)z f f(x) dx (16) 
a 
Combining inequalities (15) and (16) we have 


b 
maa) =] f(x) dx x M(b— a) u 


A geometric interpretation of Theorem 6.4.9 is given in Fig. 6.4.4, 
where f(x) z 0 for all x in [a, b]. The integral f? f(x) dx gives the measure 
of the area of the region bounded by the curve y — f(x), the x axis, and 
the lines x — 4 and x — b. This area is greater than that of the rectangle 
whose dimensions are m and (b — a) and less than that of the rectangle 
whose dimensions are M and (b — a). 
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EXAMPLE 1: Apply Theorem 6.4.9 | SOLUTION: Referring to Example 1, Sec. 4.6, we see that f has a relative 


to find the smallest and largest minimum value of 1 at x —3 and a relative maximum value of 5 at x — 1. 
possible values of f@ =*# and f (4) = 5. Hence, the absolute minimum value of f on [3, 4] is 1, 

4 and the absolute maximum value is 5. Taking m=1 and M=5 in 

Í (x3 — 6x? + 9x + 1) dx Theorem 6.4.9, we have 
12 
4 
Use the results of Example 1, 1(4— 2) = Í (8 — 6x + 9x +1) dx = 5(4— 3) 
Sec. 4.6. is 
and so 


4 
=f (x3 — 6x? +9x +1) dx < 39 


1/2 


In Example 2, Sec. 6.6, the exact value of the definite integral is shown to 
be 103%. 


EXAMPLE 2: Apply Theorem 6.4.9 | SOLUTION: From Example 3, Sec. 4.6, we see that f has a relative minimum 
to find the smallest and largest value of —3 at x = —1. Furthermore, f (1) = 5. Hence, on [-1, 1] the abso- 
possible values of lute minimum value of f is —1 and the absolute maximum value is 5. So, 

i taking m = —1 and M = 5 in Theorem 6.4.9, we have 

Í (x39 + 4x3) dx : 

= CDU - C01 = [^ Ga) dx «51 - C0] 
Use the results of Example 3, s 
Sec. 4.6. Therefore, 


1 
—2 = | (x43 + Ax!3) dx < 10 
-1 


The exact value of the definite integral is f as shown in Example 3, Sec. 6.6. 


Exercises 6.4 
1. Prove Theorem 6.4.2. 

In Exercises 2 through 7, prove that Theorem 6.4.6 is valid in each case using the result of Theorem 6.4.5. 
2.b «acc 3.b<c<a 4,.c<a<b 


5.c<b<a 6.a<c=b 7.a=b<c 


In Exercises 8 through 17, apply Theorem 6.4.9 to find a smallest and a largest possible value of the given integral. 


5 4 1 
8. Í 3x dx 9, Í x2 dx 10. Í (x + 1)? dx 
2 0 -2 
6 4 0 
11. Í V3 +x dx 12. Í (x4 — 8x2 + 16) dx 13. Í (x* — 8x? + 16) dx 
-3 E -4 


2 2 2 
14, Í LEO y 15. Í ane 16. f VETS dx 
zg x9 pe 2 ver 


4 
17. Í Ix — 2] dx 
1 
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18. Show that if f is continuous on [—1, 2] then 


fre dx f’ f) d [feo 4c |” f dx=0 


1 1 2 2 
19. Show that sd Í x: dx but Í x dr = | x? dx 
0 0 1 1 


20. If f is continuous on [a, b], prove that 


[fo dx| = [ If(x)] dx 
(ix: —|f(x)| = f(x) = |f(x)l.) 


6.5 THE MEAN-VALUE 
THEOREM FOR INTEGRALS 


6.5.1 Theorem 


Intermediate-Value Theorem 


Figure 6.5.2 


Before stating and proving the mean-value theorem for integrals, we 
discuss an important theorem about a function that is continuous on a 
closed interval. It is called the intermediate-value theorem, and we need to 
use it to prove the mean-value theorem for integrals. 


If the function f is continuous on the closed interval [a, b] and if f (a) # f (b), 
then for any number k between f(a) and f(b) there exists a number c 
between a and b such that f(c) — k. 


The proof of this theorem is beyond the scope of this book; it can be 
found in an advanced calculus text. However, we discuss the geometric in- 
terpretation of the theorem. In Fig. 6.5.1, (0, k) is any point on the y axis 
between the points (0, f (a)) and (0, f (D)). Theorem 6.5.1 states that the line 
y =k must intersect the curve whose equation is y = f(x) at the point 
(c, k), where c lies between a and b. Figure 6.5.1 shows this intersection. 

Note that for some values of k there may be more than one possible 
value for c. The theorem states that there is always at least one value of c, 
but that it is not necessarily unique. Figure 6.5.2 shows three possible val- 
ues of c (c,, cs, and cs) for a particular k. Theorem 6.5.1 states that if the 
function f is continuous on a closed interval [a, b], then f assumes every 
value between f (4) and f (b) as x assumes all values between a and b. The 
importance of the continuity of f on [a, b] should be pointed out. For ex- 
ample, consider the function f, defined by 


fofa! if0<x <2 
x if2<x<3 
A sketch of the graph of this function is shown in Fig. 6.5.3. 

The function f is discontinuous at 2, which is in the closed interval 
[0, 3]; f(0) =—1 and f(3) = 9. If kis any number between 1 and 4, there is 
no value of c such that f(c)= k because there are no function values 
between 1 and 4. 
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Let us consider an example of another function for which Theorem 
6.5.1 does not hold. Let g be defined by 


80-4 


A sketch of the graph of this function is shown in Fig. 6.5.4. 


Figure 6.5.3 Figure 6.5.4 


The function g is discontinuous at 4, which is in the closed interval 
[2, 5]; 2(2) — —1 and 9(5) = 2. If k is any number between —1 and 2, there is 
no value of c between 2 and 5 such that g(c) = k. In particular, if k = 1, then 
g(6) = 1, but 6 is not in the interval [2, 5]. 


EXAMPLE 1; Given the function f 
defined by 


f(x) =44+3x-2x® 25x55 


verify the intermediate-value 
theorem if k= 1. 


SOLUTION: f(2) = 6, f(5)=—6. 

To find c, set f(c)=k=1, or 

4+3c—c=1 

c?—3c—3=0 
This gives 

EK EX 
ple 
2 

We reject ¿(3 — V21) because this number is outside the interval 

[2, 5]. The number 3 (3 + V21) is in the interval [2, 5], and 


feral 


6.5.2 Theorem 
Mean-Value Theorem 
for Integrals 
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We are now ready to state and prove the mean-value theorem for inte- 
grals. 


If the function f is continuous on the closed interval [a, b], then there exists 
a number X such that a x X x b, and 


[reo c f00 0 — 0 


PROOF: Because f is continuous on [a, b], from the extreme-value theorem 
(4.3.9) f has an absolute maximum value and an absolute minimum value 
on [a, b]. 

Let m be the absolute minimum value occurring at x = x,. Thus, 


f(%m) =m A = Xm Zb (1) 
Let M be the absolute maximum value, occurring at x = xy. Thus, 

f(xy) =M a < xy sb (2) 
We have, then, 

m xf(x) M for all x in [a, b] 
From Theorem 6.4.9 it follows that 


b 
m(b — a) =Í f(x) dx « M(b—a) 


Dividing by (b — a) and noting that (b — a) is positive because b > a, we 
get 


hs f(x) dx er 


b—a ` 


But from Eqs. (1) and (2), m — f (x4) and M = f (xy), and so we have 
b 


f(x) dx 
f (Xm) = "A = f(xy) (3) 


ms 


From inequalities (3) and the intermediate-value theorem (6.5.1), there 
is some number X in a closed interval containing xm and xy such that 


[ f(x) dx 
foe) = b— 


a 


or 


[ro dx—-f(X)(b—a) azX«szb a 
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Figure 6.5.5 


To interpret Theorem 6.5.2 geometrically, we consider f(x) = 0 for all 
values of x in [a, b]. Then f? f(x) dx is the measure of the area of the region 
bounded by the curve whose equation is y — f (x), the x axis, and the lines 
x= a and x = b (see Fig. 6.5.5). Theorem 6.5.2 states that there is a number 
X in [a, b] such that the area of the rectangle AEFB of height f (X) units and 
width (b — a) units is equal to the area of the region ADCB. 

The value of X is not necessarily unique. The theorem does not 
provide a method for finding X, but it states that a value of X exists, and 
this is used to prove other theorems. In some particular cases we can find 
the value of X, as is illustrated in the following example. 


EXAMPLE 2: Find the value of X 
such that 


[re àx- f006- 5 


if f(x) = x?. Use the result of Ex- 
ample 2 in Sec. 6.3. 


SOLUTION: In Example 2 of Sec. 6.3, we obtained 
3 
| x dx= 84 
1 


Therefore, we wish to find X such that 
f(X) + (2) = 48 

or 
X? = 43 

Therefore, 


X=+4V39 


We reject —3V39 since it is not in the interval [1, 3], and we have 


[io dx = f(4 89) 8 — 1) 


The value f (X) given by Theorem 6.5.2 is called the mean value (or 
average value) of f on the interval [a, b]. It is a generalization of the arith- 
metic mean of a finite set of numbers. That is, if f(x), f(x;), . . . , f(x,) is 
a set of n numbers, then the arithmetic mean is given by 


f(x) 
= n 


To generalize this definition, consider a regular partition of the closed in- 
terval [a, b], which is divided into n subintervals of equal length Ax = 
(b — a)/n. Let &; be any point in the ith subinterval. Form the sum: 


> fe) 


n (4) 
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The quotient (4) corresponds to the arithmetic mean of n numbers. 
Because Ax = (b — a)/n, we have 


_b—a 


n=; (5) 


Substituting from (5) into (4), we obtain 


or 


t= 


f(&) : Ax 
[I E NR 
b—a 
Taking the limit as n > + (or Ax — 0), we have, if the limit exists, 


Y f(g) Ax f f(x) dx 


Bro UAM. Tl. 
b—a b—a 


n boo 


This leads to the following definition. 


If the function f is integrable on the closed interval [a, b], the average value 
of f on [a, b] is 


b 
[re dx 
b—a 


EXAMPLE 3: Find the average 
value of the function f defined by 
f(x) = x? on the interval [1, 3]. 


SOLUTION: In Example 2, Sec. 6.3, we obtained 


3 
Í x? dx = 23$ 
1 
So if A.V. = the average value of f on [1, 3], we have 
A eee 
AV. = 377 = 3 


An important application of the average value of a function occurs in 
physics and engineering in connection with the concept of center of mass. 
This is discussed in the next chapter. 

In economics, Definition 6.5.3 can be used to find an average total cost 
or an average total revenue. For example, if the total cost function C is 
given by C(x) = x’, where C(x) thousands of dollars is the total cost of 
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producing 100x units of a certain commodity, then the number of thou- 
sands of dollars in the average total cost, when the number of units 
produced takes on all values from 100 to 300, is given by the average value 
of C on [1, 3]. From Example 3, this is 4? = 4.33. Hence, the average total 
cost is $4333. 


Exercises 6.5 


In Exercises 1 through 8, a function f and a closed interval [a, b] are given. Determine if the intermediate-value theorem 
holds for the given value of k. If the theorem holds, find a number c such that f(c) — k. If the theorem does not hold, give the 
reason. Draw a sketch of the curve and the line y= k. 


1. f(x) 22* x — xt; [a,b] = [O, 3]; k=1 

2. f(x) 2 x - 5x— 6; [a,b] = [71,2]; k—4 
8. f(x) = V25— x; (a, b] = [74.5, 3; k=3 
4. f(x) 2 — V100 — x ; [a, b] = [0, 8]; k=—8 


5. fix) m em [a b]= [23,1 k=4 


if-4zxzx—2 


- = |j— " =l 
if-2«xz1 Jon [74, 1]; k- $ 


1x 
ro-hi; 
4 if-2<x<1 
1 if1zxz3 


7. fx) = [SL 


8. f(x) = zm [a,b] = [0,1]; k=2 


I [a, b] = [72, 3]; k2—1 


In Exercises 9 through 13, find the value of X satisfying the mean-value theorem for integrals. For the value of the definite 
integral, use the results of the corresponding Exercises 9 through 13 in Exercises 6.3. Draw a figure illustrating the applica- 
tion of the theorem. 


2 1 4 
9, Í x dx 10. Í x* dx 11. Í (x? + Ax + 5) dx 
1 —2 1 


4 2 
12. f (2 +x—6) dx 13. [ (x +1) dx 
0 —2 


14. Find the average value of the function f defined by f(x) = x? on the interval [2, 4], and find the value of x at which it 
occurs. Make a sketch. Use the result of Exercise 8 of Exercises 6.3 for the value of the definite integral. 


15. Suppose a ball is dropped from rest and after t sec its velocity is v ft/sec. Neglecting air resistance, express v in terms of f 
as v = f(t) and find the average value of f on [0, 2]. 


16. Suppose C(x) hundreds of dollars is the total cost of producing 10x units of a certain commodity, and C(x) = x*. Find the 
average total cost when the number of units produced takes on all values from 0 to 20. Use the result of Exercise 7 in Exer- 
cises 6.3 for the value of the definite integral. 


17. 


18. 


19. 


20. 


21. 
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Find the average value of the function f defined by f(x) = V16 — x? on the interval [—4, 4]. Draw a figure. (uiNT: Find 
the value of the definite integral by interpreting it as the measure of the area of a region enclosed by a semicircle.) 


Find the average value of the function f defined by f(x) = V49 — x? on the interval [0, 7]. Draw a figure. (HINT: Find the 
value of the definite integral by interpreting it as the measure of the area of a region enclosed by a quarter-circle.) 


Show that the intermediate-value theorem guarantees that the equation x? — 4x? + x + 3 = 0 has a root between 1 and 2. 


Suppose f is a function for which 0 < f(x) s 1if 0 <x <1. Prove that there is at least one number c in [0, 1] such that 
f(c) ^ c. (HNT: If neither 0 nor 1 qualifies as c, then f(0) > 0 and f(1) < 1. Consider the function g for which 
g(x) = f(x) — x and apply the intermediate-value theorem to g on [0, 1].) 


If f is continuous on [a, b] and f? f(x) dx= 0, prove that there is at least one number c in [a, b] such that f(c) — 0. 


6.6 THE FUNDAMENTAL 
THEOREM OF THE 
CALCULUS 


Historically the basic concepts of the definite integral were used by the an- 
cient Greeks many years before the differential calculus was discovered. In 
the seventeenth century, almost simultaneously but working indepen- 
dently, Newton and Leibnitz showed how the calculus could be used to 
find the area of a region bounded by a curve or a set of curves, by 
evaluating a definite integral by antidifferentiation. The procedure in- 
volves what is known as the fundamental theorem of the calculus. Before we 
state and prove this important theorem, we discuss definite integrals 
having a variable upper limit, and a preliminary theorem. 

Let f be a function continuous on the closed interval [a, b]. Then the 
value of the definite integral f? f(x) dx depends only on the function f and 
the numbers a and b, and not on the letter x, which is used here as the in- 
dependent variable. In Example 2, Sec. 6.3, we found the value of f? x? dx 
to be 83. Any other letter instead of x could have been used; for example, 


3 3 3 
Í ea f ut du | r? dr = 8% 
1 1 1 


If f is continuous on the closed interval [a, b], then by Theorem 6.3.3 and 
the definition of the definite integral, f? f(t) dt exists. We previously 
stated that if the definite integral exists, it is a unique number. If x is a 
number in [2, b], then f is continuous on [a, x] because it is continuous on 
[a, b]. Consequently, f7 f(t) dt exists and is a unique number whose value 
depends on x. Therefore, fë f(t) dt defines a function F having as its 
domain all numbers in the closed interval [a, b] and whose function value 
at any number x in [a, b] is given by 


F(x) = Í * f(t) dt (1) 


As a notational observation, if the limits of the definite integral are 
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i y = f(t) 


Figure 6.6.1 


6.6.1 Theorem 


variables, different letters are used for these limits and for the indepen- 
dent variable in the integrand. Hence, in Eq. (1), because x is the upper 
limit, we use the letter t as the independent variable in the integrand. 

If, in Eq. (1), f(t) = 0 for all values of t in [a, b], then the function value 
F(x) can be interpreted geometrically as the measure of the area of the 
region bounded by the curve whose equation is y = f(t), the t axis, and 
the lines t = a and t = x. (See Fig. 6.6.1.) Note that F(a) = f£ f(t) dt, which 
by Definition 6.3.5 equals 0. 

We now state and prove an important theorem giving the derivative 
of a function F defined as a definite integral having a variable upper limit. 


Let the function f be continuous on the closed interval [a, b] and x be any 
number in [a, b]. If F is the function defined by 


F(x) = fro a 
then 
F'(x) = f(x) (2) 


(If x — a, the derivative in (2) may be a derivative from the right, and if 
x — b, the derivative in (2) may be a derivative from the left.) 


PROOF: Consider two numbers x, and (x, + Ax) in [a, b]. Then 


Fx) = [^ fto at 


and 
XitAXx 
F(x, + Ax) = | f(t) dt 
so that 
L1tar Es 
F(x, + Ax) — Fon) = | Ko adt- | f(t) dt (3) 
By Theorem 6.4.6, 
Xi either Lit ar 
Í KO as | joa | f(t) di 
or, equivalently, 
rit Ar Xi XitAr 
Í roa | joa | f(t) dt (4) 
Substituting from Eq. (4) into (3), we get 


Fla, + Ax) — Fon) = [^ fo at (5) 


Xi 


6.6.2 Theorem 
Fundamental Theorem 
of the Calculus 
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By the mean-value theorem for integrals (6.5.2), there is some number 
X in the closed interval bounded by x, and (x, + Ax) such that 


[^ fo a-r00 ax 6) 


From Eqs. (5) and (6), we obtain 
F(x, + Ax) — F(x,) = f (X) Ax 
or, if we divide by Ax, 


F(x, + Ax) — F(x) _ 
UA oou e £00 


Taking the limit as Ax approaches zero, we have 


lim F(x, + Ax) — F(x,) 
Ax-0 Ax 


The left side of Eq. (7) is F' (x,). To determine lim f (X), recall that X is in 


= lim f(X) (7) 
Ar-0 


the closed interval bounded by x, and x, + Ax, and because 


lim x,—x, and lim (x, + Ax) = x, 
Ar-0 Ar-0 


it follows from the squeeze theorem (2.10.5) that lim X — x,. Because f is 
continuous at x,, we have lim f(X)= jim f(X) =f (x); thus, from Eq. 
(7) we get 

F'(x)) = f(x) (8) 


Ifthe function f is not defined for values of x less than a but is continu- 
ous from the right at a, then in the above argument, if x, = a in Eq. (7), Ax 
must approach 0 from the right. Hence, the left side of Eq. (8) will 
be FA (x). Similarly, if f is not defined for values of x greater than b but is 
continuous from the left at b, then if x, — b in Eq. (7), Ax must approach 0 
from the left. Hence, we have F' (x) on the left side of Eq. (8). 

Because x, is any number in [a, b], Eq. (8) states what we wished to 
prove. a 


Theorem 6.6.1 states that the definite integral fë f(t) dt, with variable 
upper limit x, is an antiderivative of f. 


Let the function f be continuous on the closed interval [a, b] and g be a 
function such that 


8' (x) = f(x) (9) 
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for all x in [a, b]. Then 


[Lio ast - s 


(If x — a, the derivative in (9) may be a derivative from the right, and if 
x — b, the derivative in (9) may be a derivative from the left). 


PROOF: Iff is continuous at all numbers in [a, b], we know from Theorem 
6.6.1 that the definite integral fë f(t) dt, with variable upper limit x, 
defines a function F whose derivative on [a, b] is f. Because by hypothesis 
g'(x) = f(x), it follows from Theorem 5.3.3 that 


sie i f(t) dt +k (10) 


where k is some constant. 
Letting x = b and x = a, successively, in Eq. (10), we get 


so) - ffo ak (11) 


and 
s) = J fo di +k (12) 
From Eqs. (11) and (12), we obtain 


b a 
st) — g(a) = [fo at [jo at 
But, by Definition 6.3.5, [ n f(t) dt — 0, and so we have 


b 
g(b) —g(a) = [fto dt 


which is what we wished we prove. 

If f is not defined for values of x greater than b but is continuous from 
the left at b, the derivative in (9) is a derivative from the left, and we have 
g- (b) = F(b) from which (11) follows. Similarly, if f is not defined for val- 
ues of x less than a but is continuous from the right at a, then the deriva- 
tive in (9) is a derivative from the right, and we have g, (a) = F' (a) from 
which (12) follows. a 


We are now in a position to find the exact value of a definite integral 
by applying Theorem 6.6.2. In applying the theorem, we denote 
b 


[g(b) ~g(a)] by g(x) | 
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EXAMPLE 1: Evaluate 


3 
li x? dx 
1 


by the fundamental theorem of 
the calculus. 


SOLUTION: In this example, f(x) = x”. 
An antiderivative of x? is $x°. From this we choose 


g(x) == 


Therefore, from Theorem 6.6.2, we get 
3 x | 1 
2 = —— a — — 
f x dx 3 li 3 


Compare this result with that of Example 3, Sec. 6.3. 


Because of the connection between definite integrals and antideriva- 
tives, we used the integral sign f for the notation Jf(x) dx for an an- 
tiderivative. We now dispense with the terminology of antiderivatives 
and antidifferentiation and begin to call ff(x) dx the indefinite integral of "f 
of x, dx." The process of evaluating an indefinite integral or a definite inte- 
gral is called integration. 

The difference between an indefinite integral and a definite integral 
should be emphasized. The indefinite integral ff(x) dx is defined as a 
function g such that its derivative D,[g(x)] = f(x). However, the definite 
integral f? f(x) dx is a number whose value depends on the function f and 
the numbers a and b, and it is defined as the limit of a Riemann sum. The 
definition of the definite integral makes no reference to differentiation. 

The general indefinite integral involves an arbitrary constant; for in- 
stance, 


2 de= Č 
| xX dx= 3 +C 
This arbitrary constant C is called a constant of integration. In applying the 
fundamental theorem to evaluate a definite integral, we do not need to 
include the arbitrary constant C in the expression for g(x) because the fun- 
damental theorem permits us to select any antiderivative, including the 
one for which C = 0. 


EXAMPLE 2: Evaluate 


4 
f (x3 — 6x? + 9x + 1) dx 
12 


SOLUTION: 


4 4 4 
Í (x — 6x? + 9x + 1) &- [ x dx—6 | x? dx 
1/2 1 


1/2 12 
4 4 

+9 Í x dx + Í dx 
1/2 1/2 


x* x x? 4 
TuS 37? fx] 


1/2 
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| = (64 — 128+ 72+ 4) — (&— 4+ $ +4) 


— 679 
— 64 


EXAMPLE 3: Evaluate 


1 
Í (x43 + 4x1) dx 
-1 


1 1 
SOLUTION: Í (x8 + 4x1) dx =}x + 4 - 2x | 
—1 


=#+3-—(-#4+3) 


EXAMPLE 4: Evaluate 


2 
Í 2x? Vx? +1 dx 
0 


2 2 
SOLUTION: Í 2x2 Vx? +1 dx= a | Vx? +1 (3x?) dx 
0 0 


x2 (x3 + 1)?? [ 


3 3 o 
=4(8 + 1)?? — $(0 + 1)?? 
—$07-—1) 
= 194 


EXAMPLE 5: Evaluate 


3 
Í x Vl-cx dx 


0 


SOLUTION: To evaluate the indefinite integral Í xV1 + x dx we let 


u= Vi +x u=1+x 
Substituting, we have 


fevr] (u? — 1)u(2u du) 


x=u?—1 dx = 2u du 


=2 Í (ut — u?) du 


= gu>— ĝu? +C 
=2(1 + x)52— 4 (1 + x)824+C 
Therefore, the definite integral 


[U 


3 3 
Í xVitx dx=3(1+x)5?- 4(1 +x) | 
0 


Another method for evaluating the definite integral in Example 5 in- 
volves changing the limits of the definite integral to values of u. Because 
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u = V1 + x , we see that when x = 0, u = 1; and when x = 3, u = 2. Thus, 
we have 


3 2 
Í xVÀ +x à-2 | (u*— u?) du 
0 1 


=4- H+ d 
— 116 
— 15 


Often this second method is shorter, and its justification follows immedi- 
ately from Theorems 5.3.10 and 6.6.2. 


EXAMPLE 6: Evaluate 


4 
| |x + 2| dx 
-3 


| SOLUTION: lf we let f(x) = |x + 2|, instead of finding an antiderivative of f 


directly, we write f(x) as 


_f x+2 ifx=-2 
foxy = L2 if x <—2 


Applying Theorem 6.4.6, we have 


f, Ix 2| d= [^ (7x—2) ac f (x +2) dx 


-3 = 


ER E RP Eos E 
=| 2 ax] «Ben 


EXAMPLE 7: Find the area of the 
region in the first quadrant 
bounded by the curve whose 
equation is y = x Vx? +5, the x 
axis, and the line x = 2. Make a 
sketch. 


SOLUTION: See Fig. 6.6.2: The region is shown together with one of the 
rectangular elements of area. 

We take a regular partition of the interval [0, 2]. The width of each 
rectangle is Ax units, and the altitude of the ith rectangle is £; V£? +5 
units, where £; is any number in the ith subinterval. Therefore, the 
measure of the area of the rectangular element is £; V£? +5 Ax. The sum 
of the measures of the areas of n such rectangles is 


p & Vé? +5 Ax 


which is a Riemann sum. The limit of this sum as Ax approaches zero (or 
n — +) gives the measure of the desired area. The limit of the Riemann 
sum is a definite integral which we evaluate by the fundamental theorem 
of the calculus. 
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y Let A= the number of square units in the area of the region. Then, 
y —xVx? t5 
A= lim il či Vé? +5 Ax 
Ar-0 i=1 
2 
= Í x Vx +5 dx 
0 


=f Væ +5 (2x dx) 


-idonesyn | 


&[(9)?7 ER (5)??] 
= 4(27 — 5v5) 


Hence, the area is 4(27 — 5 V5 ) square units. 


Figure 6.6.2 
EXAMPLE 8: Given | soruton: Let A.V. = the average value of f on [5, 8]. We have, from Defi- 
iti .5.3, 
f(x) =x1Vr—-4 nition 6.5.3 
find the average value of f on the AN sl Í er 
interval [5, 8]. 8—5 Js 


Letu = Vx — 4; then u? = x — 4; x = u? + 4; dx = 2u du. When x=5,u = 1; 
when x = 8, u = 2. Therefore, 


A.V. 


f (u? + 4)u(2u du) 


|’ (ut + 4u?) du 
1 


I 
[^ 
p—JI 
al 
EN 
E 
+ 
coh 
= 
eo 
LLLI 


M 
[zl 
of 
+ 
a 

| 
an 

| 
ae 


Exercises 6.6 


In Exercises 1 through 18, evaluate the definite integral by using the fundamental theorem of the calculus. 


7 3 
1. Í (x? — 2x) dx 2. f (3x? + 5x — 1) dx 
2 -1 
4 3. dy 
8; 3— y! +1) d a f _ A 
| -rtn dy cum 
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sfa MWE d bloe 
; w M- w vui ——— 
-2 W 1 (3x? — 1)? 
E) y s [VTE dx 
Exc FA , 
9. [at 10. Í (x 1) Vx 3 dx 
0 (1 + w)’ -2 
3 
5 
u. f |x — 3| dx 12. J^ V3 + |x dx 
~2 
4 X —x 


$ = 14. dx 
13. V Ix] x dx 1 3x 
-1 


2 333 — 24x? + 48x +5 


2 8+ 2x? 4x42 16. To dx 
15 | (x - 1)? dx -3 xi — 8x 4 16 
(HINT: Divide the numerator by the denominator.) 
64 1 
17. | (V - dee )a 18. f Vx V1 + x Vx dx 
1 vt 0 
In Exercises 19 through 22, use Theorem 6.6.1 to find the indicated derivative. 
£ 5 
19. D, Í VA +t? dt 20. p. [ Vi1+ ¢* dt 
0 x 
7 dt z? 
21. p. Í 348 22. p. [ VIFF dt 
-x 1 


In Exercises 23 through 28, find the area of the region bounded by the given curve and lines. Draw a figure showing the 
region and a rectangular element of area. Express the measure of the area as the limit of a Riemann sum and then as a defi- 
nite integral. Evaluate the definite integral by the fundamental theorem of the calculus. 


23. y =4x— x*; x axis; x=1,x=3 24. y = x! — 2x + 3; x axis; x = 2, x= 1 
25. y= Vx +1; x axis, y axis; x = 8 26. y = x Vx? +9; x axis, y axis; x = 4 
27. y x Vx t 5;xaxis;x——1,x—4 28. yo i -xxadsxol1,x-3 


In Exercises 29 through 32, find the average value of the function f on the given interval [a, b]. In Exercises 29 and 30, find 
the value of x at which the average value of f occurs and make a sketch. 


29. f(x) = 8x — x; [a, b] = [0, 4] 30. f(x) 29 — x; (a, b] = [0,3] 
31. f(x) =x Vx — 3; [a, b] = [7, 12] 32. f(x) 2 3x Vx* — 16; (a, b] = [4,5] 


33. A ball is dropped from rest and after t sec its velocity is v ft/sec. Neglecting air resistance show that the average velocity 
during the first $T sec is one-third of the average velocity during the next 1T sec. 


34. A stone is thrown downward with an initial velocity of v, ft/sec. Neglect air resistance. (a) Show that if v ft/sec is the 
velocity of the stone after falling s ft, then v = Vv? + 2gs . (b) Find the average velocity during the first 100 ft of fall if the 
initial velocity is 60 ft/sec. (Take g = 32 and downward as the positive direction.) 


35. The demand equation for a certain commodity is x? + p? = 100, where p dollars is the price of one unit when 100x units 
of the commodity are demanded. Find the average total revenue when the number of units demanded takes on all values 
from 600 to 800. 


36. Let f be a function whose derivative f' is continuous on [a, b]. Find the average value of the slope of the tangent line of 
the graph of f on [a, b] and give a geometric interpretation of the result. 
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Review Exercises (Chapter 6) 


In Exercises 1 and 2, find the exact value of the definite integral by using the definition of the definite integral; do not use the 
fundamental theorem of the calculus. 


1. [ (33 + 2x) dx 2. f (x? — 1)? dx 
-2 -1 


In Exercises 3 and 4 find the sum. 


100 


doy 2 = 1) 4. Y (WHT — VHD) 


n n 2 
5. Prove that Y i?— » i) and verify the formula for n = 1, 2, and 3. 
i i=] 


i=l 
6. Express as a definite integral and evaluate the definite integral: lim > (8Vi In?) (arnt: Consider the function f for 
n? gel 
which f(x) = Vx.) 
In Exercises 7 through 16, evaluate the definite integral by using the fundamental theorem of the calculus. 


* 4 dx 
2 5xt 


3 
7. f (t$ — 3t) dt 
~3 


5 dx f i 
; ———— 10. 2 +2 d 
9 Í TEEN P x Nx x 
11 4 V3x+4 d 12 [SX 
Pere Se 
7T x2 dx f 
13. —— 14. X + 4x) V +6 +1 dx 
-1 Vx+2 » | ) 
1 (8 — 6x? + 12x +5) dx ik x 
16. T d 
15. f. (x—25 a4 k-3| ^ 


17. Show that each of the following inequalities holds: 


7^ dx 7! dx ? dx 2 dx 5 dx 5 dx 
of, x—3 E -2 ol x =f y3 (© 4 She 


18. If 
0 ifasx<c 
f(x)=;k ifx=c 


1 ife<x<b 


b 
prove that f is integrable on [a, b] and i f(x) dx= b — c regardless of the value of k. 


In Exercises 19 and 20 find a smallest and a largest possible value of the given integral. 
4 1 

19. f V5 +4x— £ dx 20. | V2x3 — 333 +1 dx 
1 -2 


In Exercises 21 through 24, find the area of the region bounded by the given curve and lines. Draw a figure showing the 
region and a rectangular element of area. Express the measure of the area as the limit of a Riemann sum and then as a defi- 
nite integral. Evaluate the definite integral by the fundamental theorem of the calculus. 


21. y —9 — xX; x axis; y axis; x —3 22. y = 16 — xz; x axis; x ——4, x= 4 


23. 


25. 
26. 
27. 


28. 


29. 


30. 


31. 


32. 


33. 
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y=2Vx—1; x axis; x=5,x=17 24. y-i-x x axis; x = —2, x =—1 
If f(x) = x2 Vx — 3 , find the average value of f on [7, 12]. 


Interpret the mean-value theorem for integrals (6.5.2) in terms of an average function value. 


A body falls from rest and travels a distance of s ft before striking the ground. If the only force acting is that of gravity, 
which gives the body an acceleration of g ft/sec? toward the ground, show that the average value of the velocity, ex- 
pressed as a function of distance, while traveling this distance is $v2gs ft/sec, and that this average velocity is two- 
thirds of the final velocity. 


Suppose a ball is dropped from rest and after t sec its directed distance from the starting point is s ft and its velocity is v 
ft/sec. Neglect air resistance. When t= f,, s = s,, and v= v,. (a) Express v as a function of t as v = f(t) and find the 
average value of f on [0, &,]. (b) Express v as a function of s as v = g(s) and find the average velocity of g on [0, s,]. (c) 
Write the results of parts (a) and (b) in terms of f,, and determine which average velocity is larger. 


The demand equation of a certain commodity is p? + x — 10 = 0, where p dollars is the price of one unit when 100x units 
of the commodity are demanded. Find the average total revenue when the number of units demanded takes on all values 
from 600 to 800. 


(a) Find the average value of the function f defined by f(x) = 1/x? on the interval [1, r]. (b) If A is the average value 
found in part (a), find lim A. 


Toto 


2x 
Given F(x) — i 

z 
6.6.1 after writing the given integral as the difference of two integrals.) 


dt and x > 0. Prove that F is a constant function by showing that F’ (x) = 0. (HINT: Use Theorem 


Make up an example of a discontinuous function for which the mean-value theorem for integrals (a) does not hold, and 
(b) does hold. 


b 
Let f be continuous on [a, b] and | f(t) dt ¥ 0. Show that for any number k in (0,1) there is a number c in (a, b) such 
that 


NIC a x [jo dt 


d b 
(HINT: Consider the function F for which F(x) = f f(t) dt i f f(t) dt and apply the intermediate-value theorem.) 


7.1 AREA OF A REGION 
IN A PLANE 


Jo 
Applications 

of the Definite 

Integral 


If f is a function continuous on the closed interval [a, b] and if f(x) = 0 for 
all x in [a, b], then the number of square units in the area of the region 
bounded by the curve y = f(x), the x axis, and the lines x = a and x= b 
was defined in Chapter 6 to be 


lim ` f(&) Ax 

Ar-0 i=1 
which is equal to the definite integral f? f(x) dx. 

Suppose that f(x) < 0 for all x in [a, b]. Then each f(£i) is a negative 
number, and so we define the number of square units in the area of the 
region bounded by y — f(x), the x axis, and the lines x — a and x — b to be 


lim Y [7f(£)] Ax 


Ar-0 i=1 
which equals 


af Ro dx 


EXAMPLE 1: Find the area of the 

region bounded by the curve y = 

x? — 4x, the x axis, and the lines 
—1andx-3. 


330 


SOLUTION: The region, together with a rectangular element of area, is 
shown in Fig. 7.1.1. 

If one takes a regular partition of the interval [1, 3], the width of each 
rectangle is Ax. Because x? — 4x <0 on [1, 3], the altitude of the ith 


a 
(&, &? — 4&) 


Figure 7.1.1 
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rectangle is — (£? — 4£&) = 4£; — £?. Hence, the sum of the measures of the 
areas of n rectangles is given by 


Y G&6- 8) Ax 


The measure of the desired area is given by the limit of this sum as Ax 
approaches 0; so if A square units is the area of the region, we have 


A= lim Y, (4&— £?) Ax 


Ar-0 i=1 


-[ (Ax — x?) dx 


Thus, the area of the region is ^? square units. 


EXAMPLE 2: Findthe area of the 
region bounded by the curve y — 
x? — 2x? — 5x + 6, the x axis, and 
the lines x — —1 and x — 2. 


y 


Gi, f(Ei)) 


L 
Figure 7.1.2 | (i, f(€:)) 


SOLUTION: The region is shown in Fig. 7.1.2. Let f(x) = x? — 2x? — 5x + 6. 
Because f(x) = 0 when x is in the closed interval [—1, 1] and f(x) x 0 
when x is in the closed interval [1, 2], we separate the region into two 
parts. Let A, be the number of square units in the area of the region when 
x is in [—1, 1], and let A; be the number of square units in the area of the 
region when x is in [1, 2]. Then 


A, — lim Y f (£) Ax 


Ar-0 i=1 
1 
=| f(x) dx 
= 
=f (x? — 2x? — 5x + 6) dx 
=] 


and 
> [-f(£0] Ax [66 22-89) dx 


i- 


If A square units is the area of the entire region, then 
A — A, t A, 


2 
=f (x3 — 2x? — 5x + 6) ax—{ (x? — 2x3 —5x + 6) dx 
E 1 


1 2 
= E — ġe jL + 6x — [i — ix! —$x? + éx 
—1 1 
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L(a— $-#+ 6) — G+ §—-3—6)] 
~[(4~48— 10 + 12) — à— §-$4+6)] 


i 
of 


- c8 


i 
d 


The area of the region is therefore 437 square units. 


Now consider two functions f and g continuous on the closed interval 
[a, b] and such that f(x) = g(x) for all x in [a, b]. We wish to find the area 
of the region bounded by the two curves y = f(x) and y = g(x) and the two 
lines x = a and x= b. Such a situation is shown in Fig. 7.1.3. 


>< 


b y = f(x) 


Ei, FE) 


y = g(x) 


(€:,3€:)) 


Figure 7.1.3 


Take a regular partition of the interval [2, b], with each subinterval 
having a length of Ax. In each subinterval choose a point ¢;. Consider the 
rectangle having altitude [f (€;) — 2(£)] units and width Ax units. Such a 
rectangle is shown in Fig. 7.1.3. There are n such rectangles, one associated 
with each subinterval. The sum of the measures of the areas of these n 
rectangles is given by the following Riemann sum: 


n 


2 [f(&) — g(60] Ax 


i=1 
This Riemann sum is an approximation to what we intuitively think of as 
the number representing the "measure of the area" of the region. The 
larger the value of n—or, equivalently, the smaller the value of Ax—the 
closer is this approximation. If A square units is the area of the region, 
we define 


A= lim Y [f(£&) —8(£)] Ax (1) 


Arx-0 i=1 


7.1 AREA OF A REGION IN A PLANE 333 


Because f and g are continuous on [a, b], so also is (f — g); therefore, 
the limit in Eq. (1) exists and is equal to the definite integral 


[tre - e ar 


EXAMPLE 3: Find the area of the 
region bounded by the curves 
y =x? and y — —x? + 4x. 


y 


y = f(x) 


Gi 8E) 


Figure 7.1.4 


L 


T " . > . 
SOLUTION: To find the points of intersection of the two curves, we solve 


the equations simultaneously and obtain the points (0, 0) and (2, 4). The 
region is shown in Fig. 7.1.4. 

Let f(x) =—x* + 4x, and g(x) = xX. Therefore, in the interval [0, 2] 
the curve y = f(x) is above the curve y = g(x). We draw a vertical rectan- 
gular element of area, having altitude [ f(€,) — g(&;)] units and width Ax 
units. The measure of the area of this rectangle then is given by 
[f(£&) —g(£)] Ax. The sum of the measures of the areas of n such 
rectangles is given by the Riemann sum 


n 


Y Lf) — g(£)] Ax 


i=1 


If A square units is the area of the region, then 


A=lim Y [f(é) — g(é)] Ax 


Ax-0 i-i 


and the limit of the Riemann sum is a definite integral. Hence, 


A= f fe) - 8601 dx 
= [tee x) dx 
= is (—2x? + Ax) dx 


= |-ie + ze] 


=—4#+8—0 


2 
0 


8 
3 


The area of the region is $ square units. 


EXAMPLE 4: Find the area of the 
region bounded by the parabola 
y? = 2x — 2 and the line y = x — 5. 


soLUTION: The two curves intersect at the points (3, —2) and (9, 4). The 
region is shown in Fig. 7.1.5. 
The equation y? — 2x — 2 is equivalent to the two equations 


y= Vx 2 and y—-—Vv2x—2 
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y = g(x) 
y = fi(x) 


y = f2(x) 


Figure 7.1.5 


with the first equation giving the upper half of the parabola and the sec- 
ond equation giving the bottom half. If we let f,(x) = V2x — 2 and 
fo(x) =— V2x — 2 , the equation of the top half of the parabola is y = f, (x), 
and the equation of the bottom half of the parabola is y = f(x). If we let 
g(x) ^ x —5, the equation of the line is y = g(x). 

In Fig. 7.1.6 we see two vertical rectangular elements of area. Each 
rectangle has the upper base on the curve y = f, (x). Because the base of the 
first rectangle is on the curve y = f,(x), the altitude is [fi(£) — f(£)] 
units. Because the base of the second rectangle is on the curve y = g(x), its 


dide 


(£i, Ei) 
y = f(x) 


Figure 7.1.6 
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altitude is [ fi(£) — (£j) ] units. If we wish to solve this problem by using 
vertical rectangular elements of area, we must divide the region into two 
separate regions, for instance R, and R, where R; is the region bounded by 
the curves y = f, (x) and y = f,(x) and the line x = 3, and where R, is the 
region bounded by the curves y = f,(x) and y = g(x) and the line x 2 3 
(see Fig. 7.1.7). 


y 


Figure 7.1.7 


If A; is the number of square units in the area of region R,, we have 


A,— lim X [fi(&) — f(60] Ax 


Ar-0 i=1 


= [te -&1& 
=f [v2x—2 + V2x—2 ] dx 
=2 f V2x — 2 dx 


= 42-2 | 
=i 


If A; is the number of square units in the area of region R, we have 


Ay = lim X [fi(é) — g(£)] Ax 


Ar-0 i=1 


-f [f.G) — g(x)] dx 
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-[ [voro cce ae 


9 
= Ec —2)32 —ix? + 5x] 
3 
=F 4 +45] [š— +15] 
= 3 
Hence A, + A, = +f + 5? = 18. Therefore, the area of the entire region is 18 
square units. 


EXAMPLE 5: Find the area of the 
region in Example 4 by taking 
horizontal rectangular elements of 
area. 


SOLUTION: Figure 7.1.8 illustrates the region with a horizontal rectangular i 
element of area. 


Figure 7.1.8 


If in the equations of the parabola and the line we solve for x, we have 
x-—i(y-2) and x=yt5 


Letting ¢(y) =2(y? + 2) and A(y) =y 5, the equation of the parabola 
may be written as x = $(y) and the equation of the line as x = A(y). If we 
consider the closed interval [—2, 4] on the y axis and take a regular parti- 
tion of this interval, each subinterval will have a length of Ay. In the ith 
subinterval [y;-,, yi], choose a point £, Then the length of the ith rectan- 
gular element is [A(£) — #(&,)] units and the width is Ay units. The 
measure of the area of the region can be approximated by the Riemann 
sum: 


¥ A) — OCE) ] Ay 
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If A square units is the area of the region, then 


A= lim $ [X&) — $(£0] Ay 


Ar—-0 i=1 


Because à and ¢ are continuous on [—2, 4], so also is (A — $), and the 
limit of the Riemann sum is a definite integral: 


A- ii , I9) — 90] dy 
=|" [(y +5) —4 (y? + 2)] dy 
=f (—y? + 2y + 8) dy 


4 
-2 


wv 8y| 
=4[-—% + 16 + 32) — ($+ 4— 16)] 
1 


Comparing the solutions in Examples 4 and 5, we see that in the first 
case we have two definite integrals to evaluate, whereas in the second case 
we have only one. In general, if possible, the rectangular elements of area 
should be constructed so that a single definite integral is obtained. The 
following example illustrates a situation where two definite integrals are 
necessary. 


EXAMPLE 6: Find the area of the 
region bounded by the two 
curves y = x? — 6x? + 8x and 

y x*— 4x. 


SOLUTION: The points of intersection of the two curves are (0, 0), (3, —3), 
and (4, 0). The region is shown in Fig. 7.1.9. 

Let f (x) = x3 — 6x? + 8x and g(x) = x? — 4x. In the interval [0, 3] the 
curve y = f (x) is above the curve y = g(x), and in the interval [3, 4] the 
curve y = g(x) is above the curve y = f (x). So the region must be divided 
into two separate regions R, and R;, where R; is the region bounded by the 
two curves in the interval [0, 3] and R, is the region bounded by the two 
curves in the interval [3, 4]. Letting A, square units be the area of R, and 
A, square units be the area of R,, we have 


A= lim S [f(&) —8(£0] Ax 
Ar—-0 i=1 
and 


A,= lim V [g(&) ~ f(£0] Ax 


Ar—-0 i-1 
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y so that 
^ 


3 
M A, + A | [ (x3 — 6x? + 8x) — (x3 — 4x)] dx 
ACE, KE) 2 


4 
+i [G2 — 4x) — (33 — 6x? + 8x) ] dx 
y = g(x) d 
3 4 
y = f(x) =| (x3 — 7x? + 12x) dx + Í (—x3 + 7x? — 12x) dx 
0 3 
o £i 3 4 
xN xi | tf á = [ie — jL + é] + E + $x? — 6x” 
E] HI 0 3 
V. -tan 
HIE sE) =% 
y. 


Therefore, the required area is % square units. 


(E:, f(£i)) 
(3, —3) 
(gi, 860) 


Figure 7.1.9 


Exercises 7.1 


In Exercises 1 through 20, find the area of the region bounded by the given curves. In each problem do the following: (a) 
Draw a figure showing the region and a rectangular element of area; (b) express the area of the region as the limit of a 
Riemann sum, (c) find the limit in part (b) by evaluating a definite integral by the fundamental theorem of the calculus. 


1. x =—y; y=—4 


2. y —x; x =—2; x —4 

3. xX + y +4= 0; y=—8. Take the elements of area perpendicular to the y axis. 

4. The same region as in Exercise 3. Take the elements of area parallel to the y axis. 

5. B= 2y*;x=0,y=-2 6. y? = 4x; x =0; y ——2 7.y—2—x3h5y ——x 

8. y= x; y= x 9. Y=x-1,x=3 10. y= 33; x3—18—y 
11. y= Vx y=% 12. x24— y; x=4-— 4y 13. Y= 35; x -3y c 4-0 
14. xy? 2? — 1; x=1;y=1;y=4 15. x= y? — 2; x=6-— y? 16. x=y?— y; x=y- y 
17. y = 2x? — 3x? — 9x; y = x? — 2x? — 3x 18. 3y = x3 — 2x? — 15x; y = x? — Ax? — 11x + 30 
19. y= |x|, y= x3 —1,x 2—1,x-1 20. y= x c 1| + |x|, y 20, x -—2, x 23 


21. Find by integration the area of the triangle having vertices at (5, 1), (1, 3), and (—1, —2). 
22. Find by integration the area of the triangle having vertices at (3, 4), (2, 0), and (0, 1). 


28. Find the area of the region bounded by the curve x? — x? + 2xy — y? = 0 and the line x = 4. (HINT: Solve the cubic equa- 
tion for y in terms of x, and express y as two functions of x.) 


24. Find the area of the region bounded by the three curves y = xX, x= y*, and x + y — 2. 
25. Find the area of the region bounded by the three curves y = x”, y= 8 — x?, and 4x — y + 12 — 0. 


26. 


27. 


28. 
29. 


30. 
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+ 8p and y ^ —x t 8p. 


Find the area of the region above the parabola x? — 4py and inside the triangle formed by the x axis and the lines y — x 


(a) Find the area of the region bounded by the curves y? = 4px and x? = 4py. (b) Find the rate of change of the measure 


of the area in part (a) with respect to p when p — 3. 


change of A with respect to m. 


units. 


7.2 VOLUME OF A SOLID 
OF REVOLUTION: 
CIRCULAR-DISK AND 
CIRCULAR-RING METHODS 


Figure 7.2.1 


Figure 7.2.2 


x-—a 


(éi, fe) 


xi^ AiX x; 


Figure 7.2.3 


Find the rate of change of the measure of the area of Exercise 26 with respect to p when p = 3. 


If A square units is the area of the region bounded by the parabola y? = 4x and the line y = mx (m > 0), find the rate of 


Determine m so that the region above the line y = mx and below the parabola y = 2x — x? has an area of 36 square 


We have developed a method for finding the area of a plane region. Now 
this process is extended to find the volume of a solid of revolution, which is 
a solid obtained by revolving a region in a plane about a line in the plane, 
called the axis of revolution, which either touches the boundary of the 
region or does not intersect the region at all. For example, if the region 
bounded by a semicircle and its diameter is revolved about the diameter, a 
sphere is generated (see Fig. 7.2.1). A right-circular cone is generated if 
the region bounded by a right triangle is revolved about one of its legs 
(see Fig. 7.2.2). 

We must first define what is meant by the "volume" of a solid of revo- 
lution; that is, we wish to assign a number, for example V, to what we in- 
tuitively think of as the measure of the volume of such a solid. We define 
the measure of the volume of a right-circular cylinder by ar?h, where r and 
h are, respectively, the number of units in the base radius and altitude. 

Consider first the case where the axis of revolution is a boundary of 
the region that is revolved. Let the function f be continuous on the closed 
interval [a, b] and assume that f (x) = 0 for all x in [a, b]. Let R be the 
region bounded by the curve y = f (x), the x axis, and the lines x = a and 
x — b. Let S be the solid of revolution obtained by revolving the region R 
about the x axis. We proceed to find a suitable definition for the number V 
which gives the measure of the volume of S. 

Let A be a partition of the closed interval [a, b] given by 


A=X%< xX «x «cocco Xx, Qa <= dD 


Then we have n subintervals of the form [x; ,, xi], wherei 2 1,2, . . . „n, 
with the length of the ith subinterval being Ax = x; — xi-;. Choose any 
point £, with x;_, « £, < x, in each subinterval and draw the rectangles 
having widths A,x units and altitudes f (£j) units. Figure 7.2.3 shows the 
region R together with the ith rectangle. 

When the ith rectangle is revolved about the x axis, we obtain a 
circular disk in the form of a right-circular cylinder whose base radius is 
given by f (£)units and whose altitude is given by A;x units, as shown in 
Fig. 7.2.4. The measure of the volume of this circular disk, which we 
denote by A,V, is given by 


AV = n [f(£)]? Aix (1) 
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Aix 


Figure 7.2.4 


7.2.1 Definition 


Because there are n rectangles, n circular disks are obtained in this way, 
and the sum of the measures of the volumes of these n circular disks is 
given by 


> av= Y af ax (2) 


which is a Riemann sum. 

The Riemann sum given in Eq. (2) is an approximation to what we 
intuitively think of as the number of cubic units in the volume of the solid 
of revolution. The smaller we take the norm ||A|| of the partition, the larger 
will be 7, and the closer this approximation will be to the number V we 
wish to assign to the measure of the volume. We therefore define V to be 
the limit of the Riemann sum in Eq. (2) as |A|| approaches zero. This limit 
exists because f? is continuous on [a, b], which is true because f is con- 
tinuous there. We have, then, the following definition. 


Let the function f be continuous on the closed interval [a, b], and assume 
that f (x) = 0 for all x in [a, b]. If S is the solid of revolution obtained by 
revolving about the x axis the region bounded by the curve y — f(x), thex 
axis, and the lines x = a and x = b, and if V is the number of cubic units in 
the volume of S, then 


v= tim 3 Xu heer Ti UWP de (3) 


lal|--9.4— 


A similar definition applies when both the axis of revolution and a 
boundary of the revolved region is the y axis or any line parallel to either 
the x axis or the y axis. 


EXAMPLE 1: The region bounded 
by the curve y = x”, the x axis, and 
the lines x = 1 and x = 2 is re- 
volved about the x axis. Find the 
volume of the solid of revolution 
generated. 


SOLUTION: Refer to Fig. 7.2.5, showing the region and a rectangular ele- 
ment of area. Figure 7.2.6 shows an element of volume and the solid of rev- 
olution. The measure of the volume of the circular disk is given by 


AV = méy Aux = mE Ax 
Then 
= lim Y wé# Ax 


Hlall-o i-i 


= Sq 


Therefore, the volume of the solid of revolution is 5&7 cubic units. 
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y= x2 
(2, 4) 


Aix 
Figure 7.2.5 


Figure 7.2.6 


ArT 
Figure 7.2.9 


fi) 


8) 


Now suppose that the axis of revolution is not a boundary of the 
region being revolved. Let f and g be two continuous functions on the 
closed interval [a, b], and assume that f (x) = g(x) = 0 for all x in [a, b]. 
Let R be the region bounded by the curves y = f(x) and y = g(x) and the 
lines x=a and x— b. Let S be the solid of revolution generated by 
revolving the region R about the x axis. If V cubic units is the volume of S, 
we wish to find a value for V. 

Let A be a partition of the interval [a, b], given by 


=X XXX ccc XXe < Xn=b 


and the ith subinterval [x; ,, x;] has length Aix = x; — x;_,. In the ith subin- 
terval, choose any é, with x;., = & < x; Consider the n rectangular ele- 
ments of area for the region R. See Fig. 7.2.7 illustrating the region and the 
ith rectangle, and Fig. 7.2.8 showing the solid of revolution. 


Figure 7.2.7 Figure 7.2.8 


When the ith rectangle is revolved about the x axis, a circular ring 
(or “washer”), as shown in Fig. 7.2.9, is obtained. The number giving the 
difference of the measures of the areas of the two circular regions is 
(uL f(é) ]? — v[g(£)]?) and the thickness is Aix units. Therefore, the 
measure of the volume of the circular ring is given by 


AV = a(Lf(E) ? — [g(£0 P) Ax 


The sum of the measures of the volumes of the n circular rings formed by 
revolving the n rectangular elements of area about the x axis is 


Y AV- Y s(Lf (OE — [850] de (4) 
i—1 


1 
The number of cubic units in the volume, then, is defined to be the limit of 
the Riemann sum in Eq. (4) as ||Al| approaches zero. The limit exists since 
f? and g? are continuous on [a, b] because f and g are continuous 
there. 
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7.2.2 Definition 


Let the functions f and g be continuous on the closed interval [a, b], and 
assume that f (x) = g(x) = 0 forall x in [a, b]. Then if V cubic units is the 
volume of the solid of revolution generated by revolving about the x axis 
the region bounded by the curves y= f(x) and y= g(x) and the lines 
x-—a and x= b, 


ialo 1-1 


V- lim Y aF (9T — [5079 A 7 [^ (FOP — T) dx ©) 


AS before, a similar definition applies when the axis of revolution is 
the y axis or any line parallel to either the x axis or the y axis. 


EXAMPLE 2: Find the volume of 
the solid generated by revolving 
about the x axis the region 
bounded by the parabola 

y — x* +1 and the line y = x +3. 


SOLUTION: The points of intersection are (—1, 2) and (2,5). Figure7.2.10 
shows the region and a rectangular element of area. An element of volume 
and the solid of revolution are shown in Fig. 7.2.11. 


Gi, fti) 


(71,2) 


Figure 7.2.10 


Figure 7.2.11 


Taking f (x) = x +3 and g(x) = x! +1, we find that the measure of 
the volume of the circular ring is 


AV = a([f(&) P — [Ig (£0 P) Ax 
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If V cubic units is the volume of the solid, then 


V= lim Y «(Lf )T — [g(£)]) Ae 


llall-o i21 


=r f OP- tsp ax 
=r f [(x +3)? — (22 + 1)?] dx 


=r f [^x* — x + 6x + 8] dx 
-1 
= |-in- be + 3x? + 8x] 


= wm[ (4% — $+ 12+ 16) — (£+4+3-8)] 


MT 


Therefore, the volume of the solid of revolution is H7 cubic units. 


EXAMPLE 3: Find the volume of SOLUTION: The curves intersect at the points (—2, —1) and (—£, #). The 


the solid generated by revolving region and a rectangular element of area are shown in Fig. 7.2.12. Figure 
about the line x = —4 the region 7.2.13 shows the solid of revolution as well as an element of volume, which 
bounded by the two parabolas is a circular ring. 


x=y—y andx=y?—3. 


x=-4 
x = Fly) 33 
4,2 
Figure 7.2.13 
Let F(y) = y — y? and G(y) = y? — 3. The number of cubic units in 
ere ?* | the volume of the circular ring is 
iN AV = 7 ([4 + F(£)]? — [4+ G(£)) Ay 
(F(éi), £i) 
Thus, 
(G(£), £1) iN : 
(271) V= lim Y z([4 + F(&) P — [4+ G(£)]) Ay 
\lall-o 41 


3/2 
Figure 7.2.12 =r p [(4 +y- y)* — (4+ y? —3)*] dy 
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/ 
=r E (72y? — 9y? + 8y + 15) dy 
-1 


3/2 


=r |-i — 3y3 + Ay? + 15y| 


-1 


— 815 
— 32 T 


The volume of the solid of revolution is then &»r cubic units. 


Exercises 7.2 


Fig. 


1. 
3 
5 
7 
9 
10. 


11. 


12. 
13. 


14. 
15. 
16. 


17. 


18. 
19. 


20. 


C (4, 8) 


In Exercises 1 through 8, find the volume of the solid of revolution when the given region of 
7.2.14 is revolved about the indicated line. An equation of the curve in the figure is y? = xè. 


OAC about the x axis 2. OAC about the line AC 
. OAC about the line BC 4. OAC about the y axis 
. OBC about the y axis 6. OBC about the line BC » 
. OBC about the line AC 8. OBC about the x axis Figure s214 Q : 


. Find the volume of the sphere generated by revolving the circle whose equation is x? + y? = r? about a diameter. 


Find by integration the volume of a right-circular cone of altitude h units and base radius a units. 


Find the volume of the solid generated by revolving about the x axis the region bounded by the curve y — x? and the 
lines y — 0 and x= 2. 


Find the volume of the solid generated by revolving the region in Exercise 11 about the y axis. 

Find the volume of the solid generated by revolving about the line x — —4 the region bounded by that line and the 
parabola x = 4 + 6y — 23*. 

Find the volume of the solid generated by revolving the region bounded by the curves y? — 4x and y — x about the x axis. 
Find the volume of the solid generated by revolving the region of Exercise 14 about the line x — 4. 


An oil tank in the shape of a sphere has a diameter of 60 ft. How much oil does the tank contain if the depth of the oil is 
25 ft? 


A paraboloid of revolution is obtained by revolving a parabola about its axis. Find the volume bounded by a paraboloid 
of revolution and a plane perpendicular to its axis if the plane is 10 in. from the vertex, and if the plane section of inter- 
section is a circle having a radius of 6 in. 


Find the volume of the solid generated by revolving about the x axis the region bounded by the loop of the curve whose 
equation is 2y? = x(x? — 4). 

Find the volume of the solid generated when one loop of the curve whose equation is x’y?= (x? — 9) (1 — x?) is revolved 
about the axis. 


The pentagon having vertices at (—4, 4), (—2, 0), (0, 8), (2, 0), and (4, 4) is revolved about the x axis. Find the volume 
of the solid generated. 


7.3 VOLUME OF A SOLID 
OF REVOLUTION: 
CYLINDRICAL-SHELL 
METHOD 


Figure 7.3.2 
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In the preceding section we found the volume of a solid of revolution by 
taking the rectangular elements of area perpendicular to the axis of revolu- 
tion, and the element of volume was either a circular disk or a circular ring. 
If a rectangular element of area is parallel to the axis of revolution, then 
when this element of area is revolved about the axis of revolution, a 
cylindrical shell is obtained. A cylindrical shell is a solid contained between 
two cylinders having the same center and axis. Such a cylindrical shell is 
shown in Fig. 7.3.1. 

If the cylindrical shell has an inner radius r, units, outer radius r, 
units, and altitude h units, then its volume V cubic units is given by 


V-—qrh-—mrh (1) 


Let R be the region bounded by the curve y — f(x), the x axis, and the 
lines x = a and x = b, where f is continuous on the closed interval [a, b] 
and f(x) = 0 for all x in [a, b]; furthermore, assume that a = 0. Such a 
region is shown in Fig. 7.3.2. If R is revolved about the y axis, a solid of 
revolution S is generated. Such a solid is shown in Fig. 7.3.3. To find the 
volume of S when the rectangular elements of area are taken parallel to the 
y axis, we proceed in the following manner. 

Let A be a partition of the closed interval [a, b] given by 


A=xXy< Xp LX L «xXQQ«x—b 


Figure 7.3.3 


Let m; be the midpoint of the ith subinterval [x;.,, xj]. Then m; = 
$ (xi. + xj). Consider the rectangle having altitude f(m;) units and width 
Ayx units. If this rectangle is revolved about the y axis, a cylindrical shell is 
obtained. Figure 7.3.3 shows the cylindrical shell generated by the rec- 
tangular element of area. 

If A;V gives the measure of the volume of this cylindrical shell, we 
have, from formula (1), where f, = x;.,, fo = Xp and h = f (m), 


AV = mxif(m;) ET TX fimi) 
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7.3.1 Definition 


= (x? — xi?) f(m) 


AV = m (x; — xi) (Xi xia) f(m) (2) 
Because x; — x;., = Ax and because x; + x; , = 2m;, we have from Eq. (2) 
AW = 2amif(m;) Aix (3) 


If n rectangular elements of area are revolved about the y axis, n 
cylindrical shells are obtained. The sum of the measures of their volumes 
is given by 


Y AV= >) 2«mif(m;) Ax (4) 
£i Fi 


which is a Riemann sum. 

Then we define the measure of the volume of the solid of revolution to 
be the limit of the Riemann sum in Eq. (4) as ||Al| approaches zero. The 
limit exists because if f is continuous on [a, b], so is the function having 
function values 27xf (x). 


Let the function f be continuous on the closed interval [a, b] where a = 0. 
Assume that f(x) = 0 for all x in [a, b]. If R is the region bounded by the 
curve y — f(x), the x axis, and the lines x — a and x — b, if S is the solid of 
revolution obtained by revolving R about the y axis, and if V cubic units is 
the volume of S, then 


ani PR eu aut 
| foe (5) 


Definition 7.3.1 is consistent with Definitions 7.2.1 and 7.2.2 for the 
measure of the volume of a solid of revolution for which the definitions 
apply. 

The formula for the measure of the volume of the shell is easily 
remembered by noticing that 27m,, f(m;), and Ayx are, respectively, the 
numbers giving the circumference of the circle having as radius the mean 
of the inner and outer radii of the shell, the altitude of the shell, and the 
thickness. 


EXAMPLE 1: The region bounded 
by the curve y = x’, the x axis, and 
the line x = 2 is revolved about 
the y axis. Find the volume of the 
solid generated. Take the elements 
of area parallel to the axis of revo- 
lution. 


SOLUTION: Figure 7.3.4 shows the region and a rectangular element of 
area. Figure 7.3.5 shows the solid of revolution and the cylindrical shell 
obtained by revolving the rectangular element of area about the y axis. 

The element of volume is a cylindrical shell the measure of whose vol- 
ume is given by 


AV = 2qmm,(m?) Ax = 20m? Ax 
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Zi 
i—1 Aix 


Figure 7.3.4 


Figure 7.3.5 


Thus, 


V= lim Y 2am? Ax 
||A||+0 7=1 


2 
=2n | x? dx 


0 


-2n29 | 


= 87 


Therefore, the volume of the solid of revolution is 87 cubic units. 
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EXAMPLE 2: The region bounded 
by the curve y = x? and the lines 

y = 1 and x = 2 is revolved about 
the line y = —3. Find the volume 
of the solid generated by taking 
the rectangular elements of area 
parallel to the axis of revolution. 


SOLUTION: The region and a rectangular element of area are shown in Fig. 


7.3.6. 


The equation of the curve is y = x*. Solving for x, we obtain x = Vy. 


Because x > 0 for the given region, we have x = Vy. 


The solid of revolution as well as a cylindrical shell element of volume 
is shown in Fig. 7.3.7. The outer radius of the cylindrical shell is (y; + 3) 
units and the inner radius is (y;_, + 3) units. Hence, the mean of the inner 
and outer radii is (m; + 3) units. Because the altitude and thickness of 


the cylindrical shell are, respectively, (2 — Vm;) units and Ay units, 
AV = 2m (m, + 3)(2 — Vm; ) Aiy 


Hence, if V cubic units is the volume of the solid of revolution, 


V= lim Ý 2r(m, 3) 2— Vm) Ay 


llAll^o ?—1 
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> 
R 
| 
N 


— 


Figure 7.3.6 


Figure 7.3.7 
= [270 *30- Vy) dy 
-—27 jh (—y?? + 2y — 3y"? + 6) dy 
—27 [y +y’ — 2y’? + sy|' 
= $r 


Therefore, the volume is $$ 7 cubic units. 


Exercises 7.3 


1-8. Solve Exercises 1 through 8 in Sec. 7.2 by taking the rectangular elements parallel to the axis of revolution. 
In Fig. 7.3.8 the region bounded by the x axis, the line x = 1, and the curve y = x? is denoted by R,; the region bounded 
by the two curves y = x? and y? = x is denoted by R,; the region bounded by the y axis, the line y = 1, and the curve y? = x is 


denoted by R;. In Exercises 9 through 16, find the volume of the solid generated when the indicated region is revolved about 
the given line. 


9. R, is resolved about the y axis; the rectangular elements are parallel to the axis of revolution. 


10. 
11. 
12. 
13. 


14. 
15. 


16. 
17. 


18. 
19. 


20. 


21. 


22. 


Same as Exercise 9; but the rectangular elements are perpendicular to the axis of revolution. 
R, is revolved about the x axis; the rectangular elements are parallel to the axis of revolution. 
Same as Exercise 11; but the rectangular elements are perpendicular to the axis of revolution. 


Ra is revolved about the line y = 2; the rectangular elements are parallel to the axis of 


revolution. 


Same as Exercise 13; but the rectangular elements are perpendicular to the axis of revolution. 


Rz is revolved about the line x — —2; the rectangular elements are parallel to the axis of -5 


revolution. 
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Figure 7.3.8 


Same as Exercise 15; but the rectangular elements are perpendicular to the axis of revolution. 


Find the volume of the solid generated if the region bounded by the parabola y? = 4ax (a > 0) and the line x = a is 


revolved about x — a. 


Find the volume of the solid generated by revolving the region bounded by the curve x?? + y?'5 = a? about the y axis. 


Find the volume of the solid generated by revolving about the y axis the region outside the curve y — x? and between the 


lines y = 2x — 1 and y = x +2. 


Through a spherical shaped solid of radius 6 in., a hole of radius 2 in. is bored, and the axis of the hole is a diameter of 
the sphere. Find the volume of the part of the solid that remains. 


A hole of radius 2 V3 in. is bored through the center of a spherical shaped solid of radius 4 in. Find the volume of the 


portion of the solid cut out. 


Find the volume of the solid generated if the region bounded by a parabola and its latus rectum is revolved about a line 
through its vertex and perpendicular to its axis. 


7.4 VOLUME OF A SOLID 


HAVING KNOWN PARALLEL 


PLANE SECTIONS 


7.4.1 Definition 


Let S be a solid. By a plane section of S is meant a plane region formed by 
the intersection of a plane with S. In Sec. 7.2 we learned how to find the 
volume of a solid of revolution for which all plane sections perpendicular 
to the axis of revolution are circular. We now generalize this method to find 
the volume of a solid for which it is possible to express the area of any 
plane section perpendicular to a fixed line in terms of the perpendicular 
distance of the plane section from a fixed point. We first define what we 
mean when we say that a solid is a cylinder. 


A solid is a right cylinder if it is bounded by two congruent plane regions 
R, and R; lying in parallel planes and by a lateral surface generated by a 
line segment, having its endpoints on the boundaries of R, and Ry, which 
moves so that it is always perpendicular to the planes of R, and R». 


Figure 7.4.1 illustrates a right cylinder. The height of the cylinder is the 
perpendicular distance between the planes of R, and R», and the base is 


C(1, 1) 
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Ai) 
Figure 7.4.4 


7.4.2 Definition 


Figure 7.4.1 Figure 7.4.2 Figure 7.4.3 


either R, or Ro. If the base of the right cylinder is a region enclosed by a 
circle, we have a right-circular cylinder (see Fig. 7.4.2); if the base is a 
region enclosed by a rectangle, we have a rectangular parallelpiped (see 
Fig. 7.4.3). 

If the area of the base of a right cylinder is A square units and the 
height is h units, then by definition we let the volume of the right cylinder 
be measured by the product of A and h. As stated above, we are con- 
sidering solids for which the area of any plane section that is perpendic- 
ular to a fixed line is a function of the perpendicular distance of the plane 
section from a fixed point. The solid S of Fig. 7.4.4 is such a solid, and it 
lies between the planes perpendicular to the x axis at a and b. We represent 
the number of square units in the area of the plane section of S in the plane 
perpendicular to the x axis at x by A(x), where A is continuous on [a, b]. 

Let A be a partition of the closed interval [a, b] given by 


ü—xQy«x, «xc: < Xn =b 


We have, then, n subintervals of the form [x;-1, x;], wherei=1,2,..., 
n, with the length of the ith subinterval being A;x = x; — x;.,. Choose any 
number é, with x;, S é; <x; in each subinterval and construct the 
right cylinders of heights A;x units and plane section areas A(£;) square 
units. The volume of the ith cylinder is A(é;) A;x cubic units. We obtain n 
right cylinders, and the sum of the measures of the volumes of these n cyl- 
inders is given by the Riemann sum 


3 Alé) Ax (1) 


This Riemann sum is an approximation of what we intuitively think of as 
the measure of the volume of S, and the smaller we take the norm ||A|| of the 
partition A, the larger will be n, and the closer this approximation will be 
to the number we wish to assign to the measure of the volume. We have, 
then, the following definition. 


Let S be a solid such that S lies between planes drawn perpendicular to the 
x axis at a and b. If the measure of the area of the plane section of S drawn 
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perpendicular to the x axis at x is given by A(x), where A is continuous on 
[a, b], then the measure of the volume of S is given by 


(2) 


Note that Definitions 7.2.1 and 7.2.2 are special cases of Definition 
7.4.2. If in Eq. (2) we take A(x) = v[f(x) ]?, we have Eq. (3) of Sec. 7.2. If 
we take A(x) = m ([f(x)]? — [g(x) ]$), we have Eq. (5) of Sec. 7.2. 


EXAMPLE 1: [Ifthe base of a solid 
is a circle with a radius of r units 
and if all plane sections perpen- 
dicular to a fixed diameter of the 
base are squares, find the volume 
of the solid. 


Figure 7.4.5 


SOLUTION: Take the circle in the xy plane, the center at the origin, and the 
fixed diameter along the x axis. Therefore, an equation of the circle is x? 
+ y? = r°. Figure 7.4.5 shows the solid and an element of volume, which is 
a right cylinder of altitude A,x units and with an area of the base given by 
[2f (£) ]? square units, where f(x) is obtained by solving the equation of 
the circle for y and setting y —f(x). This computation gives f(x) — 
Vr? — x?. Therefore, if V cubic units is the volume of the solid, we have 


V= lim > (2/(6)]* Ax 
Hallo i1 


=4 f (r? — x?) dx 
= 1673 


EXAMPLE 2: A wedge is cut from 
a right-circular cylinder with a 
radius ofr in. by two planes, one 
perpendicular to the axis of the 
cylinder and the other intersecting 
the first at an angle of measure- 
ment 60° along a diameter of the 
circular plane section. 


SOLUTION: The wedge is shown in Fig. 7.4.6. The xy plane is taken as the 
plane perpendicular to the axis of the cylinder, and the origin is at the 
point of perpendicularity. An equation of the circular plane section is then 
x+y = r°. Every plane section of the wedge perpendicular to the x axis is 
a right triangle. An element of volume is a right cylinder having altitude 
Ax in., and area of the base given by $ V3[f(£)) ]? in.?, where f(x) is ob- 
tained by solving the equation of the circle for y and setting y — f(x), 
thereby giving f(x) = Vr? — x . Therefore, if V in? is the volume of the 
wedge, 
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V= lim Siva (r? — £?) Aix 


llAll--0 i—1 


=1v5 [ (r? — x2) dx 


=4 val rs — ix| 
= *V3r 


Hence, the volume of the wedge is 3 V3r? in? 


T 


T 


Figure 7.4.6 


Exercises 7.4 


1. 


The base of a solid is a circle having a radius of r units. Find the volume of the solid if all plane sections perpendicular to 
a fixed diameter of the base are equilateral triangles. 


. The base of a solid is a circle with a radius of r units, and all plane sections perpendicular to a fixed diameter of the base 


are isosceles right triangles having the hypotenuse in the plane of the base. Find the volume of the solid. 


3. Solve Exercise 2 if the isosceles right triangles have one leg in the plane of the base. 


4. Find the volume of a right pyramid having a height of h units and a square base of side a units. 


10. 


. Find the volume of the tetrahedron having 3 mutually perpendicular faces and three mutually perpendicular edges 


whose lengths have measures a, b, and c. 


. The base of a solid is a circle with a radius of 4 in. , and each plane section perpendicular to a fixed diameter of the base is 


an isosceles triangle having an altitude of 10 in. and a chord of the circle as a base. Find the volume of the solid. 


. The base of a solid is a circle with a radius of 9 in., and each plane section perpendicular to a fixed diameter of the base is 


a square having a chord of the circle as a diagonal. Find the volume of the solid. 


. Two right-circular cylinders, each having a radius of r units, have axes that intersect at right angles. Find the volume of 


the solid common to the two cylinders. 


. A wedge is cut from a solid in the shape of a right-circular cylinder with a radius of r in. by a plane through a diameter of 


the base and inclined to the plane of the base at an angle of measurement 45°. Find the volume of the wedge. 


A wedge is cut from a solid in the shape of a right-circular cone having a base radius of 5 ft and an altitude of 20 ft by two 
half planes through the axis of the cone. The angle between the two planes has a measurement of 30°. Find the volume of 
the wedge cut out. 


7.5 WORK The “work” done by a force acting on an object is defined in physics as 
"force times displacement." For example, suppose that an object is 
moving to the right along the x axis from a point a to a point b, and a con- 
stant force of F lb is acting on the object in the direction of motion. Then if 
the displacement is measured in feet, (b — a) is the number of feet in the 
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displacement. And if W is the number of foot-pounds of work done by the 
force, W is defined by 


(1) 


EXAMPLE 1: 
essary to lift a 
height of 3 ft. 


Find the work nec- 
70-Ib weight to a 


soLUTION: Let W — the number of foot-pounds in the work done. Then 
W=70 -3=210 
Hence, the work required is 210 ft-lb. 


7.5.1 Definition 


In this section we consider the work done by a variable force, which is 
a function of the position of the object on which the force is acting. We 
wish to define what is meant by the term “work” in such a case. 

Suppose that f(x), where f is continuous on [a, b], is the number of 
units in the force acting in the direction of motion on an object as it moves 
to the right along the x axis from point a to point b. Let A be a partition of 
the closed interval [a, b]: 


A= XLN LX L Xaa LX =b 


The ith subinterval is [x; ,, x;]; and if x;., is close to x;, the force is almost 
constant in this subinterval. If we assume that the force is constant in the 
ith subinterval and if £; is any point such that x; , < £; < x;, then if A;W is 
the number of units of work done on the object as it moves from the point 
X;-, to the point x;, from formula (1) we have 


AW = fé) (xi — xii) 
Replacing x; — x,-, by Aix, we have 
AW = fé) Ax 


and 
» AW = 5 f(&) Aix (2) 


The smaller we take the norm of the partition A, the larger n will be 
and the closer the Riemann sum in Eq. (2) will be to what we intuitively 
think of as the measure of the total work done. We therefore define the 
measure of the total work as the limit of the Riemann sum in Eq. (2). 


Let the function f be continuous on the closed interval [a, b] and f(x) be 
the number of units in the force acting on an object at the point x on the x 
axis. Then if W units is the work done by the force as the object moves 
from a to b, W is given by i 


(3) 
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In the following example we use Hooke's law, which states that if a 
spring is stretched x in. beyond its natural length, it is pulled back with a 
force equal to kx lb, where k is a constant depending on the wire used. 


EXAMPLE 2: A spring has a natu- 
ral length of 14 in. If a force of 5 lb 
is required to keep the spring 
stretched 2 in., how much work is 
done in stretching the spring from 
its natural length to a length of 18 
in.? 


Therefore, the work done in stretching the spring is 20 in.-lb. 


SOLUTION: Place the spring along the x axis with the origin at the point 
where the stretching starts (see Fig. 7.5.1). 


k 14 in. >| 


Figure 7.5.1 


Let x = the number of inches the spring is stretched; 
f(x) = the number of pounds in the force acting on the spring x in. 
beyond its natural length. 
Then, by Hooke's law, f(x) = kx. Because f (2) = 5, we have 


5—k-2 
=} 
Therefore, 
f(x) =x 


If W= the number of inch-pounds of work done in stretching the 
spring from its natural length of 14 in. to a length of 18 in., we have 


W= lim S f(&) Ax 


llall-o i=1 


= f fæ dx 


EXAMPLE 3: A water tank in the 


form of an inverted right-circular 
cone is 20 ft across the top and 15 
ft deep. If the surface of the water 
is 5 ft below the top of the tank, 
find the work done in pumping 
the water to the top of the tank. 


SOLUTION: Refer to Fig. 7.5.2. The positive x axis is chosen in the down- 
ward direction because the motion is vertical. Take the origin at the top of 
the tank. We consider a partition of the closed interval [5, 15] on the x axis 
and let £; be any point in the ith subinterval [x; ,, x;]. An element of vol- 
ume is a circular disk having thickness A;x ft and radius f(£;) ft, where the 
function f is determined by an equation of the line through the points 
(0, 10) and (15, 0) in the form y = f (x). The number of cubic feet in the 
volume of this element is given by AjV = «[f(£) |? Aix. If w is the number 
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of pounds in the weight of 1 ft? of water, then the number of pounds in the 
weight of this element is wa[f(é,) ]* Aix, which is the force required to 
pump the element to the top of the tank. If x; is close to x;, then the dis- 
tance through which this element moves is approximately £; ft. Thus, if 
AW ft-lb is the work done in pumping the element to the top of the tank, 
A.W is approximately (wa[ f (&) ]? Ax) - é; so if W is the number of foot- 
pounds of work done, 


W= lim ¥ wal f(é) 2 + & Ax 


llal]--o i—1 


— Wm a [ f(x) ]?x dx 


To determine f(x), we find an equation of the line through the points 
(15,0) and (0, 10) by using the intercept form: 


EUNT PUN — 
15 ' 10 1 or y $x +10 


Therefore, f(x) — —$x + 10, and 


Figure 7.5.2 


15 
W = wr Í (—3x + 10)?x dx 
5 


= wm Jn ($x3 — 32x^-- 100x) dx 
=wT7 [ax — 4$ x3 + soel” 

= $ (10,0007 w) 
Therefore, the work done is 10,0007 w/9 ft-lb. 


Exercises 7.5 
1. A spring has a natural length of 8 in. If a force of 20 lb stretches the spring ż in., find the work done in stretching the 
spring from 8 in. to 11 in. 


2. A spring has a natural length of 10 in., and a 30-Ib force stretches it to 112 in. Find the work done in stretching the spring 
from 10 in. to 12 in. Then find the work done in stretching the spring from 12 in. to 14 in. 


3. A spring has a natural length of 6 in. A 12,000-Ib force compresses the spring to 54 in. Find the work done in 
compressing it from 6 in. to 5 in. Hooke's law holds for compression as well as for extension. 


4. A spring has a natural length of 6 in. A 1200-Ib force compresses it to 54 in. Find the work done in compressing it from 6 
in. to 4$ in. 

5. Aswimming pool full of water is in the form of a rectangular parallelepiped 5 ft deep, 15 ft wide, and 25 ftlong. Find the 
work required to pump the water in the pool up to a level 1 ft above the surface of the pool. 


6. A trough full of water is 10 ft long, and its cross section is in the shape of an isosceles triangle 2 ft wide across the top and 
2 ft high. How much work is done in pumping all the water out of the trough over the top? 
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A hemispherical tank with a radius of 6 ft is filled with water to a depth of 4 ft. Find the work done in pumping the water 
to the top of the tank. 


. A right-circular cylindrical tank with a depth of 12 ft and a radius of 4 ft is half full of oil weighing 60 Ib/ft®. Find the work 


done in pumping the oil to a height 6 ft above the tank. 


. A cable 200 ft long and weighing 4 lb/ft is hanging vertically down a well. If a weight of 100 Ib is suspended from the 


lower end of the cable, find the work done in pulling the cable and weight to the top of the well. 


. A bucket weighing 20 Ib containing 60 Ib of sand is attached to the lower end of a 100 ft long chain that weighs 10 Ib and 


is hanging in a deep well. Find the work done in raising the bucket to the top of the well. 


. Solve Exercise 10 if the sand is leaking out of the bucket at a constant rate and has all leaked out just as soon as the bucket 


is at the top of the well. 


. As a water tank is being raised water spills out at a constant rate of 2 ft? per foot of rise. If the tank originally contained 


1000 ft? of water, find the work done in raising the tank 20 ft. 


. A tank in the form of a rectangular parallelepiped 6 ft deep, 4 ft wide, and 12 ft long is full of oil weighing 50 Ib/ft?, When 


one-third of the work necessary to pump the oil to the top of the tank has been done, find by how much the surface of 
the oil is lowered. 


A cylindrical tank 10 ft high and 5 ft in radius is standing on a platform 50 ft high. Find the depth of the water when one- 
half of the work required to fill the tank from the ground level through a pipe in the bottom has been done. 


A one horsepower motor can do 550 ft-lb of work per second. If a 0.1 hp motor is used to pump water from a full tank in 
the shape of a rectangular parallelepiped 2 ft deep, 2 ft wide, and 6 ft long to a point 5 ft above the top of the tank, how 
long will it take? 

A meteorite is a miles from the center of the earth and falls to the surface of the earth. The force of gravity is inversely 
proportional to the square of the distance of a body from the center of the earth. Find the work done by gravity if the 
weight of the meteorite is w Ib at the surface of the earth. Let R miles be the radius of the earth. 


7.6 LIQUID PRESSURE Another application of the definite integral in physics is to find the force 
caused by liquid pressure on a plate submerged in the liquid or on a side 
of a container holding the liquid. First of all, suppose that a flat plate is in- 
serted horizontally into a liquid in a container. The weight of the liquid 
exerts a force on the plate. The force per square unit of area exerted by the 
liquid on the plate is called the pressure of the liquid. 

Let w be the number of pounds in the weight of one cubic foot of the 
liquid and h be the number of feet in the depth of a point below the sur- 
face of the liquid. If p is the number of pounds per square foot of pressure 
exerted by the liquid at the point, then 


p=wh (1) 


If A is the number of square feet in the area of a flat plate that is sub- 
merged horizontally in the liquid, and F is the number of pounds in the 
force caused by liquid pressure acting on the upper face of the plate, then 


F=pA (2) 
Substituting from formula (1) into (2) gives us 


F=whA (3) 


Figure 7.6.1 


7.6.1 Definition 
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Note that formula (1) states that the size of the container is immaterial so 
far as liquid pressure is concerned. For example, at a depth of 5 ft in a 
swimming pool filled with salt water the pressure is the same as at a depth 
of 5 ft in the Pacific Ocean, assuming the density of the water is the same. 

Now suppose that the plate is submerged vertically in the liquid. 
Then at points on the plate at different depths the pressure, computed 
from formula (1), will be different and will be greater at the bottom of the 
plate than at the top. We now proceed to define the force caused by liquid 
pressure when the plate is submerged vertically in the liquid. We use 
Pascal's principle: At any point in a liquid, the pressure is the same in all 
directions. 

In Fig. 7.6.1 let ABCD be the region bounded by the x axis, the lines 
x =aand x = b, and the curve y = f(x), where the function f is continuous 
and f(x) = 0 on the closed interval [a, b]. Choose the coordinate axes so 
they axis lies along the line of the surface of the liquid. Take the x axis ver- 
tical with the positive direction downward. The length of the plate at a 
depth x ft is given by f (x) ft. 

Let A be a partition of the closed interval [a, b] which divides the in- 
terval into n subintervals. Choose a point £; in the ith subinterval, with 
Xızı € & = x; Draw n horizontal rectangles. The ith rectangle has a length 
of f(£;) ft and a width of Ax ft (see Fig. 7.6.1). 

If we rotate each rectangular element through an angle of 90°, each ele- 
ment becomes a plate submerged in the liquid at a depth of £; ft below the 
surface of the liquid and perpendicular to the region ABCD. Then the force 
on the ith rectangular element is given by wé;f(£) Aix Ib. An approxi- 
mation to F, the number of pounds in the total force on the vertical plate, is 
given by 


n 


Y wif) Aix (4) 

i=1 
which is a Riemann sum. 

The smaller we take ||Al|, the larger n will be and the closer the approxi- 
mation given by (4) will be to what we wish to be the measure of the total 
force. We have, then, the following definition. 


Suppose that a flat plate is submerged vertically in a liquid of weight w 
pounds per cubic unit. The length of the plate at a depth of x units below 
the surface of the liquid is f(x) units, where f is continuous on the closed 
interval [a, b] and f(x) = 0 on [a,b]. Then F, the number of pounds of 
force caused by liquid pressure on the plate, is given by 


(5) 
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EXAMPLE 1: A trough having a 
trapezoidal cross section is full of 
water. If the trapezoid is 3 ft wide 
at the top, 2 ft wide at the bottom, 
and 2 ft deep, find the total force 
owing to liquid pressure on one 
end of the trough. 


SOLUTION: Figure 7.6.2 illustrates one end of the trough together with a 
rectangular element of area. An equation of line AB is y —$ — ix. Let 
f(x) —3 — ix. If we rotate the rectangular element through 90°, the force on 
the element is given by 2w£if(£;) Aix lb. If F is the number of pounds in 
the total force on the side of the trough, 


F= lim Y 2wéif(é) Ax 


llall-o i21 


=2w f xf(x) dx 


2 
=2w f x($— ix) dx 
=2w EE 


Taking w — 62.5, we find that the total force is 291.2 Ib. 


(G0 (2,1) 


Figure 7.6.2 


EXAMPLE 2: The ends of a trough 
are semicircular regions, each 
with a radius of 2 ft. Find the 
force caused by liquid pressure 
on one end if the trough is full 
of water. 


SOLUTION: Figure 7.6.3 shows one end of the trough together with a rec- 
tangular element of area. An equation of the semicircle is x? + y? — 4. 
Solving for y gives y= V4 — x’, and so let f(x) = V4 — x°. The force on 
the rectangular element is given by 2w£;f(£;) Aix. So if F pounds is the 
total force on the side of the trough, 


F= lim Y 2w&f(£) Ax 


[lall-0 i1 


= 2w [ xf (x) dx 


7.6 LIQUID PRESSURE 359 


2 
=% f xV4—x dx 


=—4w(4—22)9” I 
= fwy 


Therefore, the total force is 1$» Ib. 


(0, —2) 


Figure 7.6.3 


Exercises 7.6 


1. 


A plate in the shape of a rectangle is submerged vertically in a tank of water, with the upper edge lying in the surface. If 
the width of the plate is 10 ft and the depth is 8 ft, find the force due to liquid pressure on one side of the plate. 


. A square plate of side 4 ft is submerged vertically in a tank of water and its center is 2 ft below the surface. Find the 


force due to liquid pressure on one side of the plate. 


3. Solve Exercise 2 if the center of the plate is 4 ft below the surface. 


4. A plate in the shape of an isosceles right triangle is submerged vertically in a tank of water, with one leg lying in the sur- 


face. The legs are each 6 ft long. Find the force due to liquid pressure on one side of the plate. 


5. A rectangular tank full of water is 2 ft wide and 18 in. deep. Find the force due to liquid pressure on one end of the tank. 


6. The ends of a trough are equilateral triangles having sides with lengths of 2 ft. If the water in the trough is 1 ft deep, find 


the force due to liquid pressure on one end. 


. The face of a dam adjacent to the water is vertical, and its shape is in the form of an isosceles triangle 250 ft wide across 


the top and 100 ft high in the center. If the water is 10 ft deep in the center, find the total force on the dam due to liquid 
pressure. 


. An oil tank is in the shape of a right-circular cylinder 4 ft in diameter, and its axis is horizontal, If the tank is half full of 


oil weighing 50 Ib/ft*, find the total force on one end due to liquid pressure. 


. The face of the gate of a dam is in the shape of an isosceles triangle 4 ft wide at the top and 3 ft high. If the upper edge of 


the face of the gate is 15 ft below the surface of the water, find the total force due to liquid pressure on the gate. 
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10. The face of a gate of a dam is vertical and in the shape of an isosceles trapezoid 3 ft wide at the top, 4 ft wide at the 
bottom, and 3 ft high. If the upper base is 20 ft below the surface of the water, find the total force due to liquid pressure 
on the gate. 


11. The face of a dam adjacent to the water is inclined at an angle of 30? from the vertical. The shape of the face is a rectangle 
of width 50 ft and slant height 30 ft. If the dam is full of water, find the total force due to liquid pressure on the face. 


12. Solve Exercise 11 if the face of the dam is an isosceles trapezoid 120 ft wide at the top, 80 ft wide at the bottom, and with a 
slant height of 40 ft. 


13. The bottom of a swimming pool is an inclined plane. The pool is 2 ft deep at one end and 8 ft deep at the other. If the 
width of the pool is 25 ft and the length is 40 ft, find the total force due to liquid pressure on the bottom. 
14. If the end of a water tank is in the shape of a rectangle and the tank is full, show that the measure of the force due to liq- 


uid pressure on the end is the product of the measure of the area of the end and the measure of the force at the geometri- 
cal center. 


7.7 CENTER OF MASS  InSec. 6.5 we saw that if the function f is continuous on the closed interval 
OF A ROD [a,b], the average value of f on [a, b] is given by 


[ f(x) dx 


b—a 


An important application of the average value of a function occurs in 
physics in connection with the concept of center of mass. 

To arrive at a definition of “mass” consider a particle that is set into 
motion along an axis by a force of F Ib exerted on the particle. So long as 
the force is acting on the particle, the velocity of the particle is increasing; 
that is, the particle has an acceleration. The ratio of the force to the acceler- 
ation is constant regardless of the magnitude of the force, and this con- 
stant ratio is called the mass of the particle. In particular, if the acceleration 
of a certain particle is 10 ft/sec” when the force is 30 Ib, the mass of the par- 
ticle is 


30 lb (X  3lb 
10 ft/sec? 1 ft/sec? 


Thus, for every 1 ft/sec” of acceleration, a force of 3 Ib must be exerted on 
the particle. When the unit of force is 1 Ib and the unit of acceleration is 
1 ft/sec, the unit of mass is called one slug. That is, 1 slug is the mass of a 
particle whose acceleration is 1 ft/sec? when the magnitude of the force on 
the particle is 1 Ib. Hence, the particle having an acceleration of 10 ft/sec? 
when the force is 30 lb has a mass of 3 slugs. 

From physics, if W Ib is the weight of an object having a mass of m 
slugs, and g ft/sec” is the constant of acceleration due to gravity, then 


W= mg 


Consider now a horizontal rod, of negligible weight and thickness, 
placed on the x axis. On the rod is a system of n particles located at points 
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ms ; 
-e— |l e — oe —e e—— ——e$—» x 
Xs O x, Xi Xa Xi 
Figure 7.7.1 
Xis Xo, . . . , Xy The ith particle (1/— 1,2, . . . , n) is at a directed dis- 


tance x; ft from the origin and its mass is m, slugs. See Fig. 7.7.1. The 


n 
number of slugs in the total mass of the system is V m;. We define the 
i=1 


moment of mass of the ith particle with respect to the origin as m;x; slug-ft. 
The moment of mass for the system is defined as the sum of the moments 
of mass of all the particles. Hence, if Mo slug-ft is the moment of mass of 
the system with respect to the origin, then 


Now we wish to find a point X such that if the total mass of the system 
were concentrated there, its moment of mass with respect to the origin 
would be equal to the moment of mass of the system with respect to the 
origin. Then X must satisfy the equation 


(1) 


The point x is called the center of mass of the system, and it is the point 
where the system will balance. The position of the center of mass is in- 
dependent of the position of the origin; that is, the location of the center of 
mass relative to the positions of the particles does not change when the 
origin is changed. 


EXAMPLE 1: Given four particles 
of masses 2, 3, 1, and 5 slugs lo- 
cated on the x axis at the points 
having coordinates 5, 2, —3, and 
—4, respectively, where distance 
measurement is in feet, find the 
center of mass of this system. 


SOLUTION: If X is the coordinate of the center of mass, we have from 
formula (1) 
rm 2(5) +3(2) + (1)(—3) + 5(—4) =k SE: 


2+3+1+5 11 


Thus, the center of mass is 7 ft to the left of the origin. 


362 APPLICATIONS OF THE DEFINITE INTEGRAL 


7.7.1 Definition 


The preceding discussion is now extended to a rigid horizontal rod 
having acontinuously distributed mass. The rod is said to be homogeneous 
if its mass is directly proportional to its length. In other words, if the seg- 
ment of the rod whose length is Ax ft has a mass of A;m slugs, and Aym = 
k Aix, then the rod is homogeneous. The number k is a constant and k 
slugs/ft is called the linear density of the rod. 


Aim = p(€;)Aix 


oF 
i >, y 
[e Yi €; ri L 
Aix 
Figure 7.7.2 


Suppose that we have a nonhomogeneous rod, in which case the 
linear density varies along the rod. Let L ft be the length of the rod, and 
place the rod on the x axis so the left endpoint of the rod is at the origin 
and the right endpoint is at L. See Fig. 7.7.2. The linear density at any 
point x on the rod is p(x) slugs/ft, where p is continuous on [0, L]. To find 
the total mass of the rod we consider a partition A of the closed interval 
[0, L] into n subintervals. The ith subinterval is [x,-,, x;], and its length is 
Ax ft. If £j is any point in [x.,, xi], an approximation to the mass of the 
part of the rod contained in the ith subinterval is Ajm slugs, where 


Am = p(£) Aix 


The number of slugs in the total mass of the rod is approximated by 
n n 
Y Ain = Y plé) Ax (2) 
i-1 i=1 


The smaller we take the norm of the partition A, the closer the 
Riemann sum in Eq. (2) will be to what we intuitively think of as the 
measure of the mass of the rod, and so we define the measure of the mass 
as the limit of the Riemann sum in Eq. (2). 


A rod of length L ft has its left endpoint at the origin. If the number of 
slugs per foot in the linear density at a point x ft from the origin is p(x), 
where p is continuous on [0, L], then the total mass of the rod is M slugs, 
where 


(3) 


EXAMPLE 2: The density at any 
point of a rod 4 ft long varies 
directly as the distance from the 


SOLUTION: Figure 7.7.3 shows the rod placed on the x axis. If p(x) is the 
number of slugs per foot in the density of the rod at the point x, 


p(x) 7 c(6 — x) 


point to an external point in the 
line of the rod and 2 ft from an 
end, where the density is 5 
slugs/ft. Find the total mass of the 
rod. 
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Xii Ajx Xi 


Figure 7.7.3 


where c is the constant of proportionality. Because p(4) — 5, we have 
5 = 2c or c — €. Hence, p(x) — $(6 — x). Therefore, if M slugs is the total 
mass of the rod, we have from Definition 7.7.1 


llAll-o i21 


-[16-» dx 


4 


=} [6x — be] 


— 40 


0 


The total mass of the rod is therefore 40 slugs. 


We now proceed to define the center of mass of the rod of Definition 
7.7.1. However, first we must define the moment of mass of the rod with 
respect to the origin. 


& 


a ER UL CN 


O fi L 
Xing ———— Xi 
Aix 


Aim = p(£i)Aix 
a“ 


Figure 7.7.4 


As before, place the rod on the x axis with the left endpoint at the ori- 
gin and the right endpoint at L. See Fig. 7.7.4. Let A be a partition of [0, L] 
into n subintervals, with the ith subinterval [x;.,, x;] having length A,x ft. 
If £; is any point in [xi;, x;], an approximation to the moment of mass 
with respect to the origin of the part of the rod contained in the ith subin- 
terval is £; Aym slug-ft, where Ajm = p(£;) Aix. The number of slug-feet in 


.the moment of mass of the entire rod is approximated by 


Y & Am — Y &p(£) Ax (4) 
i-1l i=1 
The smaller we take the norm of the partition A, the closer the Riemann 
sum in Eq. (4) will be to what we intuitively think of as the measure of 
the moment of mass of the rod with respect to the origin. We have, then, 
the following definition. 
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7.7.2 Definition A rod of length L ft has its left endpoint at the origin and the number of 
slugs per foot in the linear density at a point x ft from the origin is p(x), 
where p is continuous on [0, L]. The moment of mass of the rod with 
respect to the origin is M, slug-ft, where 


(5) 


daoi o 


The center of mass of the rod is at the point x such that if M slugs is 
the total mass of the rod, XM = My). Therefore, from Eqs. (3) and (5) we 


get 
A ne 
xp(x) dx 
t= me (6) 
|, PO) dx 
EXAMPLE 3: Findthe center of SOLUTION: In Example 2, we found M = 40. Using Eq. (6) with p(x) = 
mass for the rod in Example 2. $(6 — x), we have 
4 
- $x(6 — x) & og EP E 
40 16 3° | 3 
Therefore, the center of mass is at &. 


Note that if a rod is of uniform density k slugs/ft, where k is a con- 
stant, then from formula (6) we have 


Thus, the center of mass is at the center of the rod, which is to be expected. 


Exercises 7.7 


In Exercises 1 through 4 a system of particles is located on the x axis. The number of slugs in the mass of each particle and the 
coordinate of its position are given. Distance is measured in feet. Find the center of mass of each system. 


1. m,=5 at 2; m, = 6 at 3; m,— 4 at 5; m= 3 at 8. 

2. m, = 2 at —4; m, = 8 at —1; m = 4 at 2; m,=2 at 3. 

3. m, = 2 at —3; m, = 4 at —2; m, = 20 at 4; m, = 10 at 6; m; = 30 at 9. 
4. m, = 5 at —7; m, = 3 at —2; m, = 5 at 0; m, = 1 at 2; m; = 8 at 10. 


In Exercises 5 through 9, find the total mass of the given rod and the center of mass. 
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5. The length of a rod is 9 in. and the linear density of the rod at a point x in. from one end is (4x +1) slugs/in. 
6. The length of a rod is 3 ft, and the linear density of the rod at a point x ft from one end is (5+ 2x) slugs/ft. 


7. Thelength of a rod is 10 ft and the measure of the linear density at a point is a linear function of the measure of the dis- 


10. 


12. 


tance of the point from the left end of the rod. The linear density at the left end is 2 slugs/ft and at the right end is 3 
slugs/ft. 


. A rodis 10 ft long, and the measure of the linear density at a point is a linear function of the measure of the distance from 


the center of the rod. The linear density at each end of the rod is 5 slugs/ft and at the center the linear density is 3$ 
slugs/ft. 


. The measure of the linear density at a point of a rod varies directly as the third power of the measure of the distance of 


the point from one end. The length of the rod is 4 ft and the linear density is 2 slugs/ft at the center. 


A rod is 6 ft long and its mass is 24 slugs. If the measure of the linear density at any point of the rod varies directly as the 
square of the distance of the point from one end, find the largest value of the linear density. 


. The length of a rod is L ft and the center of mass of the rod is at the point 11. ft from the left end. If the measure of the 


linear density at a point is proportional to a power of the measure of the distance of the point from the left end and the 
linear density at the right end is 20 slugs/ft find the linear density at a point x ft from the left end. Assume the mass is 
measured in slugs. 

The total mass of a rod of length L ft is M slugs and the measure of the linear density at a point x ft from the left end is 
proportional to the measure of the distance of the point from the right end. Show that the linear density at a point on the 
rod x ft from the left end is 2M(L — x)/L? slugs/ft. 


7.8 CENTER OF MASS Let the masses of n particles located at the points (x1, vi), (x5, 3) >... 
OF A PLANE REGION  (x,, y,) in the xy plane be measured in slugs by m,, mz, . . . , My, and 
consider the problem of finding the center of mass of this system. We may 
imagine the particles being supported by a sheet of negligible weight and 
negligible thickness and may assume that each particle has its position at 
exactly one point. The center of mass is the point where the sheet will bal- 
ance. To determine the center of mass, we must find two averages: X, 
which is the average value for the abscissas of the n points, and ij, the 
average value for the ordinates of the n points. We first define the moment 
of mass of a system of particles with respect to an axis. 
If a particle ata distance d ft from an axis has a mass of m slugs, then if 
M, slug-ft is the moment of mass of the particle with respect to the axis, 


If the ith particle, having mass m; slugs, is located at the point (x;, y;), its 
distance from the y axis is x; ft; thus, from formula (1), the moment of 
mass of this particle with respect to the y axis is m;x; slug-ft. Similarly, the 
moment of mass of the particle with respect to the x axis is rr; y; slug-ft. The 
moment of the system of n particles with respect to the y axis is M, slug-ft, 
where 


(2) 
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and the moment of the system with respect to the x axis is M, slug-ft, 


where 


The total mass of the system is M slugs, where 


The center of mass of the system is at the point (X, 7), where 


"M 


(3) 


(4) 


(5) 


(6) 


The point (X, ij) can be interpreted as the point such that, if the total mass 
M slugs of the system were concentrated there, its moment of mass with 
respect to the y axis, M, slug-ft, would be determined by M, = Mx, and its 
moment of mass with respect to the x axis, M, slug-ft, would be deter- 


mined by M; = My. 


EXAMPLE 1: Find the center of 
mass of the four particles having 
masses 2, 6, 4, and 1 slugs located 
at the points (5, —2), (-2, 1), 


(0, 3), and (4, —1), respectively. 


SOLUTION: 


M, =Ñ mx, 2(5) + 6(—2) + 4(0) + 1(4) =2 


M:= Y my; = 2(—2) + 6(1) + 4(3) - 1(-1) » 13 


1 


4 
M= m=2+6+4+1=13 


i=1 


Therefore, 
-Ms 2 22M. 13. 
wM D AP MOT 


The center of mass is at (55, 1). 


Consider now a thin sheet of continuously distributed mass, for ex- 
ample, a piece of paper or a flat strip of tin. We regard such sheets as being 
two dimensional and call such a plane region a lamina. In this section we 
confine our discussion to homogeneous laminae, that is, laminae having 
constant area density. Laminae of variable area density are considered in 


Chapter 18 in connection with applications of multiple integrals. 


Ximi Yi Xi 
— 
Aix 


Figure 7.8.1 


x 
(vis fev) 


=b 


y = f(x) 
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Let a homogeneous lamina of area A ft? have a mass of M slugs. Then 
if the constant area density is k slugs/ft?, M = kA. If the homogeneous 
lamina is a rectangle, its center of mass is defined to be at the center of the 
rectangle. We use this definition to define the center of mass of a more 
general homogeneous lamina. 

Let L be the homogeneous lamina whose constant area density is k 
slugs/ft?, and which is bounded by the curve y = f(x), the x axis, and the 
lines x = a and x = b. The function f is continuous on the closed interval 
[a, b], and f(x) = 0 for all x in [a, b]. See Fig. 7.8.1. Let A bea partition of 
the interval [a, b] into n subintervals. The ith subinterval is [x,_,, x;] and 
A;x — x; — xi-,. The midpoint of [x;.,, x;] is y; Associated with each subin- 
terval is a rectangular lamina whose width, altitude, and area density are 
given by A,x ft, f(y;) ft, and k slugs/ft?, respectively, and whose center of 
mass is at the point (y;, $f(y;)). The area of the rectangular lamina is 
f(y) Aix ft; hence, kf(y,) Aix slugs is its mass. Consequently, if A.M, 
slug-ft is the moment of mass of this rectangular element with respect to 
the y axis, 


AM, = yikf(yi) Aix 


The sum of the measures of the moments of mass of n such rectangular 
laminae with respect to the y axis is given by the Riemann sum 


> kyif(yi) Aix 


If M, slug-ft is the moment of mass of the lamina L with respect to the y 
axis, we define 


M,= lim » kyif(y)) Aix =k i xf (x) dx (7) 


Ilall-o 


Similarly, if A;M, slug-ft is the moment of mass of the ith rectangular 
lamina with respect to the x axis, 
AM; —if(y)kf(y) Aix 


and the sum of the measures of the moments of mass of n such rectangular 
laminae with respect to the x axis is given by the Riemann sum 


S KT A (8) 


Thus, if M; slug-ft is the moment of mass of the lamina L with respect to 
the x axis, we define 


M= lim Y HII Aeccik [ LfGOT dx (9) 


llal|--o 71 
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The mass of the ith rectangular lamina is kf(y;) A;x slugs, and so the 
sum of the measures of the masses of n rectangular laminae is given by 


» kf(y) Ax 


So, if M slugs is the total mass of the lamina L, we define 


(10) 


: llall-o Ei 
Denoting the center of mass of the lamina L by the point (X, 4), we 
define 


which by using formulas (7), (9), and (10) gives 


b b 
k | xf(x) dx ik | [f(x)]? dx 
x= x | sft) ax and ix [LAO de 


k [feo ax y k [feo ax 


Dividing both the numerator and denominator by k, we get 


| io a m 
and 
a OPa 
di NIS dx TR 


In formulas (11) and (12) the denominator is the number of square 
units in the area of the region, and so we have expressed a physical 
problem in terms of a geometric one. That is, X and jj can be considered as 
the average abscissa and the average ordinate, respectively, of a geometric 
region. In such a case, x and y depend only on the region, not on the mass 
of the lamina. So we refer to the center of mass of a plane region instead of 
to the center of mass of a homogeneous lamina. In such a case, we call the 
center of mass the centroid of the region. Instead of moments of mass, we 
consider moments of the region. We define the moments of the plane 
region in the above discussion with respect to the x axis and the y axis by 
the following: 
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If (x, y) is the centroid of the plane region and if M, and M, are defined as 
above, 


EXAMPLE 2: Findthecentroidof | soLuTION: Let f(x) — 2x!?. The equation of the curve is then y = f(x). In 
the first quadrant region bounded | Fig. 7.8.2, the region is shown together with the ith rectangular element. 
by the curve y? = 4x, the x axis, The centroid of the rectangle is at (y;, #f(yi)). The area A square units of 
and the lines x — 1 and x — 4. the region is given by 


A= lim Y fly) Aix 


l[Al|-.0 1-1 


Gi, f(y) 


We now compute M, and M,. 


i n 
es M,— lim Y yf(y) Ax 
Figure 7.8.2 ||Al|-0 i71 


=|" xf(x) dx 
1 
4 
= i x(2x!?) dx 
1 
4 
a2 [tea 
1 


4 


= £e | 


— 124 
= 5 


1 


M,= lim Y $f(y) fy) Ax 


llAl| 0 ¿1 
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=} | fF ax 


4 
m I 4x dx 
4 
= | 
=15 
Hence, 
oM. HB 95 
A 2g 35 
and 
- M, 1 45 


Therefore, the centroid is at the point (33, $3). 


EXAMPLE 3: Find the centroid of 
the region bounded by the curves 


y = x? and y = 2x +3. 


SOLUTION: The points of intersection of the two curves are (—1, 1) and 
(3, 9). The region is shown in Fig. 7.8.3, together with the ith rectangular 
element. 

Let f (x) =x? and g(x) — 2x +3. The centroid of the ith rectangular 
element is at the point (y, $[ f (y) + g(y)]) where y; is the midpoint of 
the ith subinterval [x;_,,x;]. The measure of the area of the region is given 
by 


A= lim 5 [g(y) —f(v)] Aix 


llall-o i=1 
= f ts - f] ax 
-f [2x +3 — x?] dx 


=¥ 


We now compute M, and Mz. 


M,= lim X yilg(v) — flv] ^ 


||al|+0 a1 
= ie x[g(x) — f(x) ] dx 


=f x[2x +3 — x?] dx 
-1 


= 
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y = f(oppy = g(x) 
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(v; " f(y;)) 
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Figure 7.8.3 


M,= lim Y MgQ) + fo]IgQ0 — fw] Ax 


l[Al|--o i-i 


=+ [i60 fG01lg G0 — £621 ax 


T 


3 
if [2x +3 + xt] [2x +3 — x*] dx 
=] 


T 


3 
| [4x? + 12x + 9 — x4] dx 
—1 


= 4 
Therefore, 

_ M Ed = S44 17 

= 4S YS =f d M il 

X A En 1 and A 3 5 


Hence, the centroid is at the point (1, +). 
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If a plane region has an axis of symmetry, the centroid of the region 
lies on the axis of symmetry. This is now stated and proved as a theorem. 
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7.81 Theorem If the plane region R has the line L as an axis of symmetry, the centroid of 
R lies on L. 


Oyi fC-vi)) D PROOF: Choose the coordinate axes so that L is on the y axis and the ori- 

a. gin is in the region R. Figure 7.8.4 illustrates an example of this situation. 

A (vi, fyi) In the figure, R is the region CDE, C is the point (—a, 0), E is the point 
(a, 0), and an equation of the curve CDE is y — f(x). 

Consider a partition of the interval [0, 4]. Let y; be the midpoint of 
the ith subinterval [x,_,, xj]. The moment with respect to the y axis of the 
rectangular element having an altitude f(y) and a width Ax is 
yiLfCy). Aix]. Because of symmetry, for a similar partition of the interval 

x  [-4,0] there is a corresponding element having as its moment with 
respect to the y axis —y;f(y;) Ax. The sum of these two moments is zero; 
therefore, M, — 0. Because X — M, /A, we conclude that x — 0. Therefore, 
the centroid of the region R lies on the y axis, which is what was to be 
proved. L| 


Figure 7.8.4 


By applying the preceding theorem, we can simplify the problem of 
finding the centroid of a plane region that can be divided into regions 
having axes of symmetry. 

EXAMPLE 4; Findthecentroidof | soLuTion: The region is shown in Fig. 7.8.5. 

the region bounded by the semi- Because the y axis is an axis of symmetry, we conclude that the cen- 
circle y = V4 — x? and the x axis. | troid lies on the y axis; so x = 0. 

The moment of the region with respect to the x axis is given by 


M,= lim Y 4L VE— y] Ae 


||all+0 31 


2 
-24[ (4 — x?) dx 
0 


(vi, V4 — vi?) 


2 
—4x— ix) | 
: 0 
" : * 
- = 
Aix . 
The area of the region is 27 square units; so 
Figure 7.8.5 
: TUS NEL 
Yon 3r 


There is a useful relation between the force caused by liquid pressure 
on a plane region and the location of the centroid of the region. As in Sec. 
7.6, let ABCD be the region bounded by the x axis, the lines x = a and 
x= b, and the curve y = f(x), where f is continuous and f(x) = 0 on the 
closed interval [a, b]. The region ABCD can be considered as a vertical 
plate immersed in a liquid having weight w pounds per cubic unit of the 


7.8 CENTER OF MASS OF A PLANE REGION 373 


—— liquid (see Fig. 7.8.6). If F Ib is the force owing to liquid pressure on the 
p] vertical plate, 


n 


F= lim V w&f(£) Ax 


ll4l|-o i—1 


or, equivalently, 


b 
F= wf xf(x) dx (13) 


If x is the abscissa of the centroid of the region ABCD, then x = M, /A. 


Because M, — f? xf(x) dx, we have 


b 
| xf(x) dx 
Figure 7.8.6 x= 4 


A 


and so 
ie xf(x) dx — xA (14) 


Substituting from Eq. (14) into (13), we obtain 
F=wiA (15) 


Formula (15) states that the total force owing to liquid pressure against a 
vertical plane region is the same as it would be if the region were horizon- 
tal at a depth x units below the surface of a liquid. 

For example, consider a trough full of water having as ends semicir- 
cular regions each with a radius of 2 ft. Using the result of Example 4, we 
find that the centroid of the region is at a depth of 8/37 ft. Therefore, using 
formula (15), we see that if F lb is the force on one end of the trough, 

8 16 

F=w: rem 27 = 3 € 
This agrees with the result found in Example 2 of Sec. 7.6. 

For various simple plane regions, the centroid may be found in a 
table. When both the area of the region and the centroid of the region may 
be obtained directly, formula (15) is easy to apply and is used in such 
cases by engineers to find the force caused by liquid pressure. 


Exercises 7.8 


1. Find the center of mass of the three particles having masses of 1, 2, and 3 slugs and located at the points (—1, 3), (2, 1), 
and (3, —1), respectively. 
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2 


3 


In 


4 


5 
6 
7. 
8 
9 


10. 
11. 
12. 


13. 


14. 
15. 
16. 


17. 
18. 
19. 


20. 
21. 


22. 


. Find the center of mass of the four particles having masses of 2, 3, 3, and 4 slugs and located at the points (—1, —2), 
(1, 3), (0, 5), and (2, 1), respectively. 


. Prove that the centroid of three particles, having equal masses, in a plane lies at the point of intersection of the medians 
of the triangle having as vertices the points at which the particles are located. 


Exercises 4 through 11, find the centroid of the region with the indicated boundaries. 
. The parabola x = 2y — y? and the y axis. 

. The parabola y — 4 — x? and the x axis. 

. The parabola y? — 4x, the y axis, and the line y — 4. 

The parabola y — x? and the line y — 4. 

. The lines y -2x + 1, x + y 77, and x — 8. 

. The curves y = x? and y = 4x in the first quadrant. 

The curves y = x? and y = x’. 

The curves y = x? — 4 and y = 2x — x’. 


Prove that the distance from the centroid of a triangle to any side of the triangle is equal to one-third the length of the al- 
titude to that side. 


If the centroid of the region bounded by the parabola y? = 4px and the line x = a is to be the focus of the parabola, find 
the value of a. 


Solve Exercise 4 of Sec. 7.6 by using formula (15) of this section. 
Solve Exercise 5 of Sec. 7.6 by using formula (15) of this section. 


The face of a dam adjacent to the water is vertical and is in the shape of an isosceles trapezoid 90 ft wide at the top, 60 ft 
wide at the bottom, and 20 ft high. Use formula (15) of this section to find the total force due to liquid pressure on the 
face of the dam. 


Find the moment about the lower base of the trapezoid of the force in Exercise 16. 
Solve Exercise 6 of Sec. 7.6 by using formula (15) of this section. y 


Find the center of mass of the lamina bounded by the parabola 
2y? = 18 — 3x and the y axis if the area density at any point 
(x, y) is V6 — x slugs/ft?. 


Solve Exercise 19 if the area density at any point (x, y) is x slugs/ft?. 


y = f,(x) 


Let R be the region bounded by the curves y = f,(x) and y = f(x) (see Fig. 
7.8.7). If A is the measure of the area of R and if y is the ordinate of the cen- 
troid of R, prove that the measure of the volume, V, of the solid of revolu- 
tion obtained by revolving R about the x axis is given by 


V=27yA 


Figure 7.8.7 


Stating this formula in words we have: 


If a plane region is revolved about a line in its plane that does not cut the region, then the measure of the volume of the solid 
of revolution generated is equal to the product of the measure of the area of the region and the measure of the distance traveled by 
the centroid of the region. 


The above statement is known as the theorem of Pappus for volumes of solids of revolution. 


Use the theorem of Pappus to find the volume of the torus (doughnut-shaped) generated by revolving a circle with a 
radius of r units about a line in its plane at a distance of b units from its center, where b > r. 


23. 
24. 
25. 


26. 
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Use the theorem of Pappus to find the centroid of the region bounded by a semicircle and its diameter. 


Use the theorem of Pappus to find the volume of a sphere with a radius of r units. 


Let R be the region bounded by the semicircle y = Vr? — x? and the x axis. Use the theorem of Pappus to find the 
moment of R with respect to the line y — —4. 


If R is the region of Exercise 25, use the theorem of Pappus to find the volume of the solid of revolution generated by 
revolving R about the line x — y = r, (HINT: Use the result of Exercise 24 in Sec. 4.9.) 


7.9 CENTER OF MASS 
OF A SOLID 
OF REVOLUTION 


(vi , f(y: ) 


xicYixib 
—— 
Ax 

Figure 7.9.1 


Figure 7.9.2 


y = f(x) 


To find the center of mass of a solid, in general we must make use of mul- 
tiple integration. This procedure is taken up in Chapter 18 as an applica- 
tion of multiple integrals. However, if the shape of the solid is that of a 
solid of revolution, and its volume density is constant, we find the center 
of mass by a method similar to the one used to obtain the center of mass of 
a homogeneous lamina. Following is the procedure for finding the center 
of mass of a homogeneous solid of revolution, with the assumption that 
the center of mass is on the axis of revolution. 

We first set up a three-dimensional coordinate system. The x and y 
axes are taken as in two dimensions, and the third axis, the z axis, is taken 
perpendicular to them at the origin. A point in three dimensions is then 
given by (x, y, z). The plane containing the x and y axes is called the xy 
plane, and the xz plane and the yz plane are defined similarly. 

Suppose that the x axis is the axis of revolution. Then under the as- 
sumption that the center of mass lies on the axis of revolution, the y andz 
coordinates of the center of mass are each zero, and so it is only necessary 
to find the x coordinate, which we call x. To find x we make use of the 
moment of the solid of revolution with respect to the yz plane. 

Let f be a function that is continuous on the closed interval [a,b], and 
assume that f(x) = 0 for all x in [a, b]. Ris the region bounded by the 
curve y — f(x), the x axis, and the lines x — a and x — b; S is the homoge- 
neous solid of revolution whose volume density is k slugs/ft* where k isa 
constant, and which is generated by revolving the region R about the x 
axis. Take a partition A of the closed interval [a, b], and denote the ith 
subinterval by [xi.,, xj] (withi —1,2, . . . , n). Let y; be the midpoint of 
[x;-1, x;]. Form n rectangles having altitudes of f(y;) ft and bases whose 
width is A,x ft. Refer to Fig. 7.9.1, showing the region R and the ith 
rectangle. If each of the n rectangles is revolved about the x axis, n circular 
disks are generated. The ith rectangle generates a circular disk having a 
radius of f(y;) ft and a thickness of Ax ft; its volume is z[ f(y,) ]? Ax ft’, 
and its mass is kr [f(y)) ]? Ax slugs. Figure 7.9.2 shows the solid of revolu- 
tion S and the ith circular disk. 

The center of mass of the circular disk lies on the axis of revolution at 
the center of the disk: (yı 0, 0). The moment of mass of the disk with 
respect to the yz plane is then A;M,, slug-ft where 


A;M,, = yilkal f(y) 1? Aux) 
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The sum of the measures of the moments of mass of the n circular 
disks with respect to the yz plane is given by the Riemann sum 


Y ovkntf(y) P. Aa (1) 
ici 


The number of slugs-feet in the moment of mass of S with respect to the yz 
plane, denoted by M,,, is then defined to be the limit of the Riemann sum 
in (1) as ||A| approaches zero; so we have 


Mu= lim Syke [fly]? Aem ker [aL f(a)? d (2) 


llall-o i21 


The volume, V ft?, of S was defined in Sec. 7.2 by 


v= lim Y ifo Ago [rear ae (3) 
Al|-0 i=1 
The mass, M slugs, of solid S is defined by 
b 
M= lim Y karl f(y)? Ax = kr [ [f(3)]? dx (4) 
4||-0 i=1 


We define the center of mass of S as the point (x, 0, 0) such that 


My, 
M = 


Substituting from Eqs. (2) and (4) into (5), we get 


RI 


ke Era dx 


t= 
ks f ” [G9] dx 
or, equivalently, 
X x[f(x) ]? dx 


(6) 
E (f(x). dx 


From Eq. (6), we see that the center of mass of a homogeneous solid 
of revolution depends only on the shape of the solid, not on its substance. 
Therefore, as for a homogeneous lamina, we refer to the center of mass as 
the centroid of the solid of revolution. When we have a homogeneous 
solid of revolution, instead of the moment of mass we consider the 
moment of the solid. The moment, M,,, of the solid S with respect to the yz 
plane is given by 
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OF Ace e [tfe ae Ü 


Thus, if (x, 0, 0) is the centroid of S, from Eqs. (3), (6), and (7) we have 


EXAMPLE 1: Find the centroid of 
the solid of revolution generated 
by revolving about the x axis the 
region bounded by the curve 

y = x, the x axis, and the line 
x=3, 


y 
^ y = f(x) 


Aix 


Figure 7.9.3 


Figure 7.9.4 


SOLUTION: The region and a rectangular element are shown in Fig. 7.9.3. 
The solid of revolution and an element of volume are shown in Fig. 7.9.4. 


f(x) =x 


M, = lim » ym fly)? Aux 


llall--o i—1 


s [treo dx 


: x5 dx 
= 2485 
V= lim Y z[f(y)]* dx 


llall--o i=1 


ll 
3 
oo 


=r [ [f(x)]? dx 


Therefore, the centroid is at the point (2, 0, 0). 
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—'w 


(vi, fii) 


* uzt) 


—— 


O a XiayiXi b 
Aix 


Figure 7.9.5 


y 


Figure 7.9.6 


The centroid of a solid of revolution also can be found by the 
cylindrical-shell method. Let R be the region bounded by the curve 
y = f(x), where f is continuous and f(x) = 0 on [a, b], the x axis, and the 
lines x 2 a and x=b. Let S be the solid of revolution generated by 
revolving R about the y axis. The centroid of S is then at the point 
(0, 7, 0). If the rectangular elements are taken parallel to the y axis, then 
the element of volume is a cylindrical shell. Let the ith rectangle have a 
width of A,x =x; — Xi- and let y; be the midpoint of the interval [x;.,, x;]. 
The centroid of the cylindrical shell obtained by revolving this rectangle 
about the y axis is at the center of the cylindrical shell, which is the point 
(0, 4f (y;) , 0). Figure 7.9.5 shows the region R and a rectangular element of 
area, and Fig. 7.9.6 shows the cylindrical shell. The moment, M,,, of S with 
respect to the xz plane is given by 


Ma, lim. S af(y)2myif() A= s [xl f(a)? dx 


Ilall+e. i=} a 
If V cubic units is the volume of S, 


V= lim Y 2m f() Ax 


llall--o i—1 


—2m7 T xf(x) dx 
Then, 
M 
yum 


EXAMPLE 2: Use the cylindrical- 
shell method to find the centroid 
of the solid of revolution gen- 
erated by revolving the region in 
Example 1 about the y axis. 


SOLUTION: Figure 7.9.7 shows the region and a rectangular element of 


area. The solid of revolution and a cylindrical-shell element of volume are 
shown in Fig. 7.9.8. 


Ma, lim Y ifoo2myf(y) Ax 


lall-0 i=1 


=r I x f(x) ]? dx 


3 
=7{ x? dx 
0 


= 2435 


>Q 


y = f@) 


(3, 9) 


T T T 


p f(vi)) 


(v, if) 


MO ET 
— 


Aix 


Figure 7.9.7 
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V= lim Y 2ryf(y) Aix 


llAll--o £—1 


0 
3 
= 2s | x dx 
o 
= 4r 
Therefore, 
-_ Mz ci ham 
— EA = = 
y V Sa 3 


Hence, the centroid is at the point (0, 3, 0). 


Figure 7.9.8 
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EXAMPLE 3: Solve Example 1 by 
the cylindrical-shell method. 


SOLUTION: Figure 7.9.9 shows the region and a rectangular element of 
area, and Fig. 7.9.10 shows the cylindrical-shell element of volume ob- 
tained by revolving the rectangle about the x axis. The centroid of the 
cylindrical shell is at its center, which is the point (4 (3 + Vy;),0, 0). The 


centroid of the solid of revolution is at (x, 0, 0). 


n 


M,,— lim X 1(3- Vy) 2ry(3 — Vy) Ay 


Ilall-o i—1 


=a [va VDG- Vu) dy 
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=r f 0-5 dy 


(3, 9) = 24377 
i Finding V by the cylindrical-shell method, we have 


V= lim Y 2ry(8— Vy) Ay 


lall--o i—1 
- -2 [va oma 
» (rivi) 2 id. 
E+ vv) 7) Thus, 
(3, vi) 
oo Mu 5 
V 2 


Figure 7.9.9 


Figure 7.9.10 


Exercises 7.9 


In Exercises 1 through 16 find the centroid of the solid of revolution generated by revolving the given region about the in- 
dicated line. 


1. 


The region bounded by y = 4x — x? and the x axis, about the y axis. Take the rectangular elements perpendicular to the 
axis of revolution. 


. Same as Exercise 1, but take the rectangular elements parallel to the axis of revolution. 


3. The region bounded by x + 2y = 2, the x axis, and the y axis, about the x axis. Take the rectangular elements perpendic- 


ular to the axis of revolution. 


. Same as Exercise 3, but take the rectangular elements parallel to the axis of revolution. 


. The region bounded by y? — x? and x — 4, about the x axis. Take the rectangular elements perpendicular to the axis of 


revolution. 


. Same as Exercise 5, but take the rectangular elements parallel to the axis of revolution. 


. The region bounded by y = x?, x = 2, and the x axis, about the line x = 2. Take the rectangular elements perpendicular to 


the axis of revolution. 
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. Same as Exercise 7, but take the rectangular elements parallel to the axis of revolution. 


9. The region bounded by x*y = 1, y — 1, and y = 4, about the y axis. 


19. 


20. 


. The region in Exercise 9, about the x axis. 
. The region bounded by the lines y = x, y = 2x, and x + y — 6, about the y axis. 
. The region bounded by the portion of the circle x? + y? = 4 in the first quadrant, the portion of the line 2x — y = 4 in the 


fourth quadrant, and the y axis, about the y axis. 


. The region bounded by y = x? and y = x + 2, about the line y = 4. 

. The region bounded by y? = 4x and y? = 16 — 4x, about the x axis. 

. The region bounded by y = V4px, the x axis, and the line x = p, about the line x= p. 
. The region of Exercise 15, about the line y = 2p. 

. Find the centroid of the right-circular cone of altitude h units and radius r units. 


. Find the center of mass of the solid of revolution of Exercise 3 if the measure of the volume density of the solid at any 


point is equal to a constant k times the measure of the distance of the point from the yz plane. 


Find the center of mass of the solid of revolution of Exercise 5 if the measure of the volume density of the solid at any 
point is equal to a constant k times the measure of the distance of the point from the yz plane. 


Suppose that a cylindrical hole with a radius of r units is bored through a solid wooden hemisphere of radius 2r units, so 
that the axis of the cylinder is the same as the axis of the hemisphere. Find the centroid of the solid remaining. 


7.10 LENGTH OF ARC Let the function f be continuous on the closed interval [a, b]. Con- 
OF A PLANE CURVE sider the graph of the equation y = f(x) of which a sketch is shown in Fig. 
7.10.1. 


>x 


Figure 7.10.1 


The portion of the curve from the point A(a, f(2)) to the point 
B(b, f(b)) is called an arc. We wish to assign a number to what we intui- 
tively think of as the length of such an arc. If the arc is aline segment from 
the point (xı, yı) to the point (xz, y2), we know from the formula 
for the distance between two points that its length is given 
by V(x, — x2)? + (y, — y;)*. We use this formula for defining the length of 
an arc in general. Recall from geometry that the circumference of a circle is 
defined as the limit of the perimeters of regular polygons inscribed in the 
circle. For other curves we proceed in a similar way. 
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7.10.1 Definition 


Let A be a partition of the closed interval [a, b] formed by dividing 
the interval into n subintervals by choosing any (n —1) intermediate 
numbers between a and b. Let x = a, and x, = b,and let x1, X2, X3 . . . , 
x,-, be the intermediate numbers so that xy < xq < Xa < ° * * < Xn-1 X Xy. 
Then the ith subinterval is [x;.,, x;]; and its length, denoted by A;x, is 
X; — Xj, Wherei 21,2,3, . . . ,n. Then if |Al| is the norm of the partition 
A, each Ay < JA]. 


| 
| 
| 
| 
| 
| 
| 
| 


l >x 


O|a = xg X1 X4 X3 Xia Xi Xn-1 Xn =b 
Figure 7.10.2 


Associated with each point (x;, 0) on the x axis is a point P;(x;, f(x;)) 
on the curve. Draw a line segment from each point P;_, to the next point P; 
as shown in Fig. 7.10.2. The length of the line segment from P,_, to P; is 
denoted by |P;_,P; | and is given by the distance formula 


IP,P,| = V (x, — xi) + 7 yi? (1) 
The sum of the lengths of the line segments is 


|PoP1| + |P,P| + |P;P3] + - uiis + |P;-,P;] + BEN T- IP sP.] 


which can be written in sigma notation as 
n 
Y IB (2) 
i=1 


It seems plausible that if 7 is sufficiently large, the sum in (2) will be 
"close to" what we would intuitively think of as the length of the arc AB. 
So we define the length of the arc as the limit of the sum in (2) as the norm 
of A approaches zero, in which case n increases without bound. We have, 
then, the following definition. 


If the function f is continuous on the closed interval [a, b] and if there 
exists a number L having the following property: for any e > 0 there isa 
ò > 0 such that 


» |Pi=iP; | -1 «e 


i=1 


for every partition A of the interval [a, b] for which ||Al| < 5, then we write 
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L= lim Y [Pil (3) 
llall-0 ¿=1 
and L is called the length of the arc of the curve y = f(x) from the point 
A(a, f(a)) to the point B(b, f(b)). 


If the limit in Eq. (3) exists, the arc is said to be rectifiable. 

We now derive a formula for finding the length L of an arc that is rec- 
tifiable. The derivation requires that the derivative of f be continuous on 
[a, b]. See Fig. 7.10.3. 


(xi, Vi) 


P 


| 
| 
| 
| 
Iyi 7 yia = iy 
| 
| 
| 
| 


(xii, Yi-n) 


Figure 7.10.3 


If P; , has coordinates (x;-1, Yi-1) and P; has coordinates (x, y;), then 
the length of the chord P; ,P; is given by formula (1). 
Letting x; — x;., = Ajx and yi — Yi-ı = Ay, we have 


|P;-1P;| = V(Ax)? + (Ay)? (4) 


or, equivalently, because A;x # 0, 


m Ag Xi 
Pals yit (E) (x) 6) 


Because we required that f' be continuous on [a, b], the hypothesis 
of the mean-value theorem (4.5.2) is satisfied by f, and so there is a 
number z; in the open interval (x;.,, x;) such that 


F) — fea) = f' (zi) (xi — xi) (6) 
Because A;y = f(xi) — f(xi-1) and Aix = x; — x;.,, from Eq. (6) we have 

Avy — f 

A c f(x) (7) 

Substituting from Eq. (7) into (5), we get 

|P;-1P;| = V1 + [f (z)]? Aix (8) 


where xi, < Z; € X; 
For each i from 1 to n there is an equation of the form (8). 
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7.10.2 Theorem 


> PaPil= > VIFF QE Aa (9) 
Taking the limit on both sides of Eq. (9) as ||Al| approaches zero, we obtain 
lim » |P;-,P;| = lim 2 V1-c[f(z)] Ax (10) 


llall-o ii llall-o tz1 


if this limit exists. 
To show that the limit on the right side of Eq. (10) exists, let 2 be the 
function defined by 


g(x) = V1+ [f (x)? 
Because f’ is continuous on [a, b], g is continuous on [a, b]. Therefore, 
because xi, < Zz; < x;,fori=1,2,...,n, 
lim Y Vi + [f'(z)? Aw= lim > g(z) Ax 
llall-o ici llal|--o ¿= 
or, equivalently, 
dim $ VEFIPGT Acc [se ax (a1) 
A||-0 
Because g(x) = V1 + [f'(x)]? , from Eq. (11) we have 
n b 
lim >> V1 + [f'(z) ]? ax= f V1+([f'(x)]}? dx (12) 
llall-^o ici a 
Substituting from Eq. (12) into (10), we get 
lim $ PaPil= | VEFTPGOT dx (13) 


llall-o ici 


Then from Eqs. (3) and (13) we obtain 
b 
L= | VIF GOE dx (14) 


In this way, we have proved the following theorem. 


If the function f and its derivative f' are continuous on the closed interval 
[4, b], then the length of arc of the curve y = f(x) from the point (a, f (a)) 
to the point (b, ede is ee by 


pa 


We also have the following theorem, which gives the length of the arc 
of a curve when x is expressed as a function of y. 


7.10.3 Theorem 
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If the function F and its derivative F' are continuous on the closed interval 
[c,d], then the length of arc of the curve x = F(y) from the point (F(c), c) 
to the point (F(d), d) is given by 

(oc H : 


The proof of Theorem 7.10.3 is identical with the proof of Theorem 
7.10.2; here we interchange x and y as well as the function f and the func- 
tion F. 

The definite integral obtained when applying Theorem 7.10.2 or 
Theorem 7.10.3 is often difficult to evaluate. Because our techniques of in- 
tegration have so far been limited to integration of powers, we are further 
restricted in finding equations of curves for which we can evaluate the 
resulting definite integrals to find the length of an arc. 


EXAMPLE 1: Find the length of the 
arc of the curve y = x?? from the 
point (1, 1) to (8,4) by using 
Theorem 7.10.2. 


y 


Figure 7.10.4 


SOLUTION: See Fig. 7.10.4. Because f(x) =x, f'(x) = $x !?. From 
Theorem 7.10.2 we have 


8 4 
L- | 1+ gaa d* 


_1 VESTI 
e| d 


xi 


To evaluate this definite integral, let u = 9x?? + 4; then du = 6x~ dx. 
When x — 1, u — 13; when x — 8, u — 40. Therefore, 


40 
Ts u"? du 
13 


40 
=a [4 
13 
= 3 (4032 —- 133?) 


L 


= 7.6 


EXAMPLE 2: Find the length of the 
arc in Example 1 by using 
Theorem 7.10.3. 


SOLUTION: Because y = x??, we solve for x and obtain x= y??. Letting 
F(y) = y®?, we have 


F' (v) = E yi? 
Then, from Theorem 7.10.3, we have 


L= | vit ty dy 
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4 
=f 4+9y dy 
1 


-5 [ias ym 


= d (409? — 13%) 


If f' is continuous on [a,b], then the definite integral 
fi V1 o [f'(t)]? dt is a function of x; and it gives the length of the arc 
of the curve y = f(x) from the point (a, f(a)) to the point (x, f(x)), where 
x is any number in the closed interval [a, b]. Let s denote the length of 
this arc; thus, s is a function of x, and we have 


s(x) - f VFI OF dt 


From Theorem 6.6.1, we have 
s'(x) = V1 + [f'GO]* 
or because s'(x) = ds/dx and f'(x) = dy/dx, 


ds _ Ay 
ac Mi «(2 


Multiplying by dx, we obtain 


2 
ds = y! + (&) dx (15) 
dx 


Similarly, if we are talking about the length of arc of the curve x — g(y) 
from (g(c), c) to (g(y), y), we have 


ds — VR) +1 dy (16) 


Squaring on both sides of Eq. (15) gives 
(ds)? = (dx)? + (dy)? (17) 


From Eq. (17) we get the geometric interpretation of ds, which is 
shown in Fig. 7.10.5. 

In Fig. 7.10.5, line T is tangent to the curve y=f(x) at the 
point P. |PM| = Ax = dx; |MQ| = Ay; |MR| = dy; |PR| = ds; the length of 
arc PQ = As. 
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Q(x + Ax, y + Ay) 


P (x, y) d 


Figure 7.10.5 


Exercises 7.10 

. Find the length of the arc of the curve 9y? — 4x? from the origin to the point (3, 2 V3). 

. Find the length of the arc of the curve x? = (2y + 3)? from (1, —1) to (7 V7, 2). 

. Find the length of the arc of the curve 8y = xt — 2x ? from the point where x = 1 to the point where x = 2. 

. Use Theorem 7.10.2 to find the length of the arc of the curve y? = 8x? from the point (1, 2) to the point (27, 18). 
. Solve Exercise 4 by using Theorem 7.10.3. 

. Find the entire length of the curve x? + y?3 — 1. 

. Find the length of the arc of the curve y = (x? + 2)?? from the point where x = 0 to the point where x = 3. 

. Find the length of the curve 6xy = y* + 3 from the point where y = 1 to the point where y = 2. 


©» ON BD GI BP WO ND n 


. Find the length of the curve (x/a)?? + (y/b)?/* = 1 in the first quadrant from x = àa to x — a. 
. Find the length of the curve 9y? = 4(1 + x?)? in the first quadrant from x = 0 to x = 2 V2. 


Se m 
Ó e 


. Find the length of the loop of the curve 93? = x(x — 3)*. 
. Find the length of the loop of the curve 9y? = x?(2x + 3). 


A 
N 


Review Exercises (Chapter 7) 
1. Find the area of the region bounded by the loop of the curve y? = x*(4 — x). 


2. Theregion in the first quadrant bounded by the curves x — y? and x — y* is revolved about the y axis. Find the volume of 
the solid generated. 
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The base of a solid is a region bounded by a parabola and a line perpendicular to the axis of the parabola. If the segment 
of the line between its points of intersection with the parabola has a length of 16 in. and is 8 in. from the vertex of the 
parabola, find the volume of the solid if every plane section perpendicular to the axis of the base is a square. 


. Acontainer has the same shape and dimensions as a solid of revolution formed by revolving about the y axis the region 


in the first quadrant bounded by the parabola x? = 4py, the y axis, and the line y = p. If the container is full of water, 
find the work done in pumping all the water up to a point 3p ft above the top of the container. 


. The surface of a tank is the same as that of a paraboloid of revolution which is obtained by revolving a parabola about its 


axis. The vertex of the parabola is at the bottom of the tank, the tank is 36 ft high, and the diameter at the top is 12 ft. If 
the tank is filled with water to a depth of 20 ft, find the work done in pumping all of the water out over the top. 


. À plate in the shape of a region bounded by a parabola and its latus rectum of length 6 ft is placed in a water tank with its 


vertex downward and the latus rectum in the surface of the water. Find the force due to liquid pressure on one side of 
the plate. 


. Find the area of the region bounded by the curves y = |x — 1|, y = x? — 2x, the y axis, and the line x = 2. 


8. Find the area of the region bounded by the curves y = |x| + |x ^ 1| and y - x * 1. 


23. 


24. 


. Find the volume of the solid generated by revolving the region bounded by the curve y = |x — 2], the x axis, and the 


lines x — 1 and x — 4 about the x axis. 


. Find the length of arc of the curve ay? = x? from the origin to (4a, 8a). 

. Find the length of the curve 6y? = x(x — 2)? from (2, 0) to (8, 4 V3). 

. Find the center of mass of the four particles having equal masses located at the points (3, 0), (2, 2), (2, 4), and (—1, 2). 
. Three particles having masses 5, 2, and 8 slugs are located, respectively, at the points (—1, 3), (2, —1), and (5, 2). Find 


the center of mass. 


. The length of a rod is 8 in. and the linear density of the rod at a point x in. from the left end is 2 Vx + 1 slugs/in. Find 


the total mass of the rod and the center of mass. 


. Find the centroid of the region bounded by the parabola y? = x and the line y = x — 2. 
. Find the centroid of the region bounded by the loop of the curve y? = x? — x*. 
. The length of a rod is 4 ft and the linear density of the rod at a point x ft from the left end is (3x + 1) slugs/ft. Find the 


total mass of the rod and the center of mass. 


. Give an example to show that the centroid of a plane region is not necessarily a point within the region. 


. Find the volume of the solid generated by revolving about the line y = —1 the region bounded by the line 27 = x + 3 and 


outside the curves y? + x = 0 and y? — 4x — 0. 


. Use integration to find the volume of a segment of a sphere if the sphere has a radius of r units and the altitude of the 


segment is h units. 


. A church steeple is 30 ft high and every horizontal plane section is a square having sides of length one-tenth of the dis- 


tance of the plane section from the top of the steeple. Find the volume of the steeple. 


. A trough full of water is 6 ft long, and its cross section is in the shape of a semicircle with a diameter of 2 ft at the top. 


How much work is required to pump the water out over the top? 


A water tank is in the shape of a hemisphere surmounted by a right-circular cylinder. The radius of both the hemisphere 
and the cylinder is 4 ft and the altitude of the cylinder is 8 ft. If the tank is full of water find the work necessary to empty 
the tank by pumping it through an outlet at the top of the tank. 


A force of 500 Ib is required to compress a spring whose natural length is 10 in. to a length of 9 in. Find the work done to 
compress the spring to a length of 8 in. 


32. 


33. 


. Find the center of mass of the solid of revolution of Exercise 32 if the measure of the volume density of the solid at any 
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. A cable is 20 ft long and weighs 2 Ib/ft, and is hanging vertically from the top of a pole. Find the work done in raising the 


entire cable to the top of the pole. 


. The work necessary to stretch a spring from 9 in. to 10 in. is $ times the work necessary to stretch it from 8 in. to 9 in. 


What is the natural length of the spring? 


. Find the length of the curve 9x?? + 4y?’ = 36 in the second quadrant from x — —1 to x — — 1. 


. A semicircular plate with a radius of 3 ft is submerged vertically in a tank of water, with its diameter lying in the surface. 


Use formula (15) of Sec. 7.8 to find the force due to liquid pressure on one side of the plate. 


. A cylindrical tank is half full of gasoline weighing 42 Ib/ft?. If the axis is horizontal and the diameter is 6 ft, find the force 


on an end due to liquid pressure. 


. Find the centroid of the region bounded above by the parabola 4x? = 36 — 9y and below by the x axis. 


. Use the theorem of Pappus to find the volume of a right-circular cone with a base radius of r units and an altitude of h 


units. 


The region bounded by the parabola x? — 4y, the x axis, and the line x — 4 is revolved about the y axis. Find the centroid 
of the solid of revolution formed. 


Find the center of mass of the region of Exercise 30 if the measure of the area density at any point (x, y) is V4 — y. 


point is equal to the measure of the distance of the point from the xz plane. 
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8.1 THE NATURAL 
LOGARITHMIC FUNCTION 
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Logarithmic 
and Exponential 
Functions 


The definition of the logarithmic function that the reader has encountered 
in algebra is based on exponents. The laws of logarithms are then proved 
from corresponding laws of exponents. One such law of exponents is 


(1) 


If the exponents, x and y, are Positive integers and a is any real 
number, (1) follows from the definition of a positive integer exponent and 
mathematical induction. If the exponents are allowed to be any integers, 
either positive, negative, or zero, and a ¥ 0, then (1) will hold if a zero 
exponent and a negative integer exponent are defined by 


a=1 


and 


aF > qv¥=atty 


qa" = — n0 


If the exponents are rational numbers and a = 0, then Eq. (1) holds 
when a™” is defined by 


qn = ( Va)" 


It is not quite so simple to define a* when x is an irrational number. 
For example, what is meant by 4"?? The definition of the logarithmic func- 
tion, as given in elementary algebra, is based on the assumption that a” 
exists if a is any positive number and x is any real number. 


Figure 8.1.1 
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This definition states that the equation 
a =N 


where a is any positive number except 1 and N is any positive number, 
can be solved for x, and x is uniquely determined by 


x= loga N 


In elementary algebra, logarithms are used mainly as an aid to compu- 
tation, and for such purposes the number a (called the base) is taken as 10. 
The following laws of logarithms are proved from the laws of exponents: 


Law 1 log, MN = log, M + log, N 
Law 2 loga M = loga M — loga N 


Law 3 loga1=0 
Law 4 log, M” = n log, M 
Law5 logaa=1 


In this chapter we define the logarithmic function by using calculus 
and prove the laws of logarithms by means of this definition. Then the ex- 
ponential function is defined in terms of the logarithmic function. This 
definition enables us to define a” when x is any real number and a ¥ 0. 
The laws of exponents will then be proved if the exponent is any real 
number. 

Let us recall the formula 


^ pni 
[ea Ac n#-—1 

This formula does not hold when 7 — —1. Consider the function 
defined by the equation y = f^ !, where t is positive. A sketch of the graph 
of this equation is shown in Fig. 8.1.1. 

Let R be the region bounded above by the curve y — 1/t, below by the 
t axis, on the left by the line t = 1, and on the right by the line t = x, where 
x is greater than 1. This region R is shown in Fig. 8.1.1. The measure of the 
area of R is a function of x; call it A(x) and define it as a definite integral by 


WE i 
A(x) = | 1 dt (2) 


1 


Now consider the integral in (2) if 0 < x « 1. From Definition 6.3.4, 
we have 


Then the integral f! (1/t) dt represents the measure of the area of the 
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region bounded above by the curve y = 1/t, below by the t axis, on the 
left by the line t= x, and on the right by the line t= 1. So the integral 
f£ (1/t) dt is then the negative of the measure of the area of the region 
shown in Fig. 8.1.2. 

If x= 1, the integral f7 (1/t) dt becomes f; (1/t) dt, which equals 0 
by Definition 6.3.5. In this case the left and right boundaries of the region 
are the same and the measure of the area is 0. 

Thus, we see that the integral fi" (1/t) dt for x > 0 can be interpreted 
in terms of the measure of the area of a region. Its value depends on x and 
is therefore a function of x. This integral is used to define the natural 
logarithmic function. 


The natural logarithmic function is the function defined by 


7 
m= f 3 4t x0 
1 


The domain of the natural logarithmic function is the set of all posi- 
tive numbers. We read In x as “the natural logarithm of x.” 

The natural logarithmic function is differentiable because by applying 
Theorem 6.6.1 we have 


E *1,\-1 
D,(In x) 2 D, (| + at) = ` 


Therefore, 


D,(In x) - 1 (3) 


From formula (3) and the chain rule, if u is a differentiable function of 
x, and u(x) > 0, then 


1 
D,(ln u) = z: Dzu (4) 
EXAMPLE 1: Given SOLUTION: Applying formula (4), we get 
y = In(3x? — 6x + 8) - 1 S Yeisen 6X6 
Dzy 3x! — 6x + 8 (6x — 6) 3x? —6x 4 8 


find D, y. 


EXAMPLE 2: Given 
y = In[ (4x? + 3)(2x—1)] 
find D, y. 


SOLUTION: Applying formula (4), we get 


Day= s 3)0r—1Y d [8x(2x — 1) + 2(4x? +3)] 


_ 24x! — 8x + 6 
= (ax? £3) (2x — 1) (5) 
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EXAMPLE 3: Given 


=I (zr) 
cr \xFI 
find D,y. 


SOLUTION: From formula (4), we have 


1 (x+1)-x 


Day — x (x +1)? 
x+1 
rt Sat See! ee 
X (x - 1)? 
x dl i 
^ ox(x-4 1) 


8.1.2 Theorem 


It should be emphasized that when using formula (4), u(x) must be 
positive; that is, a number in the domain of the derivative must be in the 
domain of the given natural logarithmic function. In particular, in Ex- 
ample 1, the domain of the given natural logarithmic function is the set of 
all real numbers because 3x? — 6x + 8 > 0 for all x. This can be seen from 
the fact that the parabola having equation y = 3x? — 6x + 8 has its vertex at 
(1, 5) and opens upward. Hence, (6x — 6)/ (3x? — 6x + 8) is the derivative 
for all values of x. 

In Example 2, because (4x? + 3) (2x — 1) > 0 only when x > 3, the 
domain of the given natural logarithmic function is the interval (2, +%). 
Therefore, it is understood that fraction (5) is the derivative only if 
xi 

Because x/(x +1) > 0 when either x < —1 or x > 0, the domain of 
the natural logarithmic function in Example 3 consists of the two intervals 
(—œ, —1) and (0, +œ), and so 1/x(x + 1) is the derivative if either x < —1 
or x > 0. 

We show that the natural logarithmic function obeys the laws of loga- 
rithms as stated earlier. However, first we need a preliminary theorem, 
which we state and prove. 


If a and b are any positive numbers, then 


PROOr: In the integral f£? (1/t) dt, make the substitution t= au; then 
dt —a du. When t=a, u=1, and when t=ab, u= b. Therefore, we 
have 
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b 
=f au 
1 U4 
51 
=| pat a 


In terms of geometry, Theorem 8.1.2 states that the measure of the area 
of the region shown in Fig. 8.1.3 is the same as the measure of the area of 
the region shown in Fig. 8.1.4. 


y y 
^ ^ 
NE 1 
y= yr 
——— —t t 
O 1 a b ab of 1 a b ab : 
Figure 8.1.3 Figure 8.1.4 


If we take x = 1 in Definition 8.1.1, we have 


1 
int= [de 
it 


The right side of the above is zero by Definition 6.3.5. So we have 
In1=0 (6) 


Equation (6) corresponds to Law 3 of logarithms, given earlier. 
The following three theorems give some properties of the natural 
logarithmic function. 


8.1.3 Theorem Ifa and b are any positive numbers, then 


In (ab) 2 ina + In b 


PROOr: From Definition 8.1.1, 


ab 


In(ab) = f lg 
ı t 
which, from Theorem 6.4.6, gives 


a ab 
in(ab) = Í + att | la 
1 a 


Applying Theorem 8.1.2 to the second integral on the right side of the 
above, we obtain 
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a b 1 
in(ab) = | Laf lg 


and so from Definition 8.1.1 we have 


In(ab) = 1n a + In b L| 


8.1.4 Theorem If a and b are any positive numbers, then 
a 
In L^ Ina—Inb 


PROOF: Because a= (a/b) - b, we have 


naci ($b) 


Applying Theorem 8.1.3 to the right side of the above equation, we get 


Ina—In Z In b 


Subtracting In b on both sides of the above equation, we obtain 


Inf=Ina—Inb a 


8.1.5 Theorem If a is any positive number and r is any rational number, then 


In a’=riIna 
PROOF: From formula (4), if r is any rational number and x > 0, we have 
1 = r 
D,(In x^) E rx" TS 
and 


D,(r In x) =< 


Therefore, 
D,(In x^) = D,(r In x) 


From the above equation the derivatives of In x” and r In x are equal, and 
so it follows from Theorem 5.3.3 that there is a constant K such that 


Inx’=rInx+K  foralx0 (7) 
To determine K, substitute 1 for x in Eq. (7) and we have 
Inl’=rIn1+K 
But, by Eq. (6), In 1 = 0; hence, K = 0. Replacing K by 0 in Eq. (7), we get 


4 
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Iinx'—rinx for all x > 0 
from which it follows that if x = a, where a is any positive number, then 
Inzg^—rina E 
Note that Theorems 8.1.3, 8.1.4, and 8.1.5 are the same properties as 
the laws of logarithms 1, 2, and 4, respectively, given earlier. 


In Example 2, if Theorem 8.1.3 is applied before finding the deriva- 
tive, we have 


y = In(4x? + 3) + In(2x — 1) (8) 


Now the domain of the function defined by the above equation is the in- 
terval (4, +œ), which is the same as the domain of the given function. 
From Eq. (8) we get 


_ 8x 2 
Diy— 4:9 43" 2x—1 


and combining the fractions gives 


8x(2x — 1) + 2(4x? + 3) 
(4x? + 3) 2x — 1) 


which is the same as the first line of the solution of Example 2. 
If we apply Theorem 8.1.4 before finding the derivative in Example 3, 
we have 


D,y-— 


In y — In x — ln(x +1) (9) 


In x is defined only when x > 0, and In(x +1) is defined only when 
x > —1. Therefore, the domain of the function defined by Eq. (9) is the in- 
terval (0, +œ). But the domain of the function given in Example 3 consists 
of the two intervals (~œ, —1) and (0, +). Finding Dzy from Eq. (9), we 
have 


1 1 1 


Psy v1 xa tT) 


but remember here that x must be greater than 0, whereas in the solution 
of Example 3 values of x less than —1 are also included. This illustrates the 
care that must be taken when applying Theorems 8.1.3, 8.1.4, and 8.1.5 to 
natural logarithmic functions. 


EXAMPLE 4; Given 
y = In(2x — 1)? 
find D; y. 


soLUTION: From Theorem 8.1.5 we have 
y = In(2x — 1)? = 3 In(2x — 1) 


Note that In (2x — 1)? and 3 In (2x — 1) both have the same domain, x > 3. 
Applying formula (4) gives 


15.25. 2 £06 


Duy c9 Uu 7 2x—1 
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In the discussion that follows we need to make use of D, (In |x|). To 
find this by using formula (4), Vx? is substituted for |x|, and so we have 


* sh 
a 


Hence, 
: 
D, (In |x|) = (10) 


From formula (10) and the chain rule, if u is a differentiable function 
of x, we get 


D.(In |ul) 2 1 - Dau (11) 


The following example illustrates how the properties of the natural 
logarithmic function, given in Theorems 8.1.3, 8.1.4, and 8.1.5, can sim- 
plify the work involved in differentiating complicated expressions in- 
volving products, quotients, and powers. 


EXAMPLE 5: Given 


Sp e a C. 
Y= (xt 2) Ve F3" 


find Dy. 


SOLUTION: From the given equation 


iy | oe 
y (x -2) Vx -3 Ix * 2|| vx +3 | 


Taking the natural logarithm and applying the properties of logarithms, 
we obtain 

In |y| = $1In |x + 1| — In |x + 2] 7 $In |x +3] 
Differentiating on both sides implicitly with respect to x and applying 
formula (11), we get 


POTERE E enema 
y Y= 3(x-1 x*2 2(x43) 


Multiplying on both sides by y, we obtain 


RON 2(x+2)(x+3)—6(x+1)(x+3)—3(x+1)(x+2) 
zY =y 6(x * 1)(x * 2)(x +3) 


Replacing y by its given value, we obtain D,y equal to 


(x 4- 1)!3 _ 2x? + 10x + 12 — 6x? — 24x — 18 3x? —9r—6 
(x -2)(x +3)? 6(x + 1)(x + 2)(x +3) 
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and so 


D —7x* — 23x — 12 
2Y = 6(x + 1)? (x + 2) (x + 3)” 


The process illustrated in Example 5 is called logarithmic differen- 
tiation. 

From formula (11) we obtain the following formula for indefinite in- 
tegration: 


[is-mwsc (12) 

Combining (12) with Formula 5.3.9 we have, for n any real number, 
P ux C if 

[ear 3 (13) 
in ju +C ifn=-1 


EXAMPLE 6: Evaluate 


x? dx 
x?-F1 


SOLUTION: 


xx lo Ox dx. 3 
[4-3 Ser gmieti[+e 


EXAMPLE 7: Evaluate 


[ x!-2 dx 
o x+i 


SOLUTION: Because (x? + 2)/(x +1) is an improper fraction, we divide 
the numerator by the denominator and obtain 


xp 3 
cei ee 
Therefore, 


? x? -2 EU us NE 3 
[$H a-f h 14535) ae 


2 
=$x?—-—x+3In ken | 
0 
—2—2-431n3—31n1 
—31n3—3-.0 
—3 n3 


The answer in the above example also can be written as In 27, because 
by Theorem 8.1.5, 3 In 3 = In 3°. 


EXAMPLE 8: Evaluate 


[58a 
x 


SOLUTION: Let u = In x; then du = dx[x; so we have 


Inx i= -1 24}c=ł} 2 
| x dx= [udu- *C—7 (In x) FCE 
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Exercises 8.1 


In Exercises 1 through 10, differentiate the given function and simplify the result. 


1. f(x) = In(1 + 4x?) 2. f(x) =In V1 + 4x* 
3. f(x) =Inv4 — x* 4. g(x) ^ In(In x) 
5. h(x) =In(x? In x) feda at 
6. f(x) 21n S 
7. f(x) 2 1n |x? + 1| 8. f(x) = Win xi 
9. F(x) = Vx -1 —In(19 Vx 1) 10. G(x) = x In(x + V1i-33)— VIF 2 
In Exercises 11 through 16, find D,y by logarithmic differentiation. 
" LX 12 LXVxcl1 
CU 1 Ed cru 
3x VI- xæ 
13. y = ——————ÁÀ— 14. y= ———— 
Y V(x + 1) (x +2) d (x +1)? 
15. y= VÆ F1 In(3? — 1) 16. y = (5x — 4) (xi + 3) (3x3 — 5) 
In Exercises 17 and 18, find D,y by implicit differentiation. 
17. nxy+x+y=2 18. Ina +xy=1 
In Exercises 19 through 26, evaluate the indefinite integral. 
dx 3x E dx 
19. [sz Cr 20. [= 21. | Sinx 
In? 3x 5 — 4x? 
.]——àdà 
22. lou aa 23 Í 7 x u [5X dx 
2x? dx (2 4 In? x) dx 
2. jJ R-4 m5 
In Exercises 27 through 30, evaluate the definite integral. 
5 2x dx 2x + ia 
2. | x—5 28. le 
5 xdx $4x*—1 
a. [45 "ur Seg Ê 


t 
31. Find | e I*| dx if t is any real number. 


32. Prove that In x^ = n : In x by first showing that In x" and n - In x differ by a constant and then find the constant by 
taking x — 1. 


33. Prove that x — 1 — In x > 0 and 1 — In x — 1/x < 0 for all x > 0 and x # 1, thus establishing the inequality 
r= i «In x«x-—1 
x 


for all x > 0 and x #1. (HINT: Let f(x) 2x —1— In x and g(x) = 1 — In x — 1/x and determine the signs of f' (x) and 
g'(x) on the intervals (0, 1) and (1, +œ).) 
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34. Use the result of Exercise 33 to prove 


lim In(1+ x) _ 1 

xr-0 x 

35. Establish the limit of Exercise 34 by using the definition of the derivative to find F’(0) for the function F for which 
F(x) =In(1 +x). 


36. Prove lim (In x)/x — 0. (HINT: First prove that [ (1/ Vt) dt = | (1/t) dt by using Theorem 6.4.8.) 
1 1 


X—o 


82 THE GRAPH OF To draw asketch of the graph of the natural logarithmic function, we must 
THE NATURAL first consider some properties of this function. 
LOGARITHMIC FUNCTION Let f be the function defined by 
f(x) =Inx= f H 
1 
The domain of f is the set of all positive numbers. The function f is dif- 
ferentiable for all x in its domain, and 


dt x0 


fae-i (a) 


Because f is differentiable for all x > 0, f is continuous for all x > 0. From 
(1) we conclude that f’(x) > 0 for all x > 0, and therefore f is an increas- 
ing function. 


f"(0-2—d (2) 


From (2) it follows that f’’(x) < 0 when x > 0. Therefore, the graph of 
y = f(x) is concave downward at every point. Because f(1) =In 1= 0, the 
x intercept of the graph is 1. 


f(2) = In 2= [tat 


To determine an approximate numerical value for In 2, the definite 
integral f? (1/t) dt is interpreted as the number of square units in the 


area of the region shown in Fig. 8.2.1. 
From Fig. 8.2.1 we see that In 2 is between the measures of the areas 


Figure 8.2.1 of the rectangles, each having a base of length 1 unit and altitudes of 
lengths $ unit and 1 unit; that is, 
0.5 «In2 «1 (3) 


An inequality can be obtained analytically, using Theorem 6.4.8, by 
proceeding as follows. Let f(t) = 1/t and g(t) —3. Then f(t) = g(t) for allt 


8.2 THE GRAPH OF THE NATURAL LOGARITHMIC FUNCTION 401 


in [1, 2]. Because f and g are continuous on [1, 2], they are integrable on 
[1, 2], and we have from Theorem 6.4.8 


24 21 
[fae [ia 


or, equivalently, 
In2=4 (4) 
Similarly, if f(t) = 1/t and h(t) =1, then h(t) = f(t) for all t in [1, 2]. 


Because h and f are continuous on [1, 2], they are integrable there; and 
again using Theorem 6.4.8, we obtain 


2 2 
[idee [dat 
1 1 


or, equivalently, 
1zln2 (5) 
Combining (4) and (5), we get 
05<n2<1 (6) 


The number 0.5 is a lower bound of In 2 and 1 is an upper bound of 
In 2. In asimilar manner we obtain a lower and upper bound for the natu- 
ral logarithm of any positive real number. Later we learn, by applying infi- 
nite series, how to compute the natural logarithm of any positive real 
number to any desired number of decimal places. 

The value of In 2 to five decimal places is given by 


In 2 ~ 0.69315 


Using this value of In 2 and applying Theorem 8.1.5, we can find an 
approximate value for the natural logarithm of any power of 2. In particu- 
lar, we have 


In4=In2? = 2In2=~ 1.38630 
In8=In2? = 3In2= 2.07945 
In 4 = In 27! = —1 In 2 = —0.69315 
In 4 = In 272 = —2 In 2 ~ —1.38630 


In the appendix there is a table of natural logarithms, giving the val- 
ues to four decimal places. 

We now determine the behavior of the natural logarithmic function 
for large values of x by considering lim In x. 


Because the natural logarithmic function is an increasing function, if 
we take p as any positive number, 


In x > In 2? whenever x > 2? (7) 
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From Theorem 8.1.5 we have 

In 2?=p In2 (8) 
Substituting from (8) into (7), we get 

Inx>plIn2 whenever x > 2? 
Because from (6), In 2 = 3, we have from the above 

In x ^ ip whenever x > 2” 
Letting p = 2n, where n > 0, we have 

Inx>n whenever x > 2?" (9) 
It follows from (9), by taking N = 2", that for any n > 0 

Inx>n whenever x > N 
So we may conclude that 


lim In x 2 +% (10) 


qo 


To determine the behavior of the natural logarithmic function for pos- 
itive values of x near zero, we investigate lim In x. 
3205 


Because In x = In(x !) !, we have 
In x 2 —In i (11) 
x 


The expression “x — 0t” is equivalent to "'1/x > +,” and so from 
(11) we write 


lim In x=— lim dn (12) 
z= 0+ 1/x— +0 x 


From (10) we have 


lim In i-e (13) 


Wr- +0 


Therefore, from (12) and (13) we get 


lim In x 2 —o (14) 
xr-0* 


From (14) and (10) and the intermediate-value theorem (6.5.1) we 
conclude that the range of the natural logarithmic function is the set of all 
real numbers. From (14) we conclude that the graph of the natural 
logarithmic function is asymptotic to the negative side of the y axis 
through the fourth quadrant. The properties of the natural logarithmic 
function are summarized as follows: 
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(i) The domain is the set of all positive numbers. 
(ii) The range is the set of all real numbers. 
(iii) The function is increasing on its entire domain. 
(iv) The function is continuous at all numbers in its domain. 
(v) The graph of the function is concave downward at all points. 
(vi) The graph of the function is asymptotic to the negative side of 
the y axis through the fourth quadrant. 


By using these properties and plotting a few points with a piece of the 
tangent line at the points, we can draw a sketch of the graph of the natural 
logarithmic function. In Fig. 8.2.2 we have plotted the points having ab- 
scissas of 1, 3, 1, 2, 4, and 8. The slope of the tangent line is found from 
D,(in x) = 1/x. 


E 
slope — g 


Figure 8.2.2 


Exercises 8.2 


1. 


Draw a sketch of the graph of y = In x by plotting the points having the abscissas $, 4, 1, 3, and 9, and use In 3 ~ 
1.09861. At each of the five points, find the slope of the tangent line and draw a piece of the tangent line. 


In Exercises 2 through 9, draw a sketch of the graph of the curve having the given equation. 


2. 


5. 


8. 


10. 


11. 
12. 


x=Iny 3. y = In(—x) 4. y — In |x| 
y = In(x + 1) 6. y» In(x — 1) 7. y » x —Inx 
= ends 
y-xlnx 9. yz Inc 
Show the geometric interpretation of the inequality in Exercise 33 of Exercises 8.1 by drawing on the same pair of axes 


sketches of the graphs of the functions f, g, and h defined by the equations f(x) = 1 — 1/x, g(x) =In x, and h(x) — x — 1. 
Find an equation of the tangent line to the curve y — In x at the point whose abscissa is 2. 


Find an equation of the normal line to the curve y = In x that is parallel to the line x + 2y — 1 — 0. 


In Exercises 13 through 20, find the exact value of the number to be found and then give an approximation of this number to 
three decimal places by using the table of natural logarithms in the appendix. 


13. 


Find the area of the region bounded by the curve y — 2/(x — 3), the x axis, and the lines x — 4 and x — 5. 
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14. 
15. 


16. 


17. 


18. 


19. 


20. 
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If f(x) = 1/x, find the average value of f on the interval [1, 5]. 


Using Boyle's law for the expansion of a gas (see Exercise 10 in Exercises 4.1) find the average pressure with respect to 
the volume as the volume increases from 4 ft? to 8 f? and the pressure is 2000 lb/ft? when the volume is 4 ft’. 


Find the volume of the solid of revolution generated when the region bounded by the curve y= 1 — 3/x, the x axis, and 
the line x — 1 is revolved about the x axis. 


In a telegraph cable, the measure of the speed of the signal is proportional to x? In(1/x), where x is the ratio of the 


measure of the radius of the core of the cable to the measure of the thickness of the cable's winding. Find the value of x 
for which the speed of the signal is greatest. 


A particle is moving on a straight line according to the equation of motions = (t + 1)? In(t + 1) where s ftis the directed 
distance of the particle from the starting point at t sec. Find the velocity and acceleration when t = 3. 

The linear density of a rod ata point x ft from one end is 2/(1 + x) slugs/ft. If the rod is 3 ft long, find the mass and center 
of mass of the rod. 

A manufacturer of electric generators began operations on Jan. 1, 1962. During the first year there were no sales because 
the company concentrated on product development and research. After the first year, the sales have increased steadily 
according to the equation y — x In x, where x is the number of years during which the company has been operating and 
y is the number of millions of dollars in the sales volume. (a) Draw a sketch of the graph of the equation. Determine the 
rate at which the sales were increasing (b) on Jan. 1, 1966, and (c) on Jan. 1, 1972. 


83 THE INVERSE Let us consider the equation 
OF A FUNCTION "— (1) 


If this equation is solved for y in terms of x we obtain 
yor V4 


Therefore, Eq. (1) does not define y as a function of x because for each 
value of x greater than 2 or less than —2 there are two values of y, and to 
have a functional relationship, there must be a unique value of the depen- 
dent variable for a value of the independent variable. If Eq. (1) is solved 
for x in terms of y, we obtain 


x=+Vy +4 


and so x is not a function of y. Therefore, Eq. (1) neither defines y as a 
function of x nor x as a function of y. The equation 


y=x-—1 (2) 


| expresses y as a function of x because for each value of x aunique value of 
| y is determined. As stated in Sec. 2.1, no vertical line can intersect the 
graph of a function in more than one point. In Fig. 8.3.1 we have a sketch 
of the graph of Eq. (1). We see that if a > 2 or a < —2, the straight line 
x — a intersects the graph in two points. In Fig. 8.3.2 we have a sketch of 
the graph of Eq. (2). Here we see that any vertical line intersects the graph 
in only one point. Equation (2) does not define x as a function of y 


Figure 8.3.1 


T>S 


Figure 8.3.2 


8.3.1 Definition 
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because for each value of y greater than —1, two values of x are deter- 
mined. 

In some cases, an equation involving x and y will define both y as a 
function of x and x as a function of y. For example, consider the equation 


y=x +1 (3) 
If we let f be the function defined by 
f(x) =x +1 (4) 


then Eq. (3) can be written as y =f(x), and y is a function of x. If we solve 
Eq. (3) for x, we obtain 

x= Wy-1 (5) 
and if we let g be the function defined by 

g) = Vy—1 (6) 


then Eq. (5) may be written as x = g (y), and x is a function of y. 

The functions f and g defined by Eqs. (4) and (6) are called inverse 
functions. We also say that the function g is the inverse of the function f and 
that f is the inverse of g. The notation f ' denotes the inverse of function f. 
Note that in using —1 to denote the inverse of a function, it should not be 
confused with the exponent —1. We have the following formal definition 
of the inverse of a function. 


If the function f is the set of ordered pairs (x, y), and if there is a function 
f^ such that 


xcf'(y) ifand only if y=f(x) (7) 
then f~', which is the set of ordered pairs (y, x), is called the inverse of the 
function f, and f and f^! are called inverse functions. The domain of f^! is the 


range of f, and the range of f^! is the domain of f. 


Eliminating y between the equations in (7), we obtain 


x-f (fo), i (8) 
and eliminating x between the same pair of equations, we get 
y =f) (9) 


So from Eqs. (8) and (9) we see that if the inverse of the function f is 
the function f~t, then the inverse of the function f~ is the function f. 
Because the functions f and g defined by Eqs. (4) and (6) are inverse 
functions, f^! can be written in place of g. We have from (4) and (6) 


f(x)—-x'-1 and f^(x)— Vx —1 (10) 
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F Figure 8.3.3 


8.3.2 Theorem 


Sketches of the graphs of functions f and f^! defined in (10) are 
shown in Figs. 8.3.3 and 8.3.4, respectively. 


Figure 8.3.4 


We observe that in Fig. 8.3.3 the function f is continuous and increas- 
ing on its entire domain. The definition of an increasing function (Defini- 
tion 4.6.1) is satisfied by f for all values of x in its domain. We also observe 
in Fig. 8.3.3 that a horizontal line intersects the graph of f in only one 
point. We intuitively suspect that if a function is continuous and increas- 
ing, then a horizontal line will intersect the graph of the function in only 
one point, and so the function will have an inverse. The following theorem 
verifies this fact. 


Suppose that the function f is continuous and increasing on the closed in- 
terval [a, b]. Then 


(i) f has an inverse f~t, which is defined on [f(a), f(b)]; 
(ii) f^! is increasing on [f(a), f(b)]; 
(iii) f^! is continuous on [f(a), f(b)]. 


PROOF OF (i): Since fis continuous on [a, b], then if k is any number such 
that f(a) « k « f(b), by the intermediate-value theorem (6.5.1), there 
exists a number c in (a, b) such that f(c) = k. So if y is any number in the 
closed interval [f(a), f (b)], there is at least one number x in [a, b] such that 
y = f(x). We wish to show that for each number y there corresponds only 
one number x. Suppose to a number y, in [f(a), f(b)] there correspond 
two numbers x, and x, (x, # x;) in [a, b] such that y, = f(xi) and y, = 
f (x2). Then, we must have 


f(x.) = f(x) (11) 


Because we have assumed x, # xz, either x, < x; or x, < x,. If x, < xs, 
because f is increasing on [a, b], it follows that f(xi) < f(x2); this contra- 
dicts (11). If x, < x, then f(x.) < f(x,), and this also contradicts (11). 
Therefore, our assumption that x, 7^ x; is false, and so to each value of y in 
[f(a), f(b)] there corresponds exactly one number x in [a, b] such that 
y = f(x). Therefore, f has an inverse f~t, which is defined for all numbers 


in [f(a), f(b)]. 
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PROOF OF (ii): To prove that f ^! is increasing on [f (a), f (b) ], we must 
show that if y, and y; are two numbers in [ f (a), f (D)] such that y, < y; 
then f? (y) < f (y2). Because f^! is defined on [f(a), f(b)], there exist 
numbers x, and x; in fa, b] such that y, = f(x,) and y; = f(x;). Therefore, 


fy.) =f Uf) = 1 (12) 
and 

FY) = ff (x2)) = x (13) 

If x; < x, then because f is increasing on [a,b], f(x.) < f (xı) or, 
equivalently, y, < yı. But y, < Yz; therefore, x, cannot be less than x, 

If x, = x,, then because f is a function, f(x) = f(x.) or, equivalently, 
Yı = Yz, but this also contradicts the fact that y, < y;. Therefore, x, # x. 

So if x, is not less than x, and x, # x, it follows that x, < x hence, 
from (12) and (13), f^! (yi) < f ^!(y3). Thus, we have proved that f^! is 
increasing on [f(a), f(b)]. 


PROOF OF (iii); To prove that f^! is continuous on the closed interval 
[f(2), f(b)] we must show that if r is any number in the open interval 
(f(a), f(b)), then f^ is continuous at r, and f^! is continuous from the 
right at f(a), and f~! is continuous from the left at f(b). 

We prove that f^! is continuous at any r in the open interval 
(f (a), f (b)) by showing that Definition 2.12.4 holds at r. We wish to 
show that, for any e > 0 small enough so that f! (r) — e and f~ (r) +€ 
are both in [a, b], there exists a ô > 0 such that 


ff?^(Q)-f^?(n|«e whenever |y — r| < è 


Let f ^! (r) = s. Then f(s) = r. Because from (ii), f^! is increasing on 
[f(a), f(b)], we conclude that a < s < b. Therefore, 


ass—ex<s<stexb 
Because f is increasing on [a, b], 
f(a) x f(s- e) « r «f(s-* e) s f(b) (14) 


Let ô be the smaller of the two numbers r — f(s — €) and f(s + €) ^ r; 
so à x r— f(s — e) and 8 < f(s + e) — r or, equivalently, 


fís-e) r—68 (15) 


and 


rc 8 xf(s- e) (16) 
Whenever |y — r| < 8, we have —8 < y — r « 8 or, equivalently, 
r-ócycr-ctó (17) 
From (14), (15), (16), and (17), we have, whenever |y — r| « 8, 
f(a) = fe < y < f(s + €) = f(b) 
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Because f^! is increasing on [f(a), f(b)], it follows from the above that 
F'(fG—-e) < f) «f (f(s-c-e) | whenever |y — r| < è 
or, equivalently, 
s—e«f^(y) «ste whenever |y—r| <6 
or, equivalently, 
—e«f^?(y)—-s«e whenever |y —r| <6 
or, equivalently, 
|f?^()—-f?()|«e whenever |y— r| < 6 


So f! is continuous on the open interval (f(a), f(b)). 
The proofs that f~ is continuous from the right at f(a) and continuous 
from the left at f(b) are left for the reader (see Exercise 24). " 


A theorem analogous to the above theorem is obtained if the function 
f is continuous and decreasing (instead of increasing) on the closed in- 
terval [a, b]. 


Suppose that the function f is continuous and decreasing on the closed in- 
terval [2, b]. Then 


(i) f has an inverse f^!, which is defined on [f(b), f(a)]; 
(ii) f! is decreasing on [f(b), f(a)]; 
(iii) f™ is continuous on [f(b), f(a)]. 


The proof is similar to the proof of Theorem 8.3.2 and is left for the 
reader (see Exercises 25 to 27). 

Let us now reconsider Eq. (2): y =x? — 1. As stated earlier in this sec- 
tion, this equation does not define x as a function of y because if we solve 
for x we obtain 


x= Vy+1 and x=—Vy+1 (18) 


So actually Eq. (2) defines x as two distinct functions of y. If in Eq. (2) 
we restrict x to the closed interval [0, c] and let y = f, (x) if x is in [0, c], we 
have 

fi(x) =x —1 and x in [0, c] (19) 
If in Eq. (2) we restrict x to the closed interval [—c, 0] and let y = f;(x) if x 
is in [7c, 0], we have 

Rh(x)-x-1 and x in [—c, 0] (20) 


The functions f, and f, defined by (19) and (20) are distinct functions 
because their domains are different. If we find the derivatives of f, and fy, 
we obtain 


Figure 8.3.5 
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fix) = 2x and x in [0, c] 
and 
fí(x)-2x and x in[—c, 0] 
Because f, is continuous on [0, c] and fi(x) > 0 for all x in (0, c), by 


Theorem 4.6.3(i), f is increasing on [0, c]; and so by Theorem 8.3.2, f, has 
an inverse on [—1, c? — 1]. The inverse function is given by 


fi tty) = vy 1 (21) 


Similarly, because f, is continuous on [-c, 0] and because f;(x) < 0 for all 
x in (—c, 0), by Theorem 4.6.3(ii), f; is decreasing on [—c, 0]. Hence, by 
Theorem 8.3.3, f, has an inverse on [7 1, c? — 1], and the inverse function is 
given by 


R'(y)-2—Vvy*1 (22) 


Because the letter used to represent the independent variable is irrele- 
vant as far as the function is concerned, x could be used instead of y in 
(21) and (22), and we write 


fix) = Vxt1 and x in [—1, c? — 1] (23) 
and 
f(x) =- vx+1 and x in [~1, c? — 1] (24) 


In Fig. 8.3.5 there are sketches of the graphs of f, and its inverse f,~', 
as defined in (19) and (23), plotted on the same set of axes. In Fig. 8.3.6 
there are sketches of the graphs of f; and its inverse f; !, as defined in (20) 
and (24), plotted on the same set of axes. It appears intuitively true from 
Fig. 8.3.5 that if the point Q(u, v) is on the graph of f,, then the point 
R(v, u) is on the graph of fı. From Fig. 8.3.6 it appears to be true that if 
the point Q(u, v) is on the graph of f,, then the point R(v, u) is on the 
graph of f; '. 

In general, if Q is the point (u, v) and R is the point (v, u), the line 
segment OR is perpendicular to the line y — x and is bisected by it. We 
state that the point Q is a reflection of the point R with respect to the line 
y = x, and the point R is a reflection of the point Q with respect to the line 
y — x. If x and y are interchanged in the equation y — f(x), we obtain the 
equation x — f(y), and the graph of the equation x — f(y) is said to bea 
reflection of the graph of the equation y — f(x) with respect to the line y — x. 
Because the equation x = f(y) is equivalent to the equation y = f'(x), we 
conclude that the graph of the equation y = f '(x) is a reflection of the 
graph of the equation y = f(x) with respect to the line y = x. Therefore, if a 
function f has an inverse f~t, their graphs are reflections of each other with 
respect to the line y — x. 
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Figure 8.3.6 
EXAMPLE1: Given the functionf | soLurioN: f'(x) =—5/(x— 1)?. Because f is continuous for all values of x 
is defined by except 1, and f'(x) < 0 if x # 1, it follows from Theorem 8.3.3 that f has an 
inverse if x is any real number except 1. To find f^!, let y = f(x), and solve 
2x +3 "e ane 
f(x) = wed for x, thus giving x = f !(y). So we have 


find the inverse f~ if it exists. 
Draw a sketch of the graph of f, 
and if f ^ exists, draw a sketch of 
the graph of f~' on the same set of 
axes as the graph of f. 


22x t3 
x—1 
xy—y —2x +3 
x(y—2)=y+3 
us y +3 
y—2 
Thus, 
i _yt3 
f(y) pus: 
or, equivalently, 
(Ase 


The domain of f^! is the set of all real numbers except 2. Sketches of the 
graphs of f and f! are shown in Fig. 8.3.7. 


8.9 THE INVERSE OF A FUNCTION 411 


Figure 8.3.7 


8.3.4 Theorem 


The following theorem expresses a relationship between the deriva- 
tive of a function and the derivative of the inverse of the function if the 
function has an inverse. 


Suppose that the function f is continuous and monotonic on the closed in- 
terval [a, b], and let y = f(x). If f is differentiable on [a, b] and f'(x) # 0 for 
all x in [a, b], then the derivative of the inverse function f !, defined by x = 
f (y), is given by 

Dyx= E 
PROOF: Because f is continuous and monotonic on [a,b], then by 
Theorems 8.3.2 and 8.3.3, f has an inverse which is continuous and mono- 
tonic on [f(a), f(b)] Cor [f (b), f ()] i£ f(b) < f(a). 

If x isa number in [a, b], let Ax be an increment of x, Ax # 0, such that 
x + Ax is also in [a, b]. Then the corresponding increment of y is given by 


Ay = f(x + Ax) — f(x) (25) 
Ay # since Ax # 0 and f is monotonic on [a, b]; that is, either 
f(x+ Ax) « f(x) or f(x- Ax) > f(x) on [a, b] 


If x is in [2, b] and y = f(x), then y is in [f(a), f(b)] (or [f(b), f(a) . 
Also, if x + Ax is in [a, b], then y + Ay is in [f(a), f(b)] (or [f(b), f(a) ]) 
because y + Ay = f(x + Ax) by (25). So 
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x= f(y) (26) 
and 

x+ Ax= f(y + Ay) (27) 

It follows from (26) and (27) that 

Ax = f^ (y + Ay) — f~ (y) (28) 


From the definition of a derivative, 


—1 — f-1 
Brolim 27585 uw) 
Ay-0 Ay 


Substituting from (25) and (28) into the above equation, we get 


. Ax 
Dea TA) ^40) 


and because Ax # 0, 


. 1 
Dn Gt) d 
Ax 


Before we find the limit in (29) we show that under the hypothesis of 
this theorem "Ax — 0” is equivalent to "Ay — 0.” First we show that 


lim Ax — 0. From (28) we have 
Ay-0 


lim Ax — lim [£^ (y + Ay) — f(y)] 


Ay-0 


Because f^! is continuous on [ f(a), f(b)] (or [f(b), f(a@)]), the limit on 
the right side of the above equation is zero. So 


lim Ax-0 . (30) 


Ay-0 
Now we demonstrate that lim Ay = 0. From (25) we have 
lim Ay = lim [f(x + Ax) — f(x)] 
Ar-0 Ar-0 
Because f is continuous on [a, b], the limit on the right side of the above 


equation is zero, and therefore we have 


lim Ay =0 (31) 


Ar-Q 
From (30) and (31) it follows that 
Ax-0 ifandonlyif Ay-20 (32) 
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Thus, applying the limit theorem (regarding the limit of a quotient) to 
(29) and using (32), we have 


een Sep 
ji f(x + Ax) — f(x) 
im ———————— 
Ar-0 Ax 


Because f is differentiable on [a, b], the limit in the denominator of the 
above is f' (x) or, equivalently, D, y, and so we have 


1 
Dzy 


Dyx= 


EXAMPLE 2: Show that Theorem 
8.3.4 holds for the function of Ex- 
ample 1. 


SOLUTION: If y =f (x) = (2x+3)/(x—1), then 


Day= f'a) =- A ps 


Because f' (x) exists if x # 1, f is differentiable and hence continuous at all 
x # 1. Furthermore, f'(x) < 0 if x # 1, and so f is decreasing for all x # 1. 
Therefore, the hypothesis of Theorem 8.3.4 holds for any interval (a, b] 
which does not contain the number 1. 

In the solution of Example 1 we showed that 
mf -4+3 
ae a 
Computing D,x from this equation, we get 

- + 5 
Dee (OY) TE 


If in the above equation we let y = (2x + 3)/(x — 1), we obtain 


ES 5 
Bcc 2x - 3 2 
—2 
x—1 
ee 5(x— 1)? 
(Qx+3—2x+2)2 
es) 
=—4#(x-1)? 
= 1 
Dry 


EXAMPLE 3: Given fis the func- 
tion defined by f(x) — x? + x, de- 
termine if f has an inverse. If it 


SOLUTION: Because f(x) — x? + x, f'(x) =3x? + 1. Therefore, f'(x) > 0 for 
all real numbers, and so f is increasing on its entire domain. Because f is 
also continuous on its entire domain, it follows from Theorem 8.3.2 that f 
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does, find the derivative of the in- | has an inverse f *. 


verse function. Let y = f(x) and then x= f~'(y). So by Theorem 8.3.4 
EE NE VIE 
Dx-py 39441 


Exercises 8.3 


In Exercises 1 through 8, find the inverse of the given function, if it exists, and determine its domain. Draw a sketch of the 
graph of the given function and if the given function does not have an inverse, show that a horizontal line intersects the 
graph in more than one point. If the given function has an inverse, draw a sketch of the graph of the inverse function on the 
same set of axes as the graph of the given function. 


1. f(x) = x 2. f(x) 2x3 +5 3. f(x) =% 
4. f(x) = (x+ 2)? 5. f(x) = EN : 6. f(x) -——[ 
7. f(x) =2|x| +x 8. f(x) ES 


In Exercises 9 through 14 perform each of the following steps: (a) Solve the equation for y in terms of x and express y as one 
or more functions of x; (b) for each of the functions obtained in (a) determine if the function has an inverse, and if it does, 
determine the domain of the inverse function; (c) use implicit differentiation to find D,y and D,x and determine the values 
of x and y for which D,y and D,x are reciprocals. 

9, ?+y=9 10. x? — 4y? = 16 11. xy 2-4 

12. 94? — 8x =0 13. 2x? —3xy+1=0 14. 2x7 + 2y+1=0 


In Exercises 15 through 20 determine if the given function has an inverse, and if it does, determine the domain and range of 
the inverse function. 


15. f(x) = Vx—4 16. f(x) = (x +3)? 17. f(x) o» - Lx >0 
18. =a =0 19. f(x) =x + x? 20. f(x) 2 x2 +x 


21. Let the function f be defined by f(x) = Í V1 — f* dt. Determine if f has an inverse, and if it does, find the derivative of 
0 
the inverse function. 


22. Determine the value of the constant k so that the function defined by f(x) = (x + 5)/(x + k) will be its own inverse. 


x iíx «1 
23. Given f(x) = 1x? ifzxz9 
27Vx ifx>9 


Prove that f has an inverse function and find f ' (x). 


24. Given that the function f is continuous and increasing on the closed interval [2, b]. Assuming Theorem 8.3.1(i) and (ii), 
prove f^! is continuous from the right at f(a) and continuous from the left at f(b). 


25. Prove Theorem 8.3.3(i). 26. Prove Theorem 8.3.3(ii). 27. Prove Theorem 8.3.3(iii). 


~ 
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28. Show that the formula of Theorem 8.3.4 can be written as 


RENE. 
Ss en 


29. Use the formula of Exercise 28 to show that 


F (710) 


en presens 


8.44 THE EXPONENTIAL Because the natural logarithmic function is increasing on its entire do- 
FUNCTION main, then by Theorem 8.3.2 it has an inverse which is also an increasing 


8.4.1 Definition 


8.4.2 Theorem 


function. The inverse of the natural logarithmic function is called the ex- 
ponential function, which we now define. 


The exponential function is the inverse of the natural logarithmic function, 
and it is defined by 

exp(x) -y ifandonlyif x=Iny (1) 

The exponential function “exp(x)’’ is read as "the value of the ex- 
ponential function at x.” 

Because the range of the natural logarithmic function is the set of all 
real numbers, the domain of the exponential function is the set of all real 
numbers. The range of the exponential function is the set of positive 
numbers because this is the domain of the natural logarithmic function. 


Because the natural logarithmic function and the exponential function 
are inverses of each other, it follows from Eqs. (8) and (9) of Sec. 8.3 that 


In(exp(x)) — x Q) 
and 
exp(In x) =x (3) 
Because 0 — In 1, we have | 
exp 0 = exp(In 1) 
which from (3) gives us 
exp 0=1 (4) 
We now state some properties of the exponential function as 
theorems. 
If a and b are any real numbers, then 


exp(a + b) = exp(a) - exp(b) 


PROOF: Let A= exp(a), and so from Definition 8.4.1 we have 
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8.4.4 Theorem 


a=InA (5) 

Let B = exp(b), and from Definition 8.4.1 it follows that 

b=InB (6) 
From Theorem 8.1.3 we have 

In A + In B= In AB (7) 
Substituting from (5) and (6) into (7), we obtain 

a + b= 1n AB 
So 

exp(a + b) = exp(In AB) (8) 


From Eq. (3) it follows that the right side of Eq. (8) is AB, and so we 
have 


exp(a +b) = AB 
Replacing A and B by their values, we get 
exp (a + b) = exp(a) * exp(b) [£] 


Ifa and b are any real numbers, 

exp(a — b) = exp(a) + exp (b) 

The proof is analogous to the proof of Theorem 8.4.2, where Theorem 
8.1.3 is replaced by Theorem 8.1.4. It is left for the reader (see Exercise 1). 
If a is any real number and r is any rational number, then 

exp(ra) = [exp(a) ]* 


PROOF: If in Eq. (3) x= [exp(a)]", we have 
[exp(a) ] = exp{In[exp(a) ]"} 
Applying Theorem 8.1.5 to the right side of the above equation, we obtain 


[exp (a) ]” = exp{r In[exp(a)]) 
But from Eq. (2), In[exp(2)] = a, and therefore 


[exp(a)]^ = exp(ra) " 
We now wish to define what is meant by a”, where a is a positive 


number and x is an irrational number. To arrive at a reasonable definition, 
consider the case a", where a > O and risa rational number. We have from 


Eq. (3) 
a” = exp[In (27)] (9) 


8.4.5 Definition 


8.4.6 Theorem 


8.4.7 Definition 


8.4.8 Theorem 
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But by Theorem 8.1.5, In a” =r In a; so from Eq. (9) 
a” = exp(r In a) (10) 


Because the right side of Eq. (10) has a meaning if r is any real 
number, we use it for our definition. 


If a is any positive number and x is any real number, we define 


If a is any positive number and x is any real number, 


Ina*=xIna 


PROOF: From Definition 8.4.5, 
a? = exp(x In a) 
Hence, from Definition 8.4.1, we have 
In a? — xin a L| 


Following is the definition of one of the most important numbers in 
mathematics. 


The number e is defined by the formula 


e=exp 1 


The letter “e” was chosen because of the Swiss mathematician and 
physicist Leonhard Euler (1707-1783). 

The number e is a transcendental number; that is, it cannot be ex- 
pressed as the root of any polynomial with integer coefficients. The 
number 7 is another example of a transcendental number. The proof that e 
is transcendental was first given in 1873, by Charles Hermite, and its value 
can be expressed to any required degree of accuracy. In Chapter 14 we 
learn an easy method for doing this, The value of e to seven decimal places 
is 2.7182818. 


Ine=1. 


PROOF: By Definition 8.47, 
e=expl 
Hence, 
In e = In(exp 1) (11) 
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Because the natural logarithmic function and the exponential function are 
inverse functions, it follows that 


In(exp 1) =1 (12) 
Substituting from (12) into (11), we have 
Ine=1 a 


exp (x) = e7, for all values of x. 


PROOF: By Definition 8.4.5, 

e? = exp(x In e) (13) 
But by Theorem 8.4.8, In e — 1. Substituting this in (13), we obtain 

e? = exp(x) B 


From now on, we write e” in place of exp(x), and so from Definition 
8.4.1 we have 


et= y if and only if x=Iny (14) 


We now derive the formula for the derivative of the exponential func- 
tion. Let 


y=e 


Then from (14) we have 


x=Iny (15) 
Differentiating on both sides of (15) implicitly with respect to x, we 
get 
1 
1=-—-D, 
y y 
So, 
Dry =y 


Replacing y by e”, we obtain 
D,(e*) = e* (16) 


If u is a differentiable function of x, it follows from (16) and the chain 
rule that 


Dle) = e" Diu (17) 


It follows that the derivative of the function defined by f(x) — ke*, 
where k is a constant, is itself. The only other function we have previously 


8.4 THE EXPONENTIAL FUNCTION 419 


encountered that has this property is the constant function zero; actually, 
this is the special case of f(x) = ke* when k = 0. It can be proved that the 
most general function which is its own derivative is given by f(x) — ke* 
(see Exercise 36). 


EXAMPLE 1: Given y —e!'^*, find 
Dzy. 


soLUTION: From (17) 


P 2 2glc* 
Dzy = gr (- 3) =a x 


From (17) we obtain the following indefinite integration formula: 


[es-ec (18) 


EXAMPLE2: Find 


evt d 
| Vx X. 


SOLUTION: Let u= Vx; then du —3x '? dx; so 


E d =2 Í ud 
[= x= e u 


=2e*+ C 
—2ev*-C 


l >x 
-4 -3 -2 -1 al 1 


Figure 8.4.1 


Because from (14), e? = y if and only if x =1n y, the graph of y = e” is 
identical with the graph of x — In y. So we can obtain the graph of y — e* 
by interchanging the x and y axis in Fig. 8.2.2 (see Fig. 8.4.1). 

The graph of y = e* can be obtained without referring to the graph of 
the natural logarithmic function. Because the range of the exponential 
function is the set of all positive numbers, it follows that e* > 0 for all val- 
ues of x. So the graph lies entirely above the x axis. D,y = e* > 0 for all x; 
so the function is increasing for all x. D;?y = e” > 0 for all x; so the graph is 
concave upward at all points. 

We have the following two limits: 


A i 
Jim e To (19) 
and 
Jim e*—0 (20) 


The proofs of (19) and (20) are left for the reader (see Exercises 44 
and 45). To plot some specific points use the table in the Appendix giving 
powers of e. 
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EXAMPLE 3: Find the area of the 
region bounded by the curve 

y = e*, the coordinate axes, and 
the line x = 2. 


& 2 
“ww 
Aix 

Figure 8.4.2 


SOLUTION: The region is shown in Fig. 8.4.2. 


= lim > e Aix 


llAll-o £ 


2 
a e? dx 
0 


—g—i 


From a table of powers of e, we see that the value of e? to two decimal 
places is 7.39. Therefore, the area of the region is approximately 6.39 
square units. 


The conclusions of Theorems 8.4.2, 8.4.3, and 8.4.4 are now restated by 
using e* in place of exp(x). If a and b are any real numbers, then 


ett? =et- e? 
et =et+ e^ 
e? = (e*)" where r is any rational number. 


Writing Eqs. (2), (3), and (4) by substituting e” in place of exp(x), we 
have 


In(e*) =x 
eins =x 
and 


e =1 
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EXAMPLE 4: Given 
y-—e 
find D; y. 


2x+ln x 


SOLUTION: e?**lnz = e?r T — g2t(y) So 
y = xe? 
Therefore, 


Dry = e? + 2xe* 


In Definition 8.4.7, the number e was defined as the value of the ex- 
ponential function at 1; that is, e= exp 1. To arrive at another way of 
defining e, we consider the natural logarithmic function 


f(x) =Inx 


We know that the derivative of f is given by f’(x) =1/x; hence, 
f' (1) = 1. However, let us apply the definition of the derivative to find 
f' (1). We have 


fait cU Lam SUD 


Ar-0 x 


—li In(1 + Ax) — In 1 
Ar-0 Ax 


= lim 1 
Ar-0 Ax 


Therefore, 


In(1 + Ax) 


T! ES 
lim A In(1 + Ax) 21 
Replacing Ax by h, we have from the above equation and Theorem 8.4.6 
lim In(1 + 1)!^ — 1 (21) 
h-0 


Now, because the exponential function and the natural logarithmic 
function are inverse functions, we have 


lim (1 + 4)!^ = lim exp[In(1 + A)?^] (22) 
h-0 h--0 
Because the exponential function is continuous and lim In(1 + h)!” exists 
h-0 


and equals 1 as shown in Eq. (21), we can apply Theorem 2.12.5 to the 
right side of Eq. (22) and get 


lim (1 + A)" = exp [tim In(1 + UI =exp 1 
h-0 h-0 


Hence, 


RG 00 o 
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Equation (23) is sometimes used to define e; however, to use this asa 
definition it is necessary to prove that the limit exists. 
Let us consider the function F defined by 


F(h) = (1 +h)" (24) 


and determine the function values for some values of h close to zero. These 
values are given in Table 8.4.1. 


Table 8.4.1 


h 1 0.5 0.05 0.01 0.001 |—0.001 —0.01 —0.05 —0.5 
F(h) — (1+ h)!^| 2 2.25 2.65 2.70 2.7169, 2.7196 2.73 2.79 4 


Table 8.4.1 leads us to suspect that lim (1 + 1)!" is probably a number 
-0 


that lies between 2.7169 and 2.7196. As previously mentioned, in Chapter 
14 we learn a method for finding the value of e to any desired number of 
decimal places. 


Exercises 8.4 
1. Prove Theorem 8.4.3. 


2. Draw a sketch of the graph of y = e. 3. Draw a sketch of the graph of y = e!"l. 
In Exercises 4 through 14, find D, y. 
ev 
4. y=e™* 5. y= er? 6 gue 
= e = per = er = e? 
7y-^ 8. y=e 9. Vege 
erai x i 
10. well 11. y = xse $^ 0 12. y = In(e* + e?) 
13. y — ex mz ; 14. y= ez vara 
In Exercises 15 through 18, find D,.y by implicit differentiation. 
15. e* + e? = er*v 16. ye™ + xe” —1 
17. y?e** + xy? —1 18. e" = ln(x + 3y) 
In Exercises 19 through 26, evaluate the indefinite integral. 
2x 
19. Í e?r dx 20. | et! dx 21. | Ite dx 
ev , 
22. [ee dx 23. |a 24. [9e dx 
e? dx 
5 [Ie 26. ite 
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In Exercises 27 through 30, evaluate the definite integral. 
27 f 2q <a 
x e dx 28. i wir 


2 3 oc mE 
29. i xe? dx 30. f C teii 
0 2 


0 


In Exercises 31 and 32, find the relative extrema of f, the points of inflection of the graph of f, the intervals on which f is 
increasing, the intervals on which f is decreasing, where the graph is concave upward, where the graph is concave 
downward, and the slope of any inflectional tangent. Draw a sketch of the graph of f. 

31. f(x) = xe^* 32. f(x) = e” 

33. Find an equation of the tangent line to the curve y = e? that is perpendicular to the line 2x — y — 5. 


34. Find the area of the region bounded by the curve y — e* and the line through the points (0, 1) and (1, e). 


35. A solid has as its base the region bounded by the curves y = e” and y = e? and the line x = 1. If every plane section per- 
pendicular to the x axis is a square find the volume of the solid. 


36. Prove that the most general function that is equal to its derivative is given by f(x) = ke”. (HINT: Let y = f(x) and solve 
the differential equation dy/dx — y.) 


37. If p lb/ft? is the atmospheric pressure at a height of h ft above sea level, then p = 2116e~°-318", Find the time rate of 
change of the atmospheric pressure outside of an airplane that is 5000 ft high and rising at the rate of 160 ft/sec. 


38. Ata certain height the gauge on an airplane indicates that the atmospheric pressure is 1500 Ib/ft?. Applying the formula 
of Exercise 37, approximate by differentials how much higher the airplane must rise so that the pressure will be 1480 
Ib/ft?. 


39. If l ftis the length of an iron rod when t degrees is its temperature, then | = 60e°!", Use differentials to find the approx- 
imate increase in / when t increases from 0 to 10. 
40. A simple electric circuit containing no condensers, a resistance of R ohms, and an inductance of L henrys has the elec- 
tromotive force cut off when the current is I; amperes. The current dies down so that at t sec the current is i amperes and 
i= Be 
Show that the rate of change of the current is proportional to the current. 


41. A body is moving along a straight line and at t sec the velocity is v ft/sec where v = e? — e?', Find the distance traveled by 
the particle while v > 0 after t — 0. 


42. An advertising agency determined statistically that if a breakfast food manufacturer increases its budget for television 
commercials by x thousand dollars there will be an increase in the total profit of 25x?e *?* hundred dollars. What should 
be the advertising budget increase in order for the manufacturer to have the greatest profit? What will be the corre- 
sponding increase in the company's profit? 

43. A tank is in the shape of the solid of revolution formed by rotating about the x axis the region bounded by the curve 
y?x = e ?* and the lines x = 1 and x = 4. If the tank is full of water, find the work done in pumping all the water to the 
top. Distance is measured in feet. 

44. Prove: lim e7=+%, by showing that for any N >0 there exists an M >0 such that e* > N whenever x > M. 


g= +% 


45. Prove: lim e* = 0, by showing that for any e > 0 there exists an N < 0 such that e7 < e whenever x < N. 


q-—-—o0 


46. Draw a sketch of the graph of F if E(k) = (1 +h)", 
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8.5 OTHER EXPONENTIAL Ifa is any positive number and x is any real number, then the function f 
AND LOGARITHMIC defined by 
FUNCTIONS 
f(x) = a* 


8.5.1 Definition 
is called the exponential function to the base a. 


From Definition 8.4.5, we have 
atv = et Ina (1) 
The exponential function to the base a satisfies the same properties as 


the exponential function to the base e. For example, if x and y are any real 
numbers and a is positive, then 


afa? = att (2) 
The proof of (2) follows. From (1) we have 
afa” = et In Gey Ina 


-— etin atylna 


= p(tty)Ina 

= gre " 

We also have the following properties: 

a? => qv¥=aqr-4¥ (3) 
(a®)” = a?" (4) 
(ab)? = a*b* (5) 

a9 —1 (6) 


The proofs of (3) through (6) are left for the reader (see Exercises 1 


to 4). 
To find the derivative of the exponential function to the base a, we set 
a* = e*'^* and apply the chain rule. We have 


at = grina 
D,(a*) = e*^* D.(x In a) 
= et!n@(In a) 
=a" lna 


Hence, ifu is a differentiable function of x, 


D,(a") = a* In a Du (7) 
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EXAMPLE 1: Given y = 3”, find 
D,y. 


SOLUTION: Applying formula (7), we have 


Dzy = 37 In 3(2x) = 2(In 3)x3” 


From (7) we obtain the following indefinite integration formula: 


(8) 


EXAMPLE 2: Find 


f V103* dx 


SOLUTION: Í V103* ax [ 1092 dx. Let u —$x; then du —$ dx; thus 
$ du = dx. We have then 


| 10972 dx = Í 10” 3 du 


EXAMPLE 3: Draw sketches of the 
graphs of y = 2^ and y = 2 * on 
the same set of axes. Find the area 
of the region bounded by these 
two graphs and the line x — 2. 


Figure 8.5.1 


SOLUTION: The required sketches are shown in Fig. 8.5.1. The region is 
shaded in the figure. If A square units is the desired area, we have 


n 
A= lim Y [25 — 27*] Ax 


||Al|-0 i—1 

2 
=| (2* — 277) dx 

0 
2t 27 2 
-atal 
oe ET ee oc A 
"^ n2 ln2 1n2 In2 
_ 9 

41n2 
= 3.25 


We can now define the logarithmic function to the base a if a is any posi- 
tive number other than one. 
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8.5.2 Definition Jf a is any positive number except 1, the logarithmic function to the base a 
is the inverse of the exponential function to the base a; and we write 


"x (9) 


The above is the definition of the logarithmic function to the base a 
usually given in elementary algebra; however, (9) has meaning for y any 
real number because a” has been precisely defined. It should be noted that 
ifa — e, we have the logarithmic function to the base e, which is the natu- 
ral logarithmic function. 


log, x is read as "the logarithm of x to the base a.” 


The logarithmic function to the base a obeys the same laws as the nat- 
ural logarithmic function. We list them. 


log,(xy) = log, x + log, y (10) 
loga(x + y) = log, x — log, y (11) 
log, 1—0 (12) 

log, x" = y log, x (13) 


The proofs of (10) through (13) are left for the reader (see Exercises 
5to 8). 
A relationship between logarithms to the base a and natural loga- 
rithms follows easily. Let 
y = loga x 
Then 
a”= x 
In a”= nx 
ylna=lnx 


_Inx 
^ Ina 


Replacing y by log, x, we obtain 


loga x 17 (14) 


Equation (14) sometimes is used as the definition of the logarithmic 
function to the base z. Because the natural logarithmic function is continu- 
ous at all x > 0, it follows from (14) that the logarithmic function to the 
base a is continuous at all x > 0. 

If in (14) we take x — e, we have 


In e 


log, e — m 
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or, equivalently, 


(15) 


We now find the derivative of the logarithmic function to the base a. 
We differentiate on both sides of Eq. (14) with respect to x, and we obtain 


D,(loga x) = n D,(ln x) 
or 


1 1 
D,(loga x) = Ina E x (16) 


Substituting from (15) into (16), we get 


D,(loga x) = set (17) 
If u is a differentiable function of x, we have 

D (loga u) = Ee D.u (18) 
Note that if in (18) we take a — e, we get 

D,(log, u) = “Be £ D, 


or, equivalently, 
D, (In u) 2 1 D,u 


which is the formula we had previously for the derivative of the natural 
logarithmic function. 


EXAMPLE 4: Given SOLUTION: Using (11), we write 

x+1 = logio(x + 1) — logio(x? +1 

y = logis PUE y gi( ) go ) 
From (18) we have 


= logoe loge. 
Dey x+1 xX +1 2x 


find D, y. 


oe c de) 
= 80 ENF 1 X1 
— log e(1 — 2x — x?) 

(x 4- 1) (x? + 1) 
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8.5.3 Theorem 


Because x" has been defined for any real number n, we can now prove 
the formula for finding the derivative of the power function if the expo- 
nent is any real number. 


If n is any real number and the function f is defined by 
f(x) = x" where x > 0 
then 


fl (x) = nx 


PROOF: Let y= x". Then from (1) 


y= ening 
Thus, 
Dzy = e""7 D.(n In x) 


= eninge n 
x 


= nxn a 


Theorem 8.5.3 enables us to find the derivative of a variable to a con- 
stant power. Previously in this section we learned how to differentiate a 
constant to a variable power. We now consider the derivative of a function 
whose function value is a variable to a variable power. The method of 
logarithmic differentiation is used and is illustrated in the following ex- 
ample. 


EXAMPLES: Given y = x*, find 
Dzy. 


SOLUTION: Because y = x”, then |y| = |x*|. We take the natural logarithm 
on both sides of the equation, and we have 


In |y| = In [e] 
or, equivalently, 
In |y| = x In [x] 
Differentiating on both sides of the above equation with respect to x, 


we obtain 


1 zi 1 
y cd |x| +x 2 
So 

Dzy = y(In |x| + 1) 


= x*(In |x| +1) 


8.5 OTHER EXPONENTIAL AND LOGARITHMIC FUNCTIONS 429 


Exercises 8.5 


In Exercises 1 through 4, prove the given property if a is any positive number and x and y are any real numbers. 


1. a? + a” = ar 2. (a?) = qa% 
3. (ab)* = a*b* 4. a?=1 

In Exercises 5 through 8, prove the given property if a is any positive number and x and y are any positive numbers. 
5. log; (xy) = log, x + log, y 6. log; (x + y) = log, x — log, y 
7. log, x” = y log, x 8. log; 1—0 

In Exercises 9 through 24, find f' (x). 
9. f(x) = 39* 10. f(x) =6-* 11. f(x) = 257342 

12. f(x) = (x? -3)277* 13. f(x) = PEE 14. f(x) = doge 7 

15. f(x) = Vlog, x 16. f (x) = log;[logs(loga x) ] 17. f(x) = log;o[logio(x + 1)] 

18. f(x) = x^* 19. f(x) 2 xF 20. f(x) 2 x* 

21. f(x) =x" 22. f(x) = (x)™ 23. f (x) = (4e7)9* 


24. f(x) = (In x) 


In Exercises 25 through 32, evaluate the indefinite integral. 


25. i dx 26. fe dx 27. [e dx 

28. EE 1) dx 29. J #10" dx 30. farzan x+ 1) dx 
zo X 41na/z) 

31. [ez 3° dx 32. f " dx 


33. Find an equation of the tangent line to the curve y?4" = x2* at (4, 2). 


34. A particle is moving along a straight line according to the equation of motion s = A2" + B2^**, where s ft is the directed 
distance of the particle from the starting point at t sec. Prove that if a ft/sec? is the acceleration at t sec, then a is propor- 


tional to s. 


35. A company has learned that when it initiates a new sales campaign the number of sales per day increases. However, the 
number of extra daily sales per day decreases as the impact of the campaign wears off. For a specific campaign the com- 
pany has determined that if S is the number of extra daily sales as a result of the campaign and x is the number of days 


that have elapsed since the campaign ended, then 
S = 1000 - 37*? 
Find the rate at which the extra daily sales is decreasing when (a) x = 4 and (b) x = 10. 


In Exercises 36 and 37 use differentials to find an approximate value of the given logarithm and express the answer to three 
decimal places. 


36. log; 1.015 37. logy 997 
38. Draw sketches of the graphs of y = log) x and y = In x on the same set of axes. 


39. Given: f(x) — $(a* + a`”). Prove that f(b +c) + f(b — c) = 2f(b)f(c). 
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40. A particle moves along a straight line according to the equation of motion s = t!" where s ft is the directed distance of the 
particle from the starting point at t sec. Find the velocity and acceleration at 2 sec. 


8.6 LAWS OF GROWTH 
AND DECAY 


The laws of growth and decay provide applications of the exponential 
function in chemistry, physics, biology, and business. Such a situation 
would arise when the rate of change of the amount of a substance with 
respect to time is proportional to the amount of the substance present at a 
given instant. This would occur in biology, where under certain circum- 
stances the rate of growth of a culture of bacteria is proportional to the 
amount of bacteria present at any given instant. In a chemical reaction, it 
is often the case that the rate of the reaction is proportional to the quantity 
of the substance present; for instance, it is known from experiments that 
the rate of decay of radium is proportional to the amount of radium 
present at a given instant. An application in business occurs when interest 
is compounded continuously. 

In such cases, if the time is represented by t units, and A units repre- 
sents the amount of the substance present at any time, then 

dA 

ud kA 
where k is a constant. If A increases ast increases, then k > 0, and we have 
the law of natural growth. If A decreases as t increases, then k « 0, and we 
have the law of natural decay. In problems involving the law of natural 
decay, the half life of a substance is the time required for half of it to decay. 


EXAMPLE 1: The rate of decay of 
radium is proportional to the 
amount present at any time. If 60 
mg of radium are present now, 
and its half life is 1690 years, how 
much radium will be present 100 
years from now? 


Table 8.6.1 
t 0 1690 100 
A 60 30 A190 


SOLUTION: Let t= the number of years in the time from now; 
A= the number of milligrams of radium present at t years. 
We have the initial conditions given in Table 8.6.1. The differential 
equation is 


dA — 
dp kA 
Separating the variables, we obtain 


dA — 
Ak 


Integrating, we have 


dA _ 
[fa 
In |A| 2 kt - € 

|A| = ei = e£ - elt 


Letting e^ = C, we have |A| = Ce", and because A is nonnegative we 
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can omit the absolute-value bars around A, thereby giving us 
A = Cet 
Because A = 60 when t = 0, we obtain 60 = C. So 


A= 60e*t (1) 
Because A = 30 when t= 1690, we get 30 = 60e1699* or 
0.5 = e1690k 
So 
In 0.5 = 1690k 
and 


_1n0.5  —0.6931 


k= -i690 ^ 1690 


— —0.000411 


Substituting this value of k into Eq. (1), we obtain 
A — 60e 9.000411t 

When t = 100, A = Ajo», and we have 
Axoo = 60e 79941 = 58 


Therefore, there will be 58 mg of radium present 100 years from now. 


EXAMPLE 2: Ina certain culture, 
the rate of growth of bacteria is 
proportional to the amount 
present. If there are 1000 bacteria 
present initially, and the amount 
doubles in 12 min, how long will 
it take before there will be 
1,000,000 bacteria present? 


Table 8.6.2 


t 0 12 T 


A | 1,000 2,000 1,000,000 


SOLUTION: Let t= the number of minutes in the time from now; 
A — the number of bacteria present at t min. 
Even though by definition A is a nonnegative integer, we assume that 
A can be any nonnegative number in order for A to be a continuous func- 
tion of t. Table 8.6.2 gives the initial conditions. The differential equation 
is 


The differential equation is the same as we had in Example 1; hence, as 
above, the general solution is 


A= Ce" 

When t = 0, A = 1000; hence, C = 1000, which gives 
A= 1000e* 

From the condition that A = 2000 when t = 12, we obtain 
ek — 

and so 


k = 3 In 2 = 0.05776 
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Hence, we have 
A = 100069-05776t 
Replacing t by T and A by 1,000,000, we get 
1,000,000 = 100029057767 
g0-05776T — 1000 
0.05776T = In 1000 


.. In 1000 


T= 0.05776 


— 119.6 


Therefore, there will be 1,000,000 bacteria present in 1 hr, 59 min, 
36 sec. 


EXAMPLE3: Newton’s law of 
cooling states that the rate at 
which a body changes tempera- 
ture is proportional to the dif- 
ference between its temperature 
and that of the surrounding 
medium. If a body is in air of tem- 
perature 35? and the body cools 
from 120? to 60? in 40 min, find the 
temperature of the body after 100 
min. 


Table 8.6.3 
t | 0 40 100 


x | 120 60 X10 


SOLUTION: Let t= the number of minutes in the time that has elapsed 


since the body started to cool; 
x = the number of degrees in the temperature of the body 
at t minutes. 


Table 8.6.3 gives the initial conditions. From Newton’s law of cooling, 
we have 


Separating the variables, we obtain 
dx 
x— 35 
So 


=kdt 


dx- ~ 
Aara 


In |x — 35| = kt + c 
x — 35 = Ce* 
x = Ce" + 35 
When t= 0, x = 120; so C = 85. Therefore, 
x = 85e"! + 35 
When t = 40, x = 60; and we obtain 
60 = 85e4% + 35 
40k = In É 
k — 4 (In 5 — In 17) 
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= ds (1.6094 — 2.8332) 
— —0.0306 
So 
x= 85e -9.0306t + 35 
Then 
Xio = 8527 + 35 = 39 
Therefore, the temperature of the body is 39° after 100 min. 


EXAMPLE 4: There are 100 gal of 
brine in a tank and the brine con- 
tains 70 lb of dissolved salt. Fresh 
water runs into the tank at the rate 
of 3 gal/min, and the mixture, kept 
uniform by stirring, runs out at 
the same rate. How many pounds 
of salt are there in the tank at the 
end of 1 hr? 


Table 8.6.4 
t 0 60 
x | 70 X60 


SOLUTION: Let t= the number of minutes that have elapsed since the 


water started flowing into the tank; 
x =the number of pounds of salt in the tank at t min. 
Because 100 gal of brine are in the tank at all times, at t minutes the 
number of pounds of salt per gallon is x/100. Three gallons of the mixture 
run out of the tank each minute, and so the tank loses 3(x/100) pounds of 
salt per minute. Because Dx is the rate of change of x with respect to t, and 
x is decreasing as t increases, we have the differential equation 


We also have the initial conditions given in Table 8.6.4. Separating the 
variables and integrating, we have 


[Eoo fa 
x 


In |x| =—0.03t + € 
x = Ce 00% 
When t — 0, x= 70, and so C= 70. Letting t= 60 and x= xs, we have 
Xeo = 70e7 18 
= 70(0.1653) 
= 11.57 
So there are 11.57 lb of salt in the tank after 1 hr. 


The calculus is often very useful to the economist for evaluating cer- 
tain business decisions. However, to use the calculus we must be con- 
cerned with continuous functions. Consider, for example, the following 
formula which gives A, the number of dollars in the amount after t years, if 
P dollars is invested at a rate of 100i percent, compounded m times per 
year: 
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i 


A=P (1 + I (2) 


Let us conceive of a situation in which the interest is continuously 
compounding; that is, consider formula (2), where we let the number of 
interest periods per year increase without bound. Then going to the limit 
in formula (2), we have 


; mt 
A=P lim (ii) 
m 


m--o 


which can be written as 


A- P lim la + Él (3) 


m=+% 


Now consider 
i mii 
lim (1 + i) 
m+ m 


Letting h = i/m, we have m/i = 1/h; and because "m — +” is equivalent 
to “h — 0+,” we have 


; \mii 
lim (1 +4) = lim (1+h)h=e 
m h-0* 


m--4o 


Hence, using Theorem 2.12.5, we have 


f pyme [p.n Py" 0. 
lim ||[10T — —|lim [14 — = g 
mo m m= +00 m 


and so Eq. (3) becomes 
A= Pe” (4) 


By letting t vary through the set of nonnegative real numbers, we see that 
Eq. (4) expresses A as a continuous function of t. 

Another way of looking at the same situation is to consider an invest- 
ment of P dollars, which increases at a rate proportional to its size. This is 
the law of natural growth. Then if A dollars is the amount at t years, we 
have 


dA — 

HA 

dA 
P 
In |A| - kt - c 


A = Cet 
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When t=0, A= P, and so C = P. Therefore, we have 
A= Pe” (5) 


Comparing Eq. (5) with Eq. (4), we see that they are the same if k = i. 
So if an investment increases at a rate proportional to its size, we say that 
the interest is compounded continuously, and the interest rate is the con- 
stant of proportionality. In particular, if P dollars is invested at a rate of 8% 
per year compounded continuously, and A dollars is the amount of the in- 
vestment at t years, 


dA — 

ART 0.08A 
and 

A = pes 


If in Eq. (4) we take P=1,i=1, and t = 1, we get A = e, which gives 
a justification for the economist's interpretation of the number "e" as the 
yield on an investment of one dollar for a year at an interest rate of 100% 
compounded continuously. 


EXAMPLE 5: If $5000 is borrowed 
at an interest rate of 12% per year, 
compounded continuously, and 
the loan is to be repaid in one 
payment at the end of a year, how 
much must the borrower repay? 
Also, find the effective rate of 
interest which is the rate that 
gives the same amount of interest 
compounded once a year. 


SOLUTION: Letting A dollars be the amount to be repaid, and because P = 
5000, i= 0.12, and t= 1, we have from equation (4) 


A= 5000e9-1? 
= 5000(1.1275) 
= 5637.50 


Hence, the borrower must repay $5637.50. Letting j be the effective rate of 
interest, we have 


5000(1 + j) = 5000e°-” 


1+j=e 
j=1.1275-1 
= 0.1275 
= 12.75% 


Exercises 8.6 


1. Bacteria grown in a certain culture increase at a rate proportional to the amount present. If there are 1000 bacteria present 
initially and the amount doubles in 1 hr, how many bacteria will there be in 3$ hr? 


2. Inacertain culture where the rate of growth of bacteria is proportional to the amount present, the number triples in 3 hr, 
and at the end of 12 hr there were 10 million bacteria. How many bacteria were present initially? 


3. In a certain chemical reaction the rate of conversion of a substance is proportional to the amount of the substance still 
untransformed at that time. After 10 min one-third of the original amount of the substance has been converted, and 20 g 
has been converted after 15 min. What was the original amount of the substance? 
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13. 


14. 


15. 


16. 


17. 
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. Sugar decomposes in water at a rate proportional to the amount still unchanged. If there were 50 Ib of sugar present ini- 


tially and at the end of 5 hr this is reduced to 20 Ib, how long will it take until 90% of the sugar is decomposed? 


. The rate of natural increase of the population of a certain city is proportional to the population. If the population 


increases from 40,000 to 60,000 in 40 years, when will the population be 80,000? 


. Using Newton's law of cooling (see Example 3), if a body in air at a temperature of 0° cools from 200° to 100° in 40 min, 


how many more minutes will it take for the body to cool to 50°? 


. Under the conditions of Example 3, after how many minutes will the temperature of the body be 45?? 


. When a simple electric circuit, containing no condensers but having inductance and resistance, has the electromotive 


force removed, the rate of decrease of the current is proportional to the current. The current is i amperes sec after the 
cutoff, and i= 40 when t = 0. If the current dies down to 15 amperes in 0.01 sec, find i in terms of f. 


. If a thermometer is taken from a room in which the temperature is 75? into the open, where the temperature is 35°, and 


the reading of the thermometer is 65? after 30 sec, (a) how long after the removal will the reading be 50°? (b) What is the 
thermometer reading 3 min after the removal? Use Newton's law of cooling (see Example 3). 


. Thirty percent of a radioactive substance disappears in 15 years. Find the half life of the substance. 


. If the half life of radium is 1690 years, what percent of the amount present now will be remaining after (a) 100 years and 


(b) 1000 years? 


. A tank contains 200 gal of brine in which there are 3 Ib of salt per gallon. It is desired to dilute this solution by adding 


brine containing 1 Ib of salt per gallon, which flows into the tank at the rate of 4 gal/min and runs out at the same rate. 
When will the tank contain 12 Ib of salt per gallon? 


A tank contains 100 gal of fresh water and brine containing 2 lb of salt per gallon flows into the tank at the rate of 3 
gal/min. If the mixture, kept uniform by stirring, flows out at the same rate, how many pounds of salt are there in the 
tank at the end of 30 min? 


A loan of $100 is repaid in one payment at the end of a year. If the interest rate is 8% compounded continuously, deter- 
mine (a) the total amount repaid and (b) the effective rate of interest. 


If an amount of money invested doubles itself in 10 years at interest compounded continuously, how long will it take for 
the original amount to triple itself? 


If the purchasing power of a dollar is decreasing at the rate of 2% annually, compounded continuously, how long will it 
take for the purchasing power to be 50 cents? 


In order to determine the date of death of a once-living object, use is made of the fact that the tissue of a living organism 
is composed of two kinds of carbons, a radioactive carbon A and a stable carbon B, in which the ratio of the amount of A 
to the amount of B is approximately constant. When the organism dies, the law of natural decay applies to A. If it is de- 
termined that the amount of A in a piece of charcoal is only 15% of its original amount and the half life of A is 5500 years, 
when did the tree from which the charcoal came die? 


Review Exercises (Chapter 8) 


In Exercises 1 through 8, differentiate the given function. 


1. 


4. 
7. 


f(x) = (In x2)? 2. f(x) IT 3. f(x) = 4/logio im 


f(x) = 10757 5. f(x) = xim 6. f(x) = erate) 
f(x) = 0 8. f(x) 23*" 


In Exercises 9 through 14, evaluate the indefinite integral. 


9. 


3e? 


iru & 10. Fen dx 11. i (e? + a3) dx 


12. 
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10!" =? 27 dx 107 +1 
| m dx 13. f V3 oF bad 14. 107-1 dx 


In Exercises 15 through 18, evaluate the definite integral. 


15. 


17. 


19. 
20. 
21. 


22. 
23. 


24. 


25. 


26. 


27. 


28. 


29. 


2 1 
Í xe dx 16. Í (e?* +1)? dx 
0 0 
8 ls 12 4x3 +2 
———À;, dx = 
f r8 4 18. |. Eom dx 


Find D,y if ye* + xe" - x - y —0. 

If f(x) = loge»(x + 1), find f'(x). 

The linear density of a rod at a point x ft from one end is 1/(x + 1) slugs/ft. If the rod is 4 ft long, find the mass and 
center of mass of the rod. 

Find an equation of the tangent line to the curve y = x*^! at (2, 2). 


A particle is moving on a straight line where s ft is the directed distance of the particle from the origin, v ft/sec is the 
velocity of the particle, and a ft/sec” is the acceleration of the particle at t sec. If a= e'-- e~ and v = 1 and s = 2 when 
t — 0, find v and s in terms of t. 
The area of the region, bounded by the curve y = e~”, the coordinate axes, and the line x = b(b > 0), is a function of b. If 
f is this function, find f(b). Also find lim f(b). 

h= +% 


The volume of the solid of revolution obtained by revolving the region in Exercise 24 about the x axis is a function of b. If 
g is this function, find g(b). Also find jim g(b). 
+ 00 


The rate of natural increase of the population of a certain city is proportional to the population. If the population doubles 
in 60 years and if the population in 1950 was 60,000, estimate the population in the year 2000. 


The rate of decay of a radioactive substance is proportional to the amount present. If half of a given deposit of the sub- 
stance disappears in 1900 years, how long will it take for 95% of the deposit to disappear? 


Prove that if a rectangle is to have its base on the x axis and two of its vertices on the curve y = e~*’, then the rectangle 
will have the largest possible area if the two vertices are at the points of inflection of the graph. 

Given f(x) = In |x| and x < 0. Show that f has an inverse function. If g is the inverse function, find g(x) and the domain 
of g. 


In Exercises 30 and 31 find the inverse of the given function if there is one, and determine its domain. Draw a sketch of the 
given function, and if the given function has an inverse, draw a sketch of the graph of the inverse function on the same set of 


axes. 
_ X t4 <2 
30. f(x) = 2—3 31. f(x) = 83-1 
32. Prove that if x < 1, In x < x. (mint: Let f(x) 2 x — In x and show that f is decreasing on (0,1) and find f(1).) 


33. 


When a gas undergoes an adiabatic (no gain or loss of heat) expansion or compression then the rate of change of the 
pressure with respect to the volume varies directly as the pressure and inversely as the volume. If the pressure is p 
Ib/in.? when the volume is v in.?, and the initial pressure and volume are p, lb/in.? and v, in.?, show that pv* = povo". 


. If Win.-lb is the work done by a gas expanding against a piston in a cylinder and P Ib in.? is the pressure of the gas when 


the volume of the gas is V in.?, show that if V, in.? and V; in.’ are the initial and final volumes, respectively, then 


Va 
W= P dV 


Vi 


438 LOGARITHMIC AND EXPONENTIAL FUNCTIONS 


35. Suppose a piston compresses a gas in a cylinder from an initial volume of 60 in.? to a volume of 40 in.*. If Boyle's law (Ex- 
ercise 10 in Exercises 4.1) holds, and the initial pressure is 50 Ib/in.?, find the work done by the piston. (Use the result 
of Exercise 34.) 


36. The charge of electricity on a spherical surface leaks off at a rate proportional to the charge. Initially, the charge of elec- 
tricity was 8 coulombs and one-fourth leaks off in 15 min. When will there be only 2 coulombs remaining? 


37. How long will it take for an investment to double itself if interest is paid at the rate of 8% compounded continuously? 


38. A tank contains 60 gal of salt water with 120 Ib of dissolved salt. Salt water with 3 Ib of salt per gallon flows into the tank 
at the rate of 2 gal/min and the mixture, kept uniform by stirring, flows out at the same rate. How long will it be before 
there are 200 lb of salt in the tank? 


39. Prove that if x > 0, and | 1^7 dt = 1, then lim x= lim (1+ kh). 
1 h-0 A-0 


40. Prove that 
lim lo (lt Ee log, e. 


r-0 
(NOTE: Compare with Exercise 34 in Exercises 8.1.) 
41. Prove that 


a*—1] 


lim =Ina 
x0 


(HINT: Let y= 4* — 1 and express (a* — 1)/x as a function of y, say g(y). Then show that y — 0 as x —> 0, and find 
lim g(y).) 


42. Use the results of Exercises 40 and 41 to prove that 


(HINT: Write 


x»—1 gnz—1 binx 
x—1 b Inx x—1 


Then let s =b In x andt—x— 1.) 
43. Prove that 


(Hint: Let f(x) = e°" and find f'(0) by two methods.) 


44. If the domain of f is the set of all real numbers and f' (x) = cf(x) for allx where c is a constant, prove that there is a con- 
stant k for which f(x) = ke^" for all x. (Hint: Consider the function g for which g(x) = f(x)e ** and find g'(x).) 


45. Prove that 


D,"(In x) = (21)! S 


(HINT: Use mathematical induction.) 


46. Do Exercise 17 in the Review Exercises of Chapter 6 by evaluating each integral. 


9 
Trigonometric 
and Hyperbolic 
Functions 


UN 


9.1 THE SINE AND In geometry an angle is defined as the union of two rays called the sides, 

COSINE FUNCTIONS having a common endpoint called the vertex. Any angle is congruent to 

some angle having its vertex at the origin and one side, called the initial 

side, lying on the positive side of the x axis. Such an angle is said to be in 

standard position. Figure 9.1.1 shows an angle AOB in standard position 

B with AO as the initial side. The other side OB is called the terminal side. 

The angle AOB can be formed by rotating the side OA to the side OB, and 

under such a rotation the point A moves along the circumference of a 
circle, having its center at O and radius |OA | to the point B. 

In the study of trigonometry dealing with problems involving angles 

of triangles, the measurement of an angle is usually given in degrees. 

x However, in the calculus we are concerned with trigonometric functions of 

real numbers, and we use radian measure to define these functions. 

Figure 9.1.1 To define the radian measure of an angle we use the length of an arc of 
a circle. If such an arc is smaller than a semicircle, it can be considered the 
graph of a function having a continuous derivative; and so by Theorem 
7.10.2 it has length. If the arc is a semicircle or larger, it has a length that is 
the sum of the lengths of arcs which are smaller than semicircles. 


> 


9.1.1 Definition Let AOB be an angle in standard position and |OA | = 1. If s units is the 
length of the arc of the circle traveled by point A as the initial side OA is 
rotated to the terminal side OB, the radian measure, t, of angle AOB is given 
by 


t=s if the rotation is counterclockwise 
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and 


t=—s if the rotation is clockwise 


By using the fact that the measure of the length of the unit circle's cir- 
cumference is 27, we determine the radian measures of the angles in Fig. 
9.1.2a, b, c, d, e, and f. They arekz, in, —m, $m, — iv, and $7, respectively. 


Figure 9.1.2 


In Definition 9.1.1 it is possible that there may be more than one 
complete revolution in the rotation of OA. Figure 9.1.3a shows such an 
angle whose radian measure is $77, and Fig. 9.1.3b shows one whose radian 
measure is — tfr. 

An angle formed by one complete revolution so that OA is coincident 
with OB has degree measure of 360 and radian measure of 27. Hence, 
there is the following correspondence between degree measure and radian 
measure (where the symbol — indicates that the given measurements are 
(b) for the same or congruent angles). 


Figure 9.1.3 360? ~ 27 rad 


9.1.2 Definition 


Figure 9.1.4 
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or, equivalently, 
180? ~ 7r rad 

From this it follows that 
1° ~ tor rad 

and 


o 
1rad — 180° = 57°18’ 
T 


From this correspondence the measurement of an angle can be con- 
verted from one system of units to the other. For example, 
162? ~ 162 : tior rad = $yz rad 
and 
5 5 180? 
17 rad — 127 = 


Table 9.1.1 gives the corresponding degree and radian measures of certain 
angles. 


Table 9.1.1 


30 45 60 90 120 135 150 180 270 x 


radian measure | àv ie 40 307 30 Yn 82 m ĝm 2m | 


We now define the sine and cosine functions of any real number. 


Suppose that t is a real number. Place an angle, having radian measure t, 
in standard position and let point P be at the intersection of the terminal 
side of the angle with the unit circle having its center at the origin. If P is 
the point (x, y), then the cosine function is defined by 


cost=x 
and the sine function is defined by 


sin t= y 


From the above definition itis seen that sin t and cos t are defined for 
any value of t. Hence, the domain of the sine and cosine functions is the 
set of all real numbers. The largest value either function may have is 1, and 
the smallest value is —1. It will be shown later that the sine and cosine 
functions are continuous everywhere, and from this it follows that the 
range of the two functions is [—1, 1]. 

For certain values of t, the cosine and sine are easily obtained from a 
figure. From Fig. 9.1.4 we see that cos 0 = 1 and sin 0 = 0, cos ir = 1v2 
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(x, — y) 
Figure 9.1.5 
y 
^ 


Figure 9.1.6 


9.1.3 Definition 


and sin 4r = 1 V2, cos $7 = 0 and sin $c = 1, cos m — —1 and sin 7 = 0, 
cos $7 = 0 and sin $7 = —1. Table 9.1.2 gives these values and some others 
that are frequently used. 


Table 9.1.2 


x 0 n tna 4a dm 3a $a i m gnm 27 
sinx 0 à V2 v8 1 M3 M2 i 0 -1 0 
cosx |1 4V3 4V2 4 0 —à —àv2 —}Vv3 -1 0 1 


An equation of the unit circle having its center at the origin is x? 
1. Because x = cos t and y = sin t, it follows that 


+y? 


(1) 


Note that cos? t and sin? t stand for (cos t)? and (sin t)?. Equation (1) is 
called an identity because it is valid for any real number t. 

Figures 9.1.5 and 9.1.6 show angles having a negative radian measure 
of —t and corresponding angles having a positive radian measure of t. 
From these figures we see that 


(2) 


These equations hold for any real number t because the points where the 
terminal sides of the angles (having radian measures f and —t) intersect 
the unit circle have equal abscissas and ordinates that differ only in sign. 
Hence, Eqs. (2) are identities. From these equations it follows that the 
cosine function is even and the sine function is odd. 

From Definition 9.1.2 the following identities are obtained. 


The pr 


operty of cosine and sine stated by Eqs. (3) is called periodicity, 
which is now defined. 


A function f is said to be periodic with period p # 0 if whenever x is in the 
domain of f, then x + p is also in the domain of f and 


From the above definition and Eqs. (3) it is seen that the sine and 
cosine functions are periodic with period 27; that is, whenever the value 
of the independent variable f is increased by 27, the value of each of the 
functions is repeated. It is because of the periodicity of the sine and cosine 
that these functions have important applications in physics and engineer- 
ing in connection with periodically repetitive phenomena such as wave 
motion and vibrations. 


y 
^ 
Ps(cos(a + b), sin(a + b)) P,(cos b, sin b) 


NN (cos a, sin a) 


2r 
Q(L 0) 


P, (cos a, —sin a) 


Figure 9.1.7 
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We now proceed to derive a useful formula because other important 
identities can be obtained from it. The formula we derive is as follows: 


(4) 


where a and b are any real numbers. 

Refer to Fig. 9.1.7 showing a unit circle with the points 
Q (1, 0), P, (cos a, sin a), P,(cos b, sin b), ), Ps(cos(a + b), sin(a + b)), and 
P,(cos a, —sin a). Using the notation RS to denote the measure of the 
length of arc from R to_S, S, we hi have QP,— a, QP, = b, P,P,— a, and 
P,Q = |—a| = a. Because QP, = OP, + £,P,, we have 


QP,=bt+a (5) 
and because P,P, = P,Q + QP,, it follows that 
P,P,=at+b (6) 


From Eqs. (5) and (6) we see that QP, = P,P»; therefore, the length of the 
chord joining the points Q and P; is the same as the length of the chord 
joining the points P, and P}. Squaring the measures of these lengths, we 
have 


[QP5|? = [PP (7) 
Using the distance formula, we get 
[QP,[* = [cos(a + b) — 1? + [sin (a + b) — 0]? 
= cos?(a + b) — 2 cos(a + b) +1 + sin?(a + b) 
and because cos?(a + b) + sin?(a + b) = 1, the above may be written as 
| QP, |? = 2 — 2 cos(a + b) (8) 
Again applying the distance formula, we have 
[P4P, |? = (cos b — cos a)? + (sin b + sin a)? 
= cos? b — 2 cos a cos b + cos? a 
+ sin? b + 2 sin a sin b+ sin? a 
and because cos? b + sin? b = 1 and cos? a+ sin? a = 1, the above becomes 
[P,P,|?* — 2 — 2 cos a cos b - 2 sin a sin b (9) 
Substituting from Eqs. (8) and (9) into (7), we obtain 
2—2 cos(a + b) =2-— 2 cos a cos b + 2 sin a sin b 
from which follows 
cos(a + b) — cos a cos b — sin a sin b 


which is formula (4). 
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A formula for cos(a — b) can be obtained from formula (4) by substi- 
tuting —b for b. Doing this, we have 


Because cos(—b) 


cos b and sin(—b) — —sin b, we get 
cos(a — b) = cos a cos b+ sin a sin b (10) 


for all real numbers a and b. 

Letting a — 47 in formula (10), we have the equation cos(ia — b) = 
cos $7 cos b+ sin $7 sin b; and because cos $7 = 0 and sin $7 — 1, it 
becomes cos($7 — b) = sin b. Now if in this equation we let įr — b — c, 
then b = $r — c and we obtain cos c= sin($z — c). We have therefore 
proved the following two identities. 


m (11) 


Formulas similar to (4) and (10) for the sine of the sum and difference 
of two numbers follow easily from those we have. A formula for the sine of 
the sum of two numbers follows from (10) and (11). We have from (11) 


sin(a + b) = cos(¢a — (a+ b)) = cos((¢a — a) — b) 
With (10) it follows that 
sin(a + b) = cos(47 — a) cos b+ sin(àv — a) sin b 


and from (17) we get 


psu UM (12) 
for all real numbers a 
To obtain a formula for the sine of the difference of two numbers we 


write a — b as a+ (—b) and apply formula (12). Doing this, we have 


sin(a + (—b)) = sin a cos(—b) + cos a sin(—b) 


and because cos(—b) — cos b and sin(—b) — —sin b, we obtain 


(13) 


which is valid for all real numbers a and b. 


By letting a — b — t in formulas (12) and (4), respectively, we get the 
formulas 


(14) 
and 


(15) 
Using the identity sin? t + cos? t = 1 we may rewrite formula (15) as 


cos 2t = 2 cos? t— 1 (16) 
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or 
cos 2t=1—2 sin? t (17) 


Replacing t by 3t in formulas (16) and (17) and performing some 
algebraic manipulations, we get, respectively, 


cos? ? t= ur DE (18) 
and 
sin? i t= — (19) 


Formulas (14) through (19) are identities because they hold for all 
real numbers t. 

By subtracting the terms of formula (4) from the corresponding terms 
of formula (10) the following is obtained. 


sin a sin b — i[—cos(a + b) + cos(a — b)] (20) 
By adding corresponding terms of formulas (4) and (10) we get 

cos a cos b —i[cos(a + b) + cos(a — b)] (21) 
and by adding corresponding terms of formulas (12) and (13) we have 

sin a cos b=3[sin(a + b) + sin(a — b)] (22) 


By letting c =a + b and d =a — b in formulas (22), (21), and (20), we 
obtain, respectively, 


sin c + sin d=2 sin S$ cos £7. (23) 

cos c + cos d — 2 cos EË cos “54 (24) 
and 

cos c — cos d — —2 sin £3 sin $= 4 (25) 


If the terms of formula (13) are subtracted from the corresponding 
terms of formula (12) and a + b and a — b are replaced by c and d, respec- 
tively, we have 

ctd iE d 
2 2 

You are asked to perform the indicated operations in the derivation of 
some of the above formulas in Exercises 1 to 6. 

When referring to the trigonometric functions with a domain of angle 
measurements we use the notation 6? to denote the measurement of an 


sin c — sin d — 2 cos (26) 
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—L 


Figure 9.1.9 


9.1.4 Definition 


Exercises 9.1 


0 ON DPF WN 2 


ee on 
Ó Oc 


angle if its degree measure is 0. For example, 45° is the measurement of an 
angle whose degree measure is 45 or, equivalently, radian measure is 17. 


y 
P(x,y) ^ 


Sa 


23 


Figure 9.1.8 


Consider an angle of 6° in standard position on a rectangular car- 
tesian-coordinate system. Choose any point P, excluding the vertex, on the 
terminal side of the angle and let its abscissa be x, its ordinate be y, and 
|OP| =r. Refer to Fig. 9.1.8. The ratios x/y and y/r are independent of the 
choice of P because if the point P, is chosen instead of P, we see by Fig. 
9.1.8 that x/r = x,/r, and y/r = y,/r,. Because the position of the terminal 
side depends on the angle, these two ratios are functions of the measure- 
ment of the angle, and we define 

cos 9^ = z and sin 6° =* (27) 

Because any point P (other than the origin) may be chosen on the ter- 
minal side, we could choose the point for which r = 1, and this is the point 
where the terminal side intersects the unit circle x? + y? =1 (see Fig. 
9.1.9). Then cos 6^ is the abscissa of the point and sin 0? is the ordinate of 
the point. This gives the analogy between the sine and cosine of real 
numbers and those of angle measurements. We have the next definition. 


If a degrees and x radians are measurements for the same angle, then 


sin o? — sin x and cos o? — cos x 


. Derive formula (20) by subtracting the terms of formula (4) from the corresponding terms of formula (10). 
. Derive formula (21) by a method similar to that suggested in Exercise 1. 

. Derive formula (22) by a method similar to that suggested in Exercise 1. 

Derive formula (23) by using formula (22). 5. Derive formula (24) by using formula (21). 
. Derive formula (25) by using formula (20). 

. Derive a formula for sin 3t in terms of sin t by using formulas (12), (14), (15), and (1). 

. Derive a formula for cos 3t in terms of cos t. Use a method similar to that suggested in Exercise 7. 

. Without using tables, find the value of (a) sin 4sz and (b) cos i5. 

. Without using tables, find the value of (a) sin r and (b) cos ga. 


. Without using tables, find the value of (a) sin a and (b) cos #7. 


12. 


13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 


22. 


23. 
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Express each of the following in terms of sin f or sin(ic — t): (a) sin($v — t); (b) cos(2v — t); (c) sin(£a + t); 
(d) cos(3a + t). 


Express the function values of Exercise 12 in terms of cos f or cos($7 — t). 

Express each of the following in terms of sin f or sin (4r — f): (a) sin (m — t); (b) cos(v — t); (c) sin (m + t); (d) cos(a + t). 
Express the function values of Exercise 14 in terms of cos t or cos($7 — t). 

Find all values of t for which (a) sin t= 0, and (b) cos t= 0. 

Find all values of t for which (a) sin t = 1, and (b) cos t — 1. 

Find all values of t for which (a) sin t — —1, and (b) cost — —1. 

Find all values of t for which (a) sin t=}, and (b) cos t =3. 

Find all values of t for which (a) sin t ^ —4 V2, and (b) cos t= —1 V2. 


Suppose f is a function which is periodic with period 27, and whose domain is the set of all real numbers, Prove that f is 
also periodic with period —27. 


Prove that the function of Exercise 21 is periodic with period 27m for every integer n. (HINT: Use mathematical induc- 
tion.) 


Prove that if f is defined by f(x) =x — [[x]], then f is periodic. What is the smallest period of f? 


9.2 DERIVATIVES OF Before the formula for the derivative of the sine function can be derived 
THE SINE AND we need to know the value of 


COSINE FUNCTIONS cimi 


t0 t 


Letting f(t) — (sin t)/t, we see that f(0) is not defined. However, we 


prove that lim f(t) exists and is equal to 1. 
t-0 


9.2.1 Theorem lim 


r( =) 
“cos t 


PROOF: We first assume that 0 < t < 47. 

Refer to Fig. 9.2.1 which shows the unit circle x? + y? — 1 and the 
shaded sector BOP, where B is the point (1, 0) and P is the point 
(cos t, sin t). The area of a circular sector of radius r and central angle of 
radian measure t is determined by ?r*t; and so if S square units is the 
area of sector BOP, 


S=}t (1) 


Consider now the triangle BOP, and let K, square units be the area of 
this triangle. Hence, 


Kı =4|AP| : [OB | —1 (sin t) - (1) =ż4 sin t (2) 
Figure 9.2.1 The line through the points O(0, 0) and P(cos t, sin t) has slope 
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sin t/cos t; therefore, its equation is 


. sint 
cos f 


This line intersects the line x = 1 at the point (1, sin t/cos t), which is the 
point T in the figure. 
Letting K, square units be the area of right triangle BOT, we have 


-lmgrpi.(ogpi-l.Sint.4. 1,sint 
K;— 2 [BT | [OB | 2 cost 1 55’ cost (3) 


From Fig. 9.2.1 we see that 
K,<S<kK, (4) 
Substituting from Eqs. (1), (2), and (3) in inequality (4), we get 


T. 1 1 sint 
5sintc-54t«5 T 


Multiplying each member of the above inequality by 2/sin t, which is pos- 
itive because 0 < t < 37, we obtain 
t 1 
sint ^ cost 


Taking the reciprocal of each member of the above inequality and re- 
versing the direction of the inequality signs, we get 


cos t < FR <1 (5) 


From the right-hand inequality in the above we have 
sint < t (6) 


and from formula (19) in Sec. 9.1 we have 


1—cost _ 1 
~; sin 5t (7) 


Replacing t by 4t in inequality (6) and squaring, we obtain 
sin?it < i£ (8) 
Thus, from (7) and (8) it follows that 


1—cost _ Ë 
2 34 


which is equivalent to 
1—iP < cost (9) 


From (5) and (9) and because 0 < t < $7, we have 


9.2.2 Theorem 


9.2.3 Theorem 
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_1,,_ sint : 1 
1 gr. <1 if0<t< >a (10) 


If —$7 < t < 0, then 0 < —t < 47; and so from (10) we have 


1-2 (p< ED <4 if—fa<t<o 
But sin(—t) — —sin t; thus, the above can be written as 
_1,,_ sint open sll 
1—48«7———q E <0 (11) 
From (10) and (11) we conclude that 
la sint T 1 
1 a P< F <1 if 27 «t! $3m7 and t x0 (12) 


Because lim (1 —4t?) =1 and lim 1— 1, it follows from (12) and the 
0 


t-—- 


ts 
squeeze theorem (2.10.5) that 


lim $ =1 


t-o t " 


From the above theorem, we can prove that the sine function and the 
cosine function are continuous at 0. 


The sine function is continuous at 0. 


PRoor: We show that the three conditions necessary for continuity at a 
number are satisfied. 


(i) sin0 — 0. 
(i) lim sin t= lim SB. . ¢ = im S204 - tim 124.9 0, 
t-0 t-0 t-0 t-0 
(iii) lim sin t — sin 0. 
t- 
Therefore, the sine function is continuous at 0. " 


The cosine function is continuous at 0. 


PROOF: 
(i) cos 0 — 1. 
(ii) lim cos t= lim V1 — sin? t 
t-0 t-0 : 
= Vlim (1— sin? t) = V1—0 =1. 
t-0 


450 TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS 


9.2.4 Theorem 


NOTE: We can replace cos t by V1 — sin? f since cos t > 0 when 
0«t« &r and when —iz « t « 0. 


(iii) lim cos t= cos 0. 
t-0 
Therefore, the cosine function is continuous at 0. "a 


The limit in the following theorem is also important. It follows from 
the previous three theorems and limit theorems. 


1—cost _ 


li 0 
fa d 
PROOF 
li 1—cosí um (1 — cos t) (1 + cos t) 


no t Exec t(1 + cos t) 


— lim (1 — cos? t) 


i-o0 t(1- cos t) 


= lim sin? t 
i-o t(1 + cos t) 

= lim sint | lim sin t 
i-o t t0 1-4 cost 


By Theorem 9.2.1, lim (sin t/t) — 1, and because the sine and cosine 
t-0 
functions are continuous at 0, it follows that lim [sin t/(1+ cos t)] = 


0/ (1 + 1) = 0. Therefore, 


lim +298 0 " 
i-0 t 


EXAMPLE 1: Find 


sin 3x 
im = 
x-0 Sin 5x 


if it exists. 


SOLUTION: We wish to write the quotient sin 3x/sin 5x in such a way 
that we can apply Theorem 9.2.1. We have, if x # 0, 
(55 2 
sin 3x _ 3x 
sin 5x e x) 
5 IC 
5x 


As x approaches zero, so do 3x and 5x. Hence, we have 


sin 3x EE" sin 3x = 


lim 1 
r-0 x 3r-0 
and 
.. sin 5x . sin 5x 
lim ——-— = = 1 
r-0 5x 52-0 5X 
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Therefore, 
3li sin 3x 
m sin 3x _ 2o \ 3x E i 3 
z-0 Sin 5x : sin 5x 5-1 5 
5 lim | ——— 
T-0 5x 


We now show that the sine function has a derivative. Let f be the 
function defined by 


f(x) ^ sin x 
From the definition of a derivative, we have 


f(x + Ax) — f(x) 


f'(x) = lim AT 


=i sin(x + Ax) — sin x 
Ar-0 Ax 


= lim 3% cos(Ax) + cos x sin(Ax) — sin x 


Axr-0 Ax 


= lim sin x[cos(Ax) — 1] + lim £S% sin (Ax) 
Ax Ax 


Ar-0 Ar-0 


sin(Ax) 


(tim sin x) + (tim cos x) lim 
Ar-0 Ar-0 Ar-0 Ax 


=—0-sinx+cosx:1 (by Theorems 9.2.4 and 9.2.1) 


1— cos(Ax) 
Ax 


=cosx 
Therefore, we have the formula 
D,{sin x) = cos x (13) 


If u is a differentiable function of x, we have from (13) and the chain 
rule 


D. (sin u) = cos u Du (14) 


The derivative of the cosine function is obtained by making use of 
(13) and the following identities: 


cos x = sin(4v — x) and sin x= cos(im — x) 
D (cos x) = D,[sin($v — x) ] 
= cos(¢7 — x) : D (7 — x) = sin x(—1) 
Therefore, 


D,(cos x) =—sin x (15) 
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So if u is a differentiable function of x, it follows from (15) and the 
chain rule that 


D,(cos u) =—sin u Dyu (16) 
EXAMPLE 2: Given SOLUTION: 7 
_ sinx (tS . (1-2 cos x) D,(sin x) — sin x : D,(1— 2 cos x) 
f(x) —1—5 cos x f'(x) = (1—2 cos x)? 
find f'(x). _ (1 — 2 cos x) (cos x) — sin x(2 sin x) 
(1—2 cos x)? 
., cos x — 2(cos? x + sin? x) 
(1— 2 cos x)? 
— C08 X — 2 
(1 — 2 cos x)? 


EXAMPLE 3: Given 
y = (1 + cos 3?)! 
find D, y. 


SOLUTION: 
Dry = 4(1 + cos 3x?)*(—sin 3x?) (6x) 


= —24x sin 3x?(1 + cos 3x’)? 


EXAMPLE 4: Given 
xcosy+ycosx=1 
find D, y. 


soLuTion: Differentiating implicitly with respect to x, we get 
1: cos y t x(—sin y) Dy + D,y(cos x) + y(—sin x) =0 
D,y(cos x —x sin y) = y sinx— cosy 


y sin x — cos y 


Dry = - 
xd cos x — x sin y 


Geometric problems involving absolute extrema occasionally are 
more easily solved by using trigonometric functions. The following ex- 
ample illustrates this fact. 


EXAMPLE5: A right-circular cyl- 
inder is to be inscribed in a sphere 
of given radius. Find the ratio of 
the altitude to the base radius of 
the cylinder having the largest lat- 
eral surface area. 


| soLuTION: Refer to Fig. 9.2.2. The measure of the constant radius of the 


sphere is taken as a. 
Let 0 — the number of radians in the angle at the center of the sphere 
subtended by the radius of the cylinder; 
r — the number of inches in the radius of the cylinder; 
h — the number of inches in the altitude of the cylinder; 
S = the number of square inches in the lateral surface area of the 
cylinder. 


Figure 9.2.2 
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From Fig. 9.2.2, we see that 

r=asin@ and h=2acos6 
Because S = 2mrh, we have 

S = 27 (a sin 0) (2a cos 0) = 2ma?(2 sin 0 cos 0) = 27a? sin 20 
So 

D4S = 4naà? cos 20 and Dg S = —8m74? sin 20 


Setting D4S = 0, we get 


cos 20— 0 
Because 0 < 0 < $7, 
0—im- 


We apply the second derivative test for relative extrema and summa- 
rize the results in Table 9.2.1. 


Table 9.2.1 


DoS D#S conclusion 


0-—im 0 — S has a relative maximum value 


Because the domain of @ is the open interval (0, $7), the relative max- 
imum value of S is the absolute maximum value of S. 

When 0 = ic, r — 1V2a, and h = V 2a. So for the cylinder having the 
largest lateral surface area, h/r — 2. 


Because D, (sin x) = cos x and cos x exists for all values of x, the sine 
function is differentiable everywhere and therefore continuous every- 
where. Similarly, the cosine function is differentiable and continuous 


everywhere. 
We now discuss the graph of the sine function. Let 


f(x) = sin x 
Then f' (x) = cos x and f” (x) =—sin x. To determine the relative extrema, 
we set f'(x) — 0 and get x ^iv t nv, where n —0, +1, X2,.... If nis 
an even integer, then f” ($a + n) =—sin($a7 + nm) =—sin ir ——1; and 
if n is an odd integer, f” (4m + nv) — —sin($m + nv) ——sin £m = 1. 
Therefore, f has relative extrema when x = 37 + nm; and if n is an even in- 
teger, f has a relative maximum value; and if n is an odd integer, f has a 


relative minimum value. 

To determine the points of inflection of the graph, we set f''(x) — 0 
and obtain x = nr, where n = 0, +1, +2, ... . Because f” (x) changes 
sign at each of these values of x, the graph has a point of inflection at each 
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Exercises 9.2 


point having these abscissas. At each point of inflection f'(x) — 
cos nm —--1. Therefore, the slopes of the inflectional tangents are 
either +1 or —1. Furthermore, because sin(x + 27) = sin x, the sine func- 
tion is periodic and has the period 27. The absolute maximum value of 
the sine function is 1, and the absolute minimum value is —1. The graph 
intersects the x axis at those points where sin x=0, that is, at the 
points where x = nm(n is any integer). 

From the information obtained above, we draw a sketch of the graph 
of the sine function; it is shown in Fig. 9.2.3. 


y — sinx 

Figure 9.2.3 
To obtain the graph of the cosine function, we use the identity 
cos x = sin($7 + x) 


which follows from formula (12) of Sec. 9.1. Hence, the graph of the cosine 
function is obtained from the graph of the sine function by translating the 
y axis £7 units to the right (see Fig. 9.2.4). 


In Exercises 1 through 8 evaluate the limit, if it exists. 


. sin 4x 
1. lim ———— 
r0 

im—x 
lim 
x-ri? COS X 


2 
7. lim 2x 


z-0 1 — cos? ix 


In Exercises 9 through 24 find the derivative of the given function. 


9. f(x) =3 sin 2x 


y = cosx 
Figure 9.2.4 
2. lim . lim SIRE 
x0 COS X z-0 sin 7x 
5. lim 1— 9$. i da eS 
T0 x x-0 Sinx 
._ 1— cos? x 
8. lim 2x2 
10. f(x) = cos(3x? + 1) 11. g(x) = sin 3x cos 3x 
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12. f(t) = cos £ 13. h(t) 22 cos VF 14. g(x) = Vsin x 
= i EE ___sin x 
15. f(x) = In sin 5x 16. F(x) = sin(In x) 17. h(x) Jed. 
18. g(t) = sin(cos f) 19. g(x) = 2 cos x sin 2x — sin x cos 2x 
20. h(y) = y? — y? cos y + 2y sin y + 2 cosy 21. f(x) = (sin x2) 
22. g(x) = xinz 23. h(x) = (cos x)*9^ * 24. f(x) = (In sin x)* 


In Exercises 25 and 26, use logarithmic differentiation to find D, y. 


" in3 
_ sin xV1 + cos? x sin? x 


25. y ea 26. y= Aaa 

In Exercises 27 and 28, find D,y by implicit differentiation. 

27. y = cos(x — y) 28. cos(x + y) = y sin x 

In Exercises 29 through 34, draw a sketch of the graph of the function defined by the given equations. 
29. f(x) = sin 2x 30. f(x) =2 sin 3x 

31. f(x) = {cos 3x| 32. f(x) =3(1 — cos x) 

mos Bee — ir) " i 2. SE IG) = pee — x) 3 Pis e 


35. If a ladder of length 30 ft, which is leaning against a wall, has its upper end sliding down the wall at the rate of? ft/sec, 
what is the rate of change of the measure of the acute angle made by-the ladder with the ground when the upper end is 
18 ft above the ground? 


36. The cross section of a trough has the shape of an inverted isosceles triangle. If the lengths of the equal sides are 15 in., 
find the size of the vertex angle that will give maximum capacity for the trough. 


37. If a body of weight W lb is dragged along a horizontal floor by means of a force of magnitude F Ib and directed at an 
angle of 0 radians with the plane of the floor, then F is given by the equation 


pe kW 
^ ksin ð+ cos 0 


where k is a constant and is called the coefficient of friction. Find cos 0 when F is least. 


38. Find the altitude of the right-circular cone of largest possible volume that can be inscribed in a sphere of radius a units. 
Let 20 be the radian measure of the vertical angle of the cone. 

39. A particle moving in a straight line is said to have simple harmonic motion if the measure of its acceleration is always 
proportional to the measure of its displacement from a fixed point on the line and its acceleration and displacement are 
oppositely directed. Show that the straight-line motion of a particle described by s = A sin 2rkt+ B cos 27kt, where s ft 
is the directed distance of the particle from the origin at t sec, and A, B, and k are constants, is a simple harmonic 
motion. 


40. Show that if a particle is moving along a straight line according to the equation of motion s = a cos(kt + 0) (where a, k, 
and @ are constants) and s ft is the directed distance of the particle from the origin at t sec, then the motion is simple har- 
monic. (See Exercise 39.) 


41. Given f(x) = x sin(a/x), prove that f has an infinite number of relative extrema. 


42. If the domain of the function of Exercise 41 is the interval (0, 1], how should f(0) be defined so that f is continuous on 
the closed interval [0, 1]? 
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9.3 INTEGRALS INVOLVING 
POWERS OF SINE 
AND COSINE 


The formulas for the indefinite integral of the sine and cosine functions 
follow immediately from the corresponding formulas for differentiation. 


J sin u du =—cos u +€ (1) 
PROOF: D,,(—cos u) = sin u. 
f cos udu =sin uw +c (2) 


PROOF: D,(sin u) = cos u. 


EXAMPLE 1: Find 


| cos(In x) dx 
x 


SOLUTION: Letu = ln x. Then du = dx/x; so we have 


pore 


x 
=sinu +C 
= sin(In x) + C 


EXAMPLE2: Find 


sin x 
———— dx 
1— cos x 


SOLUTION: Let u = 1— cos x. Then du = sin x dx; so 


[iim sin x dx -[& 
1— cos x 
=In |u| - C 
— In |1 — cos x| + C 


EXAMPLE 3: Find 


fü (1 + sin x) dx 
0 


SOLUTION: 


7T 


f (1 + sin x) dx = x — cos x| 

* acne can ene) 
=m +1— (0—1) 
—mct2 


We now consider four cases of integrals involving powers of sine and 
cosine. The method used in each case is illustrated by some examples. 


Case 1: f sin" u du or f cos" u du, where n is an odd integer. 


EXAMPLE 4: Find 


Í cos? x dx 


SOLUTION: 
| cos? x dx =Í cos? x (cos x dx) 
=f (1 — sin? x) (cos x dx) 
So 
f cost x dx= f cos x dx— f sin? x cos x dx (3) 
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To evaluate the second integral on the right side of (3), we let u= 
sin x; then du — cos x dx. This gives 


| sin? x (cos x dx) ai u? du 
=4°4+C, 
=4sin?x+C, 
Because the first integral on the right side of (3) is sin x + C,, we have 


| cost x dx sin x— tsin’ eC 


EXAMPLE 5: Find 


f sinë x dx 


SOLUTION: 
| sin® x dx = | (sin? x)? sin x dx 
=Í (1 — cos? x)? sin x dx 
=| (1 — 2 cos? x + cos! x) sin x dx 
Therefore, 
| sin® x dx = | sin x dx — 2 Í cos? x sin x dx + Í cos! x(sin x dx) (4) 


To evaluate the second and third integrals in (4), we let u = cos x and 
du — —sin x dx; and we obtain 


f simo dem meos c2 [ttu — [udu 


= —cos x + $u? — iu5-- C 


=—cos x + cos? x — $ cos x + C 


Case 2: f sin" u du and f cos" u du, where n is an even integer. 

The method used in Case 1 does not work in this case. We use the fol- 
lowing formulas which are obtained from formulas (19) and (18) of Sec. 
9.1 by substituting 2x for t. 


a 1— cos 2x 
sin? x = ———— — 
2 
2 1 + cos 2x 
cos? x = —— 
2 
EXAMPLE 6: Find SOLUTION: 


| sin? x dx 


f sint x de= [= 98? ay 


=tx—tsin2x+C 
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EXAMPLE 7: Find SOLUTION: 
1+ cos 3! 
4 = 2 x)? = ——— —| dx 
f cost xax feos x dx f eos x)? dx ht 2 


zd 1 1 2 
=} fart f cos2rde+3 f cos 2x dx 


=fxt fsin2xr+ dx 


1 1+ cos 4x 
4 4 2 


x--4sin 2x - ix + d; sin 4x + C 


1 
4 
= x + ł sin 2x + d sin 4x + C 


Case 3: f sin” x cos" x dx, where at least one of the exponents is odd. 
The solution of this case is similar to the method used for Case 1. 


eim 


EXAMPLE 8: Find SOLUTION: 


. y Í sin? x cost x dx = Í sin? x cos! x(sin x dx) 
sin? x cost x dx 
=Í (1 — cos? x) cost x(sin x dx) 


= | cost x sin xdx— | cos® x sin x dx 


=—+tcos®x+4cos7x+C 

at TE a SE a ee a | E —— ee —— 
Case 4: f sin" x cos" x dx, where both m and n are even. The solution of 
this case is similar to the method used in Case 2. 


EXAMPLE 9: Find SOLUTION: 
T 4 on 1 — cos 2x\ /1 + cos 2x\? 
f sin’ x cost x ax | sin id x dx= | ( 2 2 ) A 


1 1 
=f {at 5 | cos 2x dx 


ere 2 _1 3 
5 | cs 2x dx 5 | cs 2x dx 


zd n 3.2 00 ia 
——xc sin 2x 8 2 


8 * T 36 ay 


— ij (1 — sin? 2x) cos 2x dx 


-3 | 00s 2x dx +$ | sin? 2x cos 2x dx 
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] : ; y 
_ <x sin2x _ sin 4x _ sin 2x , sin 2x46 


^ 16 16 64 16 48 
_ x , sin’ 2x _ sin 4x 
ig 48 a tC 


EXAMPLE 10: Find 


Í sint x cost x dx 


SOLUTION: If we make use of the formula sin x cos x =+ sin 2x we have 


Í sint x cost x dx = E f sint 2x dx 


-4J ( — cos ay dx 
16 2 


zl, ES 1 2 
= ea IE: 32 f cos axax + 64 f cos 4x dx 


x  sindx , 1 E 


64 64 2 


^64 128 * 64 dx 


x _sin4x | x , sin 8x 
6&4 18 '18' 104 + © 


3x sin 4x , sin 8x 
=s  p8 ' 104 '€ 


The following example illustrates another type of integral involving a 
product of a sine and a cosine. 


EXAMPLE 11: Find 


Í sin 3x cos 2x dx 


T 


SOLUTION: We use formula (22) of Sec. 9.1, which is 
sin a cos b =3 sin(a — b) +4 sin(a + b) 


So 


| sin 3x cos 2x dx= | [5 sin x + sin 5x] dx 
ET Ls 
SZIEXSLUIELCL 


= —icos x — 45 cos 5x + C 


Exercises 9.3 


In Exercises 1 through 22, evaluate the indefinite integral. 


1. [e sin x 4- 2 cos x) dx 


5. J sin X ' sin(cos x) dx 


9. [ six 


j . cos x 
2. Í (sin 3x + cos 2x) dx 3. f sin x e? dx 4. [SS 
6. IE 7. IE 8. J cost xa 
Vx 
10. f cos? x dx 11. Í cos? 4x dx 12. Í sin? x cos? x dx 
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13. | sin? x cos? x dx 14. Í sin? 2t cos‘ 2t dt 15. Í sin? 3t cos? 3t dt 16. Í Veos z sinë zdz 

17. E cos? 3x dx 18. f sin 2x cos 4x dx 19. Í cos 4x cos 3x dx 20. | sin 3x sin 2x dx 
Wsin 3x 

21. i (sin 3x — sin 2x)? dx 22. | sin x sin 3x sin 5x dx 


In Exercises 23 through 28, evaluate the definite integral. 


mi2 2 mi2 
23. Í sin 2x dx 24. Í €? sin e* dx 25. Í cos? x dx 
0 1 


nc 0 
1 1 mie 
26. í sint $x dx 27. Í sin? zx cos? mx dx 28. | sin 2x cos 4x dx 
0 0 0 


T 


29. If n is any positive integer prove that Í sin? nx dx = $r. 
[U 


30. If n is a positive odd integer prove that Í cos”x dx = Q. 

0 
In Exercises 31 through 33, m and n are any integers except zero; show that the given formula is true. 
0 ifmAn 
1 ifm=n 


0 ifmAn 
1 ifm=n 


1 1 
31. Í cos nx cos max dx = { 32. | cos nx sin mmx dx = 0 
1 


1 
33. i sin nx sin max dx = { 
-1 


34. If q coulombs is the charge of electricity received by a condenser from an electric circuit of i amperes at t sec, then i = D,q. 
Suppose i= 5 sin 60t and q = 0 when t = i, find the greatest positive charge on the condenser. 


35. In an electric circuit suppose that E volts is the electromotive force at t sec and E = 2 sin 3t. Find the average value of E 
from t= 0 tot = km. 


36. For the electric circuit of Exercise 35, find the square root of the average value of E? from t — 0 to t = km. 
37. Find the area of the region bounded by one arch of the sine curve. 
38. Find the volume of the solid of revolution generated if the region of Exercise 37 is revolved about the x axis. 


39. Find the volume of the solid generated if the region bounded by the curve y = sin? x and the x axis from x = 0 to x = s is 
revolved about the line y — 1. 


40. Find the area of the region bounded by the two curves y — sin x andy — cos x between two consecutive points of inter- 
section. 


9.4 THE TANGENT, The other trigonometric functions, tangent, cotangent, secant, and 
COTANGENT, SECANT,  cosecant, are defined in terms of the sine and cosine. 
AND COSECANT FUNCTIONS 


9.4.1 Definition 
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The tangent and secant functions are defined by 


- cos x. 


for all real numbers x for which cos x # 0. 
The cotangent and cosecant functions are defined by 


| cos x oaol 
cotx= ins — C617 Sing 


for all real numbers x for which sin x ¥ 0. 


The tangent and secant functions are not defined when cos x — 0, 
which occurs when x ist, ĝm, oria + nr, where n is any positive or nega- 


. tive integer, or zero. Therefore, the domain of the tangent and secant func- 


tions is the set of all real numbers except numbers of the form dz + nr, 
where n is any integer. Similarly, because cot x and csc x are not defined 
when sin x = 0, the domain of the cotangent and cosecant functions is the 
set of all real numbers except numbers of the form nz, where n is any 
integer. 

By Theorem 2.12.1(iv), if the functions f and g are continuous at the 
number a, then f/ is continuous at a, provided that g(a) ¥ 0. Because the 
sine and cosine functions are continuous at all real numbers, it follows that 
the tangent, cotangent, secant, and cosecant functions are continuous at all 
numbers in their domain. 

By using the identity 


cos? x + sin? x 1 (1) 
and Definition 9.4.1, we obtain two other important identities. If on both 
sides of (1) we divide by cos? x, when cos x ¥ 0, we get 

cos? x , sin?x_ 1 

cos? x  cos?x  cos?x 


and because sin x/cos x — tan x and 1/cos x — sec x, we have the identity 
1+ tan? x= sec? x (2) 


By dividing on both sides of (1) by sin? x when sin x # 0, we obtain in 
a similar way the identity 


coli x 4 1 esc! x (3) 


Three other important formulas follow immediately from Definition 
9.4.1. They are 


gin x esex=1 (4) 


cos x sec x — 1 (5) 
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and 
tan x cotx=1 (6) 


Formulas (4), (5), and (6) are valid for all values of x for which the func- 
tions are defined, and therefore they are identities. 

Another formula that we need is one that expresses the tangent of the 
difference of two numbers in terms of the tangents of the two numbers. By 
using formulas 13 and 10 from Sec. 9.1, we have 


sin(a — b) _ sina cos b — cosa sin b 
cos(a —b) cosa cos b + sina sin b 


tan(a — b) — 


Dividing both the numerator and denominator by cos a cos b, we get 


sinacosb  cosasin b sina sinb 
cosa cosb cosa cosb cosa cosb 
tan(a — b) = ———————————— Fe aM 
cosa cos b , sina sin b sin à sin b 
cosa cosb cosa cos b cos à cos b 


Therefore, we have the identity 


unn 0055 1+tana tanb (7) 
Taking a = 0 in formula (7) gives 


__tan 0 — tan b 
tan(0 Des runi 


Because tan 0 = 0, we have from the above equation 
tan(—b) — —tan b (8) 


Therefore, the tangent is an odd function. 
Taking b — —b in formula (7) gives 


tan a — tan(—b) 
1+ tan a tan(—b) 


tan(a — (—b)) = 


(9) 


The derivatives of the tangent, cotangent, secant, and cosecant func- 
tions are obtained from those of the sine and cosine functions and dif- 
ferentiation formulas. 


Dieng =p (um x) — cos x : D,(sin x) —sin x : D,(cos x) 


cos x cos? x 


— (cos x) (cos x) — (sin x) (—sin x) 
< cos? x 
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. cos? x t sin? x 


cos? x 
— 
cos? x 
= sec x 
So we have 
D,(tan x) = sec? x (10) 


If u is a differentiable function of x, then from (10) and the chain rule 
we obtain 


D,,(tan u) = sec? u D,u (11) 


The formula for the derivative of the cotangent function is obtained in 
an analogous manner. The result is 


D,(cot x) =—csc? x (12) 


The derivation of (12) is left for the reader (see Exercise 1). 
From (12) and the chain rule, if u is a differentiable function of x, we 
have 


D,(cot u) = —csc? u D,u (13) 
D, (sec x) = D,[ (cos x) ^] 


= —1(cos x) "?(—sin x) 


——.' sinx 
cos? x 


—. 1 ,sinx 
cos X .cOS X 


— sec x tan x 
We have, then, the following formula: 
D, (sec x) = sec x tan x (14) 


If u is a differentiable function of x, then from (14) and the chain rule 
we get 


D (sec u) = sec u tan u Du (15) 


In a similar manner the formula for the derivative of the cosecant 
function may be derived, and we obtain 


D,(csc x) — —csc x cot x (16) 
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So by applying (16) and the chain rule, if u is a differentiable function 
of x, we have 


(17) 


The derivation of (16) is left for the reader (see Exercise 2). 
The following examples illustrate the use of the above formulas. 


EXAMPLE 1: Find f'(x) if 


f(x) 22tanix—x 


SOLUTION: f'(x) =2 sec? $x(4) —1= sec?4x—1. 
If we use identity (2), this simplifies to 


f'(x) = tan? $x 


EXAMPLE 2: Find f'(x) if 


f(x) = sect 3x 


SOLUTION: 
f'(x) —4 sec 3x - D, (sec 3x) 
— 4 sec? 3x(sec 3x tan 3x) (3) 


= 12 sec! 3x tan 3x 


EXAMPLE 3: Find f'(x) if 


f(x) = cot x csc x 


SOLUTION: 
f'(x) = cot x : D,(cse x) + csc x - D,(cot x) 
= cot x(—csc x cot x) + csc x(—csc? x) 


= —csc x cot? x — csc? x 


9.4.2 Definition 


In Definition 9.1.4 we gave the analogy between the sine and cosine of 
real numbers and those of angle measurements. The following definition 
gives a similar analogy for the other four trigonometric functions. 


If a degrees and x radians are measurements for the same angle, then 


tan o? — tan x cot o? — cot x sec o? = sec x esc a? = csc x 


EXAMPLE 4: An airplane is flying 
west at 500 ft/sec at an altitude of 
4000 ft. The airplane is in a vertical 
plane with a searchlight on the 
ground. If the light is to be kept on 
the plane, how fast is the search- 
light revolving when the airplane 
is due east of the searchlight at an 
airline distance of 2000 ft? 


SOLUTION: Refer to Fig. 9.4.1. The searchlight is at point L, and at a partic- 
ular instant of time the airplane is at point P. 
Let t= the number of seconds in the time; 
x — the number of feet due east in the airline distance of the 
airplane from the searchlight at time t sec; 
0 = the number of radians in the angle of elevation of the airplane 
at the searchlight at time f sec. 
We are given D,x = —500. We wish to find D,0 when x = 2000. 


taii g- 0 (18) 


4000 ft 


— 


x ft 


Figure 9.4.1 
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Differentiating on both sides of Eq. (18) with respect to t, we obtain 


4000 
2 


sec? 0 D,9 — — Dix 


Substituting D,x — —500 in the above and dividing by sec? 0 gives 


2,000,000 


D,0 = x? sec? 0 


(19) 


When x = 2000, tan 0 = 2. Therefore, sec? 0 — 1 + tan? 0 — 5. Substituting 
these values into Eq. (19), we have, when x — 2000, 


Dg= 2000000 1 
f 4,000,000(5) 10 


We conclude that at the given instant the measurement of the angle is 
increasing at the rate of 75 rad/sec, and this is how fast the searchlight is 
revolving. 


We now consider the graph of the tangent function. Because from Eq. 
(8) tan(—x) = —tan x, the graph is symmetric with respect to the origin. 
Furthermore, 


sin(x + T) 


tan(x + 7) = cos E E) 


. Sin x COS 7 t cos x sin 7 
COS X COS 7 — Sin x sin 7 


. sin x(—1) + cos x(0) 
~ cos x(—1) — sin x(0) 
_ —sin x 


—cos X 


=tan x 


and so by Definition 9.1.3, the tangent function is periodic with period 7. 
The tangent function is continuous at all numbers in its domain 
which is the set of all real numbers except those of the form 37 + nr, 


where n is any integer. However, 3m „m tan x— 9, and so the lines 


having equations x=37+n7 are vertical asymptotes of the graph. 
If n is any integer, sin na = 0 and cos rr is either +1 or —1, and so 
tan mz —0. Therefore, the graph intersects the x axis at the points 
(n7, 0). 
To find the relative extrema of the tangent function and the points of 
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inflection of its graph, we consider the first and second derivatives. So if 
f(x) = tan x, then f'(x) = sec? x and f''(x) = 2 sec? x tan x. 

Setting f'(x) — 0 gives sec? x —0. Because sec? x = 1 for all x, we 
conclude that there are no relative extrema. Setting f'' (x) — 0, we obtain 
2 sec?x tan x = 0, from which we get tan x = 0 because sec? x # 0. There- 
fore, f” (x) =0 if x ^ nr, where n is any integer. At these values of x, 
f" (x) changes sign, and so the points of inflection are the points (n7, 0), 
which are the points where the graph intersects the x axis. Because 
f' (nT) = sec? nm = 1, the slopes of the inflectional tangents are 1. 

Consider now the open interval (—7, $77) on which the tangent func- 
tion is defined everywhere. Because f' (x) = sec? x > 0 for all values of x, it 
follows that the tangent is an increasing function on this interval. When 
—tn < x « 0, f" (x) = 2 sec? x tan x <0; hence, the graph is concave 
downward on the open interval (—7, 0). When 0 < x < im, f''(x) > 0, 
from which it follows that the graph is concave upward on the open in- 
terval (0, $7). 


Table 9.4.1 7 
x | 0 i imc ic 


tan x | 0 4V3 = 0.58 1 V3 = 1.73 


In Table 9.4.1 there are some corresponding values of x and y satis- 
fying the equation y = tan x. By plotting the points having as coordinates 
the number pairs (x, y) and using the above information, a sketch of the 
graph of the tangent function may be drawn, and it is shown in Fig. 9.4.2. 

The graph of the cotangent function can be obtained from the graph of 
the tangent function by using an identity which will now be proved. 


L————-—--—-—-—-—— 


3 


———————-.--——win 


y= tanx 


Figure 9.4.2 
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_ sin@g7+ x) 


tan(3a + x) cos(4$7 + x) 


sin à cos x + cos $a sin x 
cos ¿r cos x — sin $r sin x 


— (1) cos x + (0) sin x 
~ (0) cos x — (1) sin x 


. _cos x 
—sin x 
=—cotx 
Therefore, 
cot x =—tan(47 + x) 


From the above identity it follows that the graph of the cotangent 
function is obtained from the graph of the tangent function by translating 
the y axis $7 units to the right and then taking a reflection of the graph 
with respect to the x axis. A sketch of the graph of the cotangent function 
is in Fig. 9.4.3. 


y = cotx 


Figure 9.4.3 


The secant function is periodic with period 27 because 


1 


cos(x + 2r) cosx ere 


sec(x + 27) = 


The domain of the secant function is the set of all real numbers except 

those of the form4z + nz, and the function is continuous on its domain. 

Because lim „„ sec x — *, the graph of the secant function has the lines 
rxqi2tnT 


x —im + nm as vertical asymptotes. There is no intersection of the graph 
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with the x axis because sec x is never zero. The secant function is even 
because 
1 


1 
— = -— = sec 
sec(-) cos(—x) cosx Serm 


and so the graph of the secant function is symmetric with respect to the y 
axis. 

If f(x) 2 sec x, it follows that f'(x) —sec x tan x and f''(x) — 
sec x(2 tan? x+ 1). Setting f'(x) 2 0 gives sec x tan x=0. Because 
sec x # 0, f' (x) = 0 when tan x = 0, which is when x = n7, where n is any 
integer. Also, f” (nv) = sec nm[2 tan? nz + 1]. If n is an even integer, 
f (nv) =1-(0+1)=1; and if n is an odd integer, f’’ (ni) = 
(—1) (0 4 1) — —1. Therefore, when x — nz and n is an even integer, f 
has a relative minimum value; and when x= n7 and nis an odd integer, f 
has a relative maximum value. There are no points of inflection because 
for all x, f''(x) # 0. 

Using the above information and plotting a few points, we get a 
Sketch of the graph of the secant function shown in Fig. 9.4.4. 


EN l 
-2r -r 
2 
y = secx 
Figure 9.4.4 
Because 
1 1 
sec(x +47) = —————-————--—cscx 
tim) cos(x +r) —sinx 
then 
csc x = —sec(x + $m) 


and so the graph of the cosecant function is obtained from that of the 
secant function by translating the y axis $7 units to the right and taking a 
reflection of the graph with respect to the x axis. A sketch of the graph of 
the cosecant function is in Fig. 9.4.5. 
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y= csc x 
Figure 9.4.5 
Exercises 9.4 
1. Derive: D,(cot x) = —csc? x. 2. Derive: D,(csc x) = —csc x cot x. 


In Exercises 3 through 20, find the derivative of the given function. 


3. f(x) = sec 2 4. g(x) = In cs? x 5. F(x) = In |sec 2x| 
6. h(x) = In |cot ix| 7. G(r) = Veot 3r 8. h(t) = sec? 2t — tan? 2t 
9. g(x) = sec x tan x 10. f(x) = sin x tan x 11. f(t) = csc(# +1) 
t? 2 
12. g(t) =2 sec Vi 13. H(t) = cott t—csc*t 14. F(x) EET 
15. f(x) = In [sec 5x + tan 5x] 16. f(x) = $ sec? 2x — sec 2x 17. g(x) = 3" sec x 
18. G(z) = logi, |esc x — cot x| 19. F(x) = (sin x)” 20. G(x) = (tan x)? 
In Exercises 21 and 22, use logarithmic differentiation to find Dzy. 
sec x V1 — cot? x tan? x 

= = 22. = —— 

21. y csc? x Y V1 + sec? x 


In Exercises 23 through 26, find D, y by implicit differentiation. 


23. y = tan(x + y) 24. cot xy + xy — 0 

25. sec? x + cs? y — 4 26. csc(x — y) + sec(x + y) =x 
In Exercises 27 through 30, draw a sketch of the graph of the given function. 

27. f(x) = tan 2x 28. f(x) =4 sec 2x 

29. f(x) — 4 cot x| 30. f(x) = jesc ix] 


31. Find an equation of the tangent line to the curve y = sec x at the point (47, V2). 
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32. A radar antenna is located on a ship that is 4 miles from a straight shore and it is rotating at 32 rpm. How fast is the radar 


beam moving along the shore line when the beam makes an angle of 45? with the shore? 
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33. A steel girder 27 ft long is moved horizontally along a passageway 8 ft wide and into a corridor at right angles to the pas- 
sageway. How wide must the corridor be in order for the girder to go around the corner? Neglect the horizontal width of 


the girder. 


34. If two corridors at right angles to each other are 10 ft and 15 ft wide, respectively, what is the length of the longest steel 
girder that can be moved horizontally around the corner? Neglect the horizontal width of the girder. 


9.5 AN APPLICATION OF 
THE TANGENT FUNCTION 
TO THE SLOPE OF A LINE 

9.5.1 Definition 


9.5.2 Theorem 


The tangent function can be used in connection with the slope of a straight 
line. We first define the angle of inclination of a line. 


The angle of inclination of a line not parallel to the x axis is the smallest 
angle measured counterclockwise from the positive direction of the x axis 
to the line. The inclination of a line parallel to the x axis is defined to have 
measure Zero. 


If æ is the degree measure of the angle of inclination of a line, a may 
be any number in the interval 0 < a < 180. Figure 9.5.1 shows a line L for 
which 0 « a « 90, and Fig. 9.5.2 shows one for which 90 « a < 180. 


V  ,P(coso^,sin o?) 


Figure 9.5.1 Figure 9.5.2 


If a is the degree measure of the angle of inclination of line L, not parallel 
to the y axis, then the slope m of L is given by 


m = tan a? 


PROOF: Refer to Figs. 9.5.1 and 9.5.2, which show the given line L 
whose angle of inclination has degree measure a and whose slope is m. 
The line L’ that passes through the origin and is parallel to L also has slope 
m and an angle of inclination whose degree measure is o. The point 
P(cos of, sin a°), at the intersection of L and the unit circle + y? — 1, 
lies on L’. And because the point (0, 0) also lies on L’, it follows from Def- 
inition 1.5.1 that 


9.5.3 Theorem 
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sino?—0 sino? 
"usu o wur aA " 

If the line L is parallel to the y axis, the degree measure of the angle of 
inclination of L is 90 and tan 90? does not exist. This is consistent with the 
fact that a vertical line has no slope. 

Theorem 9.5.2 is used to obtain a formula for finding the angle 
between two nonvertical intersecting lines. If two lines intersect, two sup- 
plementary angles are formed at their point of intersection. To distinguish 
these two angles, let L, be the line with the greater angle of inclination of 
degree measure o, and let L, be the other line for which the degree 
measure of its angle of inclination is o4. If 0 is the degree measure of the 
angle between the two lines, then we define 


0 = Q&Q — Q (1) 


If L, and L, are parallel, then o; = o; and the angle between the two lines 
has degree measure 0. Thus, if L, and L, are two distinct lines,0 x 0 < 180. 
Refer to Figs. 9.5.3 and 9.5.4. 


Figure 9.5.3 Figure 9.5.4 


The following theorem enables us to find 0 when the slopes of L, and 
L, are known. 


Let L, and L, be two nonvertical lines, which intersect and are not perpen- 
dicular, and let L, be the line having the greater angle of inclination. Then 
if m, is the slope of L,, m, is the slope of Lz, and @ is the degree measure 
of the angle between L, and L;. 


(2) 
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PROOF: If a, and os are degree measures of the angles of inclination of L, 
and L;, respectively, from Eq. (1) we have 


0—2054—0, 
and so 
tan 6° = tan (a? — o4?) 
Applying formula (7) of Sec. 9.4 to the right side of the above, we get 


tan œx — tan a4? 


= 
tan 1+ tan a,° tan as? 


Lo Hm m, 
1 m,ms B 


EXAMPLE 1: Find to the nearest 
degree the measurements of the 
interior angles of the triangle 
having vertices B(—2, 1), C(2, 2), 
D(-3, 4). 


Figure 9.5.5 


SOLUTION: [et B, y, and ô be the degree measures of the interior angles of 
the triangle at the vertices B, C, and D, respectively. Let u denote the line 
through B and C, v the line through C and D, w the line through B and D, 
and m,, m,, and m, their respective slopes. Refer to Fig. 9.5.5. 

Using the formula for the slope of a line through two given points, we 
get 


m,=4+ m, = —$ mM, =—3 


To determine fi, we observe that line w has a greater angle of inclina- 
tion than line u; so in formula (2), m, = m, — —3 and m, = m, = 1. The 
degree measure of the angle between lines u and v is 8. Thus, from 
formula (2) we have 


o. —9- i —R 
tan B 71X1C3)^ 13 
Therefore, 
B=94 


To determine y, because line v has a greater angle of inclination than 
line u, m, = m, = —$ and m, = m, = 1. The degree measure of the angle 
between lines u and v is, by definition, 180 — y. Applying formula (2), 
then, we get 

1 
eas n. TOES aS 

tan(180° — y?) 1-i Cc ii 
Hence, 

180 — y — 144 
so that 


y = 36 
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To determine 8, because line v has a greater angle of inclination than 
line w, m; = m, = —$ and m, = m, — —3. The degree measure of the angle 
between lines v and w is then 8. Applying formula (2), we obtain 


o- _*- C3) _ı 

an STO ! 
Therefore, 
ô= 50 


The sum of the degree measures of the angles of a triangle must be 180. We 
use this to check the results, and we have 


B + y + 6294 + 36 + 50 = 180 


9.5.4 Definition The angle between two curves at a point of intersection is the angle between 
the tangent lines to the curves at the point. 


EXAMPLE 2; Find to the nearest SOLUTION: Solving the two equations simultaneously, we obtain (2, 2) 
degree the measurement of the and (2, —2) as the points of intersection. In Fig. 9.5.6 sketches of the two 
angle between the curves y — curves are shown together with the tangent lines at each point of intersec- 
x! —2 and y — —2x? + 10 at their | tion. Because of the symmetry of the two curves with respect to the y axis, 
points of intersection. the angle between the curves at (2, 2) has the same measure as the angle 


between them at (2, —2). Let P be the point (2, —2), T, be the tangent line 
to y =x? — 2at P, and T, be the tangent line to y =—2x? + 10 at P. The line 
T; has a greater angle of inclination than Tj. So if 0 is the degree measure of 
the angle between T, and T;, 


m,;-—m, 


tan 0? = 
n 1 + mm 


where m, is the slope of T, and m, is the slope of T,. From the equation y = 


x? — 2, we get Dy = 2x, and so m, = 4. From the equation y — —2x? + 10, 
we get D;y = —4x; thus, m, = —8. Hence, 


Therefore, to the nearest degree, 0? — 21*. 


Figure 9.5.6 


Exercises 9.5 


1. Find tan 6° if 6° is the measurement of the angle between the lines whose slopes are (a) 1 and 4; (b) 5 and—4; (c) — and 
E (d) — i and — — 1; (e) —i and — 3. 
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. Find, to the nearest degree, the measurement of the angle between the lines whose slopes are (a) 5 and —$; (b) —3 and 


2; (c) $ and 4 (d) —2 and — 1. 


. Find, to the nearest degree, the measurements of the interior angles of the triangle formed by the lines that have equa- 


tions 2x + y — 6 = 0, 3x — y —4—0, and 3x + 4y + 8— 0. 


. Find, to the nearest degree, the measurements of the interior angles of the triangle having vertices at (1, 0), (—3, 2), and 


(2, 3). 


. Find an equation of a line through the point (—1, 4) making an angle of radian measure 47 with the line having equa- 


tion 2x + y — 5 — 0 (two solutions). 


. Find an equation of a line through the point (—3, —2) making an angle of radian measure $r with the line having equa- 


tion3x — 2y — 7 =0. 


. Using Theorem 9.5.3, prove that the triangle having vertices at (2, 3), (6, 2), and (3, —1) is isosceles, 

. Using Theorem 9.5.3, prove that the triangle having vertices at (—3, 0), (—1, 0), and (—2, V3) is equilateral. 
. Find the slope of the bisector of the angle at A in the triangle having the vertices: A(4, 1); B(6, 5); and C(—1, 8). 
. Find the slope of the bisector of the angle at A in the triangle having the vertices: A(—3, 5); B(2, —4); and C(-1, 7). 


. Let A, B, and C be the vertices of an oblique triangle (no right angle), and let o, 8, and y be the radian measures of the 


interior angles at vertices A, B, and C, respectively. Prove that tan a + tan 8 + tan y= tan a tan £$ tan y. (HINT: First 
show that tan(a + B) — —tan y.) 


. Find the tangents of the measurements of the interior angles of the triangle having vertices at (—3, —2), (—6, 3), and 


(5, 1) and check by applying the result of Exercise 11. 


. Find the points of intersection of the graphs of the sine and cosine functions and find the measurement of the angle 


between their tangent lines at their points of intersection. 


. Find, to the nearest 10 minutes, the measurement of the angle between the curves y = 2x? — 11 and y= x? — 2 at their 


points of intersection. 


9.6 INTEGRALS INVOLVING  Aformula for the indefinite integral of the tangent function is derived as 


THE TANGENT, follows. Because 
COTANGENT, SECANT, 


AND COSECANT Í tan u du = Í vor. du 
we let v — cos u, dv — —sin u du, and obtain 
ES u du=— [ Z =n lvl +C 
Hence, 
f tan u du =—In [cos u| + C (1) 


Because —In [cos u| = In |(cos 1) ^!| = In [sec u|, we can also write 


(2) 


The following formula is derived in a way similar to the derivation of (1). 
(See Exercise 29.) 


EXAMPLE 1: Find 


Í tan 3x dx 
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(3) 


To integrate f sec u du, we multiply the numerator and denominator 
of the integrand by (sec u + tan u), and we have 


f sec u du = f Secusecut tan) gy a y 


sec u + tan u sec u + tan u 
Let v = sec u + tan u. Then dv = (sec u tan u + secu) du; and so we have 
ca 


=In |v| - C 


f sec u du = 
Therefore, 


(4) 


The formula for f csc u du is derived by multiplying the numerator 
and denominator of the integrand by (csc u — cot u) and proceeding as 
above. This derivation is left for the reader (see Exercise 30). The formula 


(5) 


The application of these formulas to the evaluation of other integrals 
is illustrated in the following examples. 


SOLUTION: 
[ tan 3x dx 5 [ tan 3x (3 dx) 


EXAMPLE 2: Find 


dx 
sin 2x 


= 4 In |sec 3x| + C 
SOLUTION: 
dx _ PE | d 
ROT esc 2x dx = 5 csc 2x (2dx) 


= 4 In |csc 2x — cot 2x| + C 


The following two indefinite integral formulas follow immediately 
from the corresponding differentiation formulas. 


(6) 


(7) 


Many integrals involving powers of tangent and secant can be eval- 
uated by applying these two formulas and the identity given by formula 
(2) in Sec. 9.4, which is 


1 + tan? u = sec? u (8) 
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There are similar formulas involving the cotangent and cosecant. 


(9) 


eue 


PROOF: D,(—cot u) — —(—csc?u) = csc?u. 
(10) 
proor: D,(—csc u) — —(—csc u cot u) = csc u cot u. 
EXAMPLE 3: Find SOLUTION: 
2KS RC 238 du =2 | mS au +3 | 1 cosu jų 
sin? u sin? u sin? u sinu sinu 
=2 [se udu 3 f cscu cot u du 
=—2 cot u — 3 cscu +C 
From formula (3) in Sec. 9.4 we have the identity 
1 + cot? u = cse u (11) 


Formulas (6), (7), and (8) are used to evaluate integrals of the form 


f tan" u sec" u du 

and formulas (9), (10), and (11) are used to evaluate integrals of the form 
| cot" u sec" u du 

where m and n are positive integers. 
We distinguish various cases. 


Case 1: f tan" u du or f cot" u du, wheren isa positive integer. 
We write 


tan" u = tan”? u tan? u 
= tan”? u(sec? u — 1) 
and 
cot" u = cot”? u cot? u 


= cot”? u(csc? u — 1) 


EXAMPLE 4: Find 
Í tan? x dx 


SOLUTION: 


[ tant x dx= [ tan x(sect x—1) dx = Í tan x sect xdx— | tan xdx 


=} tan? x + In |cos x| + C 
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EXAMPLE 5: Find l mE | SOLUTION: 
Í cott 3x dx | Í cott 3x dx = f cot? 3x(csc? 3x — 1) dx 
= | cot? 3x csc? 3x dx — Í cot? 3x dx 


= $ (—cot? 3x) -=f (csc? 3x — 1) dx 


= —4 cot? 3x + à cot 3x + x - C 


Case 2: f sec" u du or f csc” u du, where n is a positive even integer. 
We write sec" u = sec? u sec? u = (tan? u + 1) 9? sec? u 
and 
csc” u = csc™? u csc? u = (cot? u + 1)979? csc? u 


—————— en sai 


EXAMPLE 6: Find SOLUTION: 


[oes [ se xax= | (cot? x + 1)? csc? x dx 


= | eot x ct x de +2 f eot x eset x dr + f cse x ax 


=— $ coť x — $ cot? x — cot x + C 


E ROT MEAS EE 


To integrate f sec" u du or f csc” u du when n is a positive odd integer, 
we must use integration by parts, which is discussed in Sec. 10.2. 


Case3: f tan" u sec" u du or f cot" u csc" u du, where n is a positive even 
integer. 
This case is illustrated by the following example. 


| SOLUTION: 


EXAMPLE 7: Find 


Í tan? x sec! x dx | tan? x sec* x dx = | tan? x (tan? x + 1) sec? x dx 


| = Í tan’ x sec x dx + Í tan? x sec? x dx 


Case4: f tan" u sec" u du or f cot" u csc" u du, where m is a positive odd 
integer. 
The following example illustrates this case. 


EXAMPLE 8: Find | SOLUTION: 


| tan® x sec’ x dx | Í tar? x sec’ x dx = | tan* x sec? x sec x tan x dx 


=Í (sec? x — 1)? sec? x (sec x tan x dx) 
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= f sec? x (sec x tan x dx) 


-2 [sees (sec x tan x dx) + | sect x (sec x tan x dx) 


= d secl! x — $ se? x + 4 sec! x - C 


Integration by parts (Sec. 10.2) is used to integrate f tan" u sec" u du 


and f cot" u csc" u du when m is a positive even integer and n is a positive 
odd integer. 


Exercises 9.6 


In Exercises 1 through 22, evaluate the indefinite integral. 


1. 


5. 


9. 


13. 


17. 


21. 


f tan 2x dx 


Í cot? x dx 


| tan? x sec! x dx 


Í (tan 3x + cot 3x)? dx 


2, Í cot(3x + 1) dx 
6. IE 


10. i tan? x sec? x dx 


dx 
14. Í 1+ cos x 


3. IE csc 5x? dx 4. l sec x tan x tan(sec x) dx 


7. i csc? 6x dx 8. Í x? sec? x3 dx 


11. f cot? 3x esc! 3x dx 12. i (sec 5x + csc 5x)? dx 


15. f tant $x dx 16. Í tanë 3x dx 


tant 4 
Í cot? 24 dt 18. Í a 19. f ELON 20. Í csc x 4 
sec? y 1+ sec du cot? x 
[= sec? xa 2. Í un TX l 
tant $4 cos m 


In Exercises 23 through 28, evaluate the definite integral. 


23. 


26. 


29. 
30. 
31. 
32. 
33. 


34. 


35. 


TÍ/12 
j tan 4x dx 


TÍ16 


mi4 
Í cot? w dw 
Ti6 


TÍ4 
24. I 3 csc 2x dx 
mig 


27. 


Tj4 


25. sec? x dx 
—Ti4 
mi2 4 
cos’ t 73 tan? x 
eet as, fi a 
na sin’ t o secx 


Derive the formula f cot u du = In |sin u| + C. 


Derive the formula f csc u du = In |csc u — cot u| + C. 


Find the length of the arc of the curve y — 


In csc x from x = im tox — $r. 


Find the area of the region bounded by the curve y = tan? x, the x axis, and the line x = iz. 


Find the volume of the solid of revolution generated if the region bounded by the curve y — sec? x, the axes, and the line 


x = 47 is revolved about the x axis. 


csc” x x 


Prove: | cot x esc” x dx = — ——- +C, 


tan"! x 


Prove: Í tan" x dx = 
n—1 


ifn #0 


c Í tan”? xdx ifn is a positive integer greater than 1. 
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36. Derive a formula similar to that in Exercise 34 for f tan x sec" x dx if n # 0. 


37. Derive a formula similar to that in Exercise 35 for f cot" x dx, if n is a positive integer greater than 1. 


38. We can integrate f sec? x tan x dx in two ways as follows: f sec? x tan x dx = f tan x(sec? x dx) = $ tan? x + C and 
f sec? x tan x dx = f sec x(sec x tan x dx) =$ sec? x + C. Explain the difference in the appearance of the two answers. 


39. Prove that f csc udu — —ln |csc u + cot u| + C. 


9.7 INVERSE 
TRIGONOMETRIC 
FUNCTIONS 


Figure 9.7.1 


9.7.1 Definition 


Consider the equation x — sin y. A sketch of the graph of this equation is 
in Fig. 9.7.1. In the figure, the vertical line x = 3 is shown; this line inter- 
sects the graph at the points for which y = $r, $«, — $7, — 7, and so on. 
We see, then, that the equation x — sin y does not define y as a function of 
X because every vertical line must intersect the graph of a function in at 
most one point. Hence, we conclude that the sine function does not have 
an inverse function. 

Refer now to the graph of the sine function (Fig. 9.2.3). We see from 
the figure that the sine is an increasing function on the interval [—17,37]. 
This follows from Theorem 4.6.3 because if f(x) — sin x, then f'(x) — 
cos x > 0 for all x in (—47, 47). Thus, even though the sine function 
does not have an inverse function, it follows from Theorem 8.3.2 that the 
function F for which 


F(x) 2sinx and r < x sir (1) 


does have an inverse function. The domain of F is [—$7,47] and its range 
is [71, 1]. A sketch of the graph of F is shown in Fig. 9.7.2. The inverse of 
the function defined by (1) is called the inverse sine function and is 
denoted by the symbol sin~'. Following is the formal definition. 


Figure 9.7.2 


The inverse sine function, denoted by sin“, is defined as follows: 


y=sin tx ifandonlyif x= siny andr <y <tr 


The domain of sin™ is the closed interval [—1, 1], and the range is the 
closed interval [—37, $7]. A sketch of the graph is shown in Fig. 9.7.3. 
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Figure 9.7.3 


Figure 9.7.4 


9.7.2 Definition 


y = cos-!x 


Figure 9.7.5 


It follows from Definition 9.7.1 that 

sin(sin"! x) =x for x in [—1, 1] (2) 
and 

sin^!(sin y) = y for y in [-iz, $77] (3) 


In (1) the domain of F was restricted to the closed interval [—47, 37] 
so the function would be monotonic on its domain and therefore have an 
inverse function. However, the sine function has period 27 and is increas- 
ing on other intervals, for instance, [—-$v, —37] and [$7, $«]. Also, the 
function is decreasing on certain closed intervals, in particular the intervals 
[7$, —$v] and [27 $7]. Any one of these intervals could just as well 
have been chosen for the domain of the inverse sine function. The choice 
of the interval [—iz, i7], however, is customary because it is the largest 
interval containing the number 0 on which the function is monotonic. 

The cosine function does not have an inverse function for the same 
reason that the sine function doesn't. To define the inverse cosine func- 
tion, we restrict the cosine to an interval on which the function is mono- 
tonic. We choose the interval [0, 7] on which the cosine is decreasing. So 
consider the function G defined by 


G(x)=cosx and Oxxxrm (4) 


The range of this function G is the closed interval [—1, 1], and its 
domain is the closed interval [0, 7]. A sketch of the graph of G is shown in 
Fig. 9.7.4. Because this function is continuous and decreasing on its 
domain, it has an inverse function which is called the inverse cosine func- 
tion and is denoted by cos. 


The inverse cosine function, denoted by cos~', is defined as follows: 


The domain of cos™ is the closed interval [—1, 1], and the range is the 
closed interval [0, 7]. A sketch of its graph is shown in Fig. 9.7.5. 

From Definition 9.7.2 it follows that 

cos(cos! x) 2 x  forxin [—1, 1] (5) 
and 

cos™! (cos y) = y for y in [0, 7] (6) 

There is an interesting equation relating sin^! and cos"! that is given 
in the following example. 


EXAMPLE 1: Prove 
cos! x = hm — sin! x 


for |x| = 1. 


SOLUTION: Let x be in [—-1, 1] and w = $r — sin™ x. Then 
sin'!x—imr—w 


and so 


Figure 9.7.6 


9.7.3 Definition 


9.7 INVERSE TRIGONOMETRIC FUNCTIONS 481 


sin(sin™! x) = sin (ġr — w) 

and using (2), we get 
x= sin(ġr — w) 

Applying (11) in Sec. 9.1 to the right side of the above equation, we get 
x = cos w (7) 
Because—37 = sin! x < km, by adding —}7 to each member we have 
=r —imctsin!xz0 


Multiplying each member of the above inequality by —1 and reversing the 
direction of the inequality signs, we have 


0<in-sin'x<7 
Replacing $7 — sin™ x by w, we obtain 

Osw<T (8) 
From (7), (8), and Definition 9.7.2 it follows that 

w=cos!x  for|x| <1 
and replacing w by $r — sin! x, we get 

imc—sin'!x-—cos!x  for|x| <1 (9) 


which is what we wished to prove. 


Note in the above solution that the relation given by (9) depends on 
choosing the range of the inverse cosine function to be [0, 7]. 

To obtain the inverse tangent function we first restrict the tangent 
function to the open interval (—37, $7) on which the function is continu- 
ous and increasing. We let H be the function defined by 


H(x)=tanx and —37 <x < $r (10) 


The domain of H is the open interval (—37, $7), and the range is the 
set of all real numbers. A sketch of its graph is shown in Fig. 9.7.6. Because 
the function H is continuous and increasing on its domain, it has an in- 
verse function, which is called the inverse tangent function and is denoted 
by tan”. 


The inverse tangent function, denoted by tan' !, is defined as follows: 


The domain of tan^! is the set of all real numbers, and the range is the 
open interval (—37, bm). A sketch of its graph is shown in Fig. 9.7.7. 
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9.7.4 Definition 


y = cot ^!x 


Figure 9.7.8 


9.7.5 Definition 


Figure 9.7.7 


Before defining the inverse cotangent function, we refer back to Ex- 
ample 1, in which we proved the relationship between cos'' and sin"! 
given by Eq. (9). This equation can be used to define the inverse cosine 
function, and then it can be proved that the range of cos! is [0, 7]. We use 
this kind of procedure in discussing the inverse cotangent function. 


The inverse cotangent function, denoted by cot™', is defined by 
cot x= $m = tan! x  .wherexis any real number (11) 
It follows from the definition that the domain of cot™ is the set of all 
real numbers. To obtain the range we write Eq. (11) as 
tan! x = $r — cot! x (12) 
Because 
—tr «tan! x < iv 
by substituting from Eq. (12) into this inequality, we get 
—tn «im — cot! x < ir 
Subtracting $7 from each member, we get 
—q «—cot!x <0 


and now multiplying each member by —1 and reversing the direction of 
the inequality signs, we obtain 

0«cot!x «m 

Therefore, the range of the inverse cotangent function is the open in- 
terval (0, 7). A sketch of its graph is in Fig. 9.7.8. 


The inverse secant and the inverse cosecant functions are defined in 
terms of cos! and sin“, respectively. 


The inverse secant function, denoted by sec^!, is defined by 


sec! x= cos! G) for |x| z 1 
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9.7.6 Definition The inverse cosecant function, denoted by csc", is defined by 


From Definition 9.7.5 it follows that the domain of sec"! consists of the 
two intervals (—~, —1] and [1, +), and the range consists of the two in- 
tervals [0, 37) and (£m, 7]. Note that the number 37 is not in the range 
because sec $7 is not defined. A sketch of the graph of sec”! is shown in 
Fig. 9.7.9. 

It follows from Definition 9.7.6 that the domain of csc™ consists of the 
two intervals (~œ, —1] and [1, +), and the range consists of the two in- 
tervals [—$7r, 0) and (0, $7]. The number 0 is not in the range because csc 0 
Figure 9.7.9 is not defined. A sketch of the graph of csc™! is shown in Fig. 9.7.10. 


y = sec^!x 


y = csc^! x 


Figure 9.7.10 


EXAMPLE 2: Find the exactvalue | sotution: Let t= sin !(—1). Then sin t= —# Because the range of sin“ 
of sec{sin™(—#)]. is [—47, r], and because sin t is negative, it follows that —}7 < t < 0. 

Vr Figure 9.7.11 shows an angle having radian measure t that satisfies these 
requirements. From the figure we see that sec t — $ V7, and so we con- 
clude that sec[sin! (C2) ] = $ V7. 


Figure 9.7.11 


EXAMPLE3: Find the exact value SOLUTION: Lett— cos ! (—£). So we wish to find the exact value of sin 2t. 
of sin[2 cos! (—£)]. From formula (14) of Sec. 9.1, we have 


sin 2t = 2 sin t cos t (13) 


Because t = cos ! (— 2), it follows that cos t = —2 and $7 < t < m. From the 
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identity, sin? t + cos? t = 1, and because sin t > 0, since t is in ($7, m), 
we obtain 


sin t= V1—cos?t = V—(-8? =4 
Therefore, from formula (13) we get 

sin 2t = 2(4) (—3) =~ # 
from which we conclude that 


sin[2 cos! (C$)] =—# 


Exercises 9.7 


. Find the value of each of the following: (a) sin"! (C1); (b) cos?! (—1); (c) tan! (—1); (d) cot! (—1); (e) sec! (—1); 


(f) esc! (—1). 


. Find the value of each of the following: (a) sin^!(3; (b) sin*!(—3); (c) cos^"(3); (d) cos"! (—3); (e) sec(2); 


(f) esc! (—2). 


. Given: y = sin™' 4. Find the exact value of each of the following:(a) cos y; (b) tan y; (c) cot y; (d) sec y; (e) esc y. 

. Given: y = cos? (— 8). Find the exact value of each of the following: (a) sin y; (b) tan y; (c) cot y; (d) sec y; (e) csc y. 
. Given: y = tan^! (-2). Find the exact value of each of the following: (a) sin y; (b) cos y; (c) cot y; (d) sec y; (e) csc y. 
. Given: y = cot! (—4). Find the exact value of each of the following: (a) sin y; (b) cos y; (c) tan y; (d) sec y; (e) csc y. 
. Find the exact value of each of the following: (a) tan[sin"' (3 V3)]; (b) sin[tan"! (4 V3)]. 

. Find the exact value of each of the following: (a) cos[tan ! (—3)]; (b) tan[sec^! (—3)]. 


. Find the exact value of each of the following: (a) sin"'[tan 42]; (b) tan^[sin(—2$7)]; (c) sec? [tan(—i7)]; 


(d) cot [csc(—à7)]. 


. Find the exact value of each of the following: (a) cos^?[sin(—à-)]; (b) sin"![cos(—à7)]; (c) cos"![sin $m]; 


(d) sin^[cos £1]. 


In Exercises 11 through 18, find the exact value of the given quantity. 


11. cos(2 sin (—35)] 12. tan[2 sec *(- $)] 

13. sin[sin™ $+ cos 3] 14. cos[sin~*(—4) + sin” 4 

15. tan(tan! ł— sin"! 4 16. tan[sec”* $ + csc ! (—13)] 

17. cos(sin"! 4— tan"! 3) 18. sin[cos~?(—%) + 2 sin! (—3)] 

19. Prove: cos^! (3/ V10) + cos"! (2/ V5) = im. 20. Prove: 2 tan! $— tan !(—3) = im. 
In Exercises 21 through 28, draw a sketch of the graph of the given equation. 

21. y — $sin' x 22. y= sin”? 3x 

23. y = tan ! 2x 24. y=2 tan! x 

25. y = cos ? 3x 26. y = à sec ! 2x 

27. y —2 cot! 4x 28. y = csc? 4x 
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Because the inverse trigonometric functions are continuous and mono- 
tonic on their domains, it follows from Theorem 8.3.4 that they have 
derivatives. To derive the formula for the derivative of the inverse sine 
function, let 


y=sin" x 
which is equivalent to 
x=siny and yin [—i7,47] (1) 
Differentiating on both sides of (1) with respect to y, we obtain 
D,x=cosy and yin [—47,}7] (2) 
From the identity sin? y + cos? y = 1, and replacing sin y by x, we obtain 
cos? y=1— x (3) 
If y is in [-$7, $7], cos y is nonnegative, and so from (3) it follows that 
cos y= V1—x?  ifyisin [—37, iv] (4) 
Substituting from (4) into (2), we get 
Dyx= VI- e 
From Theorem 8.3.4, Dzy = 1/D,x; hence, 


D,(sin™ x) =~ (5) 


The domain of the derivative of the inverse sine function is the open 
interval (—1, 1). 

If u is a differentiable function of x, we obtain from (5) and the chain 
rule 


(6) 


Sa ee 
To derive the formula for the derivative of the inverse cosine function, 
we use Eq. (9) of Sec. 9.7, which is 


cos"! x =fr — sin™! x 

Differentiating with respect to x, we have 
D,(cos™! x) = D, ($7 — sin™! x) 

and so 


D,,(cos™! x) =- (7) 


where x is in (—1, 1). 
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If u isa differentiable function of x, we obtain from (7) and the chain 
rule 


(8) 


We now derive the formula for the derivative of the inverse tangent 
function. If 

y-—tan!x 
then 

x=tany and yisin (—}7, 17) 


Differentiating on both sides of the above equation with respect to y, we 
obtain 


D,x—secy and yisin (—37, 37) (9) 
From the identity sec? y = 1 + tan? y, and replacing tan y by x, we have 

se? y =1 +x? (10) 
Substituting from (10) into (9), we get 

Dyx=1+4+ x 


So from Theorem 8.3.4 we obtain 


(11) 


The domain of the derivative of the inverse tangent function is the set 
of all real numbers. 

If u is a differentiable function of x, we obtain from (11) and the chain 
rule 


D,(tan! u) = 


1 i3 Du (12) 
From Definition 9.7.4 we have 
cot! x = $r — tan ‘x 

Differentiating with respect to x, we obtain the formula 


1 


D,(cot! x) =— IFZ 


From this formula and the chain rule, it follows that if u is a differentiable 
function of x, then 


(13) 


Definition 9.7.5 and formula (8) of this section are used to derive the 
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formula for the derivative of the inverse secant function. From Definition 
9.7.5 we have 


sec! x = cos! e for |x| z 1 
So 


D,(sec'! x) =— 


Therefore, we have 


D,(sec! x) =T (14) 


where |x| > 1. 


If u is a differentiable function of x, it follows from (14) and the chain 
rule that 


(15) 


From (9) of Sec. 9.7 we have 
sin’! x =}$m— cos? x for |x| x 1 


Replacing x by 1/x in the above equation, we obtain 


sin? (5) = i 7 — cos! ) for |x| z 1 


From the above equation and Definitions 9.7.5 and 9.7.6 it follows that 
cscix-—dim—sec!x for |x| z 1 (16) 
Equations (16) and (14) are used to find the derivative of the inverse 

cosecant function. Differentiating on both sides of (16) with respect to x, 

we get 


D,(csc! x) ^ — ixi : (17) 


x| Vx? —1 


where |x| > 1. 
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From (17) and the chain rule, if u is a differentiable function of x, we 
have 


1 
D,(csc^! u) BENT P" (18) 


EXAMPLE 1: Given 
y = sin™! x? 


find D,y. 


SOLUTION: Applying formula (6), we get 


1 - Lu 
Day = —g 097 


EXAMPLE 2: Given 
y = x* cot! ix 
find D, y. 


SOLUTION: 
1 —1 1 
— I eee 4c eem 
Dzy = 3x* cot Edu od 1Tix 3 
= TT SL As, ee 
= 3x cot! 3 x 9 x 


EXAMPLE 3: Given 


In(x + y) = tan! (5) 
find Dzy. 


SOLUTION: Differentiating implicitly on both sides of the given equation 
with respect to x, we get 


EN -l .4-xD. 
fy (1+ Dy) 


2 2 
145 d 
or 
1+D,y y—xD;y 
x+y yt 
or 


yY? + + (y? + x) Day = xy + y? — GP + xy) Doy 
or 


2 0xy-x 
Dy FB ty d y! 


EXAMPLE4: A picture7 ft high is 
placed on a wall with its base 9 ft 
above the level of the eye of an ob- 
server. How far from the wall 
should the observer stand in order 
for the angle subtended at his eye 
by the picture to be the greatest? 


SOLUTION: Let x ft be the distance of the observer from the wall, 0 be the 
radian measure of the angle subtended at the observer's eye by the pic- 
ture, a be the radian measure of the angle subtended at the observer's eye 
by the portion of the wall above his eye level and below the picture, and 
B= a+ 0. Refer to Fig. 9.8.1. 

We wish to find the value of x that will make 0 an absolute maximum. 
Because x is in the interval (0, +), the absolute maximum value of 9 will 


«— — —— x ft 


Figure 9.8.1 
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be a relative maximum value. We see from the figure that 


cot 8—47 and cot a-$3 


Because 0 < B < $m and 0 < a < kr, we have 


= cori X = cot ~ 
B= cot 16 and a= cot 9 


Substituting these values of 8 and a in the equation 0 = B — a, we get 


0 = cot! 2g. cot! 2 


16 9 
Differentiating with respect to x gives 
EN 1 
D,6= i E 9 - 
1+ (&) 1+ (5) 
16 9 


Setting D,.0 = 0, we obtain 
9(16? + x?) — 16(9? + x?) =0 
—7x! +9 -16(16—9) =0 
x? —9 16 
x=12 


The —12 is rejected because it is not in the interval (0, +). The results of 
the first-derivative test are shown in Table 9.8.1. Because the relative max- 
imum value of @ is an absolute maximum value, we conclude that the ob- 
server should stand 12 ft from the wall. 


Table 9.8.1 | 7 
D,0 conclusion 
0cx«12 + 
x=12 0 0 has a relative maximum value 
12 < x < +% = 
Exercises 9.8 
1. Derive the formula D,(cot™ x) = ET 2. Derive the formula D,(csc™! x) = west 


In Exercises 3 through 22, find the derivative of the given function. 


3. f(x) = sin” 4x 


4. g(x) = tan“! 2x 5. g(t) = sec! 5t 
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2 
6. F(x) = cos! Vx 7. F(x) = cot! p + tan! ; 8. f(x) = csc! 2x 
1 
9. h(y) =y sin” 2y 10. f(t) = P cos"! t 11. g(x) =x csc} z 
12. h(x) = tan"! 1 — 13. f(x) =4 sin! ix + x và—- x? 14. g(s) = cos! s + 1 E E: 
15. f(t) =a sin! L4 a —gBg 16. F(x) = In(tan! 3x) 17. g(x) = cos™! (sin x) 
18. f(x) = sin! x + cos! x 19. h(x) = sec! x + esc! x 20. F(x) = sec! Vx? + 4 
t—1 
21. G(x) =x cot! x + In VI + x? 22. f(t) = sin! SIT 
In Exercises 23 through 26, find D,y by implicit differentiation. 
23. e7 + y = cos! x 24. In(sin? 3x) = e* + cot! y 
25. x sin y + x! = tan! y 26. sin! (xy) = cos ! (x + y) 
27. A light is 3 mi from a straight beach. If the light revolves and makes 2 rpm, find the speed of the spot of light along the 


28. 


29. 


30. 


31. 


32. 


33. 


beach when the spot is 2 mi from the point on the beach nearest the light. 


A ladder 25 ft long is leaning against a vertical wall. If the bottom of the ladder is pulled horizontally away from the wall 
so that the top is sliding down at 3 ft/sec, how fastis the measure of the angle between the ladder and the ground chang- 
ing when the bottom of the ladder is 15 ft from the wall? 


A picture 4 ft high is placed on a wall with its base 3 ft above the level of the eye of an observer. If the observer is 
approaching the wall at the rate of 4 ft/sec, how fast is the measure of the angle subtended at his eye by the picture 
changing when the observer is 10 ft from the wall? 


A man on a dock is pulling in at the rate of 2 ft/sec a rowboat by means of a rope. The man's hands are 20 ft above the 
level of the point where the rope is attached to the boat. How fast is the measure of the angle of depression of the rope 
changing when there are 52 ft of rope out? 


A man is walking at the rate of 5 ft/sec along the diameter of a circular courtyard. A light at one end of a diameter per- 
pendicular to his path casts a shadow on the circular wall. How fast is the shadow moving along the wall when the dis- 
tance from the man to the center of the courtyard is 4r, where r ft is the radius of the courtyard? 


In Exercise 31, how far is the man from the center of the courtyard when the speed of his shadow along the wall is 9 
ft/sec? 


A rope is attached to a weight and it passes over a hook that is 8 ft above the ground. The rope is pulled over the hook at 
the rate of 1 ft/sec and drags the weight along level ground. If the length of the rope between the weight and the hook is 
x ft when the radian measure of the angle between the rope and the floor is 0, find the time rate of change of 0 in terms 
of x. 


. Given: f(x) = tan"! (1/x) — cot^! x. (a) Show that f' (x) = 0 for all x in the domain of f. (b) Prove that there is no constant 


C for which f(x) — C for all x in its domain. (c) Why doesn't the statement in part (b) contradict Theorem 5.3.2? 


9.9 INTEGRALS YIELDING From the formulas for the derivatives of the inverse trigonometric func- 
INVERSE TRIGONOMETRIC tions, we obtain the following indefinite integral formulas: 
FUNCTIONS du 


y Tsin ucc (1) 
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(2) 


(3) 


Formulas (1) and (2) follow directly from the formulas for the deriva- 
tives of sin"! u and tan"! u. Formula (3) needs an explanation. 
If u > 0, then u = |u|, and we have 


— NEUES A ami Ai 
f- FIE] juj varT 5€ u + C= sec! |u| +C 
If u < 0, then u — —|u|, and we have 


| A | uir 
-| avez 
-| NEL 
Hul V C7u)* — 
= sec (—u)-C 
= sec! |u| +C 


Therefore, if u > 0 or u « 0, we obtain (3). We also have the following 
formulas: 


(4) 
(5) 


(6) 


These formulas can be proved by finding the derivative of the right 
side and obtaining the integrand. This is illustrated by proving (4). 


T M. E Res LÀ 
D, (sin 3 mn. (5 


1 


ifa>0 


a 

N 

= 

N 
&|2 aje 


492 TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS 


TUE ifa 0 


The proofs of (5) and (6) are left for the reader (see Exercises 1 
and 2). 


EXAMPLE 1: Evaluate 


SOLUTION: 
dx Id d(3x) 
V4 — 9x? 3J V4 -— (3x)? 
— 1 n- 3% 
=3 sin! > TC 


EXAMPLE 2: Evaluate 


| zs 


SOLUTION: 


sus" ] zs- $55 


To complete the square of x? — $x we add 4, and because $ is mul- 
tiplied by 3, we actually add 3 to the denominator, and so we also subtract 
$ from the denominator. Therefore, we have 


lao dx 
3x? — IST 3(x? — #x+4)4+5-4 


-[su- $27 5| e-órew Ee. 


3° vil 1 V14 
zd (2) 
14 tan “Vid +C 


EXAMPLE 3: Evaluate 


(2x +7) dx 
x+2x+5 


SOLUTION: Because d(x? + 2x + 5) = (2x + 2) dx, we write the numerator 
as (2x + 2) dx +5 dx, and express the original integral as the sum of two 
integrals. 


(2x +7) dx | f (2x+2) (2x + 2) dx, 5 
x?+2x+5 x?4-2x 05 ESTES 


NES 2 a. 
=h |x £255 | oi DEI 


ap Xb 1 
2 


NOTE: Because x? + 2x + 5 > 0, for all x, |x? + 2x + 5| = x? + 2x + 5. 


= In(x? + 2x +5) +2 tan +C 
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EXAMPLE 4: Evaluate SOLUTION: 


3 dx 
(x -2) Vx? 44x 4-3 


— 83dx 


(x-2)VET4xt8 +4x+3 


3 dx 


(x +2) V +4x+4)—1 


=3 f d(x + 2) 
(x+2)V(x+2)?-1 


=3 sec! |x +2| +C 


EXAMPLE 5: Find the area of the 
region in the first quadrant 
bounded by the curve 


n 


1 A= lim 
yu llall-o i1 
the x axis, the y axis, and the line E -ff 1+ T 
x=1. 
pec — tan! x | 
y ( " aca) 9 


Figure 9.9.1 


= tan! 1 — tan! 0 
=17-0 
= lm 


1 
5 irge 


SOLUTION: Figure 9.9.1 shows the region and a rectangular element of 
area. If A square units is the area of the region, we have 


The result of Example 5 states that the number 7 is four times the 
number of square units in the area of the region shown in Fig. 9.9.1. 


Exercises 9.9 


In Exercises 1 through 5, prove the given formula by showing that the derivative of the right side is equal to the integrand, 


tf — nie 
a a 


du 1 u 
2« [Resi et c 
u Vu? — a? a a 


Take two cases: u > 0 and u < 0. 


[+c ifa >0 


=—cos! u+ C 


3 [aS 


Is this formula equivalent to formula (1)? Why? 
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4. 


5. 


Í 1 - =—cot'u +C 


Is this formula equivalent to formula (2)? Why? 
| ze |u| +C 
uvu — 1 


Take two cases: u > 0 and u < 0. Is this formula equivalent to formula (3)? Why? 


In Exercises 6 through 25, evaluate the indefinite integral. 


6 x 7 i dx 8 I xdx 
[x `J x? +25 |J x*t 16 
9 | 10. ES Ue 11 Lo rdr o 
|J V2 — 5x2 x `J Vi6— 9r 
du e* dx sin x dx 
12. | ————— 13. -| —— 
ls 16u2 — 9 [zu ri v2 — cos? x 
x S dx 
i5. [ur 6. | s 7 [3 
dx dx f dx 
2d | 3 " Í V15 + 2x — x? 20. 2x +2x+3 
x dx xdx (2 + x) dx 
a. | ABs a bem 2. | ee 
3 dx [zs 2x? dx 
. | ————— 25. 
24 | x EPETS 2x3 —4x+3 


In Exercises 26 through 33, evaluate the definite integral. 


26. 


29. 


32. 


34. 
35. 
36. 
37. 
38. 


lig 77. T 1+x 28 P» x dx € 

o VI-# 1+ x? “Jo VIX 

dt dx ! dx 

_4 V—E —6t—5 30. [ x? — Ax + 13 ahs o € ce 

Í ee m 33 Í —— 

uva x V4x? — 1 J, x[1 + (n x)?] 

Find the area of the region bounded by the curve y = 8/(x? + 4), the x axis, the y axis, and the line x = 2. 


Find the abscissa of the centroid of the region of Exercise 34. 
Find the area of the region bounded by the curves x? = 4ay and y = 8a?/ (x? + 4a”). 


Find the circumference of the circle x? + y? = r* by integration. 


A particle moving in a straight line is said to have simple harmonic motion if the measure of its acceleration is always 
proportional to the measure of its displacement from a fixed point on the line and its acceleration and displacement are 
oppositely directed. So if at t sec, s ft is the directed distance of the particle from the origin and v ft/sec is the velocity of 
the particle, then a differential equation for simple harmonic motion is 


d =—k’s (7) 


where k? is the constant of proportionality and the minus sign indicates that the acceleration is opposite in direction 
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from the displacement. Because dv/dt = (du/ds) (ds/dt) = v(dv/ds), Eq. (7) may be written as 


548 sia, (8) 
ds 
(a) Solve Eq. (8) for v to get v = +k Va? — s?. Note: Take a?k? as the arbitrary constant of integration and justify this 


choice. (b) Letting v — ds/dt in the solution of part (a), we obtain the differential equation 


ds 

Vee (9) 
Taking f = 0 at the instant when v = 0 (and hence s = a), solve Eq. (9) to obtain 

s=a cos kt (10) 


(c) Show that the largest value for |s| is a. The number a is called the amplitude of the motion. (d) The particle will os- 
cillate between the points where s = a and s— —a. If T sec is the time for the particle to go from a to —a and return, show 
that T = 2a/k. The number T is called the period of the motion. 

39. A particle is moving in a straight line according to the equation of motion s — 5 — 10 sin? 2t, where s ft is the directed 
distance of the particle from the origin at f sec. Use the result of part (b) of Exercise 38 to show that the motion is simple 
harmonic. Find the amplitude and period of this motion. 


40. Show that the motion of Exercise 39 is simple harmonic by showing that differential equation (7) is satisfied. 


9.10 THE HYPERBOLIC Certain combinations of e” and e^* appear so frequently in applications of 
FUNCTIONS mathematics that they are given special names. Two of these functions are 
the hyperbolic sine function and the hyperbolic cosine function. The function 
values are related to the coordinates of the points of an equilateral 
hyperbola in a manner similar to that in which the values of the corre- 
sponding trigonometric functions are related to the coordinates of points 
of a circle (see Sec. 15.4) Following are the definitions of the hyperbolic 
sine function and the hyperbolic cosine function. 


9.10.1 Definition The hyperbolic sine function is defined by 


e*—g* 


The domain and range are the set of all real numbers. 


sinh x= 


9.10.2 Definition The hyperbolic cosine function is defined by 


e ex 


Ix 
cosh due 2 


The domain is the set of all real numbers and the range is the set of all 
numbers in the interval [1, + œ). 


Sketches of the graphs of the hyperbolic sine function and the 
hyperbolic cosine function are shown in Figs. 9.10.1 and 9.10.2, respec- 
tively. The graphs are easily sketched by using values in the table of 
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y = sinh x 


Figure 9.10.1 


9.10.3 Definition 


y = tanh x 


Figure 9.10.3 


2 


I 


| li- 
=2 -10 1 2°” 


y = cosh x Figure 9.10.2 


hyperbolic functions in the Appendix. Note that these functions are not 
periodic. 

The remaining four hyperbolic functions may be defined in terms of 
the hyperbolic sine and hyperbolic cosine functions. You should note that 
each satisfies a relation analogous to one satisfied by corresponding trigo- 
nometric functions. 


The hyperbolic tangent function, hyperbolic cotangent function, hyperbolic 
secant function, and hyperbolic cosecant function are defined, respectively, 
as follows: 


ini 


(1) 
(2) 
(3) 


(4) 


TEES i ARES m 


A sketch of the graph of the hyperbolic tangent function is shown in 
Fig. 9.10.3. 

There are identities that are satisfied by the hyperbolic functions 
which are similar to those satisfied by the trigonometric functions. Four of 
the fundamental identities are given in Definition 9.10.3. The other four 
fundamental identities are as follows: 


tanh x = cx (5) 
cosh? x — sinh? x= 1 (6) 
1 — tanh? x = sech? x (7) 
1 — coth? x = —csch? x (8) 


Equation (5) follows immediately from (1) and (2). Following is the 
proof of (6). 
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e* —x£\2 AXIS NA 
cosh? x — sinh? x= (£577 TE Jj 5S5) 


= 4} (e? + 2e? + eg ?* — e? + 2e? — g^ 22) 


Equation (7) can be proved by using the definitions of tanh x and 
sech x in terms of e* and e * as in the proof above, or an alternate proof is 
obtained by using other identities as follows: 
sinh? x _ cosh? x — sinh? x 1 


——LVLs— = sech? x 
cosh? x cosh? x = Cosh? x 


1 — tanh? x =1— 


The proof of (8) is left for the reader (see Exercise 1). From the eight 
fundamental identities, it is possible to prove others. Some of these are 
given in the exercises that follow. Other identities, such as the hyperbolic 
functions of the sum or difference of two numbers and the hyperbolic 
functions of twice a number or one-half a number, are similar to the corre- 
sponding trigonometric identities. Sometimes it is helpful to make use of 
the following two relations, which follow from Definitions 9.10.1 and 
9.10.2. 


cosh x + sinh x= e* (9) 
cosh x — sinh x=e* (10) 
We use them in proving the following identity: 

sinh(x + y) = sinh x cosh y + cosh x sinh y (11) 


From Definition 9.10.1 we have 
PFN ec» eTe” -— eg * 


sinh(x + y) == 2 


Applying (9) and (10) to the right side of the above equation, we obtain 


sinh(x + y) — $[(cosh x + sinh x) (cosh y + sinh y) 
— (cosh x — sinh x) (cosh y — sinh y)] 


Expanding the right side of the above equation and combining terms, 
formula (11) is obtained. 
In a similar manner we can prove 


cosh(x + y) — cosh x cosh y + sinh x sinh y (12) 


If in (11) and (12) y is replaced by x, the following two formulas are 
obtained: 

sinh 2x — 2 sinh x cosh x (13) 
and 

cosh 2x = cosh? x + sinh? x (14) 
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Formula (14) combined with the identity (6) gives us two alternate 
formulas for cosh 2x, which are 


cosh 2x = 2 sinh? x - 1 (15) 
and 
cosh 2x — 2 cosh? x — 1 (16) 


Solving (15) and (16) for sinh x and cosh x, respectively, and 
replacing x by 2x, we get 


sinh i- E josh x1 (17) 
x hx+1 
cosh $73 E (18) 


We do not have a + sign on the right side of (18) since the range of the 
hyperbolic cosine function is [1, +œ). The details of the proofs of Eqs. (12) 
through (18) are left for the reader (see Exercises 2, 4, and 5). 

The formulas for the derivatives of the hyperbolic sine and hyperbolic 
cosine functions may be obtained by applying Definitions 9.10.1 and 
9.10.2 and differentiating the resulting expressions involving exponential 
functions. For example, 


and 


ette eet ; 
———— | = ———— — = sinh x 


D,(cosh x) = D, ( 2 


In a similar manner, we find D, (sinh x) = cosh x (see Exercise 15). 
To find the derivative of the hyperbolic tangent function, we use some 
of the identities we have previously proved. 


1 2 — ei 2 
D:(anha) SD; (ae 3 _ cosh? x ~ sinh? x _ — Á 


cosh x cosh? x ^ cosh? x 


The formulas for the derivatives of the remaining hyperbolic func- 
tions are as follows: D,(coth x) =—csch? x; D,(sech x) =—sech x tanh x; 
D,(csch x) =—csch x coth x. The proofs of these formulas are left for the 
reader (see Exercises 15 and 16). 

From the above formulas and the chain rule, if u is a differentiable 
function of x, we have the following more general formulas: 


D. (sinh u) = cosh u D,u (19) 


(20) 


(21) 
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(22) 


(23) 


(24) 


You should notice that the formulas for the derivatives of the hyper- 
bolic sine, cosine, and tangent all have a plus sign, whereas the formulas 
for the derivatives of the hyperbolic cotangent, secant, and cosecant all 
have a minus sign. Otherwise, the formulas are similar to the corre- 
sponding formulas for the derivatives of the trigonometric functions. 


EXAMPLE 1: Given 
y = tanh(1 — x?) 
find Dzy. 


SOLUTION: D,y = —2x sech?(1 — x’). 


EXAMPLE 2: Given 
y = ln sinh x 
find D,y. 


cosh x 


: = coth x. 
sinh x 


SOLUTION: D,y— : cosh x = 


RES QE 
sinh x 


Formulas (19) through (24) give rise to the following indefinite in- 
tegration formulas: 


(25) 
(26) 
(27) 
(28) 


(29) 


i 
j 


(30) 


The methods used to integrate powers of the hyperbolic functions are 
similar to those used for powers of the trigonometric functions. The fol- 
lowing two examples illustrate the method. 
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EXAMPLE 3: Evaluate SOLUTION: 
Í sinl? x cosh? x dx Í sinh? x cosh? x dx = Í sinh? x cosh? x (sinh x dx) 
=| (cosh? x — 1) cosh? x (sinh x dx) 
= Í cosh*x (sinh x dx) — | cosh? x (sinh x dx) 
= $ cosh? x — $ cosh? x +C ] 
EXAMPLE 4: Evaluate SOLUTION: mE 
4 = 2 2 
Í — Í secht x dx | sech? x (sech? x dx) 
= Í (1 — tanh? x) (sech? x dx) 
= Í sech? x dx — Í tanh? x (sech? x dx) 
= tanh x — $ tanh? x + C | u 
y A catenary is the curve formed by a homogeneous flexible cable 
hanging from two points under its own weight. If the lowest point of the 
catenary is the point (0, a), it can be shown that an equation of it is 
a y =a cosh (2) a0 (31) 
Figure 9.10.4 O * A sketch of the graph of Eq. (31) is shown in Fig. 9.10.4. 
EXAMPLE 5: Find the length of SOLUTION: If 
arc of the catenary having equa- x 
tion (31) from the point (0, a) to f(x) = a cosh (2) 
the point (xı, y,) where x, > 0. then 


x) =asi x). (Ajo g X 
f'(x) =a sinh (2) G) sinh (2) 
and using Theorem 7.10.2, if L units is the length of the given arc, we have 


L= |” THIF OT dx 


= F 4/1 + sinh? (2) dx (32) 


From formula (6), 1 + sinh? x = cosh? x, and because cosh(x/a) z 1, it 
follows that 
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and substituting from the above into (32) we get 
Xi 
L= Í cosh (2) dx 
o a 
zı 
= qa sinh () | 
a 0 
= qa sinh (=) —a sinh 0 


=a sinh (2) 
a 


Exercises 9.10 


In Exercises 1 through 10, prove the identities. 
1. 1 — coth? x =—csch? x 
2. cosh(x + y) = cosh x cosh y + sinh x sinh y 
E N A E tanh x + tanh y 
x E 1+ tanh x tanh y 
4. (a) sinh 2x = 2 sinh x cosh x; (b) cosh 2x = cosh? x + sinh? x = 2 sinh? x + 122 cosh? x — 1 
5. (a) cosh4x= yaa ; (b) sinh ġx =+ (OTe 
6. csch 2x — 4 sech x csch x 
7. (a) tanh(—x) =—tanh x; (b) sech(—x) = sech x 
8. sinh 3x = 3 sinh x + 4 sinh? x 
9. cosh 3x = 4 cosh? x — 3 cosh x 
10. sinh? x — sinh’y = sinh (x + y) sinh(x — y) 
11. Prove: (sinh x + cosh x)” = cosh nx + sinh nx. (HINT: Use formula (9).) 
12. Prove that the hyperbolic sine function is an odd function and the hyperbolic cosine function is an even function. 
_ x-—1 _ittanhx _ zr 
13. Prove: tanh(In x) = ET 14. Prove: permite 
15. Prove: (a) D,(sinh x) = cosh x; (b) D,(coth x) =—csch? x. 
16. Prove: (a) D,(sech x) =—sech x tanh x; (b) D,(csch x) =—csch x coth x. 
In Exercises 17 through 26, find the derivative of the given function. 
17. f(x) = tanh = 18, (x) = In(sinh 2°) 19. f(x) — e? cosh x 
20. h(x) = coth = 21. h(t) = In(tanh t) 22. F(x) = tan`! (sinh x?) 


23. G(x) = sin™ (tanh x?) 24. f(x) = In(coth 3x — csch 3x) 25. f(x) = xima 
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26. g(x) = (cosh x)? 

27. Prove: (a) f tanh u du = In |cosh u| + C; (b) f coth u du — In |sinh u| + C. 
28. Prove: f sech u du 2 2 tan"! e" + C. 

29. Prove: f csch u du = In |tanh 4u| + C. 


In Exercises 30 through 37, evaluate the indefinite integral. 


30. Í sinh* x cosh? x dx 31. Í tanh x In(cosh x) dx 32. Í tanh? 3x dx 33. i cosh* 7x dx 
34, Í x sinh? x? dx 35. | sech! 3x dx 36. Í sech x tanh? x dx 37. uenis dx 
x 


In Exercises 38 and 39, evaluate the definite integral. 
H 
38. Í cosh? x dx 39. f sinh? x dx 
Pe 0 
40. Draw a sketch of the graph of the hyperbolic cotangent function. Find equations of the asymptotes. 
41. Draw a sketch of the graph of the hyperbolic secant function. Find the relative extrema of the function, the points of 


inflection of the graph, the intervals on which the graph is concave upward, and the intervals on which the graph is con- 
cave downward. 


42. Prove that a catenary is concave upward at each point. 

43. Find the area of the region bounded by the catenary of Example 5, the y axis, the x axis, and the line x = x,, where 
x, 0. 

44. Find the volume of the solid of revolution if the region of Exercise 43 is revolved about the x axis. 

45. A particle is moving along a straight line according to the equation of motion 
s = e? (A sinh t+ B cosh t) 


where s ft is the directed distance of the particle from the origin at t sec. If v ft/sec and a ft/sec? are the velocity and accel- 
eration, respectively, of the particle at t sec find v and a. Also show that a is the sum of two numbers, one of which is 
proportional to s and the other is proportional to v. 


46. Prove that the hyperbolic sine function is continuous and increasing on its entire domain. 
47. Prove that the hyperbolic tangent function is continuous and increasing on its entire domain. 


48. Prove that the hyperbolic cosine function is continuous on its entire domain but is not monotonic on its entire domain. 
Find the intervals on which the function is increasing and the intervals on which the function is decreasing. 


9.11 THE INVERSE From the graph of the hyperbolic sine function (Fig. 9.10.1), we see that a 
HYPERBOLIC FUNCTIONS horizontal line intersects the graph in one and only one point; therefore, to 
each number in the range of the function there corresponds one and only 
one number in the domain. The hyperbolic sine function is continuous 
and increasing on its domain (see Exercise 46 in Exercises 9.10), and so by 

Theorem 8.3.2 the function has an inverse function. 


9.11.1 Definition 


Figure 9.11.1 
y 
^ 
t 
$i 
1 
Ec REM NC Rd 


y =coshx,x=0 


Figure 9.11.2 


9.11.2 Definition 


y =cosh™ x 


Figure 9.11.3 
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The inverse hyperbolic sine function, denoted by sinh'^!, is defined as 
follows: 


y-7sinh^x ifandonlyif x= sinh y 


A sketch of the graph of the inverse hyperbolic sine function is shown 
in Fig. 9.11.1. Its domain is the set of all real numbers, and its range is the 
set of all real numbers. 

It follows from Definition 9.11.1 that 


sinh(sinh"! x) = x (1) 
and 
sinh !(sinh y) = y (2) 


From Fig. 9.10.2, we notice that a horizontal line y = k, where k > 1, 
intersects the graph of the hyperbolic cosine function in two points. 
Therefore, for each number greater than 1 in the range of this function, 
there correspond two numbers in the domain. So the hyperbolic cosine 
function does not have an inverse function. However, we define a func- 
tion F as follows: 


F(x) = cosh x forx z0 (3) 


The domain of F is the interval [0, +), and the range is the interval 
[1,+%). A sketch of the graph of F is shown in Fig. 9.11.2. The function F 
is continuous and increasing on its entire domain (see Exercise 1), and so 
by Theorem 8.3.2, F has an inverse function, which we call the inverse 
hyperbolic cosine function. 


The inverse hyperbolic cosine function, denoted by cosh'!, is defined as 
follows: 


y cosh" x if and only if x= co 

A sketch of the graph of the inverse hyperbolic cosine function is 
shown in Fig. 9.11.3. The domain of this function is the interval [1, +%), 
and the range is the interval [0, +). From Definition 9.11.2 we conclude 
that 


cosh(cosh! x) 2x ifx21 (4) 
and 

cosh™ (cosh y) = y ify 20 (5) 

As with the hyperbolic sine function, a horizontal line intersects each 
of the graphs of the hyperbolic tangent function, the hyperbolic cotangent 


function, and the hyperbolic cosecant function at one and only one point. 
For the hyperbolic tangent function, this may be seen in Fig. 9.10.3. Each 
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of the above three functions is continuous and monotonic on its domain; 
hence, each has an inverse function. 


9.11.3 Definition The inverse hyperbolic tangent function, the inverse hyperbolic cotangent 
function, and the inverse hyperbolic cosecant function, denoted respectively 
by tanh’, coth™, and csch™', are defined as follows: 


mn 


A sketch of the graph of the inverse hyperbolic tangent function is in 
3x Fig. 9.11.4. 
| The hyperbolic secant function does not have an inverse function. 
However, we proceed as we did with the hyperbolic cosine function and 
define a new function which has an inverse function. Let the function G be 


| defined by 
G(x) =sech x for x =0 (6) 
"M -—3r- It can be shown that G is continuous and monotonic on its entire domain 
y = tanh^! x (see Exercise 2); therefore, G has an inverse function, which we call the 


inverse hyperbolic secant function. 
Figure 9.11.4 


9.11.4 Definition The inverse hyperbolic secant function, denoted by sech™’, is defined as 
follows: 


y=sech'x ifandonly if x=sechy a (7) 


The inverse hyperbolic functions can be expressed in terms of natural 
logarithms. This should not be surprising because the hyperbolic func- 
tions were defined in terms of the exponential function, and the natural 
logarithmic function is the inverse of the exponential function. Following 
are these expressions for sinh !, cosh™, tanh !, and coth ?. 


sinh! x = ln(x + Vx +1) x any real number (8) 
cosh^! x = In(x + Vx? — 1) x21 (9) 
1 1+x 
ayl p Dee < 
tanh7! x 2 In uS |x| «1 (10) 
E 1 x+1 
coth ‘x= 5 In x] |x| >1 (11) 


We prove (9) and leave the proofs of the other three formulas for the 
reader (see Exercises 3 through 5). 

To prove (9), let y= cosh ! x, x = 1. Then, by Definition 9.11.2, x= 
cosh y, y = 0. Applying Definition 9.10.2 to cosh y, we get 
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y -y 
go tok ET y=0 


2 
from which we obtain 
e” —2xe”+1=0 y20 
Solving this equation for e” by the quadratic formula, we obtain 


ou = 2E VA —4 A oy Ve] y=0 (12) 


We know that y=0O and x21. Therefore, e" 2 1. When x=1, 
x+ V£—1 =x— VxX-—1 =1. Furthermore, when x21,0«x—1« 
x+ 1, and so Vx—1 < Vx+1. Therefore, 


Vx—1 Vx-1 < Vx—1 Vx+1 


giving us x—1 < vx —1. Hence, when x>1, x— Vvx:—1«1. 
Consequently, we can safely reject the minus sign in (12). And since y = 
cosh™ x, we have 


cosh! x = ln(x + Vx? —1) xzl1 
which is (9). 


EXAMPLE 1: Express each of the 
following in terms of a natural log- 
arithm: (a) tanh"!(— $); 

(b) sinh"! 2. 


SOLUTION: (a) From (10), we obtain 
tanh"! (3) => ]n i = =In==I1n 


(b) From (8), we get 
sinh"! 2 = In(2 + V5) 


To obtain a formula for the derivative of the inverse hyperbolic sine 
function, let y= sinh! x, and then x= sinh y. Thus, because D,x = 
cosh y and D;y — 1/D,x, we have 


1 
Dzy = cosh y n 
From the identity cosh? y — sinh? y = 1, it follows that cosh y= 
Vsinh? y + 1. (more: When taking the square root, the minus sign is 
rejected because cosh y = 1.) 
Hence, because x= sinh y, cosh y= Vx? +1. Substituting this in 
(13), we obtain 


——L 
r+) 


If u is a differentiable function of x, from (14) and the chain rule it 
follows that 


D ,(sinh™ x) = (14) 
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(15) 


Formula (14) can also be derived by using (8), as follows: 


D,(sinh^! x) = D, ln(x + Vx?4+1) 


x 

by vxct1 

x+ Vx? +1 

= VeF+1 +x 
Vx? +1 (x+ Vvi-1) 
1 

vx --1 


The following differentiation formulas can be obtained in analogous 
ways. Their proofs are left for the reader (see Exercises 6 through 10). In 
each formula u is a differentiable function of x. 


(16) 


(17) 


(18) 


(19) 


(20) 


EXAMPLE 2: Find f'(x) if SOLUTION: Applying formula (17), we get 
f(x) = tanh™ (cos 2x) | f(x) = = sin a. _ ane Mc uu 
EXAMPLE 3: Verify that SOLUTION: 
D,(x cosh™ x Bina D,(x cosh7! x — Vx?—1) =cosh x x- ué-T — Va 1 


= cosh! x 


The main use of the inverse hyperbolic functions is in connection 
with integration. The discussion of this topic is postponed until Sec. 10.6. 


REVIEW EXERCISES 


Exercises 9.11 
1. If F(x) = cosh x and x = 0, prove that F is continuous and increasing on its entire domain. 
2. If G(x) = sech x and x = 0, prove that G is continuous and monotonic on its entire domain. 


In Exercises 3 through 10, prove the indicated formula of this section. 


3. Formula (8) 
6. Formula (16) 
9. Formula (19) 


4. Formula (10) 
7. Formula (17) 
10. Formula (20) 


5. Formula (11) 
8. Formula (18) 


In Exercises 11 through 14, express the given quantity in terms of a natural logarithm. 


11. sinh! 4 
13. tanh^! 4 


12. cosh™ 3 
14. coth^! (-2) 


In Exercises 15 through 28, find the derivative of the given function. 


15. f(x) = sinh?! x? 

18. h(w) = tanh™ w° 

21. f(x) = cosh^! x? 

24. g(x) = tanh“ (sin 3x) 

27. G(x) =x sinh x — VIF 


16. G(x) = cosh 4x 

19. g(x) = coth™ (3x + 1) 

22. h(x) = (sech™ x)? 

25. h(x) = cosh™ (csc x) 

28. H(x) =InVx?—1 — x tanh" x 


17. F(x) = tanh^! 4x 

20. f(r) = csch! 47? 

23. f(x) = sinh! (tan x) 
26. F(x) = coth™ (cosh x) 


In Exercises 29 through 32, draw a sketch of the graph of the indicated function. 


29. The inverse hyperbolic tangent function. 30. The inverse hyperbolic cotangent function. 


31. The inverse hyperbolic secant function. 32. The inverse hyperbolic cosecant function. 


Review Exercises (Chapter 9) 


In Exercises 1 through 4, evaluate the given limit, if it exists. 


.. sin? x . tanx 
1. lim ^Y." $0 ox 
tan* 2x cos 5x 
4. 
"i lim 4x* uet cos 7x 
5. Show that d(In sin x) = xy cot x 6. Prove that lim sini =0, 
; d(In x) 2-0 


In Exercises 7 through 16, find the derivative of the function defined by the given equation. 


7. f(x) = Wsin 4x 
9. g(x) =x cos = 


11. F(x) = tan"! 27 


8. f(x) = Vcsc 3x 


10. f(t) = 


Int 
sect 


12. g(x) = cot 3x Vsin 2x 
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13. f(w) = w? sinh! 2w 14. f(x) = tan"! (sinh x) — sec^!(cosh x) 
15. f(x) = (tan x)" 16. h(x) = (cos x)* 
In Exercises 17 and 18, find D,y by implicit differentiation. 
2 
17. cot^! E +xy?=0 18. sin(x + y) +sin(x—y)=1 
In Exercises 19 through 26, find the indefinite integral. 
19. Í sint $x cos? $x dx 20. Í V1-— cos x dx 21. | I 
dt X 
A — cot ME | wE ends 
22 | (csc 2x — cot 2x) dx 23 Í IF sec 3 24. | TTG 
25. Í sin 3x cos 5x dx 26. Í sin? 2x cos? 2x dx 
In Exercises 27 through 30, evaluate the definite integral. 
TÍ3 16 
27. f sec? x tan? x dx 28. Í tan* 2x dx 
0 
2 7/2 
29. f (x +2) E 30. Í (sint 2x — 2 sin 4x) dx 
Vax — x? mia 


31. Find the length of the arc of the curve y = In cos x from the origin to the point (477, —In 2). 
32. Find the average value of the cosine function on the closed interval [a, a + 27]. 


33. Find to the nearest degree the measurements of the four interior angles of the quadrilateral having vertices at (5, 6), 
(—2, 4), (72, 1) and (3, 1) and verify that the sum is 360°. 


34. Find the volume of the solid generated if the region bounded by the curve y = sin? x and the x axis from x = 0 tox = s is 
revolved about the x axis. 


35. Two points A and B are diametrically opposite each other on the shores of a circular lake 1 mi in diameter. A man desires 
to go from point A to point B. He can row at the rate of 13 mi/hr and walk at the rate of 5 mi/hr. Find the least amount of 
time it can take for him to get from point A to point B. 


36. Solve Exercise 35 if the rates of rowing and walking are, respectively, 2 mi/hr and 4 mi/hr. 
37. A particle is moving along a straight line and 
s = sin (4t + $m) + sin(4t+ $r) 


where s ft is the directed distance of the particle from the origin at t sec. Show that the motion is simple harmonic and 
find the amplitude of the motion. (See Exercise 38 in Exercises 9.9.) 


38. If an equation of motion is s = cos 2t + cos t, prove that the motion is not simple harmonic. 


39. Evaluate: f [cos x + 3| dx. 


0 
T2 
40. Evaluate: Í [cos x — sin x| dx. 
0 
41. Find the area of the region bounded by the y axis and the curves y = sec? x and y = 2 tan? x. 


42. Find an equation of the normal line to the curve y = cos x at the point ($7, —3). 


43. 


45, 


46. 


47. 
48. 


49. 


50. 


51. 


52. 


53. 
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A particle is moving along a straight line according to the equation of motion s = 5 — 2 cos? t where s ft is the directed 
distance of the particle from the origin at t sec. If v ft/sec anda ft/sec? are, respectively, the velocity and acceleration of 
the particle at t sec, find v and a in terms of s. 


. If y ft is the range of a projectile then 


24 Vo" sin 20 
8 


where v, ft/sec is the initial velocity, g ft/sec? is the acceleration due to gravity, and 0 is the radian measure of the angle 
that the gun makes with the horizontal. Find the value of 0 that makes the range a maximum. 


A searchlight is 4 mi from a straight road and it keeps a light trained on an automobile that is traveling at the constant 
speed of 60 mi/hr. Find the rate at which the light beam is changing direction (a) when the car is at the point on the road 
nearest the searchlight and (b) when the car is $ mi down the road from this point. 


A helicopter leaves the ground at a point 800 ft from an observer and rises vertically at 25 ft/sec. Find the time rate of 
change of the measure of the observer's angle of elevation of the helicopter when the helicopter is 600 ft above the 
ground. 


Find the length of the catenary y = cosh x from (In 2, 3) to (In 3, $). 


Find the area of the region bounded by the curve y —9/ V9 — x, the two coordinate axes, and the line 
x=2V2. 


In an electric circuit let E = f(t) and i= g(t) where E volts andi amperes are, respectively, the electromotive force and 
current at t sec. If P watts is the average power in the interval [0, T], where T sec is the common period of f and g, then 


1 T 
p=} Í f(t)g(t) dt 
0 
If E = 100 sin t and i= 4(sin t — $7), first determine T and then find P. 
The graph of the equation 


z 
x =a sinh"! V5-1 — Va — y? 
y 


is called a tractrix. Prove that the slope of the curve at any point (x, y) is -y/ Và? — y? . 


Find the absolute maximum value attained by the function f if f(x) = A sin kx + B cos kx, where A, B, and k are positive 
constants. 


Suppose the function f is defined on the open interval (0, 1) and 


sin TX 


fx) = x(x— 1) 
Define f at 0 and 1 so that f is continuous on the closed interval [0,1]. 


Prove: D,” sin x= sin(x+4n7). (HINT: Use mathematical induction and the formulas sin(x +47) = cosx or 
cos(x + $T) = —sin x after each differentiation.) 
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10.1 INTRODUCTION 


10 


Techniques 
of Integration 


In Chapter 6 the definite integral of a function f from a to b was defined as 
the limit of a Riemann sum as follows: 


[feo dx= tim $ fE) Ae (1) 


Jal]-0 i21 
if the limit exists. We stated a theorem, proved in advanced calculus, that 
the limit on the right side of (1) exists if f is continuous on the closed in- 
terval [a, b]. 

The exact value of a definite integral may be calculated by the fun- 
damental theorem of the calculus, provided that we can find an antideriva- 
tive of the integrand. The process of finding the most general antideriva- 
tive of a given integrand is called indefinite integration. We use the term 
indefinite integral to mean the most general antiderivative of a given in- 
tegrand. In practice, it is not always possible to find the indefinite integral. 
That is, we may have a definite integral that exists, but the integrand has 
no antiderivative that can be expressed in terms of elementary functions. 
An example of this is fj? e`? dt (a method for computing the value of this 
definite integral to any required degree of accuracy by using infinite series 
is given in Sec. 14.9). However, many of the definite integrals that occur 
in practice can be evaluated by finding an antiderivative of the integrand. 
Some methods for doing this were given previously, and additional ones 
are presented in this chapter. Often you may find it desirable to resort to a 
table of integrals instead of performing a complicated integration. How- 
ever, it may be necessary to employ some of the techniques of integration 
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in order to express the integrand in a form that is found in a table. 
Therefore, you should acquire proficiency in recognizing which technique 
to apply to a given integral. Furthermore, development of computational 
skills is important in all branches of mathematics, and the exercises in this 
chapter provide a good training ground. For these reasons you are advised 
to use a table of integrals only after you have mastered integration. 

The standard indefinite integration formulas, which we learned in 
previous chapters and which are used frequently, are listed below. 


f &-»«c f tan u du = In [sec ul +c 
fadu=au+c where a is any constant f cotudu=m |sin uJ + C 
f uto +g(u)] du= | feo du + f g0) du f secu du In [sec u + tan u| + C 
[ea +c i cn i f csc u du = In ese u — cot ul + C 

H in |ul +C |y where a > 0 
|e u= +0¢ zl anc 
[eec | Graft cee fH +c where a > 0 
f sin u du=—cos u +c J sinh u du = cosh u + C 
f cosu du=sinu+c | J cosh u du = sinh u + C 
f sect u du = tanu +c J sech? u du = tanh u +C 
f cs u du=—cot u +C f csch? u du =—coth u + c 
J secu tan u du= secu +c J sech u tanh u du =—sech u + C 
J csc cot u du =—csc u + C J csch u coth u du =—csch u + C 


10.2 INTEGRATION A method of integration that is quite useful is integration by parts. It 
BY PARTS depends on the formula for the differential of a product: 


d(uv) = u dv + v du 
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or 
u dv — d(uv) — v du (1) 


Integrating on both sides of (1), we have 


fu dv= m [o (2) 


Formula (2) is called the formula for integration by parts. This formula 
expresses the integral fu dv in terms of another integral, fv du. By a suit- 
able choice of u and dv, it may be easier to integrate the second integral 
than the first. This method is shown by the following examples. 


EXAMPLE 1: Find 


| tan"! x dx 


SOLUTION: Let u = tan ! x and dv = dx. Then 


dx 


no ERE 


and 
=x+C, 


So from (2) we have 
Í tan™! x dx = (tan! x) (x + C4) =| (x + Cj) iR 


e x dx -c dx 

1+ JEFE 
= x tan™! x + C, tan! x — ln |1 + | ^ C; tan"! x + Cs 
—xtan^! x — &In (1 +x) +C: 


=x tan ! x + C,tan^! 


Note that the first constant of integration C, does not appear in the 
final result. This is true in general, and we prove it as follows: By writing 
v t C, in place of v, we have 


[ do (c0 - f (c du 
-w Cu | vdu—C, | du 
= uv + Ciu — | v du— Cyu 


=uv— | vdu 


Therefore, it is not necessary to write C, when finding v from dv. 
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EXAMPLE 2: Find 


EXT 


| SOLUTION: Let u = In x and dv = x dx. Then 


— ax 2x 
du =~ v=5 
So 
Xa. fe. & 
[xmxás- Eins IE: M 
2 

ZI IM 
=łæ In x— 4x2 + C 


EXAMPLE 3: Find 


f xsinx ax 


SOLUTION: Let u = x and dv = sin x dx. Then 
du =dx and v=—cosx 


Therefore, we have 
IE sin x dx ——x cos x+ Í cos x dx 


= —y cos x + sin x + C 


NOTE: In Example 3, if instead of our choices of u and dv as above, 


we let 

u=sinx and dv= x dx 
we get 

du=cosxdx and vix 


So we have 


f x sin x dc $ sin s-i fe cos x dx 


The integral on the right is more complicated than the integral with which 
we started, thereby indicating that these are not desirable choices for u 


and dv. 


It may happen that a particular integral may require repeated applica- 
tions of integration by parts. This is illustrated in the following example. 


EXAMPLE 4: Find 


Í x?e* dx 


' SOLUTION: Let u =x? and dv = e* dx. Then 


du=2xdx and v= e" 


We have, then, 


fee de= ster —2 [ xe” dx 
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We now apply integration by parts to the integral on the right. Let 
u=x and dv-e*dx 

Then 
du=dx and v=e* 


So we obtain 
[se dx= xe — [ets 


= xe” — eT +C 


Therefore, 
| xe? dx = xe? — 2[xe™— e* + C] 


= xe? — 2xeT + 2e? + C 


Another situation that sometimes occurs when using integration by 
parts is shown in Example 5. 


EXAMPLE 5: Find 


fe sin x dx 


SOLUTION: Let u = e* and dv = sin x dx. Then 
du=e*dx and v-—-—cosx 


Therefore, 
IE sin x dx — —e* cos x + IB cos x dx 


The integral on the right is similar to the first integral, except it has cos x in 
place of sin x. We apply integration by parts again by letting 


i=e* and d)-cosxdx 


; So 


di=e* dx and p= sin x 


Thus, we have 
| e” sin x dx — —e* cos x + [e” sin x — | e” sin x dx] 


Now we have on the right the same integral that we have on the left. 
So we add fe* sin x dx to both sides of the equation, thus giving us 


2 je sin x dx ——e? cos x + e” sin x + C 
Dividing on both sides by 2, we obtain 


i e” sin x dx = $e*(sin x — cos x) +C 
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In Sec. 9.8 we noted that in order to integrate odd powers of the secant 
and cosecant we use integration by parts. This process is illustrated in Ex- 
ample 6. 


EXAMPLE 6: Find 


Í sec? x dx 


SOLUTION: Let u = sec x and dv = sec? x dx. Then 
du = sec x tan x dx and v= tan x 


Therefore, 


f sect x dx= sec x tan x— [ sec x tan? x dx 


or 
Í sec? x dx = sec x tan x — | sec x(sec? x — 1) dx 
or 


Í sec? x dx = sec x tan x— [sees dx + | sec x dx 
Adding f sec? x dx to both sides, we get 


2 Í sect x dx= sec x tan x + In [sec x + tan x| + 2C 


So 


f sect x dx=4 sec x tan xe Fin |sec x + tan x| + C 


In applying integration by parts to a specific integral, one pair of 
choices for u and dv may work while another pair may not. We saw this in 
the note after Example 3. 

Furthermore, in Example 5, in the step where we have 


| e” sin x dx = —e* cos fe cos x dx 
if we evaluate the integral on the right by letting 
ü-cosx and dọ= e" dx 


dū =—sin x dx and ọ= e” 


we get 

IE sin x dx — —e* cos x + (e? cos x + fe sin x dx) 
or 

fe sin x de = [ e sin x dx 


Integration by parts often is used when the integrand involves loga- 
rithms, inverse trigonometric functions, and products. 


516 TECHNIQUES OF INTEGRATION 


Exercises 10.2 


In Exercises 1 through 16, evaluate the indefinite integral. 


1, | in x ds 2. Í x cos 2x dx 3. | x sec x dx 

4, [sw s. f sin” x dx 6. f x in x dx 

7. IET 8. fe sin 3x dx 9. f e cos xax 

10. f sincin x) dx 11. l= x dx 12. ES dx 

vV1—x 

13. IE sinh x dx 14. [ «e x dx 15. f sec x ax 
cot! Vx 

16. Í Vx dx 


In Exercises 17 through 24, evaluate the definite integral. 


17. 


21. 


25. 
26. 
27. 
28. 
29. 


30. 


31. 


32. 


33. 


34. 


35. 


TÍ3 TT 
Í sin 3x cos x dx 18. Í x? cos 2x dx 


0 = 


2 72/2 
19, f xe?" dx 20. Í cos V2x dx 
0 0 


714 3714 
Í e? sin 4x dx 22, Í x cot x csc x dx 


0 aa 


4 1 
23. Í sec™! Vx dx 24. | x sin"! x dx 
1 0 


Find the area of the region bounded by the curve y = In x, the x axis, and the line x = e. 

Find the volume of the solid generated by revolving the region in Exercise 25 about the x axis. 

Find the volume of the solid generated by revolving the region in Exercise 25 about the y axis. 

Find the centroid of the region bounded by the curve y — e*, the coordinate axes, and the line x — 3. 


The linear density of a rod at a point x ft from one end is 2e * slugs/ft. If the rod is 6 ft long find the mass and center 
of mass of the rod. 


Find the centroid of the solid of revolution obtained by revolving about the x axis the region bounded by the curve 
y = sin x, the x axis, and the line x = $7. 


A board is in the shape of a region bounded by a straight line and one arch of the sine curve. If the board is submerged 
vertically in water so that the straight line is the lower boundary 2 ft below the surface of the water, find the force on 
the board due to liquid pressure. 


A particle is moving along a straight line and s ft is the directed distance of the particle from the origin at t sec. If v 
ft/sec is the velocity at t sec, s = 0 when t — 0, and v : s = t sin t, find s in terms of t and also s when t = 37. 


A water tank full of water is in the shape of the solid of revolution formed by rotating about the x axis the region 
bounded by the curve y = e'*, the coordinate axes, and the line x = 4. Find the work done in pumping all the water 
to the top of the tank. Distance is measured in feet. Take the positive x axis vertically downward. 


The face of a dam is in the shape of one arch of the curve y = 100 cos zàs 7x and the surface of the water is at the top 
of the dam. Find the force due to liquid pressure on the face of the dam. Distance is measured in feet. 


A manufacturer has discovered that if x hundreds of units of a particular commodity are produced per week, the mar- 
ginal cost is determined by x2"? and the marginal revenue is determined by 8 - 27%, where both the production cost 
and the revenue are in thousands of dollars. If the weekly fixed costs amount to $2000, find the maximum weekly profit 
that can be obtained. 
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10.5 INTEGRATION BY If the integrand contains an expression of the form Va -— WW, 
TRIGONOMETRIC Va? + u?, or Vu? — a?, where a > 0, it is often possible to perform the in- 
SUBSTITUTION tegration by making a trigonometric substitution which results in an inte- 
gral involving trigonometric functions. We consider each form as a sepa- 

rate case. 


Case 1: The integrand contains an expression of the form Va’ — w^, 
a > 0. We introduce a new variable 0 by letting u =a sin 0, where 0 = 


0 =< år if u = 0 and—in <= 6< Oifu <0. Then du = a cos 0 dé, and 
Va? — u? = Va? — g? sin? 6 = Va?(1 — sin? 0) = a Vcos? 0 


Because —377 x 0 x $r, cos 0 = 0; hence, Vcos? 0. = cos 0 , and we have 
Va? — u? =a cos 0. Because sin 0 = uja and —ic x 0 < 47, it follows that 
0 = sin !(uja). 


EXAMPLE ]: Evaluate l | SOLUTION: Let x= 3 sin 1 6, where 0<@0<37 if x= 0 and—4s7 <6<Oif 
ee x < 0. Then dx — 3 cos 0 d@ and 
v9 — x? = V9 — 9 sin? 0 —3'vcos? 0 =3 cos 0 
Therefore, 


v9 3 cos 0 
[4 P dx = | FESS (9 cos 0 do) 


= | cot o do 


=f (csc? 0 — 1) dé 


—-——cot0—0-- C 


Because sin 0 = 4x and — ir x 0 < bm, 0— sin! (3x). To find cot 0 refer to 
: Figs. 10.3.1 (for x 2 0) and 10.3.2 (for x « 0). We see that cot 0 = 
| V9 — x?/ x. Therefore, 


9 — y2 v9 — x2 
EET. =-V—* - sin Z4c 


Figure 10.3.2 


Case 2: The integrand contains an expression of the form Va? t u?, 
a ^ 0. We introduce a new variable 0 by letting u — 4 tan 0, where 


0x0-«hmrifuzO0and—im«8«0ifu « 0. Then du = a sec’ 0 d0, and 
Vg? + u? = Va? + ag? tan? 0 — a V1 + tan? 0 = a Vsec? 0 
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EXAMPLE 2: Evaluate 


| vers dx 


x«0 


Figure 10.3.4 


Because —icm < 0 < 47, sec 0 = 1; thus Vse 0 = sec 0, and we have 
Va? + u? = sec 0. Because tan 0 = uja and —}37 < 0 < $7, it follows that 
0 = tan ! (ufa). 


SOLUTION: Letx= V5tan6, where0 < 0 < ir if x = Oand—}$m < 0 < Oif 
x < 0. Then dx = V5 sec? 0 d@ and 


Ve+5 = V5tan? 0 +5 = V5 Vsec? 6 = V5 sec 0 


Therefore, 


| Vez +5 dx= f V5 sec 0(V5 sec? 0 dé) =5 Í sec? ø do 
Using the result of Example 6 of Sec. 10.2, we have 
| V r5 dx —5 sec 6 tan 6-2 In lsec 0 + tan 0| +C 
We find sec 0 from Figs. 10.3.3 (for x = 0) and 10.3.4 (for x < 0), where 


tan 0 = x/ V5. We see that sec 0 = Vx +5/V5. Hence, 


5 wvxitb5 x 5 vx +5 x 

2 d pes OE MES es, pee = Eat CEPR S d —— 

[ vers x 2 V5 yt” V5 +R te 
—ix Vx? +5 +3 In |V +5 -x|—$ln V5 +C 
—ix VP +5 +3 ln (VP+5 +x) 4C, 


NOTE: Because Vx? +5 +x > 0, we drop the absolute-value bars. 


Case 3: The integrand contains an expression of the form Vu? — a’, 
a > 0. We introduce a new variable 0 by letting u =a sec 0, where 0 = 
0«imifuzaanda <6 <$z7ifu <—a. Then du = a sec 0 tan 0 d@ and 


Vu? — a? = Va? sec? 0 — à? = Va?(sec? 0—1) =a Vian? 6 

Because either 0 = 0 < $7 or m x 0 < 37, tan 0 = 0; thus, Vtan? 0 = 
tan 60, and we have Vu? — a? = a tan 0. Note in Fig. 10.3.5 that u = a, 
sec 0— uí[a = 1, and 0x 0 < iz. Hence, 0 = sec™ (uja) if u =a. In 
Fig. 10.3.6, u x —a, sec 0— u[a € —1, and m x 0 < ĝm. Because when 
u € —a,$mq < sec !(uja) x m, it follows that 0 = 2: — sec ' (ufa). 
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+ 
^ 
u Vu2 —a? 
6 
5 7 >+ 
ua uc -—a 
Figure 10.3.5 Figure 10.3.6 


EXAMPLE 3: 


Evaluate 


dx 
| BV — 9 


Figure 10.3.7 


Figure 10.3.8 


x<-3 


SOLUTION: Let x = 3 sec 0, where 0 < 0 < bm if x >3 and m < 0 < &r if 
x < —3. Then dx = 3 sec 0 tan 0 d0 and 


Vx* —9 = V9 sec? 0 —9 = 3V tan? 6 =3 tan 0 


Hence, 
| dx _ f _3 sec 0 tan 0 d0 y | cost o do 
x*vx*—9 27 sec? 0 - 3 tan 0 27 


-x| (1+ cos 20) d0 = $ (0 -- $ sin 20) + C 


= 34 (0 + sin 0 cos 6) + C 


When x > 3,0 < 0 < r, and we obtain sin 0 and cos 0 from Fig. 10.3.7. 
When x < —3, m < 0 < $2, and we obtain sin 0 and cos 0 from Fig. 10.3.8. 
In either case, sin 0 = Vx? — 9 [x and cos 0 = 3/x. To express 0 in terms of x 
we must distinguish between the two cases: x > 3 and x < —3. When 
x > 3, 0 = sec™ 3x. However, when x < —3, 0 —2m — sec”! 4x (refer to 
Fig. 10.3.8). We have, then, 


xvy-9 | gy Qn sect +2? 3) c, if x «—3 
and letting C = C, + zzz, we get 

J d gy vec $+ MS +c a 

VEO — db sect t+ 0.9 tc if x «—3 
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EXAMPLE 4: Evaluate 


| dx 
Vx? — 25 


SOLUTION: Let x=5 sec 0, where 0 < 0 < bam if x >5 anda < 0 < $m if 
x <—5. Then dx — 5 sec 0 tan 0 d0 and 


Vx — 25 = V25 sec? 0—25 —5Vtan? 0 — 5 tan 6 
Therefore, 


dx _ | 5sec @tan @ dé _ 
| wee u 5 tan 0 = Í seco do 


= In |sec 8 + tan 0| + C 


To find sec 0 and tan 6 refer to Fig. 10.3.9 (for x > 5) and Fig. 10.3.10 (for 
x < —5). In either case, sec 0 = $x and tan 0 = 1 Vx? — 25 . We have, then, 


vx 2| +C 


|a X+ 
Ve—25 "J5 
=In |x + V? —25| -1n5 * C 
=In |x + Ve? —25| - C, 


>+ 


x25 x«-—5 


Figure 10.3.9 Figure 10.3.10 


EXAMPLE 5; Evaluate 


T dx 
ı (6-7) 


SOLUTION: To evaluate the indefinite integral f dx/(6 — x?)??, we make 
the substitution x = V6 sin 0. In this case we can restrict 0 to the interval 
0 < 0 < $r because we are evaluating a definite integral for which x > 0 
because x is in [1, 2]. So we have x= V6 sin 0, 0 < 0 < 4r, and dx = 
V6 cos 0 d6. Furthermore, 


(6 — x?)3? = (6 — 6 sin? 0)3? 
= 6 V6 (1— sin? 0) 3? 
= 6 V6 (cos? 8) 3? 
— 6'V6 cos? 0 


Figure 10.3.11 
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Hence, 
f dx _ f V6 cos 0 do 
(6 — x2)? 6 V6 cos? 0 
-.A[ de 
6 | cos? 0 


=} | sect ø a 
=¢tan@+C 


We find tan 0 from Fig. 10.3.11, in which sin 0= x/ V6 and 0 < 0 < 47. We 
see that tan 0 = x/ V6 — xX? , and so we have 


x 


Therefore, 


+C 


ken gu cdl 


a ces Ue 
3V2 ae 
2V5- VO 3 
istis =.. — ——- hase 6v0 — Ls — TS 
Exercises 10.3 
In Exercises 1 through 18, evaluate the indefinite integral. 
1 Í dx dx 3 [tee nU 
(jJ 2V4— 2 xV2+4 i x V 
dx dx Jj dw 
SE VETE 7. | VIX du MEC 
dx dx dx 
2 — y2 ee NET a a2 GERE 
9. IE V16 — x? dx 10. [ cus 11. | as sys 12. E 16 + xi 
13 zs 14 i e 15 Í ME NOT 16 Í ex 
| Vere |) var SEcEsrERS | Poa 
sec? x dx e * dx 
Hs ae ee tan? x)?? 18. o em 
In Exercises 19 through 26, evaluate the definite integral. 
2 gdr : dx [E X dx 
5. | Viu 20. | eee 2. [ETS 2 |, VITE 
6 dx 8 dw l 3 — dx 
Np c || xv25—x d ; Í 
29; Í x V3xi —4 = Í (w? — 4)?? T " ? A 26 1 eV +3 


27. Find the area of the region bounded by the curve y = Vx? — 9[x?, the x axis, and the line x= 5. 
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35. 


36. 
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. Find the centroid of the region of Exercise 27. 

. Find the length of the arc of the curve y = In x from x = 1 to x= 3. 

. Find the volume of the solid generated by revolving the region of Exercise 27 about the y axis. 
. Find the centroid of the solid of revolution of Exercise 30. 


. The linear density of a rod at a point x ft from one end is V9 + x? slugs/ft. If the rod is 3 ft long find the mass and center 


of mass of the rod. 


. If an object is moving vertically due to the forces produced by a spring and gravity, then under certain conditions 


v? = c? — k?s?, where at t sec, s ft is the directed distance of the object from the starting point and v ft/sec is the velocity 
of the object. Find s in terms of t where v is positive. 


. A gate in an irrigation ditch is in the shape of a segment of a circle of radids 4 ft. The top of the gate is horizontal and 


3 ft above the lowest point on the gate. If the water level is 2 ft above the top of the gate, find the force on the gate due 
to the water pressure. 


A cylindrical pipe is 4 ft in diameter and is closed at one end by a circular gate which just fits over the pipe. If the pipe 
contains water to a depth of 3 ft, find the force on the gate due to the water pressure. 


An automobile's gasoline tank is in the shape of a right-circular cylinder of radius 8 in. with a horizontal axis. Find 
the total force on one end when the gasoline is 12 in. deep and w oz. is the weight of 1 in.? of gasoline. 


10.4 INTEGRATION OF In Sec. 23 a rational function was defined as one which can be expressed 
RATIONAL FUNCTIONS as the quotient of two polynomial functions. That is, the function H is a 
BY PARTIAL FRACTIONS. rational function if H(x) = P(x)/Q(x), where P(x) and Q(x) are polyno- 
CASES 1 AND 2: mials. We saw previously that if the degree of the numerator is not less 
THE DENOMINATOR HAS than the degree of the denominator we have an improper fraction, and in 
ONLY LINEAR FACTORS that case we divide the numerator by the denominator until we obtain a 
proper fraction, one in which the degree of the numerator is less than the 

degree of the denominator. For example, 


x'— 10x? + 3x+1 _ 2 = 
x?—4 p lue xa —4 


So if we wish to integrate 


jx 
xi—4 


the problem is reduced to integrating 


dx 


3x — 23 ds 
“waa v 
In general, then, we are concerned with the integration of expressions 
of the form 
P) j 
Qo 4 
where the degree of P(x) is less than the degree of Q(x). 


To do this it is often necessary to write P(x)/Q(x) as the sum of partial 
fractions. The denominators of the partial fractions are obtained by fac- 
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10.4.1 Theorem 


toring Q(x) into a product of linear and quadratic factors. Sometimes it 
may be difficult to find these factors of Q(x); however, a theorem from ad- 
vanced algebra states that theoretically this can always be done. We state 
this theorem without proof. 


Any polynomial with real coefficients can be expressed as a product of 
linear and quadratic factors in such a way that each of the factors has real 
coefficients. 


After Q(x) has been factored into products of linear and quadratic 
factors, the method of determining the partial fractions depends on the na- 
ture of these factors. We consider various cases separately. The results of 
advanced algebra, which we do not prove here, provide us with the form 
of the partial fractions in each case. 

We may assume, without loss of generality, that if Q(x) is a polyno- 
mial of the nth degree, then the coefficient of x" is 1 because if 


Q(x) — Cox" + Cx + wow. + Caax + Ch 
then if C, # 1 we divide the numerator and the denominator of the frac- 
tion P(x)/Q(x) by Co. 
Case 1: The factors of Q(x) are all linear and none is repeated. 

That is, 

Q(x) = (x—a,)(x— a2) + + © (x—- an) 


where no two of the a; are identical. 
In this case we write 


P(x) __A, 4, _ Ar 4... pA (1) 
Q(x) X-—@, X—ds X— Ay 
where A,, As, . . . , A, are constants to be determined. 


Note that we used “=” (read as “identically equal") instead of “=” in 
(1). This is because (1) is an identity for the value of each A;. 


The following example illustrates how the values of A; are found. 


EXAMPLE 1: Find 


(x — 1) dx 
x?— x?— 2x 


SOLUTION: We factor the denominator, and we have 


x—1 x—1 


x3— xi —2x  x(x—2)(x4 1) 


| So we write 


x-—u A B C 
x(x — 2) (x t 1) x wen xac] (2) 
Equation (2) is an identity for all x (except x = 0,2,—1). From (2) we 
get 


x—1=A(x—2)(x+1) + Bx(x+1) + Cx(x — 2) (3) 
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Equation (3) is an identity which is true for all values of x including 0, 2, 
and —1. We wish to find the constants A, B, and C. Substituting 0 for x in 
(3), we obtain 


—1—-2A or A=} 
Substituting 2 for x in (3), we get 

1=6B or B=¢% 
Substituting —1 for x in (3), we obtain 

—2=3C or C-2-$ 

There is another method for finding the values of A, B, and C. If on the 
right side of (3) we combine terms, we have 

x—12 (A- B4 C) - (CA B—2C)x — 2A (4) 


For (4) to be an identity, the coefficients on the left must equal the 
corresponding coefficients on the right. Hence, 


A+B+ C20 
—A-«B-2C-21 
—2A--1 


Solving these equations simultaneously, we get A=3, B= 3, and C= 
— §. Substituting these values in (2), we get 
EIE gay es 
x(x—2)(x+1) zx» pad 


So our given integral can be expressed as follows: 


Í x—i  gx-l[4,1 dx 2 dx 


SPS We 2 x 6jx—2 3] x+1 
=$ ln |x| + 41n |x—2|— 41n |x c 1| - 4 1n C 
= 4 (3 In |x| + In |x — 2| 2 4 In |x + 1| + In C) 


LI Cx?(x — 2) 
6 (x +1)? 


Case 2: The factors of Q(x) are all linear, and some are repeated. 
Suppose that (x — a,) is a p-fold factor. Then, corresponding to this 
factor, there will be the sum of p partial fractions 


(x-a)?* (x-a)mi* + Gray) ea 
where A,, Ag, . . . , Ap are constants to be determined. 


Example 2 illustrates this case and the method of determining each Aj. 
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EXAMPLE 2: Find 


J 


(x? — 1) dx 
xx—2) 


SOLUTION: The fraction in the integrand is written as a sum of partial 
fractions as follows: 


x:i-1 . A,B C D E 
3(a-209"3'xt(x-25* (x-2*9 * x2 (5) 


The above is an identity for all x (except x = 0, 2). Multiplying on both 
sides of (5) by the lowest common denominator, we get 


x:—1 = A(x —2)? + Bx(x — 2)? + C2 + Dx? (x — 2) + Ex?(x — 2)? 
or 
x3— 1 = A(x? — 6x? + 12x — 8) + Bx(x? — 6x? + 12x — 8) 


+ Cx? + Dx? — 2Dx? + Ex? (x? — Ax + 4) 
or 


x3—1 = (B+ E)x* + (A—6B+D— AE)xX? 
+ (76A + 12B + C — 2D + 4E)x? + (12A — 8B)x — 8A 
Equating the coefficients of like powers of x, we obtain 
B+ E=0 
A —6B t D—4E —1 
—6A t 12B * C - 2D * 4E =0 


12A —8B =0 
—8A-——1 
Solving, we get 
A=} B= C-i D-i E=- 


| _ dx | dx 5 dx 3 dx 
x sj x elt a] ue a je 16 ] x—2 


ee EE RC PONES i SO ea = 
=- *1ginhl-su-3y-a346-3; 16 nix 2lte 
x2 497416) .3 


= 8x(x — 2)? “6. In 


zu 
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EXAMPLE 3: Find 


du 
rr 


SOLUTION: 


1 A B 
u? — a? u-u ae 


Multiplying by (u — a) (u + a), we get 
12 A(u- a) t B(u — a) 
or 
1 = (A+ B)u + Aa — Ba 
Equating coefficients, we have 
A+B=0 
Aa — Ba=1 


Solving simultaneously, we get 


um slo EN 
A= 2a and B= 2a 
Therefore, 
du _ 1 du — 1 du 
w.j-—g? 20] u—a 2a] uta 


Ll. -——— 
-3, lu a| zg Inlutal+c 


or 


du _ 1 
acu 


u—a 
ucta 


+C 


The type of integral of the above example occurs frequently enough 
for it to be listed as a formula. It is not necessary to memorize it because an 
integration by partial fractions is fairly simple. 


(6) 


If we have f du/(a? — u?), we write 


du du 


a— u? u? — g? 


This is also listed as a formula. 
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du 1 uta 
ae u? 5, ^ u—a tE (7) 


In chemistry, the law of mass action affords us an application of in- 
tegration that leads to the use of partial fractions. Under certain condi- 
tions it is found that a substance A reacts with a substance B to form a 
third substance C in such a way that the rate of change of the amount of 
C is proportional to the product of the amounts of A and B remaining 
at any given time. 

Suppose that initially there are a grams of A and 8 grams of B and that 
r grams of A combine with s grams of B to form (r + s) grams of C. If we let 
X be the number of grams of substance C present at t units of time, then C 
contains rx/(r + s) grams of A and sx/(r + s) grams of B. The number of 
grams of substance A remaining is then o — rx/(r + s), and the number of 
grams of substance B remaining is 8 — sx/(r + s). Therefore, the law of 
mass action gives us 


where K is the constant of proportionality. This equation can be written as 


dx /—— Krs rts \f{rts ,_ 
dore (re (Bee) i 
Letting 
|... Krs _r+s rts 
~ (rcs) à P b= S B 
Eq. (8) becomes 
dx _ = " 
dp k(a — x) (b — x) (9) 
We can separate the variables in Eq. (9) and get 
dx 
(26-32 ** 


If a — b, then the left side of the above equation can be integrated by the 
power formula. If a # b, partial fractions can be used for the integration. 


EXAMPLE4: Achemicalreaction | soLuUTION: Letting x grams be the amount of substance C present at t 


causes a substance A to combine minutes, we have the initial conditions shown in Table 10.4.1. Equation 
with a substance B to form a sub- (9) becomes 

stance C so that the law of mass dx 

action is obeyed. If in Eq. (9) MET k(8 — x) (6 — x) 


a = 8 and b = 6, and 2 g of sub- 
stance C are formed in 10 min, Separating the variables we have 
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how many grams of C are formed 
in 15 min? 


Table 10.4.1 


t 0 10 15 


x 0 2 Xis 


[wastes = | 8 (10) 
Writing the integrand as the sum of partial fractions gives 
1 A B 


(8 — x) (6 — x) = 8—-x 
from which we obtain 
152 A(6— x) + B(8— x) 
1 1 


Substituting 6 for x gives B = z+, and substituting 8 for x gives A = —1. 
Hence, Eq. (10) is written as 


1 dx 1 dx /— 
Ue zl ge | at 


Integrating, we have 


In |8 — x| —3 In |6 — x| — 41n |C| = kt 
6—x |__ 
In Ic = —2kt 
6 —X _ Co-2kt 
8x” Ce (11) 
Substituting x = 0, t = 0 in Eq. (11) we get C = $. Hence, 
ipe r 
Substituting x — 2, t — 10 in Eq. (12), we have 
4 = Je-20k 
e **—$ 


4(6 E X45) = 3(e-?95) 3(g = X45) 
24 — 4x15 = 3($)97(8 — x5) 


24 ~ 4x, = 162 (8 — x) 
x, = 542 32V2 
5 9—4wv2 
~ 26 


Therefore, there will be 2.6 g of substance C formed in 15 min. 
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Exercises 10.4 


In Exercises 1 through 16, evaluate the indefinite integral. 


1. -5 D. aot a EST 
7. | = 8 Ja 9. |t 

10. f SEDE a ee patie 2. [SEDE 
JEDE s [eae a 


dx 
16: | 16x! — 8x? + 1 


In Exercises 17 through 24, evaluate the definite integral. 
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? x —3 * (x—2) dx ie x —4xt3, 
eee 
1 [ 3x5 i [ERE Pp vae oe 

4 (2x? + 13x + 18) dx 5x? — 3x + 18 . (9x5 +7x)dx — 
20. f FOR 6x F Ox 2 l “oaee S = f + 6x4 lix +6 


23 f (x? — 3) dx 24 [ x? dx 
Jo x3 AX? FE 5x 2 ` Jo 228 + 9x3? + 12x + 4 

25. Find the area of the region bounded by the curve y = (x — 1)/(x? — 5x + 6), the x axis, and the lines x = 4 and x = 6. 

26. Find the centroid of the region in Exercise 25. 

27. Find the volume of the solid of revolution generated by revolving the region in Exercise 25 about the y axis. 

28. Find the area of the region in the first quadrant bounded by the curve (x + 2)?y = 4 — x. 

29. Find the centroid of the region of Exercise 28. 

30. Find the volume of the solid of revolution generated if the region in Exercise 28 is revolved about the x axis. 

31. Suppose in Example 4 that a — 5 and b — 4 and 1 g of substance C is formed in 5 min. How many grams of C are formed 
in 10 min? 

32. Suppose in Example 4 that a — 6 and b — 3 and 1 g of substance C is formed in 4 min. How long will it take 2 g of sub- 
stance C to be formed? 

33. At any instant the rate at which a substance dissolves is proportional to the product of the amount of the substance 
present at that instant and the difference between the concentration of the substance in solution at that instant and 
the concentration of the substance in a saturated solution. A quantity of insoluble material is mixed with 10 Ib of salt 
initially, and the salt is dissolving in a tank containing 20 gal of water. If 5 lb of salt dissolves in 10 min and the con- 
centration of salt in a saturated solution is 3 Ib/gal, how much salt will dissolve in 20 min? 

34. A particle is moving along a straight line so that if v ft/sec is the velocity of the particle at t sec then 

D E 
P+3t+2 


Find the distance traveled by the particle from the time when t = 0 to the time when t= 2. 
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10.5 INTEGRATION OF 
RATIONAL FUNCTIONS 
BY PARTIAL FRACTIONS. 
CASES 3 AND 4: 

THE DENOMINATOR 
CONTAINS 

QUADRATIC FACTORS 


Case3: The factors of Q(x) are linear and quadratic, and none of the qua- 
dratic factors is repeated. 

Corresponding to the quadratic factor x? + px + q in the denominator 
is the partial fraction of the form 


Ax+B 
P+ pxt+q 


Find 


(x? — 2x — 3) dx 
| (x — 1) (2 + 2x + 2) 


EXAMPLE 1: 


SOLUTION: The fraction in the integrand is written as a sum of partial 
fractions as follows: 


2 — Jy — 
x—2x—3 = SAxXTB , C 


(x—1) (0? 2x42) 3-2x42  x—1 


(1) 


Multiplying on both sides of (1) by the lowest common denominator, we 
have 


x? —2x —3 = (Ax t B)(x —1) + C(x? + 2x4 2) 
or 
x? —2x 3 = (A+ C) 4 (B— A- 2C)x+ (2C — B) 


Equating coefficients of like powers of x gives 


A+C=1 
B-A+2C=-2 
2C— B=-—3 
Solving for A, B, and C, we obtain 
A=? B=% C=-—¿ 
Substituting these values into (1), we get 
Sys EUM no NN eal 
(x — 1) (x? + 2x + 2) P+2x+2  x—1 
So 
x?— 2x — 3 dx 
(x — 1) G2 + 2x + 2) 
9 x dx 7 dx 4 dx 


ts] ;Y2x42 5 


^75] 42x42 x—1 (2) 


To integrate f(x dx)/(x?+2x+ 2), we see that the differential of the 
denominator is 2(x + 1) dx; so we add and subtract 1 in the numerator, 
thereby giving us 


9 x dx _9 (x+1) dx 9 dx 


5] 332x132 5] 242x42 5] 42x42 (3) 


Substituting from (3) into (2) and combining terms, we get 


10.5 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS. CASES 3 AND 4 531 


Seo x —2x—3 
=A) Ge oe 


9. 2 2(x +1) dx a dx  4f_dx , 
m x x+2x+2 5] x24+2x4+2 5 x—1 (4) 
_ 9 22 dx we! Le 

= Gp In |x? * 2x + 2| z [A 5 In |x 1| 

= Py In |x? + 2x + 2| — $tan "(x +1) — In [x — 1| +- In C 
C(x? + 2x +2)° 2 


= — —1 
iym n | (x— 15 5 tan (x + 1) 


In the above example we would have saved some steps if instead of 
(1) we had expressed the original fraction as 


—2x —3 s Di2x:2)-EF E F 
(x — 1) (x? + 2x+ 2) x? +2x+2 x—1 


NOTE: We write D (2x + 2) + E instead of Ax + B because 
2x -2— D,(x? + 2x +2) 
Then, solving for D, E, and F, we obtain 
=% E-- F=-4 
giving us (4) directly. 


Case4: The factors of Q(x) are linear and quadratic, and some of the qua- 
dratic factors are repeated. 

If x? - px+q is an n-fold quadratic factor of Q(x), then, corre- 
sponding to this factor (x? + px + 4)", we have the sum of the following n 
partial fractions: 

Ax +B, + _ Ax +B, Te _Anx + By 

(2+ px+q)™ (x? + px+q)™" + pxtq 
For example, if the denominator contains the factor (x? — 5x + 2)?, we 
have, corresponding to this factor, 


Ax + B 4 Cx+D 4 Ex+F 
CE = Ox aye (X —5x2)* eae 2 


or, more conveniently, 


A(2x —5) +B , C(QQx—5)+D , EQx—5) - F 
(x—5r42) ^ (A> be 2)? hx +2 


EXAMPLE 2: Find 


J 


(x — 2) dx 


x(x? — Ax + 5)? 


SOLUTION: 
x-9 SQ :14  H0P-4 T0 DOV aE m 
x(x?—4x4+5)? x (x? — Ax + 5)? x?— 4x45 
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Multiplying on both sides of (5) by the lowest common denominator, 
we have 


x—2 = A(x? — 4x + 5)? + x(2Bx — AB + C) 
+ x(x? — Ax + 5) (Dx — 4D + E) 
or 
x— 2 = Axt + 16Ax? + 25A — 8Ax? + 10Ax? — 40Ax + 2Bx? — 4Bx + Cx 


+ 2Dx* — 12Dx? + Ex? + 26Dx? — 4Ex? — 20Dx + 5Ex 
or 


x—2 = (A+ 2D)x*+ (—8A — 12D + E)x? + (26A + 2B + 26D — AE)x? 
+ (—40A — 4B + C — 20D + 5E)x + 25A 


Equating coefficients and solving simultaneously, we obtain 


=- B—-í C-i D = zs E=-% 
Therefore, 
| (x— 2) dx 
x(x — Ax +5)? 
--% | +4 _ (2x—4) dx_ sf ect a x (2x — 4) dx 
5] (G3 —4x45) 4x +5) 5j œ Zy 25 J (2 — 4x +5) 


-% | »-s Ax +5 
2 te Bot gg oe th tet ne a T 2 
=— 95 In sl se RTS +3 | atari te 4x 5| 
(6) 
E dx 
25 | (@—4xt+4) 41 


We evaluate separately the integrals in the third and fifth terms on the 
right side of (6). 


dx 
Í [ (x? —4x+4)+1P? GLa 1]? 
Let x — 2 = tan 0, where 0 < 0 < èr, if x > 2 and—t7 < 0 < Oifx <2. 
Then dx = sec? 0 d0 and (x — 2)? + 1 = tan? 0 + 1 = sec? 0. Hence, 
sec? 0 d0 
TG—»HAT7 (tan? 0 + 1)? 


= [etga 0 d6 
sect 0 


dé 
sec? 0 


Figure 10.5.1 


x«2 


Figure 10.5.2 
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=| cos? 0 dé 


= [1499220 ag 


_9,1,, 
=5 +7 sin 20-4 C, 


ee 
— 5t sin 0 cos 8+ C, 


Because tan 0 = x — 2 and —47 < 0 < 4r, 0 = tan! (x — 2). We find sin 0 
and cos 8 from Figs. 10.5.1 (if x = 2) and 10.5.2 (if x < 2). In either case 


; _ 1-2 "m 1 
unde carro Hd eR TS 


So we have 


-2 1 
a wo uae 


tani 


Miocani EXT if 


1 2 
"ecto [x— Sara > tan” 1(x— 2) Ee a 4x 4 5) +C (7) 


Now M the other integral on the right side of (6), we have 


dx say 
leana EE = = | frrr tn VES (8) 


Substituting from (7) and (8) into (6), we get 


| (x — 2) dx 
x(x? — Ax + 5)? 


1 45 x—2 
^ 5d — TS g en (x— P TDF) 


mE 2 
+ X In i Ax + 5| — 


EN 
= tan (x— 2) +C 


G 


|= sp tem '(x-2) + +C 


x—4 
10(x? — 4x + 5) 


Exercises 10.5 


In Exercises 1 through 16, evaluate the indefinite integral. 


dx 
2x3 + x 


1. 


(x t- 4) dx 


“J x(x? + 4) "J 16x! — 1 
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4 (x? — 4x — 4) dx 5. [E354 (+x) dx 6 dx 7 { dx 
Cj x8—2x7+4x—8 x—3-x—1 J 9x4 ++ xe P+ xe+ x 
8. _(4+3) dx 9. | Sees (2 —x+2) dx 10 Í (2x3 + 9x) dx 11 [e€z5-pe 
Ax! + Ax? + x? e+ 24+ x (x? + 3) (x? — 2x+ 3) i 27x! — 1 
D { dx 13. | cee 18 dx 14 (2x? + 3x +2) dx 15 (sec? x + 1) sec? x dx 
nj o1) (4x? + 9)? C] x8+ 47+ 6x+4 : 1+ tan? x 
16. = eï? dx 
(e?* + 1)? 
In Exercises 17 through 24, evaluate the definite integral. 
4 (4 + 532) dx : x dx (bx? — 4x) dx 
ah 1 «+4x 18 [III 5 I, x! — 16 
1 9 dx 9 x? dx u2 (x +1) dx 
20; Í 8+1 21. a (22 + 2x +1)? ae Í x —1 
23 f (x? + 3x + 3) dx 24 F cos x dx 
joe x33 T 3 0x1 aig Sin x + sin? x 


25. Find the area of the region bounded by the curve y = 4/ (x? + 8), the x axis, the y axis, and the line x = 2. 

26. Find the abscissa of the centroid of the region in Exercise 25. 

27. Find the mass of a lamina in the shape of the region of Exercise 25 if the area density at any point (x, y) is kx? slugs/ft^. 
28. Find the volume of the solid of revolution generated by revolving the region of Exercise 25 about the y axis. 


29. A particle is moving along a straight line so that if v ft/sec is the velocity of the particle at t sec, then 


P—t-1 
(t - 2): (P +1) 


Find a formula for the distance traveled by the particle from the time when t = 0 to the time when t= t,. 


v= 


10.6 INTEGRALS As mentioned in Sec. 9.11, the inverse hyperbolic functions can be applied 
YIELDING INVERSE in integration, and sometimes their use shortens the computation consid- 
HYPERBOLIC erably. It should be noted, however, that no new types of integrals are 
FUNCTIONS evaluated by their use. Only new forms of the results are obtained. 

From formula (15) in Sec. 9.11 we have 


D,(sinh"! u) = D,u 


1 
vu? t1 
from which we obtain the integration formula 


MC sinh"! u + C 
Expressing sinh” u as a natural logarithm by using formula (8) of Sec. 
9.11, we get 
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—In(u VF ET) +C (1) 

Formula (16) in Sec. 9.11 is 
= 1 

D, (cosh u) "EE D,u where u > 1 


from which it follows that 
[ per cosh utc u1 
and combining this with formula (9) in Sec. 9.11, we obtain 


Formulas (17) and (18) of Sec. 9.11 are, respectively, 


(2) 


D, (tanh"! u) == Du where |u| « 1 


-— u? 
and 


D,(coth™ u) = Du 


ez Du where |u| >1 


From the above two formulas we get 


| du (aes u+C if|ul <1 


1-2 |coth*u+C if|ul>1 


and combining this with formulas (10) and (11) of Sec. 9.11 we have 


(3) 


(4) 


(5) 


(6) 
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These formulas can be proved by finding the derivative of the right 
side and obtaining the integrand, or else more directly by using a hyper- 
bolic function substitution. 

For example, the proof of (4) by differentiating the right side is as 


follows: 
inh si -i Vae- yi 
Du (sinh " u\? a vV č a 
COLE 
a 
and because a > 0, Va? =a, and we get 
iners 
D, (sink $) = ae 


To obtain the natural logarithm representation we use formula (8) in 
Sec. 9.11 and we have 


2 
sinh-! ~ = In (5 $ X) + 1) 
a a a 


( VET) 
= In |- + ———— 
a a 
=In(u+ Vu? +a?) —Ina 


Therefore, 


sinh"! = + C = In(u + vu? +a?)—Inat+cC 
=In(u+ Vu? +a?) + Cı 


where C, = C — ln a. 

The proof of (5) by a hyperbolic function substitution makes use of 
the identity cosh? x — sinh? x = 1. Letting u = a cosh x, where x > 0, then 
du = a sinh x dx, and x= cosh™ (u/a). Substituting in the integrand, we 
get 


| du = a sinh x dx 
Vu? — a? a? cosh? x — g? 
= a sinh x dx 
Vg? Vcosh? x — 1 
= a sinh x dx 
Va? Vsinh? x 
Because a > 0, Va? = a. Furthermore, because x > 0, sinh x > 0, and so 
Vsinh? x = sinh x. We have, then, 


a sinh x dx 


du = 
| Vu? — a? =| a sinh x 
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= cosh“! Z+ C 


The natural logarithm representation may be obtained in a way similar to 
the way we obtained the one for formula (4). The proof of formula (6) is 
left for the reader (see Exercise 17). 

Note that formulas (1) through (6) give alternate representations of 
the integral in question. In evaluating a definite integral in which one of 
these forms occurs and a table of hyperbolic functions is available, the in- 
verse hyperbolic function representation may be easier to use. Also the in- 
verse hyperbolic function representation is a less cumbersome one to 
write for the indefinite integral. Also note that the natural logarithm form 
of formula (6) was obtained in Sec. 10.4 by using partial fractions. 


EXAMPLE 1: Evaluate ——  lsoLurioN: We apply formula (4) after rewriting the denominator. 


dx 


dx dx a 
[vet | | vm ~ | ver 


dx 
-f V(x—3)* +4 
x—3 
2 


= sinh"! ( 
=ln(x—3+ VP—6x+13)+C č 


)+c 


EXAMPLE2: Evaluate ——— | SOLUTION: Using formula (5), we get B 


10 
= cosh! 2 — cosh! 1.2 


aa cosh! = | 
6 Vx? —25 5 je 
| Using Table 4 in the Appendix, we find 


i 0L], €osh" 2 = cosh™ (1.2) = 1.32 — 0.62 = 0.70 


i dx | 
«Và —25 | 


Instead of applying the formulas, integrals of the forms of those in 
formulas (1) through (6) can be obtained by using a hyperbolic function 
substitution and proceeding in a manner similar to that using a trigono- 
metric substitution. 

EXAMPLE 3: Evaluate the integral T sotution: In the solution of Example 1, the given integral was rewritten 
of Example 1 without using afor- | as 
mula but by using a hyperbolic | 
function substitution. i 


dx 
| V(x—3)* +4 
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If we let x — 3 — 2 sinh u, then dx = 2 cosh u du and u = sinh! 4(x — 3). 
We have, therefore, 


| dx _ 2 cosh u du 
V(x—- 3)? +4 V4 sinh? u + 4 


= 2 cosh u du 
2Vsinh? u+1 


cosh u du 


= Vcosh?2 u 


= sinh (252) +C 


which agrees with the result of Example 1. 


Exercises 10.6 


In Exercises 1 through 10, express the indefinite integral in terms of an inverse hyperbolic function and as a natural 
logarithm. 


1 dx 2 | dx 3 | x dx 
(jJ VAT X J vadi-9 |j V6 HT 
dx dx dx 
ii es 5 lee — 16 A le e* 
7 cos x dx 8 Í dx 9 Í dx 
"| V4— cos x Vx 4x $1 |J2—-4x—- x 
3x dx 
n. Í VxiT 6x15 
In Exercises 11 through 16, evaluate the definite integral and express the answer in terms of a natural logarithm. 
5 2 1/2 
u. [f 12. Í T a 13. Í E 
3 Vx —4 1 VX 2x -121— x? 
73 dx 3 dx x dx 
ui up 1X 19; Í Vox? — 12x — 5 18: E V6 + xi 


17. Prove formula (6) by using a hyperbolic function substitution. 
18. A curve goes through the point (0, a), a > 0, and the slope at any point is Vy?/a? — 1. Prove that the curve is a catenary. 


19. A man wearing a parachute falls out of an airplane and when the parachute opens his velocity is 200 ft/sec. If v ft/sec 
is his velocity ¢ sec after the parachute opens 
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324 dv 


z d = 324 — 
Solve this differential equation to obtain 
18 1.9. ES S) 
t= z (c oth 18 — coth 9 


10.7 INTEGRATION OF Ifan integrand is a rational function of sin x and cos x, it can be reduced to 
RATIONAL FUNCTIONS a rational function of z by the substitution 

OF SINE AND COSINE E 1 
z= tan zx (1) 


Using the identity cos 2y = 2 cos? y — 1 and letting y — ix, we have 


2 2 2 
== 214. = — = ———————— — — — 
Se conde d sec? 4x ! 1 + tan? dx terpe! 
So 
N oe 
Cos X — 4173 (2) 


In a similar manner, from the identity sin 2y = 2 sin y cos y, we have 


sin $x cos? ix 


sin x = 2 sin àx cos ix = 2 1 
cos $x 


_ 2tanzx 


=2 tanix: d= 
se?sx 1+ tan?$x 


Thus, 


; 2z 
sinx=7} 7 (3) 


Because z = tan ix, 


dz —isec ix dx =3(1+ tan? ix) dx 


Hence, 
2 dz 
dx = ite (4) 
EXAMPLE 1: Find | SOLUTION: © | Letting z= tan $x and using (2), (3), and (4), we obtain 
— a 2dz 
1—sin x+cos x [ae = — — 
Tone pe se Dawe 


V ES 


PHP 
(1 + 2?) —2z + (1— z?) 
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=—In |[1—z| - C 
— —]n |1 — tan àx| +C 


EXAMPLE 2: Find 
| sec x dx 


by using the substitution of this 
section. 


dx 
cos x 


SOLUTION: | sec x dx = 


Letting z = tan ¿x and using (2) and (4), we get 


dx 26, tte =2 | dz 


cox J/1+2 1-2 1-2 


Using formula (7) from Sec. 10.4, we have 


1+2z 


dz 
2 | pain i-z TE 
| Therefore, 
_,. |1+ tan 3x 
f secx dx=in herrea FE (5) 


Equation 6) can be written in another form by noting that 1 = tania 
and using the identity tan(a + B) = (tan a + tan 8)/(1 — tan o tan B). So 
we have 


1 1 
| sec x dx = In |2247 + tan 2x im tan ius 
1— tani : tan zx 
or 
Í sec x dx = In |tan($z +4x)| +C (6) 


Formula (6) is an alternative form of the formula 


J sec x dx= in [sec x + tan x| +C 


which is obtained by the trick of multiplying the numerator and denomi- 
nator of the integrand by sec x + tan x. 

It is worth noting that still another form for f sec x dx can be obtained 
as follows: 


| dx = | 3% Iber 
sec x dx = | ——— = | — = | Do 


cos x cos? x 1— sin? x 


Substituting u = sin x, du = cos x dx, we have 


sec x dx= d ln Led 
1-565? 2 1—u 


1+ sin x|! 


1—sin x 


+C=In| 
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Because—1 x sin x x 1 for all x, 1 + sin x and 1 — sin x are nonnega- 
tive; hence, the absolute-value bars can be removed and we have 


" 1 + sin x V^? = [1+ sin x 
f sec x ace n (FE) +C=In Tenk +C (7) 


Exercises 10.7 


In Exercises 1 through 12, evaluate the indefinite integral. 


1 Í dx 4 Í dx 
"jJ 5+4cosx 2 | TEETE ` J sin x— cos x+2 
5 f dx 6 Í dx j 8 dx 8 f cos x dx 
' J sin x+ tanx `j tan x — 1 “J 3cos2x+1 “J 3cosx—5 
5 dx dx dx 
M Jae NET L pee Oa 
6+4secx x: sin x — tan x Hm IE AITISSIIS 12. lemme 
In Exercises 13 through 18, evaluate the definite integral. 
ý dx ml m/e 3 dx 
13. f 5sinx+3 L i tanx+1 15; -mi3 2 cosx +1 
512 dx m 3 dx 7? sin 2x dx 
16; ji 3+ cos 2x 17: «is 2 sin2x+1 n ik 2+ cos x 


19. Show that formula (7) of this section is equivalent to the formula: f sec x dx = In|sec x + tan x| + C. (HINT: Multiply 
the numerator and denominator under the radical sign by (1 + sin x).) 


20. By using the substitution z = tan 3x, prove that 


— cos x 


IE 14 cosx 


21. Show that the result in Exercise 20 is equivalent to the formula f csc x dx = In|csc x — cot x| + C. (HINT: Use a method 
similar to that suggested in the hint for Exercise 19.) 


10.8 MISCELLANEOUS Ifan integrand involves fractional powers of a variable x, the integrand 
SUBSTITUTIONS can be simplified by the substitution 


x—z 


where 7 is the lowest common denominator of the denominators of the 
exponents. This is illustrated by the following example. 


— HEC te ————————————— M 9 ne 


EXAMPLE i2 Find | SOLUTION: We let x= z5; then dx = 62° dz. So 


Vx dx | x"2 dx  [(z*625dz) dz) _ 2% 
14 Vx | Ita Iz 


EE 
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Dividing the numerator by the denominator, we have 


xi? 
dx =6 | (2-24 tz2—1- 


14x dz 


z zx 
-6(iz — 4z + iz -z+ tanz) +C 


= $ x76 — $ x5/6 + 2x1? c 6x18 + 6 tan^! x16 + C 


No general rule can be given to determine a substitution that will 
result in a simpler integrand. Sometimes a substitution which does not 
rationalize the given integrand may still result in a simpler integrand. 


EXAMPLE2: Evaluate 


[eve +4 dx 


SOLUTION: Let z= Vx +4. Then Z? = x? + 4, and 2z dz = 2x dx. So we 
have 


[ &virvia- f (x2)? V x? +4 xdx={ (2? — 4)?z(z dz) 
=Í (z6 — 8z4 + 162z?) dz = 4z7— $25 + Mz + C 


= qos Z?[15z* — 168z? + 560] + C 
= qos (x? + 4)*?[15 (x? + 4)? — 168 (x2 + 4) +560] + C 


= 36s (x? + 4) ?[15x* — 48x? + 128] + C 


EXAMPLE 3; Evaluate 


| dx 
xN27x! + 6x — 1 


by using the reciprocal substitu- 
tion x = 1/z. 


SOLUTION: If x= 1/z, then dx = —dz/z?. We have, then, 


| zu TETTE dai 


VZ dz 
V27 + 6z — 2? 


z dz 


V27 + 6z — 2? os 
z dz : 
Vato ASO 
We evaluate fz dz/ V27 + 6z — 2? . 
z dz ; _(—2z +6) dz. 


dz 
V7 i 6z zZ V27 + 6z — 2? +3 | ape 


(1) 
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=-4 2V Fe A +3 | ee 
2 27 +9— (2 — 6z +9) 
Senarra 4+ |a 
Z— Zz 3 e (53) 
--VETG-Z +3 sin 23 + 
Ec 
INE EU in-i X 
= 27 +7 go t3sin™ Z +C 
V27x* +6x— 1 : 1—3 
S C^ +3 gin R6 
Vie bx aT : z 
—_ 27x + 6x— 1 +3 sin- 1 3X c (2) 
|x| 6x 
Substituting from (2) into (1) we get 
| dx 
xX V27 + 6x—1 
VETE Gx—1 = 
zx Bu l —3sin? 4c ifx 0 
—V27x! +6x— 1 ee eet ra 
AMT oan c EC ifx <0 
V4 bx aT = 
LLY sinh ieee ter 1 _ 3 sint 19€ cS c if x 20 
Vie bx aT = 
Maret eL L +3 sin?+T + ifx <0 


Exercises 10.8 


In Exercises 1 through 16, evaluate the indefinite integral. 


1 [<2 z f HR 

“J 84 Vx 7J Mam x 

& [xaxa 5. [Xe 
1—X 

2 dx s. | dx 

'Jic-Yx-2 ` J 2Vx + vx 


dx 
3 f 1+ 4x 
e. | dx 
|)30T Vx *2 


9 dx 
[vm Vx+4 
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10 dx 11 J dx 12. Í 

d Errem BEER. CERTES 
Use the reciprocal substitution 
x= 1/z. 

13. Do Exercise 12 by using the substitution: Vx* + 2x —l=z—x. 

dx dx dx 
ar . 16. | aa 
14. [- xX + 4x— 4 13 [aE [z 1+ 2x + 3x” 


In Exercises 17 through 22, evaluate the definite integral. 


10.9 THE TRAPEZOIDAL 
RULE 


HB E = dd ie EOS 


21. f = dx 22. ik dx 
TEMPS 1 xVe Y Ax — 4 


We have seen previously how many problems can be solved by evaluating 
definite integrals. In evaluating a definite integral by the fundamental 
theorem of the calculus, it is necessary to find an indefinite integral (or an- 
tiderivative). There are many functions for which there is no known 
method for finding an indefinite integral. However, if a function f is con- 
tinuous on a closed interval [a, b], the definite integral f^ f(x) dx exists 
and is a unique number. In this section and the next we learn two methods 
for computing an approximate value of a definite integral. These methods 
can often give us fairly good accuracy and can be used for evaluating a def- 
inite integral by electronic computers. The first method is known as the 
trapezoidal rule. 

We know that if f is continuous on the closed interval [a, b], the defi- 
nite integral fb f(x) dx is the limit of a Riemann sum 


f f(x) dx= lim Y f(&) Ax 


Hallo i-i 


The geometric interpretation of the Riemann sum 
n 

>, f(&) Ax 

i=1 


is that it is equal to the sum of the measures of the areas of the rectangles 
lying above the x axis plus the negative of the measures of the areas of the 
rectangles lying below the x axis (see Fig. 6.3.3). 

To approximate the measure of the area of a region let us use 
trapezoids instead of rectangles. Let us also use regular partitions and 
function values at equally spaced points. 
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Thus, if we are considering the definite integral f} f(x) dx, we divide 
the interval [a, b] into n subintervals, each of length Ax = (b — a)/n. This 
gives the following (n +1) points: xy =a, xy =a + Ax, x—a +2 Ax, 

-,X4=atidx,...,X,»-y~=at+(n—1) Ax, x,=b. Then the definite 
integral f} f (x) dx may be expressed as the sum of n definite integrals as 
follows: 


b Xi X2 
Í f(x) dx= f f(x) ac | f(x) dx 
x. b 
tee marc f(x) dx. (1) 
To interpret (1) geometrically, refer to Fig. 10.9.1 in which we have - 


taken f(x) = 0 for all x in [a, b]; however, (1) holds for any function which 
is continuous on [a, b]. 


—> «e 


> xX 
O Z X Xj Xs Xi-i Xi Xa-2 Xni N 
= x 


Figure 10.9.1 


Then the integral f7' f(x) dx is the measure of the area of the region 
bounded by the x axis, the lines x = a and x = x;, and the portion of the 
curve from P, to P,. This integral may be approximated by the measure of 
the area of the trapezoid formed by the lines x = a, x = x,, PjP,, and the x 
axis. The measure of the area of this trapezoid is 


2L f(x) + f()] Ax 


Similarly, the other integrals on the right side of (1) may be approxi- 
mated by the measure of the area of a trapezoid. Using the symbol “~” 
for “is approximately equal to," we have then for the ith integral 


L. f(x) dx ~ tlf (xi) + f(x))] Ax (2) 
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So, using (2) for each of the integrals on the right side of (1), we have 
[feo dx ~ MfG 601 Act MG + f] Ax = i 
+ 30 f (Xn-2) + f] Ax + 3[ flan) + f(xn)] Ax 


or 


[pee ax dart lao) 2f) 2163) Han) H] @) 


Formula (3) is known as the trapezoidal rule. 


EXAMPLE 1: Compute | soLuTION: Because [a, b] = [0, 3] and n = 6, we have 
ee b—a 3 
o 16 + x? Ax = = >=0.5 
n 6 


by using the trapezoidal rule 
with n — 6. Express the result 
to three decimal places. Check 3 dx 0.5 

by finding the exact value of the | J) 16 £38 ~ 2. L0) + 2/6) + 2/6) + 2/63) + 2f ea) + 2fG) + f] 


definite integral. 


Therefore, 


where f(x) = 1/(16 + x?). The computation of the sum in brackets in the 
above is shown in Table 10.9.1. So, 


Table 10.9.1 


i e fle) kk fd) 
0 0 0.0625 1 0.0625 
1 0.5 0.0615 2 0.1230 
2 1 0.0588 2 0.1176 
3 15 0.0548 2 0.1096 
4 2 0.0500 2 0.1000 
5 2.5 0.0450 2 0.0900 | 
6 3 0.0400 1 0.0400 ^ 
sum: O Z 0.6427 | 
—4*_. ~ 0.25(0.6427) 
0 16 + x . 
or 
3 dx 
5 dete 0.1607 


Rounding the result off to three decimal places, we get 


3 dx 


d T6 F = 0.161 
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We check by finding the exact value. We have 


f dx i ani t 
o 164x331 4" Zh 
4 tan™ ł— į tan™ 0 
= 4 (0.6435) — 4 (0) 
0 


.1609 to four decimal places 


10.9.1 Theorem 


To consider the accuracy of the approximation of a definite integral by 
the trapezoidal rule, we prove first that as Ax approaches zero and n 
increases without bound, the limit of the approximation by the trape- 
zoidal rule is the exact value of the definite integral. Let 


T=} Ax[ f(x) + 2f) + - > c t 2f(x a) + fix] 
Then 


T= [f(x,) + f(x) ++ > + t f()] Ax + bf xo) — f(xn)] Ax 
or 


T— Y f(x) Ax + M f(a) — f(b)] Ax 
iz 


Therefore, if n > +% and Ax 0, we have 


n 


lim T= lim Y f(x) Ax + lim $[f(a) — f(b)] Ax 
Ar-0 


Ar-0 Ar-0 i-i 


=| feo dx +0 


Thus, we can make the difference between T and the value of the defi- 
nite integral as small as we please by taking 7 sufficiently large (and 
consequently Ax sufficiently small). 

The following theorem, which is proved in advanced calculus, gives 
us a method for estimating the error obtained when using the trapezoidal 
rule. The error is denoted by er. 


Let the function f be continuous on the closed interval [a, b], and f' and f" 
both exist on [a, b]. If 


e= [fo dx —T 


where T is the approximate value of fè f(x) dx found by the trapezoidal 
rule, then there is some number 7 in [a, b] such that 


er = —1'z (b — a) f""(m) (Ax)? (4) 
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EXAMPLE 2: Find the bounds SOLUTION: We first find the absolute minimum and absolute maximum 
for the error in the result of values of f'' (x) on [0, 3]. 


Example 1. f(x) = (16 x) 
f'(x) 7» -2x(16 + 33)? 
f' (x) = 88(16 + x2) — 2(16 + x?) ? = (6x? — 32) (16 + x2)? 
f" (x) = —6x(6x? — 32) (16 + 32) * + 12x (16 + x3) ? 
= 24x (16 — x?) (16 + x?)~4 


Because f''' (x) > 0 for all x in the open interval (0, 3), then f” is 
increasing on the open interval (0, 3). Therefore, the absolute minimum 
value of f’’ on [0, 3] is f” (0), and the absolute maximum value of f'' on 
[0, 3] is f'' (3). 


"n MEME r1 ER 22 
f"(0)—-—35g and fG) = 715625 


| Taking ? = 0 on the right side of (4), we get 
eon ee a 
12V 128/4 ° 2048 


Taking 7 = 3 on the right side of (4), we have 


EE: ( 22 )Hi Ace 11 
| 12 \15,625/ 4 45,000 
Therefore, if er is the error in the result of Example 1, we conclude 


"-— 
45,000 ~ “7 = 2048 
or 


i 


—0.0002 = er - 0.0005 


Exercises 10.9 


In Exercises 1 through 14, compute the approximate value of the given definite integral by the trapezoidal rule for the 
indicated value of n. Express the result to three decimal places. In Exercises 1 through 8, find the exact value of the defi- 
nite integral and compare the result with the approximation. 


2 10 2 

1. [Sins x] E EN. 3. f e dun-a 
1 x 2 1+%x 0 

4 i VA — xi d 8 5 [ m 5 EEF. 

: Fi x n= 2 Vine "= 6. f 1+x dx;n=6 

7T T 37/2 ci 

a sin x dx; n=6 s. f x cos x? dx; n —4 » f SNY d n-ó 
0 0 mi2 x 


3 1 2:61 
10. Í In(1 + x?) dx; n= 4 11. Í e? dx; n=5 12. Í — —— dx;n—4 
2 1 x 


0 
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2 1 
13. f V1+ x4 dx; n=6 14. f V14+ dx; n=4 
0 0 
In Exercises 15 through 20, find the bounds for the error in the approximation of the indicated exercises. 
15. Exercise 1 16. Exercise 2 17. Exercise 3 
18. Exercise 6 19. Exercise 11 20. Exercise 12 


21. The integral f? e~** dx is very important in mathematical statistics. It is called a “probability integral" and it cannot 
be evaluated exactly in terms of elementary functions. Use the trapezoidal rule with n = 6 to find an approximate 
value and express the result to three decimal places. 


22. The region bounded by the curve whose equation is y = e~*”, the x axis, the y axis, and the line x = 2 is revolved about 
the x axis. Find the volume of the solid of revolution generated. Approximate the definite integral by the trapezoidal 
rule to three decimal places, with n — 5. 


23. Show that the exact value of f? V4 — x? dx is v. Approximate the definite integral by the trapezoidal rule to three deci- 
mal places, with n = 8, and compare the value so obtained with the exact value. 


24. Show that the exact value of 4 f? dx/(x + 1) is In 2. Approximate the definite integral by the trapezoidal rule with n = 6 
to three decimal places, and compare the value so obtained with the exact value of In 2 as given in a table. 


10.10 SIMPSON'S RULE Another method for approximating the value of a definite integral is 
provided by Simpson's rule (sometimes referred to as the parabolic rule). 
For a given partition of the closed interval [a, b], Simpson's rule usually 
gives a better approximation than the trapezoidal rule. However, 
Simpson's rule requires more effort to apply. In the trapezoidal rule suc- 
cessive points on the graph of y — f(x) are connected by segments of 
straight lines, whereas in Simpson's rule the points are connected by seg- 
ments of parabolas. Before Simpson's rule is developed, we state and 
prove a theorem which will be needed. 


10.10.1 Theorem If Po(x,, Yo), Pi(xy, y1), and Ps(xs, y2) are three noncollinear points on the 


y (x2, V2) parabola having the equation y = Ax? + Bx + C, where yo = 0, y, = 0, 
^ (xi yi) p Yo = 0, x, = Xo + h, and x, = x, + 2h, then the measure of the area of the 
sd = region bounded by the parabola, the x axis, and the lines x — x, and x= x; 

i» is given by 
ih(yo + 4y1 + y2) (1) 


PROOF: The parabola whose equation is y = Ax? + Bx + C has a vertical 
axis. Refer to Fig. 10.10.1 which shows the region bounded by the parabo- 
la, the x axis, and the lines x = x, and x = xz. 

Because Po, P,, and P, are points on the parabola, their coordinates 
satisfy the equation of the parabola. So when we replace x, by xo + h, and 
h h X, by x, t 2h, we have 


Figure 10.10.1 Yo = Axo? + Bx, + C 
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Vic A(x + h)? + B(x) + h) + C= A(X)" + 2hxy + h?) + B(x + h) + C 
Yo = A(X + 2h)? + B(xy + 2h) + C = A(x? + 4hxo + 4h?) + B(x) 2h) +C 


Therefore, 
Yo + 4y, + Yo = A (6x? + 12hx + 8h?) + B(6xy + 6h) + 6C (2) 


Now if K square units is the area of the region, then K can be com- 
puted by the limit of a Riemann sum, and we have 


K= lim Y (Ag? + Bë, + C) Ax 
Ar-0 izi 


xot2h 
= (Ax? + Bx + C) dx 


X0 
or 
xrot2h 
K= 4Ax? + 4Bx? + ex 


xo 


= $A(x, + 2h)? - 4B(x, + 2h)? + C(x, 2h) — (34x +3 BX? + Cx) 


= $h[A(6x, + 12hx, + 8h?) + B(6xs + 6h) + 6C] (3) 
Substituting from (2) in (3), we get 
K = $h[yo + 4y, + y2] " 


Let the function f be continuous on the closed interval [a, b]. Consider 
a regular partition of the interval [a, b] of 2n subintervals (2n is used in- 
stead of n because we want an even number of subintervals). The length 
of each subinterval is given by Ax = (b — a)/2n. Let the points on the curve 
y — f(x) having these partitioning points as abscissas be denoted by 


Po(Xo, yo), Pi (1, Y1); - - - , Pan (Xo; Yon); see Fig. 10.10.2 where f(x) = 0 
for all x in [a, b]. 


Ps y = f(x) 
1 E 
] 
/ T à 5 
e p PR A Soa 
D mS P, LM 4 — LUI 
A $ MES ] \ 
| | | | 
| | i Í 
| Í | Í 
{ | | | 
| f | | 
{ \ i i 
l | | | 
{ | | i 
L KAN | — — x 
Ol  a-—xoXi Xa X3 X4 Xs Xe Xan 


X2n—2 
X2n—1 


Figure 10.10.2 
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We approximate the segment of the curve y = f(x) from P, to P, by the 
segment of the parabola with its vertical axis through Po, P,, and Pz. Then 
by Theorem 10.10.1 the measure of the area of the region bounded by this 
parabola, the x axis, and the lines x= x, and x= xz, with h = Ax, is given by 


4 Ax(yo + 4y, + ya) or &$Ax[f(x)) + 4f(x1) + f(x3)] 


In a similar manner, we approximate the segment of the curve 
y = f(x) from P, to P, by the segment of the parabola with its vertical axis 
through P», P,, and P,. The measure of the area of the region bounded by 
this parabola, the x axis, and the lines x = x, and x = x, is given by 


$ Ax(ys + 4y; + Y4) or 3 Ax[ f (x2) + 4f (xs) F f(x4)] 


This process is continued until we have n such regions, and the measure of 
the area of the last region is given by 


3 Ax(Yon-2 + AYon-1 + Yon) OF 3 Ax [ f(X2n-2) + Af (Xen-1) + f(xon)] 


The sum of the measures of the areas of these regions approximates 
the measure of the area of the region bounded by the curve whose equa- 
tion is y = f(x), the x axis, and the lines x = a and x = b. The measure of 
the area of this region is given by the definite integral fè f(x) dx. So we 
have as an approximation to the definite integral 


3 Ax[ f(x) + 4f(x1) + f(x.) ]+ 8 Ax[f (x2) + Af(xs) + f(x] + - 
+4 Ax[ f(xon-4) A Af (X2n-3) T f(Xen-2) + i Ax[ f(xan-2) + Af (Xen-1) + féx)] 
[fe dx = t Ax fo) + af en) + fa) Af Gs) + 2/4) +> 
+ 2f(Xan-2) + Af Goa) + fon) ] (4) 


where Ax = (b — a)/2n. 
Formula (4) is known as Simpson’s rule. 


EXAMPLE 1: Use Simpson’s rule 
to approximate the value of 


1 dx 

o sd 
with 2n = 4. Give the result to 
four decimal places. 


| SOLUTION: Applying Simpson's rule with 21 = 4, we have Ax -1(1— 0) = 


1, and 
Í Erb UG + Afla) + 2f) + 4f (xe) + f()] (65) 


The computation of the expression in brackets on the right side of (5) 
is shown in Table 10.10.1, where f(x) = 1/(x + 1). 


Substituting the sum from Table 10.10.1 in (5), we get 


1 
—Ax_ ~ -L (831906) ~ 0.69325* 
i 12 
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Table 10.10.1 


io ox f k kf) 
| 0 0 1.00000 (1 1.00000 
| 1 025 0.80000 4 320000 
2 05 0.66667 2 1.33334 
3 075 0.5713 4 228572 
4 1 0.50000 1 0.50000 
| sum —  — 831906 | 


Rounding off the result to four decimal places gives us 


1 dx 
f 44 = 0.6933 


The exact value of fi dx/(x +1) is found as follows: 


a SN ee ee ded 
[oro etme n1=In2 


From a table of natural logarithms, the value of In 2 to four decimal 
places is 0.6931, which agrees with our approximation in the first three 


10.10.2 Theorem 


places. And the error in our approximation is —0.0002. 


In applying Simpson’s rule, the larger we take the value of 2n, the 
smaller will be the value of Ax, and so geometrically it seems evident that 
the greater will be the accuracy of the approximation, because a parabola 
passing through three points of a curve that are close to each other will be 
close to the curve throughout the subinterval of width 2 Ax. 

The following theorem, which is proved in advanced calculus, gives a 
method for determining the error in applying Simpson’s rule. The error is 
denoted by és. 


Let the function f be continuous on the closed interval [a, b], and f', f”, 
f''', and f®™ all exist on [a, P]. If 


e= [FG dx— S 


where S is the approximate value of f? f(x) dx found by Simpson’s rule, 
then there is some number 7 in [a, b] such that 


es = —18» (b — a) f° (n) (Ax)* (6) 
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EXAMPLE 2: Find the bounds for 
the error in Example 1. 


| 0.00052 < —0.0002 < —0.00002. 


SOLUTION: 
fœ) = (x51) 
IJ 
f” (x) =2(x+1)3 
f'(x) =—6(x +1) 
fé» (x) =24(x +1) 
f(x) =—120 (x + 1)-8 
Because f(x) < 0 for all x in [0, 1], f€&? is decreasing on [0, 1]. Thus, 


| the absolute minimum value of f® is at the right endpoint 1, and the 
absolute maximum value of f? on [0, 1] is at the left endpoint 0. 


fé»(0)—24 and fev) =% 
Substituting 0 for y in the right side of (6), we get 
athe (b — a) (0) (Ax)* =—ris (24) Q)* = —rszo = —0.00052 
Substituting 1 for 7 in the right side of (6), we have 


NE S dae Ta Sp o UE MNT 
| igo 6 — 0f (1) (Ax)* — 185^ 44) =~ Gr ago ~~ 000002 
So we conclude that 
—0.00052 x e, <= —0.00002 (7) 


The inequality (7) agrees with our previous discussion regarding the 
error in the approximation of fj dx/(x 4 1) by Simpson's rule because 


If f(x) is polynomial of degree three or less, then fÓ?(x) = 0 and 
therefore es = 0. In other words, Simpson's rule gives an exact result for a 
polynomial of the third degree or lower. This statement is geometrically 
obvious if f(x) is of the second or first degree because in the first case the 
graph of y — f(x) is a parabola, and in the second case the graph is a 
straight line (a degenerate parabola). 

We apply Simpson's rule to the definite integral f? f(x) dx, where 
f(x) is a third-degree polynomial, and take 2n = 2. Here Simpson’s rule 
gives an exact value for the definite integral. Because 2n = 2, xy = 4, xy = 
i(a + b), and x, = b; and Ax —$(b — a). So we have 


ee [fo (E32) + r0) (8) 


[ f(x) dx =? 


Formula (8) is known as the prismoidal formula. 
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In Sec. 7.4, we learned that f? f(x) dx yields the measure of the vol- 
ume of a solid for which f(x) represents the measure of the area of a plane 
section formed by a plane perpendicular to the x axis at a distance x units 
from the origin. Therefore, if f(x) is a polynomial of the third degree or 
less, the prismoidal formula gives the exact measure of the volume of such 
a solid. 


EXAMPLE 3: Find the volume of a 
right-circular cone of height h and 
base radius r by the prismoidal 
formula. 


Engen 2 


aot 


< > 


Figure 10.10.3 


soLUTION: Figure 10.10.3 illustrates a right-circular cone having its vertex 
at the origin and its axis along the positive side of the x axis. The area of 
the plane section é; units from the origin is z[g(£;) square units, where 
g(x) = (r/h)x, which is obtained from an equation of line OA in the xy 
plane. So if V cubic units is the volume of the right-circular cone, then 


V= lim Y v[g(£)] Ax 


Evaluating fè x? dx by the prismoidal formula (8) with f(x) =x, b — h, 
a= 0, and 3(a + b) — $h, we have 

h? 
4 


2 
v=% A o+a: 


2 
» + ht) = ZE (ant) - 3 arh 


Exercises 10.10 


In Exercises 1 through 6, approximate the definite integral by Simpson’s rule, using the indicated value of 2n. Express 
the answers to three decimal places. Also, find the exact value of the definite integral and compare the results. 


2 
is] x dx; 2n=4 
o 


a f° i ;2n—4 
i ~1/2 Lax 


2 dx = 1 dx B 
2 7 aad 3. [ an= 

: dx = Te A 2 
5. [ama 6. f sin x dx; 2n = 6 


In Exercises 7 through 9, find bounds for the error in the indicated exercise. 


7. Exercise 1 


8. Exercise 2 9. Exercise 6 


Each of the definite integrals in Exercises 10 through 15 cannot be evaluated exactly in terms of elementary functions. 
Use Simpson's rule, with the indicated value of 2n, to find an approximate value of the given definite integral. Express 


results to three decimal places. 


10. 


13. 


mi2 
i Vsin x dx; 2n — 6 
0 


"E 
i, [S083 ax; on = 4 
1 x 


2 2 
| e? dx; n= 4 14, Í V1 + xt dx; 2n=6 
0 0 


12. 


15. 
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H 
Í V1-— x5 dx; 2n=4 
0 


ln M on=g 
Vite 


In Exercises 16 through 19, use the prismoidal formula to find the exact volume of the given solid. 


16. 


A sphere of radius r. 


17. A right-circular cylinder of height k and base radius r. 


18. 
19. 
20. 


21. 


22. 


A right pyramid of height h and base a square having a side of length s. 


A frustrum of a right-circular cone of height h, and base radii r, and rz. 


Show that the exact value of 4 fd V1 — x? dx is m. Then use Simpson's rule with 2n = 6 to get an approximate value of 


4 fi V1— x? dx to three decimal places. Compare the results. 


Find an approximate value to four decimal places of the definite integral f$? logi, cos x dx, (a) by the prismoidal for- 
mula; (b) by Simpson's rule, taking Ax = Tzr; (c) by the trapezoidal rule, taking Ax = i». 


Find the area of the region enclosed by the loop of the curve whose equation is y? = 8x? — x*. Evaluate the definite 
integral by Simpson's rule, with 2n = 8. Express the result to three decimal places. 


Review Exercises (Chapter 10) 


In Exercises 1 through 62, evaluate the indefinite integral. 


1. Í tan? 4x cost 4x dx 2. 
| dx 
4. | ———— 5; 
SV 
7. f cost 4 x dx 
10. [= 11. 
Vy +1 
dx 1 
m Í x oxi? É 
dx 17. 
16; er —1 
xt+1 20. 
19. [zd 1 dx 
22. | tsi 2t dt 23. 


25. 


ON 


f z cosh x dx 26. 


5x! — 3 
Í e~—x d 
[an^ Vx dx 


Vx+14+41 


Veet 


| sin x sin 3x dx 


[vere dt 


2t?+ 11t+8 
tS + At? + 4t 


je 


dt 


dr 
Í v3—4r— r? 
y dy 
9+ 16y* 


3. 


Í e* dx 
Vice 


dt 
* far 


12. 


15. 


18. 


21. 


24. 


27. 


» [s x-1 

(x — 1j 4 

i cos 0 cos 20 d6 

Í (sec 3x + csc 3x)? dx 
E dx 

| sin! 3x cos? 3x dx 


Í 42 +x—2 dx 


x? — 5x? + 8x —4 


| e? cos 2t dt 
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du 
28. Joe us 


31. f sine nx dx 


of. | 5+4secx 
sin x dx 
n 1+ cos x 
40. | —— 
V1—x+4+ 3x? 
43 e? dx 
|J vA — 9e 
cot x dx 
2 3+2sinx 
49. Í PEN NN 
sin x — 2 csc x 
dx 
52. | ——————— 
(x3 + 6x + 34)? 
sin! V2t 
55, | ———— dt 
V1 — 2t 
58. dx 


2 +2 sin x + cos x 


61. pg In x dx 


29. 


32. 


35. 


38. 


41. 


44. 


47. 


50. 


53. 


56. 


59. 


62. 


[RIAM 
4+ sin*x 


Í dx 
x In x(In x — 1) 


Í 2%? +1 
y? — 6y? -12y — 8 


i dx 
xVx7+x4+1 


dx 
xí—x 


dx 
5 + 4 cos 2x 


jJ? sin! x dx 

Í cos x In(sin x) dx 

{ ET 
i 

| In(x2 + 1) dx 

| Vtan x dx 


| tan" x sec! x dx 


In Exercises 63 through 94, evaluate the definite integral. 


63. Í V2 +2 cos x dx 
0 


| dx 
66. [ ue 
2v3. x dx 
is (16 — x?)3? 
? (1— x) dx 
72. —————— 
2 I xX +3x+2 


x 


78. f A 
v2/2 v2 — xi 


69. 


dx 


64. 


67. 


70. 


73. 


76. 


79. 


f E dx 
12 

2 tdt 

o Và-ü 

1 xe™ dx 


T18 
Í cot? 2y dy 
m2 


f (In x)? dx 


10 
f logio Vex dx 
1 


dy 


30. 


33. 


36. 


39. 


42. 


45. 


48. 


51. 


54. 


57 


60. 


65. 


68. 


71. 


74. 


77. 


80. 


[29 wa >0 


| cse? x dx 


Í xX dx 
(x? "e a’) 
Í VIF dt 


vt —1 


— dt 
vt +1 


Í cot? 3x csct 3x dx 


| dx 
xV5x—6— x? 
| cos 3t dt 

sin 3tVsin? 3t — 1 


i sinh x sin x dx 


(es 


rex 


2 0x +x+4 


1 68+ 4 dy 


712 
Í sin? t cos? t dt 
0 


1 
Í sech? x dx 
0 


2 
Í (27 + x?) dx 
0 


f (2x? — 2x + 1) dx 
V313 x-c-4x 


27 
f [sin x — cos x| dx 
0 
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E 1 N 
] = 83. 3 x| d 
d I bii Tr ps 82 [ &* cosh x dx : |cos? x| dx 
1/2 1 
84. “pa x| dx 85. Í EN f 86. Í XVI + x? dx 
ej o x3—x—x-1 o 
1/2 X dx 7/12 dx 1 
K o Vi-a 2x f cos* 3x d Í 2 6M y 
o Xdx dx 712 dt 3 
90. : -c J oo 
[ + 4+ 5x42 2l Í 12+ 13 cos t 22 f (r+2)vr+1 
T7 = 1 
93. [ VÀ — Vx dx 94. Í emnet dl 
" eng 1 cos $t 


In Exercises 95 and 96 find an approximate value for the given integral by using (a) the trapezoidal rule, and (b) Simpson’s 
rule. Take four subintervals and express the results to three decimal places. 


1/2 9/5 
95. Í COS- ax 96. i VIF 3 dx 
1 1 


ho X 


In Exercises 97 and 98, obtain the given result by a hyperbolic function substitution. 


dx 1. x 
-1 ode c a ee 
97. | ware j Z coth (sinh *) +E 98. f u AT ui sinh (tanh z) +C 


99. Find the length of the arc of the parabola y? = 6x from x = 6 to x = 12. 
100. Find the area of the region bounded by the curve y = sin“! 2x and the line x = 1V3. 


101. Find the centroid of the solid of revolution obtained by revolving about the x axis the region bounded by the curve 
y = e™7, the coordinate axes, and the line x = 1. 


102. Find the centroid of the solid obtained by revolving the region of Exercise 101 about the y axis. 


103. The vertical end of a water trough is 3 ft wide at the top, 2 ft deep, and has the form of the region bounded by the 
x axis and one arch of the curve y = 2 sin ix. If the trough is full of water, find the force due to liquid pressure on 
the end. 


104. The linear density of a rod 3 ft long at a point x ft from one end is ke ?" slugs/ft. Find the mass and center of mass 
of the rod. 

105. Find the centroid of the region bounded by the curve y — x In x, the x axis, and the line x — e. 

106. Find the area of the region enclosed by one loop of the curve x? = y*(1 — y?). 


107. Two chemicals A and B react to form a chemical C and the rate of change of the amount of C is proportional to the 
product of the amounts of A and B remaining at any given time. Initially there are 60 Ib of chemical A and 60 Ib of 
chemical B, and to form 5 Ib of C, 3 Ib of A and 2 Ib of B are required. After 1 hr, 15 Ib of C are formed. (a) If x lb of C 
are formed at t hr, find an expression for x in terms of t. (b) Find the amount of C after 3 hr. 


108. A tank is in the shape of the solid of revolution formed by rotating about the x axis the region bounded by the curve 
y = In x, the x axis, and the lines x = e and x = æ. If the tank is full of water find the work done in pumping all the 
water to the top of the tank. Distance is measured in feet. Take the positive x axis vertically downward. 
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P(r, 0) 


Figure 11.1.1 


Figure 11.1.2 O 
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TI 
Polar Coordinates 


Until now we have located a point in a plane by its rectangular cartesian 
coordinates. There are other coordinate systems that can be used. Prob- 
ably the next in importance to the cartesian coordinate system is the polar 
coordinate system. In the cartesian coordinate system, the coordinates are 
numbers called the abscissa and the ordinate, and these numbers are 
directed distances from two fixed lines. In the polar coordinate system, 
the coordinates consist of a distance and the measure of an angle relative 
to a fixed point and a fixed ray (or half line). 

The fixed point is called the pole (or origin), and it is designated by 
the letter "O." The fixed ray is called the polar axis (or polar line), which 
we label OA. The ray OA is usually drawn horizontally and to the right, 
and it extends indefinitely (see Fig. 11.1.1). 

Let P be any point in the plane distinct from O. Let 0 be the radian 
measure of the directed angle AOP, positive when measured counter- 
clockwise and negative when measured clockwise, having as its initial 
side the ray OA and, as its terminal side, the ray OP. Then if r is the un- 
directed distance from O to P (i.e., r= |OP|), one set of polar coordinates 
of P is given by r and 6, and we write these coordinates as (r, 0). 

For example, the point P(4, $7) is determined by first drawing the 
angle having radian measure $7, having its vertex at the pole and its ini- 
tial side along the polar axis.. Then the point on the terminal side, which 
is four units from the pole, is the point P (see Fig. 11.1.2). Another set of 
polar coordinates for this same point is (4, —£7); see Fig. 11.1.3. Further- 
more, the polar coordinates (4, %7) would also yield the same point, as 
shown in Fig. 11.1.4. 


P4, Ue 
Gu) o 
6 
A 
Figure 11.1.4 
Paka) 
rR 
AS 
Ny O 
i A 
enr 
Figure 11.1.5 
P(-4, oe 
a 
A 
A 
Uy 
Figure 11.1.6 
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Actually the coordinates (4, 7 + 2n7), where n is any integer, give 
the same point as (4, $7). So a given point has an unlimited number of sets 
of polar coordinates. This is unlike the rectangular cartesian coordinate 
system because there is a one-to-one correspondence between the rectan- 
gular cartesian coordinates and the position of points in the plane, whereas 
there is no such one-to-one correspondence between the polar coordi- 
nates and the position of points in the plane. A further example is obtained 
by considering sets of polar coordinates for the pole. If r — 0 and 0 is any 
real number, we have the pole, which is designated by (0, 0). 

We consider polar coordinates for which r is negative. In this case, 
instead of the point being on the terminal side of the angle, it is on the 
extension of the terminal side, which is the ray from the pole extending 
in the direction opposite to the terminal side. So if P is on the extension 
of the terminal side of the angle of radian measure 9, a set of polar coordi- 
nates of P is (r, 0), where r — —|OP|. For example, the point (—4, —47) 
shown in Fig. 11.1.5 is the same point as (4, $7), (4, —£7), and (4, 4&7), as 
shown above. Still another set of polar coordinates for this same point is 
(74, r); see Fig. 11.1.6. 

The angle is usually measured in radians; thus, a set of polar coordi- 
nates of a point is an ordered pair of real numbers. To each ordered pair 
of real numbers there is a unique point having this set of polar coordi- 
nates. However, we have seen that a particular point can be given by 
an unlimited number of ordered pairs of real numbers. If the point P is 
not the pole, and r and 0 are restricted so that r > 0 and 0 = 0 < 27, then 
there is a unique set of polar coordinates for P. 


EXAMPLE 1: (a) Plot the point 
having polar coordinates (3, —37). 
Find another set of polar coordi- 
nates of this point for which (b) r 
is negative and 0 < 0 < 27; (c) r 
is positive and 0 < 0 « 27; (d) r 
is negative and —27 « 0 « 0. 


SOLUTION: (a) The point is plotted by drawing the angle of radian mea- 
sure —$7 in a clockwise direction from the polar axis. Because r > 0, P 
is on the terminal side of the angle, three units from the pole; see Fig. 
11.1.7a. The answers to (b), (c), and (d) are, respectively, (—3, $7), (3, $7), 
and (—3, —37). They are illustrated in Fig. 11.1.7b, c, and d. 


Žr 


(3, 4a) «r(-5,- Sn) 


(a) (b) (c) (d) 


Figure 11.1.7 


Often we wish to refer to both the rectangular cartesian coordinates 
and the polar coordinates of a point. To do this, we take the origin of 
the first system and the pole of the second system coincident, the polar 
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Figure 11.1.8 


Figure 11.1.9 


axis as the positive side of the x axis, and the ray for which 0 = 37 as the 
positive side of the y axis. 

Suppose that P is a point whose representation in the rectangular 
cartesian coordinate system is (x, y) and (r, 0) is a polar-coordinate rep- 
resentation of P. We distinguish two cases: r > 0 and r « 0. In the first 
case, if r > 0, then the point P is on the terminal side of the angle of 0 
radians, and r= |OP|. Such a case is shown in Fig. 11.1.8. Then cos 8 = 
x/|OP| = x/r and sin 0 = y/|OP| = y/r; and so 


x=rcos@ and y-rsin6 (1) 


In the second case, if r < 0, then the point P is on the extension of 
the terminal side and r=—|OP| (see Fig. 11.1.9). Then if Q is the point 
(7x, —y), we have 


COS 0-2 Z4 = x =X X 
lOQ| JOP| —f r 
So 
x=rcos 0 (2) 
Also, 
Ty  —M V V 
sin 0 = ——— = SS OS 
JOQ] JOP| =r r 
Hence, 
y=rsin 0 (3) 


Formulas (2) and (3) are the same as the formulas in (1); thus, the formulas 
(1) hold in all cases. 


From formulas (1) we can obtain the rectangular cartesian coordinates 
of a point when its polar coordinates are known. Also, from the formulas 
we can obtain a polar equation of a curve if a rectangular cartesian equa- 
tion is known. i 

To obtain formulas which give a set of polar coordinates of a point 
when its rectangular cartesian coordinates are known, we square on both 
sides of each equation in (1) and obtain 

xX =r? cos? 0 and y =r? sin? 0 
Equating the sum of the left members of the above to the sum of the right 
members, we have 

XL+ y= r’ cos? 0 4 r? sin? 0 
or, equivalently, 

XL + y? = r? (sin? 0 + cos? 0) 


which gives us 


r =4V x +¥ (4) 


11.1 THE POLAR COORDINATE SYSTEM 


From the equations in (1) and dividing, we have 


rsinĝð y 


rcosÓ x 


or, equivalently, 


y 


tan 0 = 
x 
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(5) 


EXAMPLE 2: Plot the point 
whose polar coordinates are 
(76, ir) and find its rectangular 
cartesian coordinates. 


Figure 11.1.10 


SOLUTION: The point is plotted in Fig. 11.1.10. From (1) we have 


x=rcos@ |  y-rsin8 

— —6cos iz = —6 sin iz 
v2 = v2 

EE z s( X) 

=—3V2 =3V2 


So the point is (C3 V2, 3 V2). 


The graph of an equation in polar coordinates r and 0 consists of all 
those points and only those points P having at least one pair of coordi- 
nates which satisfy the equation. If an equation of a graph is given in 
polar coordinates, it is called a polar equation to distinguish it from a 
cartesian equation, which is the term used when an equation is given in 


rectangular cartesian coordinates. 


EXAMPLE 3: Given a polar equa- 
tion of a graph is 


7? — 4 sin 20 


find a cartesian equation. 


SOLUTION: Because 7? — x? + y? and sin 20 = 2 sin 0 cos 0 = 2(y/r) (x/r), 


from (1) we have, upon substituting in the given polar equation, 


2 Yy x 
xy 4Q)7 ; 
or 
8. 
ety y 


or, equivalently, 


8xy 


TY. 
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or 
(x? + y?) = 8xy 


EXAMPLE 4: Find (r, 0), if r > 0 
and 0 = 0 < 2s for the point 
whose rectangular cartesian 
coordinate representation is 


C V3, —1). 


P(—y3, —1) 


Figure 11.1.11 


| sotution: The point (— V3, —1) is plotted in Fig. 11.1.11. From (4), be- 


cause 7 > 0, we have 


r= V1+3=2 
From (5), tan 0 — —1/ (7^ VB), and since m < 0 < $2, we have 
0—im 


So the point is (2, $7). 


EXAMPLE 5; Given a cartesian 
equation of a graph is 


+ y?— 4x=0 


find a polar equation. 


|| soLuTION: Substituting x = r cos 0 and y — r sin 0 in 


e+ y?—4x=0 
we have 


r? cos? 0 + r? sin? 0 — 4r cos 0= 0 


or 
r? — 4r cos 0— 0 
or 
r(r —4 cos 0) =0 
Therefore, 


r=0 or r—4cos0—0 


The graph of r — 0 is the pole. However, the pole is a point on the 
graph of r — 4 cos 0 — 0 because r= 0 when 0 — àv. Therefore, a polar 
equation of the graph is 


r-—4cos 0 


The graph of x? + y? — 4x = 0 isa circle. The equation may be written 
in the form 


(x—2)* +4% =4 


which is an equation of the circle with center at (2, 0) and radius 2. 
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Exercises 11.1 


In Exercises 1 through 6, plot the point having the given set of polar coordinates; then find another set of polar coordi- 
nates for the same point for which (a) r < 0 and 0 x 0 «2m; (D) r > 0 and —2r «0zx0;()r«0and—-27 < 0 <0. 


1. (4, 4) 2. (3, 7) 3. (2, $7) 
4. (3, $m) 5. (V2, in) 6. (2, $7) 


In Exercises 7 through 12, plot the point having the given set of polar coordinates; then give two other sets of polar coordi- 
nates of the same point, one with the same value of r and one with an r having opposite sign. 


7. (8, —4m) 8. (V2, —łr) 9. (—4, $r) 
10. (—2, $7) 11. (C2, —97) 12. (-3, —7) 


13. Find the rectangular cartesian coordinates of each of the following points whose polar coordinates are given: (a) (3, 7); 
(b) (V2, —45); (©) C4, $1); (d) (72, 559); (e) (72, $9); (€) (71, ~r). 

14. Find a set of polar coordinates for each of the following points whose rectangular cartesian coordinates are given. Take 
r > 0 and 0 « 6 < 2r. (a) (1, —1); (b) (— V8, 1); (c) (2, 2); (d) (—5, 0); (e) (0, 2); (£) (-2, —2 V3). 


In Exercises 15 through 22, find a polar equation of the graph having the given cartesian equation. 


15. 2 +y =g? 16. x3 = 4y? 17. y? — 4(x +1) 
18. x? — y? — 16 19. (x? + y?)? = 4(x? — y?) 20. 2xy = a? 
2x 

34 3 — = = 
21. x3 + y? — 3axy = 0 22. y +1 
In Exercises 23 through 30, find a cartesian equation of the graph having the given polar equation. 
23. 1? —2 sin 20 24. 1? cos 20 — 10 25. r?= cos 0 
26. r?— 0 27. r?=4 cos 20 28. r — 2 sin 30 

E 6 = 4 
22; 77 2—3 sin 0 30. r=3 72 cos 0 


11.2 GRAPHS OF EQUATIONS Let r= f(0) be a polar equation of a curve. We first derive a formula for 
IN POLAR COORDINATES finding the slope of a tangent line to a polar curve at a point (7, 0) on the 
curve. Consider a rectangular cartesian coordinate system and a polar 
coordinate system in the same plane and having the positive side of the 
x axis coincident with the polar axis. In Sec. 11.1 we saw that the two 

sets of coordinates are related by the equations 


x=rcos@ and y-rsin6 


x and y can be considered as functions of 0 because r = f(0). If we dif- 
ferentiate with respect to 0 on both sides of these equations we get, by 
applying the chain rule, 

dx 


TM MON 
do 993? 36 r sin 0 (1) 
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and 
dy  . ar 
je" Sin 0 35 * r cos 0 (2) 
If a is the radian measure of the inclination of the tangent line, then 
_ dy 
tan a= ds 
and if dx/d0 # 0, we have 
dy 
dy  d0 
dx dx (3) 
d0 


Substituting from (1) and (2) into (3), we obtain 


: dr 
jp, Sn og reos i 
dx cos 9 Z -—rsine S 
d0 
If cos 0 # 0, we divide the numerator and the denominator of the 
right side of (4) by cos 0 and replace dy/dx by tan a, thereby giving us 


tan 0 ar +r 
dO 
tan a = 4— —— — (5) 
BP r tan 0 
do 
EXAMPLE 1: Find the slope of SOLUTION: Sincer= 1 -— cos 0, dr/d0= sin 0. So at the point (1 — 1 V2, 47), 
the tangent line to the curve dr|d0 = $ V2 and tan 0 = 1; so from (5) we obtain 


whose equation is r — 1 — cos 0 


d zu 
at the point (1 — 1 V2, 1a). (2v2-r-1iv2) 1 Jed 


enecl-ü-iv320) v2-1- 


If we are to draw a sketch of the graph of a polar equation, it will be 
helpful to consider properties of symmetry of the graph. In Sec. 1.3 (Defini- 
tion 1.3.4) we learned that two points P and Q are said to be symmetric 
with respect to a line if and only if the line is the perpendicular bisector of 
the line segment PQ, and that two points P and Q are said to be symmetric 
with respect to a third point if and only if the third point is the midpoint 
of the line segment PQ. Therefore, the points (2, $7) and (2, $7) are sym- 
metric with respect to the 7 axis and the point (2, 47) and (2, —&r) are 
symmetric with respect to the pole. We also learned (Definition 1.3.5) that 
the graph of an equation is symmetric with respect to a line | if and only 
if for every point P on the graph there is a point Q, also on the graph, such 
that P and Q are symmetric with respect to l. Similarly, the graph of an 
equation is symmetric with respect to a point R if and only if for every 


Figure 11.2.1 
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point P on the graph there is a point 5, also on the graph, such that P 
and S are symmetric with respect to R. We have the following rules of 
symmetry for graphs of polar equations. 

Rule 1. If foran equation in polar coordinates an equivalent equation is 
obtained when (r, 0) is replaced by either (r, — 0 + 2nz) or Cr, m — 0 + 2n), 
where 7 is any integer, the graph of the equation is symmetric with respect 
to the polar axis. 

Rule 2. If foran equation in polar coordinates an equivalent equation is 
obtained when (r, 0) is replaced by either (r,  — 0 + 2n7m) or (-r, —0 + 2nq), 
where n is any integer, the graph of the equation is symmetric with respect 
to the 27 axis. 

Rule 3. If foran equation in polar coordinates an equivalent equation is 
obtained when (r, 0) is replaced by either (—r, 0 + 2nm) or (r, a + 0 + 2nq), 
where n is any integer, the graph of the equation is symmetric with respect 
to the pole. 

The proof of Rule 1 is as follows: If the point P(r, 0) is a point on the 
graph of an equation, then the graph is symmetric with respect to the 
polar axis if there is a point P,(r,, 0,) on the graph so that the polar axis 
is the perpendicular bisector of the line segment P,P (see Fig. 11.2.1). So 
if rı =r, then 0, must equal—0 + 2n, where n is an integer. And if r, — —r, 
then 0, must be 7 — 0 + 2nr. The proofs of Rules 2 and 3 are similar and 
are omitted. 


EXAMPLE 2: Test for symmetry 
with respect to the polar axis, the 
i7 axis, and the pole, the graph 
of the equation r= 4 cos 20. 


SOLUTION: Using Rule 1 to test for symmetry with respect to the polar 
axis, we replace (r, 0) by (r, —8) and obtain r = 4 cos(—20), which is equiv- 
alent to r — 4 cos 20. So the graph is symmetric with respect to the polar 
axis. 

Using Rule 2 to test for symmetry with respect to the $7 axis, we re- 
place (r, 0) by (r,  — 0) and get r=4 cos(2(z — @)) or, equivalently, 
r= 4 cos(2m — 20), which is equivalent to the equation r = 4 cos 20. There- 
fore, the graph is symmetric with respect to the 37 axis. 

To test for symmetry with respect to the pole, we replace (r, 0) by 
(7r, 0) and obtain the equation —r = 4 cos 20, which is not equivalent to 
the equation. However, we must also determine if the other set of coordi- 
nates works. We replace (r, 0) by (r, m + 0) and obtain r = 4 cos 2(m + 6) 
or, equivalently, r= 4 cos(27 + 20), which is equivalent to the equation 
r= 4 cos 20. Therefore, the graph is symmetric with respect to the pole. 


When drawing a sketch of a graph, it is desirable to determine if 
the pole is on the graph. This is done by substituting 0 for r and solving 
for 0. Also, it is advantageous to plot the points for which r has a relative 
maximum or relative minimum value. As a further aid in plotting, if a 
curve contains the pole it is sometimes helpful to find equations of the 
tangent lines to the graph at the pole. 

To find the slope of the tangent line at the pole we use formula (5) 
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with r= 0. If dr/d0 # 0, we have 
tan a = tan 0 (6) 


From (6) we conclude that the values of 0, where 0 <= 0 < m, which 
satisfy a polar equation of the curve when r — 0, are the inclinations of 


the tangent lines to the curve at the pole. So if 6,, 06, . . . , Ox are these 
values of 6, then equations of the tangent lines to the curve at the pole are 
0=0,,0=6,...,0=6; 


EXAMPLE 3: Draw a sketch of 
the graph of 


r=1-2cos0 


soLuTion: Replacing (r, 0) by (r, —0), we obtain an equivalent equation. 
Thus, the graph is symmetric with respect to the polar axis. 

Table 11.2.1 gives the coordinates of some points on the graph. From 
these points we draw half of the graph and the remainder is drawn from 
its symmetry with respect to the polar axis. 

If r=0, we obtain cos 0 — 32, and if 0 < 0 < m, 0 = im. Therefore, 
the point (0, $7) is on the graph, and an equation of the tangent line there 


Table 11.2.1 


| 8| 0 ic im ivo $n iv m | 


Figure 11.2.2 


11.2 GRAPHS OF EQUATIONS IN POLAR COORDINATES 567 


is 0 — 5v. A sketch of the graph is shown in Fig. 11.2.2. It is called a 
limaçon. 


The graph of an equation of the form 
r=a+bcos@ 
or 
r-— a bsin6 
is a limaçon. If b > a, as is the case in Example 3, the limaçon has a loop. 


If a — b, the limagon is a cardioid, which is heartshaped. If a > b, the 
limagon has a shape similar to the one in Example 4. 


EXAMPLE 4: Draw a sketch of 
the graph of 


r=3+2 sin 0 


SOLUTION: The graph is symmetric with respect to the $7 axis because 
if (r, 0) is replaced by (r, m — 0), an equivalent equation is obtained. 
Table 11.2.2 gives the coordinates of some of the points on the graph. 


Table 11.2.2 


ri3 4 34+V3 5 3 2 3-V3 1 


Figure 11.2.3 
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A sketch of the graph is shown in Fig. 11.2.3. It is drawn by plotting the 
points whose coordinates are given in Table 11.2.2 and using the sym- 
metry property. 


The graph of an equation of the form 
r=acosn@ or r=asinné 


is a rose, having n leaves if n is odd and 2n leaves if n is even. 


EXAMPLE 5: Draw a sketch of 
the four-leafed rose 


` r=4 cos 20 


| SOLUTION: In Example 2 we proved that the graph is symmetric with 


respect to the polar axis, the ¿r axis, and the pole. Substituting 0 for r 
in the given equation, we get 


cos 20— 0 


from which we obtain, for 0 < 0 < 27, 0 = im, 37,47, and 47. 

Table 11.2.3 gives values of r for some values of 0 from 0 to $7. From 
these values and the symmetry properties, we draw a sketch of the graph 
as shown in Fig. 11.2.4. 


Table 11.2.3 
0 0 a7 i ir i ps7 br 


r | 4 2V3 2 0 -2 -2V3 -4 


Figure 11.2.4 


EXAMPLE 6: Draw a sketch of 
the graph of each of the follow- 
ing equations: (a) r sin 0 — 3; 
(b) r cos 6 = 3; (c) r sin 0 = —3; 
(d) r cos 0 — —3. 
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The graph of the equation 
6=C . 


where C is any constant, is a straight line through the pole and makes 
an angle of C radians with the polar axis. The same line is given by the 
equation 


0—Ccnr 


where n is any integer. 

In general, the polar form of an equation of a line is not so simple 
as the cartesian form. However, if the line is parallel to either the polar 
axis or the 47 axis, the equation is fairly simple. 

If a line is parallel to the polar axis and contains the point B whose 
cartesian coordinates are (0, b) and polar coordinates are (b, $7), then a 
cartesian equation is y = b. If we replace y by r sin 6, we have 


r sinü—b 


which is a polar equation of any line parallel to the polar axis. If b is posi- 
tive, the line is above the polar axis. If b is negative, it is below the polar 
axis. 

If a line is parallel to the 47 axis or, equivalently, perpendicular to 
the polar axis, and goes through the point A whose cartesian coordinates 
are (a, 0) and polar coordinates are (a, 0), a cartesian equation is x= a. 
Replacing x by r cos 0, we obtain 


rcos0—a 


which is an equation of any line perpendicular to the polar axis. If a is 
positive, the line is to the right of the $7 axis. If a is negative, the line is 
to the left of the $7 axis. 


SOLUTION: Each graph is a line, and they are shown in Fig. 11.2.5a,b, 
c, and d. 


T y 
i 


E 
[4 
Q 
o 
> 


Figure 11.2.5 


The graph of the equation 
r=C 


where C is any constant, is a circle whose center is at the pole and radius 
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is |C|. The same circle is given by the equation 
r=—-C 


As was the case with the straight line, the general polar equation of 
a circle is not so simple as the cartesian form. However, there are special 
cases of an equation of a circle which are worth considering in polar form. 

If a circle has its center on the polar axis at the point having polar 
coordinates (a, 0) and is tangent to the $7 axis, then its radius is |a|. The 
points of intersection of such a circle with the polar axis are the pole 
(0, 0) and the point (2a, 0) (see Fig. 11.2.6). Then if P(r, 6) is any point on 
the circle, the angle at P inscribed in the circle is a right angle. Therefore, 
cos 0 = r[2a or, equivalently, 


r=2acos 0 


which is a polar equation of the circle having its center on the polar axis 
or its extension, and tangent to the $7 axis. If a is a positive number, the 
circle is to the right of the pole. If a is a negative number, the circle is to 
the left of the pole. 


Figure 11.2.6 
In a similar manner, it may be shown that 
r — 2b sin 0 


is a polar equation of the circle having its center on the $7 axis or its ex- 
tension, and tangent to the polar axis. If b is positive, the circle is above 
the pole. If b is negative, the circle is below the pole. 


EXAMPLE 7: 
the graph of 


—8 


Draw a sketch of 


020 


SOLUTION: When 0 — nm, where n is any integer, the graph intersects 
the polar axis or its extension, and when 0 = $nz, where n is any odd 
integer, the graph intersects the 37 axis or its extension. When r = 0, 
0 — 0; thus, the tangent line to the curve at the pole is the polar axis. A 
sketch of the graph is shown in Fig. 11.2.7. The curve is called a spiral of 
Archimedes. 
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Figure 11.2.7 


Exercises 11.2 


In Exercises 1 through 40, draw a sketch of the graph of the given equation. 


1. 
3. 
5. 


fr cos 0 —4 
r — 4 cos 0 
0—5 

r=5 
rsin@=—4 


. r=—4 sin 0 


= e® (logarithmic spiral) 


. r= 1/0 (reciprocal spiral) 

. r —2 sin 36 (three-leafed rose) 
. r — 2 cos 40 (eight-leafed rose) 
. r= 4 sin 20 (four-leafed rose) 
. r=2 + 2 sin 6 (cardioid) 

. r=4—4 cos 6 (cardioid) 


2. 
4. 


rsin@=2 

r=2 sin 6 
.0——4 
.r-——4 


.rcos0——5 

. r=—5 cos 0 

. r= e (logarithmic spiral) 

. t= 20 (spiral of Archimedes) 

. t=3 cos 26 (four-leafed rose) 
. r= 4 sin 56 (five-leafed rose) 

. r= 3 cos 30 (three-leafed rose) 
. r — 3 +3 cos 6 (cardioid) 

. r=3—3 sin 0 (cardioid) 
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27. r — 4 — 3 cos 0 (limaçon) 
29. r — 4 * 2 sin 6 (limaçon) 
31. r? — 9 sin 20 (lemniscate) 
33. r? — —25 cos 20 (lemniscate) 


35. r — 2 sin 0 tan 6 (cissoid) 


28. r= 3— 4 cos 6 (limaçon) 
30. r—2 —3 sin 0 (limaçon) 
32. r? — —4 sin 26 (lemniscate) 
34. r? — 16 cos 20 (lemniscate) 


36. (r — 2)? — 80 (parabolic spiral) 


37. r=2 sec 0 — 1 (conchoid of Nicomedes) 38. r= 2 csc 8 + 3 (conchoid of Nicomedes) 


39. r= |sin 26| 


40. r — 2|cos 6| 


In Exercises 41 through 44, find an equation of each of the tangent lines to the given curve at the pole. 


41. r—4 cos 060-2 
43. r? — 4 cos 20 


42. r— 2 sin 30 
44. r? — 9 sin 20 


45. Find the slope of the tangent line to the curve r = 4 at (4, 17). 


46. Find a polar equation of the tangent line to the curve r — —6 sin @ at the point (6, $7). 


11.3 INTERSECTION OF 
GRAPHS IN POLAR 
COORDINATES 


To find the points of intersection of two curves whose equations are in 
cartesian coordinates, we solve the two equations simultaneously. The 
common solutions give all the points of intersection. However, because 
a point has an unlimited number of sets of polar coordinates, it is pos- 
sible to have as the intersection of two curves a point for which no single 
pair of polar coordinates satisfies both equations. This is illustrated in 
the following example. 


EXAMPLE 1: Draw sketches of 
the graphs of r — 2 sin 20 and 
r — 1, and find the points of 
intersection. 


SOLUTION: The graph of r — 2 sin 20 is a four-leafed rose. The graph of 
r — 1 is the circle with its center at the pole and radius 1. Sketches of the 
graphs are shown in Fig. 11.3.1. Solving the two equations simultaneously, 
we have 1 — 2 sin 26 or sin 20 = 3. Therefore, we get 


20 — im, $m, Èr, and 7 
or 
0 — do, #77, 7, and iim 
Hence, we obtain the points of intersection (1, 7:7), (1, #7), (1, 1$7), and 


(1,1$7). We notice in Fig. 11.3.1 that eight points of intersection are shown. 
The other four points are obtained if we take another form of the equa- 


tion of the circle r — 1; that is, consider the equation r — —1, which is the 
same circle. Solving this equation simultaneously with the equation of 
the four-leafed rose, we have sin 20 = —$. Then we get 


20 — im, Am, i$, and $r 


or 


Thus, we have the four points (-1,747), (71,127), (71,327), and (71/337). 
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2 
written as (1, 137), (— 1, 1$7) can be written as (1, 17), and (—1, #377) can 
be written as (1, i277). 


Figure 11.3.1 


Because (0, 0) represents the pole for any 0, we determine if the pole 
is a point of intersection by setting r — 0 in each equation and solving 
for 6. 

Often the coordinates of the points of intersection of two curves can 
be found directly from their graphs. However, the following is a gen- 
eral method. 

If an equation of a curve in polar coordinates is given by 


r= f(0) (1) 
then the same curve is given by 
(—1)"r= f(8 + n) (2) 


where n is any integer. In particular, consider the curves of Example 1. 
The graph of r = 2 sin 26 also has the equation (by taking n = 1 in Eq. (2)) 


(—1)r — 2 sin 2(0 + 7) 
or, equivalently, 
—r — 2 sin 20 


If we take n= 2 in Eq. (2), the graph of r= 2 sin 26 also has the equation 
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(—1)?r = 2 sin 2(0 + 27) 


or, equivalently, 


fr — 2 sin 20 


which is the same as the original equation. Taking n any other integer, 
we get either r — 2 sin 20 or r — —2 sin 20. The graph of the equation r — 1 
also has the equation (by taking n — 1 in Eq. (2)) 


(—1)r=1 or, equivalently, r=—1 


Other integer values of n in (2) applied to the equation r= 1 give either 
r—-clorr--1. 

So if we are given the two equations r = f(0) and r= g(0), we obtain 
all the points of intersection of the graphs of the equations by doing 
the following. 

(a) Use (2) to determine all the distinct equations of the two curves: 


r —f(0), r= f(0), r= f3(0), FN (3) 
r=g (0), r= g(0), r= 93(8), a (4) 


(b) Solve each equation in (3) simultaneously with each equation 
in (4). 

(c) Check to see if the pole is a point of intersection by setting r= 0 
in each equation, thereby giving 


f(@)=0 and g(0)=0 (5) 


If Eqs. (5) each have a solution for 6, not necessarily the same, then the 
pole lies on both curves. 


EXAMPLE 2: Find the points of 
intersection of the two curves 
r — 2 — 2 cos 0 and r — 2 cos 0. 
Draw sketches of their graphs. 


SOLUTION: To find other equations of the curve represented by r= 
2 — 2 cos 6, we have 


(—1)r—2 2 —2 cos(0 + 7) 
or 
—r=2 +2 cos 6 
(—1)?7r = 2 — 2 cos(0 + 27) 
or 
r=2—2 cos 0 


which is the same as the original equation. 
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In a similar manner, we find other equations of the curve given by 
r=2 cos 6: 
(—1)r — 2 cos(0 + 7) 
or 
—r=-—2 cos 0 
r=2 cos 0 


which is the same as the original equation. 
So there are two possible equations for the first curve, r — 2 — 2 cos 0 


' and —r — 2 +2 cos 6, and one equation for the second curve, r= 2 cos 8. 


Solving simultaneously r= 2 — 2 cos 0 and r= 2 cos 0 gives 


2 cos 0—2—2 cos 0 
4 cos 0—2 


cos 0— i 


Thus, 0 = 47 and $r, giving the points (1, $7) and (1, $7). Solving simul- 
taneously —r = 2 + 2 cos 0 and r — 2 cos @ yields 


2+2 cos 0— —2 cos 6 
4 cos 0——2 
cos 0 — —i 
Hence, 0 = $7 and 0 = $7, giving the points (—1, $7) and (—1, $7). How- 
ever, (—1, $7) is the same point as (1, $7), and (71, $7) is the same point 


as (1, $7). 
Checking to see if the pole is on the first curve by substituting r = 0 in 


| the equation r — 2 — 2 cos 6, we have 


0=2—2 cos 0 
cos 0—1 
6=0 


Therefore, the pole lies on the first curve. In a similar fashion, by substi- 
tuting r= 0 in r= 2 cos 6, we get 


0=2 cos 0 


=t7 or èrm 


So the pole lies on the second curve. 
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Therefore, the points of intersection of the two curves are (1, $7), 
(1, 37), and the pole. Sketches of the two curves are shown in Fig. 11.3.2. 


Figure 11.3.2 


Exercises 11.3 


In Exercises 1 through 14, find the points of intersection of the graphs of the given pair of equations. Draw a sketch of 
each pair of graphs with the same pole and polar axis. 


1 i 2 s 3 PEER 
‘(| r=3 sin é “lr=1+4 cos 6 ' [r2 sin 6 
r=2 cos 20 r=46 0—ir 
$ eae dee Gs = 
7 ere 8 bs 9 inca 
' |r = cos 20 ' dr cos 20 ` {r= cos 20 
r? — 2 cos 0 r — tan 6 r — 4 tan 0 sin 0 
TE iter: th eine 12: a 
13 aoa. 6) 14 u sin 20 = 8 
` dr(1— sin 0) =3 D r cos 0 —2 
In Exercises 15 and 16, the graph of the given equation intersects itself. Find the points at which this occurs. 
15. r — sin 36 16. r=1+2 cos 20 


11.4 TANGENT LINES In Sec. 112, we derived a formula for finding the slope of a tangent line 
OF POLAR CURVES to a polar curve whose equation is r = f (0). If a radians is the measure of 
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the inclination of the tangent line to the curve at (r, 0), we have 


tan oats, 

ne (1) 
y 
jg tane 


Formula (1) is generally complicated to apply. A simpler formula is 
obtained by considering the angle between the line OP and the tangent 
line. This angle will have radian measure x and is measured from the 
line OP counterclockwise to the tangent line, 0 = x < m. 

There are two possible cases: a = 0 and a < @. These two cases are 
illustrated in Figs. 11.4.1 and 11.4.2. In Fig. 11.4.1, a > 0 and x « — 6. 
In Fig. 11.42, a < 0 and x = 7 — (0 — a). In each case, 


tan x = tan(a — 6) 
Fi 11.4.1 2 
e or, equivalently, 
tan o — tan 0 


tan X —1 + tan a tan 0 (2) 
Substituting the value of tan o from (1) in (2), we get 


dr dr 
tan 65 tr dó r tan 0 tan 0 


tan X = 
1+ | (tan 0 a / 5 —r tan 2] (tan 0) 


tan gites tan "P 


" do dé 
Z r tan d+ tan? 0 2 +r tan 8 


r(1 + tan? 0) 
dr 
2 see, 
(1 + tan? @) d6 


Figure 11.4.2 or 
tan x= 4- l (3) 
Xd 
do 


Comparing formula (3) with formula (1), you can see why it is more 
desirable to consider x instead of « when working with polar coordinates. 


EXAMPLE 1: Find x for the l | SOLUTION: i See Fig. 11.4.3. Because r =a+a sin 0, we have 


cardioid r = a + a sin 0 at the dr 
point ($a, $7). de^ 2 8 0 


Applying formula (3), we get 
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a+asin@_1+sin@ 
a cos 0 cos 0 


tan x= 
Therefore, at the point Ġa, &7), 


i 
üne che 


iv3 v3 


Figure 11.4.3 


EXAMPLE 2: Find to the nearest 
10 min the measurement of the 
smaller angle between the tangent 
lines to the curves r — 3 cos 20 
and r — 3 sin 20 at the point 

P($ V2, £v). 


SOLUTION: Let x, be the radian measure of the angle between the line 
OP and the tangent line to the curve r= 3 cos 26, and let x; be the radian 
measure of the angle between the line OP and the tangent line to the 
curve r — 3 sin 26. The graph of each equation is a four-leafed rose (see 


Fig. 11.4.4). 


If B is the radian measure of the angle between the tangent lines at 


P@V2, 1m), then 
B=X1— Xs 
So 
tan 8 = tan(x: — xs) 


or, equivalently, 


— tan x; — tan xs 
PUB 1+ tan x, tan x» 


(4) 
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Tan x, and tan x, are found from formula (3). For tan xı, r = 3 cos 20 
and dr/d0 = —6 sin 20. So 


3 cos 20 1 
tan x; Clg enon cot 26 
When 6 = $r, tan x, — —$cot m = —1. 
For tan xs, r = 3 sin 20 and dr/d@ = 6cos 20. So 
tan xs = sin Zé -1 tan 26 


When 6 = àv, tan x = 3 tan ir = 3. 
Substituting tan x; = —$ and tan x; = 2 in (4), we obtain 


=l 4 


Figure 11.4.4 


tol 
tol 


tan B = 


Ixcp- rer 73 
The angle of radian measure f has a measurement of 126°50’ to the nearest 
10 min. So the measurement of the smaller angle between the two tangent 
lines is 180° — 126°50’ = 53°10’. 


Exercises 11.4 


In Exercises 1 through 8, find x at the point indicated. 


1. r6 — a; (a, 1) 2. r= a6; (32a, $7) 8. r= a sec 26; ( V2a, — bm) 
4. r=a sin 16; ($a, 477) 5. r= 95; (422, $77) 6. r=a cos 26; (4 V3a, dv) 
7. r? =a? cos 26; (57) 8. r — a(1— sin 0); (a, 7) 


In Exercises 9 through 12, find a measurement of the angle between the tangent lines of the given pair of curves at the 
indicated point of intersection. 


r=acos6. ,, " ae oped 
i e à sin 0' (12a, 477) a r — 2a sin 0’ (a, $7) 


r=4 cos 0 WE ee l 
il, Usu en 2, $m) ae r=a cos 207 © POF 


In Exercises 13 through 16, find a measurement of the angle between the tangent lines of the given pair of curves at all 
points of intersection. 


r=1-—sin 6 r=3 cos 0 
13: E 14. ET 

r= cos 0 r=2 sec 
m enn 20 16. stole 20 


17. Prove that tan x = tan 40 at all points of the cardioid r = 2(1 — cos 6). 


18. Prove that at each point of the logarithmic spiral r= be^, x is the same. 
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19. Prove that at the points of intersection of the cardioids r= a(1+ sin 0) and r= b(1— sin 6) their tangent lines are 
perpendicular for all values of a and b. 


20. Prove that at the points of intersection of the two curves r — a sec? $0 and r= b csc’ $0 their tangent lines are 


perpendicular. 


11.5 AREA OF A REGION IN 
POLAR COORDINATES 


In this section a method is developed for finding the area of a region 
bounded by a curve whose equation is given in polar coordinates and 
by two lines through the pole. 

Let the function f be continuous and nonnegative on the closed in- 
terval [o, 8]. Let R be the region bounded by the curve whose equation 
is r= f(0) and by the lines 0 — a and 0 = B. Then the region R is the 
region AOB shown in Fig. 11.5.1. 


Figure 11.5.1 


Figure 11.5.2 
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Consider a partition A of [a, £] defined by æ = bo «0, < h<: < 
Oii <h < + + : < 06, < On f. Therefore, we have n subintervals of 
the form [0;.,, 0], wherei=1,2,... ,n. Let £; be a value of 0 in the 


ith subinterval (0; ,, 0;]. See Fig. 11.5.2 where the ith subinterval is shown 
together with 0 = £,. The radian measure of the angle between the lines 
0 = 0, and 0 = 6; is denoted by A,6. The number of square units in the 
area of the circular sector of radius f(é;) units and central angle of radian 
measure Aj0 is given by 


3[f(£) ]? Ae 
There is such a circular sector for each of the n subintervals. The sum of 
the measures of the areas of these n circular sectors is 


aL f (Es) T? A,0 + 3fGS) P A9. + > + 4Lf(E)P A0 > > > EEG T! And 


which can be written, using sigma notation, as 


alf(é)]? A6 


i=1 


Let ||A|| be the norm of the partition A; that is, |A|| is the measure of 
the largest 4,0. Then if we let A square units be the area of the region 
R, we define 


A= lim S HG] A8 " 


Hallo 1 


The limit in (1) is a definite integral, and we have 


A=} L [/(6)]: do Q) 


EXAMPLE 1: Find the area of the 
region bounded by the graph of 
r=2 +2 cos 0. 


SOLUTION: The region together with an element of area is shown in Fig. 


11.5.3. Because the curve is symmetric with respect to the polar axis, we 
take the 0 limits from 0 to m which determine the area of the region 
bounded by the curve above the polar axis. Then the area of the entire 
region is determined by multiplying that area by 2. Thus, if A square 
units is the measure of the required area, 


A=2 lim Y H2 +2 cos £)? A 


llAll--o i=l 
=2 Í 4(2 + 2 cos 0)? d0 
0 . 


=a" (1 +2 cos 0 + cos? 0) d6 
0 


=4 [o+2 sin 0 +40 + Esin 20] 
0 
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=4(7+0+37+0-—0) 
— 6m 


Therefore, the area is 67 square units. 


Figure 11.5.3 


EXAMPLE 2: Find the area of the 
region inside the circle r — 

3 sin 0 and outside the limaçon 
r — 2 — sin 0. 


SOLUTION: To find the points of intersection, we set 
3 sin 0—2 — sin 0 
sin 0 —$ 
So 
—im-m and imc 
The curves are sketched and the region is shown together with an ele- 
ment of area in Fig. 11.5.4. 
If we let f(0) — 3 sin 0 and g(0) = 2 — sin 6, then the equation of the 
circle is r= f (0), and the equation of the limaçon is r = g(0). 


The measure of the area of the element of area is the difference of the 
measures of the areas of two circular sectors. 


al f(é) ? A0 — 8g (£0 P A6 — &(LF(CEO P — [Ig (£0 Y) Ab 
The sum of the measures of the areas of n such elements is given by 


Y EEDI- (8501 A8 


i=1 


Hence, if A square units is the area of the region desired, we have 


A= lim S SEDI- IgE) 19) A 


llall-0 Si 
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Figure 11.5.4 


This limit is a definite integral. Instead of taking the limits 47 to $c, we 
use the property of symmetry with respect to the 37 axis and take the 
. limits from $7 to 37 and multiply by 2. We have, then, 


T2 
A-2.4 n (Lf(0)]2 — Lg (0) 29) do 
2 f E a = EE TE, 
mie 


7/2 T/2 7/2 
—8 sin’ 0 do+4 [ sin ø do—4 Í dé 
T/6 7/6 7/6 
TÍ2 Ti2 
=8 Í (1 — cos 20) d0 + E cos a — 46] 
T6 m6 
TİZ 
= 40 — 2 sin 20 — 4 cos 9—40] 
Tie 
Tj2 
| = —2 sin 20 — 4 cos e] 
T6 
= (—2 sin m — 4 cos $77) — (—2 sin 4m — 4 cos 477) 
=2-4V3+4-4vV3 
=3V3 


Therefore, the area is 3 V3 square units. 
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Exercises 11.5 


In Exercises 1 through 6, find the area of the region enclosed by the graph of the given equation. 
1. r=3 cos 0 2. r—2 — sin 0 3. r= 4 cos 30 
4. r=4 sin? 30 5. r? — 4 sin 20 6. r= 4 sin? 0 cos 0 


In Exercises 7 through 10, find the area of the region enclosed by one loop of the graph of the given equation. 


7. r — 3 cos 20 8. r— a sin 30 
9. r=1+3sin90 10. r=a(1—2 cos 0) 
In Exercises 11 through 14, find the area of the region which is enclosed by both of the graphs of the two given equations. 
r=2 r —4 sin 0 
, 2. 
H jn EE 1 PE 
r=3 sin 20 r? — 2 cos 20 
. 4. 
13 Lm 1 a 


In Exercises 15 through 18, find the area of the region which is inside the graph of the first equation and outside the graph 
of the second equation. 


15. s a 16. pz 2a sin 0 


r — a(1— cos 0) r=a 
r — 2 sin 0 7? — 4 sin 20 
Bee eee i8. (2758 


19. The face of a bow tie is the region enclosed by the graph of the equation r? = 4 cos 20. How much material is neces- 
sary to cover the face of the tie? 


20. Find the area of the region swept out by the radius vector of the spiral r = a0 during its second revolution which was 
not swept out during its first revolution. 


21. Find the area of the region swept out by the radius vector of the curve of Exercise 20 during its third revolution which 
was not swept out during its second revolution. 


Review Exercises (Chapter 11) 


In Exercises 1 and 2, find a polar equation of the graph having the given cartesian equation. 

1. + y?— 9x + 8By=0 2. yt = xt (a? — y?) 
In Exercises 3 and 4, find a cartesian equation of the graph having the given polar equation. 

3. r —9 sin? $0 4. r=a tan? 0 

5. Draw a sketch of the graph of (a) r= 3/0 (reciprocal spiral) and (b) r= 0/3 (spiral of Archimedes). 
6. Show that the equations r = 1 + sin 0 and r = sin 0 — 1 have the same graph. 

7. Draw a sketch of the graph of r — V\cos 6]. 

8. Draw a sketch of the graph of r= V\cos 26]. 

9. Find an equation of each of the tangent lines at the pole to the cardioid r= 3 — 3 sin 6. 


10. Find an equation of each of the tangent lines at the pole to the four-leafed rose r= 4 cos 20. 


11. 
12. 
13. 


14. 
15. 


In 


16. 


18 


19. 


20. 
21. 


22. 
23. 


24. 
25. 


26. 
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Find the area of the region inside the graph of r = 2a sin 0 and outside the graph of r — a. 
Find the area of the region enclosed by both of the graphs of the two equations r= a cos 0 and r — 1 — cos 0, a > 0. 


Find the area of the region swept out by the radius vector of the logarithmic spiral r= e*? (k > 0) as 0 varies from 
0 to 27. 


Find the area of the region inside the graph of the lemniscate 7? = 2 sin 20 and outside the graph of the circle r= 1, 
Find a polar equation of the tangent line to the curve r= 0 at the point (7, 7). 
Exercises 16 and 17, find all the points of intersection of the graphs of the two given equations. 


t cos 0—1 17 { r=2(1+ cos 0) 
r—1-2cos 60 ` lr? =2 cos 6 


. Prove that the graphs of r= 40 and r0 = a have an unlimited number of points of intersection. Also prove that the 
tangent lines are perpendicular at only two of these points of intersection, and find these points. 


Find the radian measure of the angle between the tangent lines at each point of intersection of the graphs of the equa- 
tions r — —6 cos 0 and r= 2(1 — cos 6). 


Find the slope of the tangent line to the curve r= 6 cos 0 — 2 at the point (1, $7). 


Find the area of the region enclosed by the loop of the limaçon r = 4(1 + 2 cos 0) and also the area of the region en- 
closed by the outer part of the limaçon. 


Find the area enclosed by one loop of the curve r= a sin 16, where n is a positive integer. 
Prove that the distance between the two points P,(r,, 0;) and P;(r,, 62) is 
Find the points of intersection of the graphs of the equations r= tan 0 and r= cot 6. 


(a) Use the formula of Exercise 23 to find a polar equation of the parabola having its focus at (2, 47) and the line 0 = 0 
as its directrix. (b) Write a cartesian equation of the parabola having its focus at (0, 2) and the x axis as its directrix. 
Compare the results of parts (a) and (b). 

Find a polar equation of the circle having its center at (ro, 0o) and a radius of a units. (HINT: Apply the law of cosines to 
the triangle having vertices at the pole, (ro, 0o), and (r, @).) 


a —————ÓM————————MO 


12.1 SOME PROPERTIES 
OF CONICS 


A 
generator 


upper nappe 


lower nappe 


generator 


Figure 12.1.1 
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The Conic Sections 


In Sec. 1.7 we stated that a conic section (or conic) is a curve of intersection 
of a plane with a right-circular cone of two nappes, and three types of 
curves of intersection that occur are the parabola, the ellipse, and the hy- 
perbola. The Greek mathematician Apollonius studied conic sections, in 
terms of geometry, by using this concept. We studied the parabola in 
Sec. 1.7, where an analytic definition (1.7.1) of a parabola was given. In 
this chapter, an analytic definition of a conic section is given and the 
three types of curves are obtained as special cases of this definition. 

In a consideration of the geometry of conic sections, a cone is regarded 
as having two nappes, extending indefinitely far in both directions. A 
portion of a right-circular cone of two nappes is shown in Fig. 12.1.1. 
A generator (or element) of the cone is a line lying in the cone, and all 
the generators of a cone contain the point V, called the vertex of the cone. 

In Fig. 12.1.2 we have a cone and a cutting plane which is parallel to 
one and only one generator of the cone. This conic is a parabola. If the 
cutting plane is parallel to two generators, it intersects both nappes of 
the cone and we have a hyperbola (Fig. 12.1.3). An ellipse is obtained if 
the cutting plane is parallel to no generator, in which case the cutting 
plane intersects each generator, as in Fig. 12.1.4. 

A special case of the ellipse is a circle, which is formed if the cutting 
plane, which intersects each generator, is also perpendicular to the axis 
of the cone. Degenerate cases of the conic sections include a point, a 
straight line, and two intersecting straight lines. A point is obtained if 
the cuttíng plane contains the vertex of the cone but does not contain a 
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Figure 12.1.2 Figure 12.1.3 Figure 12.1.4 


generator. This is a degenerate ellipse. If the cutting plane contains the 
vertex of the cone and only one generator, then a straight line is obtained, 
and this is a degenerate parabola. A degenerate hyperbola is formed when 
the cutting plane contains the vertex of the cone and two generators, 
thereby giving two intersecting straight lines. 

There are many applications of conic sections to both pure and ap- 
plied mathematics. We shall mention a few of them. The orbits of planets 
and satellites are ellipses. Ellipses are used in making machine gears. 
Arches of bridges are sometimes elliptical or parabolic in shape. The path 
of a projectile is a parabola if motion is considered to be in a plane and 
air resistance is neglected. Parabolas are used in the design of parabolic 
mirrors, searchlights, and automobile headlights. Hyperbolas are used 
in combat in "sound ranging" to locate the position of enemy guns by 
the sound of the firing of those guns. If a quantity varies inversely as an- 
other quantity, such as pressure and volume in Boyle's law for a perfect 
gas at a constant temperature, the graph is a hyperbola. 

To discuss conics analytically as plane curves, we first state a defini- 
tion which gives a property common to all conics. 


A conic is the set of all points P in a plane such that the undirected dis- 
tance of P from a fixed point is in a constant ratio to the undirected dis- 
tance of P from a fixed line which does not contain the fixed point. 


The constant ratio in the above definition is called the eccentricity of 
the conic and is denoted by e. The eccentricity e is a nonnegative number 
because it is the ratio of two undirected distances. Actually for nondegen- 
erate conics, e > 0. (Later we see that when e — 0, we have a point.) If 
e — 1, we see by comparing Definitions 12.1.1 and 1.7.1 that the conic is 
a parabola. If e < 1, the conic is an ellipse, and if e > 1, the conic is a 
hyperbola. 
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The fixed point, referred to in Definition 12.1.1, is called a focus of 
the conic, and the fixed line is called the corresponding directrix. We 
learned in Sec. 1.7 that a parabola has one focus and one directrix. Later 
we see that an ellipse and a hyperbola each have two foci and two direc- 
trices, with each focus corresponding to a particular directrix. 

The line through a focus of a conic perpendicular to its directrix is 
called the principal axis of the conic. The points of intersection of the 
conic and its principal axis are called the vertices of the conic. From our 
study of the parabola, we know that a parabola has one vertex. However, 
both the ellipse and the hyperbola have two vertices. This is proved in 
the following theorem. 


12.1.2 Theorem If e is the eccentricity of a nondegenerate conic, then if e # 1, the conic 
has two vertices; if e = 1, the conic has only one vertex. 


PROOF: Let F denote the focus of the conic and D denote the point of 
intersection of the directrix and the principal axis. Let d denote the un- 
—e— directed distance between the focus and its directrix. In Fig. 12.1.5, F is 
to the right of the directrix, and in Fig. 12.1.6, F is to the left of the directrix. 
Let V denote a vertex of the conic. We wish to show that if e # 1, there are 
two possible vertices V, and if e = 1, there is only one vertex V. 
From Definition 12.1.1, we have 


Figure 12.1.5 |FV| = e|DV| 


Removing the absolute-value bars, we obtain 


x 
El 
[»] 
iv] 
o 
v 
u 
Ez 
7 
D 


FV = +e(DV) (1) 
Z j E Because D, F, and V are all on the principal axis, 
es e a DV = DF + FV 
id 3 = If F is to the right of D, DF = d. Thus, we have from the above 
DV=d+FV (2) 
Substituting from (1) into (2) gives 
Figure 12.1.6 


DV=d+e(DV) 
from which we get 


Dy- (3) 


1e 


If e = 1, the minus sign in the above equations must be rejected because 
we would be dividing by zero. So if e # 1, two points V are obtained; if 
€ = 1, we obtain only one point V. 

If F is to the left of D, DF = — d. Instead of (3), we get 


— 
DV=T Se 


12.1.3 Theorem 
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from which the same conclusion follows. So the theorem is proved. a 

The point on the principal axis of an ellipse or a hyperbola that lies 
halfway between the two vertices is called the center of the conic. Hence, 
the ellipse and the hyperbola are called central conics in contrast to the 
parabola that has no center because it has only one vertex. 


A conic is symmetric with respect to its principal axis. 


The proof of this theorem is left for the reader (see Exercise 7). 


EXAMPLE 1: Use Definition 
12.1.1 to find an equation of the 
conic whose eccentricity is $ and 
having a focus at the point 

F(1, —2) with the line 4y + 17 —0 
as the corresponding directrix. 


SOLUTION: Figure 12.1.7 shows the focus, the directrix, and the point 


P(x, y) representing any point on the conic. Letting the point D be the 
foot of the perpendicular from P to the directrix, we have from Defini- 
tion 12.1.1 


IPF| 4 

|PD| 5 
and so 

[PF| = &|PD| 


Using the distance formula to find |PF| and |PD| and substituting into 
the above equation, we get 


VEZIE UFZ = ily +] 
Squaring on both sides of this equation and simplifying, we get 
L—2x+1 +y + 4y +4 ly t vy H A 
25x? — 50x + 25y* + 100y + 125 = 164° + 136y + 289 
25x? + 9y? — 50x — 36y = 164 


Because e = $ < 1, the equation is that of an ellipse. 


y 
^ 
l d > Xx 
O 
F 
ü P(x, y) 
la directrix 
D 


Figure 12.1.7 
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Exercises 12.1 


In Exercises 1 through 6, use Definition 12.1.1 and the formula of Exercise 24 of Exercises 4.9 to find an equation of the 


conic having the given properties. 


1. Focus at (2, 0); directrix: x = —4; e = & 


. Focus at (0, —4); directrix: y = —2; e = 1. 


. Focus at (—3, 2); directrix: x = 1; e = 3. 


[09] 


. Focus at (1, 3); directrix: y = 8; e = % 


. Focus at (—1, 4); directrix: 2x — y + 3 = 0; e =2. 
. Prove Theorem 12.1.3. 


2 
3 
4 
5. Focus at (4, —3); directrix: 2x — y — 2 = 0; e = & 
6 
7 
8 


. Find an equation whose graph consists of all points P in a plane such that the undirected distance of P from the point 
(ae, 0) is in a constant ratio e to the undirected distance of P from the line x = afe. Let a? (1 — e?) = +b? and consider 
the three cases: e = 1, e <1, and e > 1. 


9. Solve Exercise 8 if the point is (—ae, 0) and the line is x = —a/e. 


12.2 POLAR EQUATIONS Fairly simple polar equations of conics are obtained by taking the pole 
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P(r, 0) 


directrix © 


Figure 12.2.1 


at a focus and the polar axis and its extension along the principal axis. 
We first consider this situation when the directrix corresponding to the 
focus at the pole is to the left of the focus. Let D be the point of inter- 
section of this directrix with the principal axis, and let d denote the un- 
directed distance between a focus and its directrix (refer to Fig. 12.2.1). 
Let P(r, 0) be any point on the conic to the right of the directrix and on 
the terminal side of the angle of measure 0. Draw perpendiculars PQ and 
PR to the principal axis and the directrix, respectively. By Definition 
12.1.1, the point P is on the conic if and only if 


|OP| = e|RP| (1) 


___Because P is to the right of the directrix, RP > 0; thus, [RP| = RP. 
|OP| =r because r > 0. So from (1) we have 
r — e(RP) (2) 


However, RP = DQ = DO + OQ = d + r cos 6. Substituting this ex- 
pression for RP in (2), we get 


= e(d + r cos 9) 


from which we obtain 


(3) 


1 " 
27 axis 


polar axis 


Figure 12.2.2 
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In a similar manner, we can derive an equation of a conic if the direc- 
trix corresponding to the focus at the pole is to the right of the focus, 
and we obtain 


ed 


T+ cos 68 (4) 


T 

The derivation of (4) is left for the reader (see Exercise 1). 

If a focus of a conic is at the pole and the polar axis is parallel to the 
corresponding directrix, then the 47 axis and its extension are along the 
principal axis. We obtain the following equation: 


jis ae oan 
1l+tesin 6 


(5) 


where e and d are, respectively, the eccentricity and the undirected dis- 
tance between the focus and the corresponding directrix. The plus sign 
is taken when the directrix corresponding to the focus at the pole is above 
the focus, and the minus sign is taken when it is below the focus. The 
derivation of Eqs. (5) is left for the reader (see Exercises 2 and 3). 

We now discuss the graph of Eq. (3) for each of the three cases: e = 1, 
e < 1, and e > 1. Similar discussions apply to the graphs of Eqs. (4) and (5). 


Case 1: e= 1. The conic is a parabola. 
Equation (3) becomes 
d 
77 1-—cos 0 (6) 


r is not defined when @ = 0; however, r is defined for all other values of 
0 for which 0 < 0 < 27. Differentiating in (6), we obtain 


—d sin 0 


m (1 — cos 0)? 


Setting Der = 0, for values of 0 in the interval (0, 27) we obtain 0 = 7. 
Because when 0 < 0 < m, Der < 0, and when 7 < 0 < 27, Der > 0, r has 
an absolute minimum value at 0 = 7. When 0 = 7, r = £d, and the point 
(zd, m) is the vertex. Therefore, the undirected distance from the focus 
to a point on the parabola is shortest when the point on the parabola is 
the vertex. 

By Theorem 12.1.3, the parabola is symmetric with respect to its 
principal axis; by Theorem 12.1.2 there is one vertex. Note that the curve 
does not contain the pole because there is no value of 0 which will give 
a value of 0 for r. A sketch of the parabola is shown in Fig. 12.2.2. 


EXAMPLE 1: A parabola has its 
focus at the pole and its vertex at 
(4, 7). Find an equation of the 


soLuTION: Because the focus is at the pole and the vertex is at (4, 7), 
the polar axis and its extension are along the principal axis of the parabola. 
Furthermore, the vertex is to the left of the focus, and so the directrix is 
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parabola and an equation of the 
directrix. Draw a sketch of the 
parabola and the directrix. 


directrix 


polar axís 
focus 


| 
| 


(3.37) 


Figure 12.2.3 


also to the left of the focus. Hence, an equation of the parabola is of the 
form of Eq. (3). Because the vertex is at (4, 7), żd = 4; thus, d= 8. The 
ecceritricity e = 1, and therefore we obtain the equation 


"M ien 
1— cos 0 
An equation of the directrix is given by r cos 0 — —d, and because d = 8, 


we have r cos 0 — —8. Figure 12.2.3 shows a sketch of the parabola and 
the directrix. 


EXAMPLE 2: Follow the instruc- 
tions of Example 1 if the parabola 
has its focus at the pole and its 
vertex at (3, 37). 


Figure 12.24 


SOLUTION: The vertex of the parabola is below the focus, and the 37 axis 


and its extension are along the principal axis. Therefore, the directrix is 
also below the focus, and an equation of the parabola is of the form of 
Eq. (5) with the minus sign. The undirected distance from the focus to 
the vertex is ¿d = 3; thus d= 6. Therefore, from Eqs. (5) an equation of 
the parabola is 


C—-—— 
1— sin 6 
An equation of the directrix is given by r sin 0 — —d. Because d — 6, we 


have r sin 0 — —6. Sketches of the parabola and the directrix are shown 
in Fig. 12.2.4. 


Case 2: e< 1. The conic is an ellipse. 

When e « 1, the denominator of the fraction in Eq. (3) is never zero, 
and so r exists for all values of 0. To find the absolute extrema of r on the 
interval [0, 27), we find Der and obtain 


—e*d sin 0 


Der = (1— e cos 0)? d 


For 0 in the interval [0, 27), Der = 0 when 0 = 0 and 7. When —iv < 
0 < 0, Der > 0; and when 0 < 0 < $7, Dor < 0. Hence, when 6 = 0, r has 


re eer 


directrix 


Figure 12.2.5 


EXAMPLE 3: Find an equation of | 


the ellipse having a focus at the 
pole and vertices at (5, 0) and 
(2, 7). Write an equation of the 
directrix corresponding to the 
focus at the pole. Draw a sketch 
of the ellipse. 
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an absolute maximum value of ed/(1 — e). When $7 < 0 < m, Dor < 0; 
and when m < 0 < £r, Der > 0. Thus, r has an absolute minimum value 
of ed/(1 + e) when 0 = 7. The points (ed/(1 — e), 0) and (ed/(1 + e), 7) are 
the vertices of the ellipse. We denote them by V, and V,, respectively. It 
follows, then, that the undirected distance from the focus (0, 0) to a point 
on the ellipse is greatest when the point on the ellipse is V, and smallest 
when it is V,. 

By Theorem 12.1.3, the ellipse is symmetric with respect to its prin- 
cipal axis. There is no value of @ that will give a value of 0 for r, and so 
the curve does not contain the pole. A sketch of the ellipse is shown in 
Fig. 12.2.5. 


its extension are along the principal axis of the ellipse. The directrix cor- 


. responding to the focus at the pole is to the left of the focus because the 


vertex closest to this focus is at (2, m). The required equation is therefore 


| Of the form of Eq. (3). The vertex V, is at (5, 0) and V, is at (2, 7). It follows 


from the discussion of Case 2 that 


ed _ ed — 
pes eee 


Solving these two equations simultaneously, we obtain e = # and d= 42. 
Hence, from Eq. (3) an equation of the ellipse is 
3-2 


"~T— cos 0 


or, equivalently, 


20 


"7 —3 cos 6 


| Because d=4?, an equation of the directrix corresponding to the focus 


at the pole is r cos 0 = —?3 or, equivalently, 3r cos 0 = —20. A sketch of 
of the ellipse is shown in Fig. 12.2.6. 


directrix 


Figure 12.2.6 
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EXAMPLE 4: An equation of a 
conic is 
5 


7773 42 sin 0 


Find the eccentricity, identify the 
conic, write an equation of the 
directrix corresponding to the 
focus at the pole, find the vertices, 
and draw a sketch of the curve. 

1 T axis 


TEN” 


directrix —— 


TOE 


Figure 12.2.7 


SOLUTION: Dividing the numerator and denominator of the fraction in 
the given equation by 3, we obtain 


jar 


3 

"1+ $sin 0 

which is of the form of Eqs. (5) with the plus sign. The eccentricity e = 
2 < 1, and so the conic is an ellipse. Because ed = š, d= 3 + $— $. The 
i7 axis and its extension are along the principal axis. The directrix cor- 
responding to the focus at the pole is above the focus, and an equation of it 
is r sin 0 — $. When 0 — iz, r — 1. And when 0 = £m, r — 5. The vertices 
are therefore at (1, $7) and (5, $7). A sketch of the ellipse is shown in 
Fig. 12.2.7. 


Case 3: e > 1. The conic is a hyperbola. 

In the derivation of Eq. (3) we assumed that the point P on the conic 
is to the right of the given directrix and that P is on the terminal side of 
the angle of 0 radians, thus making r positive. In the previous two cases, 
when the conic is an ellipse or a parabola, we obtain the entire curve with 
these assumptions. However, whene > 1, we shall see that we obtain only 
one of two branches of the hyperbola when r > 0, and this branch is to 
the right of the directrix. There is also a branch to the left of the given 
directrix; this is obtained by letting r assume negative as well as positive 
values as 0 takes on values in the interval [0, 277). 


If e > 1 in Eq. (3), r is undefined when cos 0 = 1/e. There are two 
values of 0 in [0, 27) that satisfy this equation. These values are 


1 


41 
0,— cos ! = 1 
e 


and 60,—2« —cos. i 


We investigate the values of r as 0 increases from 0 to 6,. When 0 = 0, 
r= ed/(1 — e), and because e > 1, r < 0. So the point (ed/(1 — e), 0) is the 
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left vertex of the hyperbola. The cosine function is decreasing in the in- 
terval (0, 0); therefore, when 0 < 0 < 6,, cos 0 > cos 0, = 1/e or, equiv- 
alently, 1 — e cos 0 < 0. Hence, for values of 0 in the interval (0, 6,), 
r= ed/(1 — e cos 0) < 0. When 0 = 6,, r is undefined; however, 


lim r — lim E EE 

6-67 a-r 1 — e cos 0 
We conclude, then, that as 0 increases from 0 to 6,, r « 0 and |r| increases 
without bound. From these values of 0 we obtain the lower half of the 
left branch of the curve. See Fig. 12.2.8. We show later that a hyperbola 
has two asymptotes. For this hyperbola one of the asymptotes is parallel 
to the line 0 = 0.. 


Figure 12.2.8 


Now we consider the points on the hyperbola as 0 increases through 
values between 6, and 0,. When 0, < 0 < 6,, cos 0 < cos 6, = 1/e or, equiv- 
alently, 1 — e cos 0 > 0. Therefore, for values of 0 in the interval (6,, 0;), 
r0. 

: E ed 

sides n 1—ecos80 d 
When 0 = m, r= ed/(1 + e); so the point (ed/(1 + e), m) is the right vertex 
of the hyperbola. Finding Der from Eq. (3), we get 

ed sin 0 
(1 — e cos 0)? 
When 6, < 0 < m, sin 0 > 0; hence, Der < 0, from which we conclude that 
r is decreasing when 6 is in the interval (0,, 7). Therefore, for values of 
9 in the interval (@,, 7) we obtain the top half of the right branch of the 
hyperbola shown in Fig. 12.2.8. 

When 7 « 0 « 6,, sin 0 « 0; so from Eq. (8), Der > 0. Hence, r is in- 
creasing when @ is in the interval (7, 6;). Furthermore, 


; ; ed 
lim r= lim ———, = 
0-0 6-0 1 — e cos 0 


(8) 


Der —— 


oo 


Consequently, for values of 0 in the interval (m, 02) we have the lower 
half of the right branch of the hyperbola. The other asymptote of the 
hyperbola is parallel to the line 0 = 6,. 
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The cosine function is increasing in the interval (0,, 27). So when 
0; < 0 < 27, cos 0 > cos 0, = 1/e or, equivalently, 1 — e cos 0 < 0. Thus, 
we see from Eq. (3) that for values of @ in the interval (62, 27), r < 0. Also, 


; ; ed 
lim r= lim 7———— = 
n 6-6,.1 — e cos 0 


It follows from Eq. (8) that Der > 0; hence, r is increasing when 6, < 6 
< 2m. When r < 0 and r is increasing, |r| is decreasing. Thus, for values 
of 0 in the interval (6,, 27) we obtain the upper half of the left branch of the 
hyperbola, and so the curve of Fig. 12.2.8 is complete. 


EXAMPLE 5: The polar axis and 
its extension are along the 
principal axis of a hyperbola 
having a focus at the pole. The 
corresponding directrix is to the 
left of the focus. If the hyperbola 
contains the point (1, $7) and 

e = 2, find (a) an equation of the 
hyperbola; (b) the vertices; (c) the 
center; and (d) an equation of the 
directrix corresponding to the 
focus at the pole. Draw a sketch 
of the hyperbola. 


"— 


x 
m 
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x 
[| 
gi 
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Figure 12.2.9 


SOLUTION: An equation of the hyperbola is of the form of Eq. (3) with 
e = 2. We have, then, 


2d 


"~T—2 cos 0 


Because the point (1, $7) lies on the hyperbola, its coordinates satisfy 
the equation. Therefore, 


1= 2d 
| 1-2(-9 
from which we obtain d — 1. Hence, an equation of the hyperbola is 
2 
171-2 cos 0 0) 


The vertices are the points on the hyperbola for which 0 = 0 and 
0 = m. From Eq. (9) we see that when 6 = 0, r = —2; and when 0 = 7, r = 3. 
Consequently, the left vertex V, is at the point (—2, 0), and the right 
vertex V, is at the point (3, 7). 

The center of the hyperbola is the point on the principal axis half- 
way between the two vertices. This is the point ($, 7). 

An equation of the directrix corresponding to the focus at the pole 
is given by r cos 0 = —d. Because d= 1, this equation is r cos 0 = —1. 

As an aid in drawing a sketch of the hyperbola, we first draw the two 
asymptotes. In our discussion of Case 3 we stated that these are lines 
through the center of the hyperbola that are parallel to the lines 0 = 6, 
and 0 = 6,, where 0, and 6, are the values of 0 in the interval [0, 27) for 
which r is not defined. From Eq. (9), r is not defined when 1 — 2 cos 0 = 0. 
Therefore, 0, — 37 and 0; = $7. Figure 12.2.9 shows a sketch of the hy- 
perbola as well as the two asymptotes, and the directrix corresponding 
to the focus at the pole. 


EXAMPLE 6: Find a polar equa- 
tion of the hyperbola having the 
line r cos 0 = 4 as the directrix 


SOLUTION: The given directrix is perpendicular to the polar axis and is 


four units to the right of the focus at the pole. Therefore, an equation of 
the hyperbola is of the form of Eq. (4), which is 
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corresponding to a focus at the ed 


pole, and e = 4. 


T^ 1-ecosÓ 


Because d — 4 and e — $, the equation becomes 


poe 
1+ #cos 6 

or, equivalently, 
a a 
2+3 cos 0 


Exercises 12.2 


1. 


4. 


Show that an equation of a conic having its principal axis along the polar axis and its extension, a focus at the pole, 
and the corresponding directrix to the right of the focus is r= ed/(1+ e cos @). 


. Show that an equation of a conic having its principal axis along the $7 axis and its extension, a focus at the pole, and 


the corresponding directrix above the focus is r= ed/(1 + e sin 6). 


. Show that an equation of a conic having its principal axis along the $7 axis and its extension, a focus at the pole, and 


the corresponding directrix below the focus is r= ed/(1 — e sin 6). 


Show that the equation r = k csc? $6, where k is a constant, is a polar equation of a parabola. 


In Exercises 5 through 14, the equation is that of a conic having a focus at the pole. In each Exercise, (a) find the eccen- 
tricity; (b) identify the conic; (c) write an equation of the directrix which corresponds to the focus at the pole; (d) draw a 
sketch of the curve. 


5. 


8. 


11. 


14. 


WM a D TCN 
| 1— cos 0 "T+ cos 6 ' ^ — 2-- sin 6 
4 — é MEX 
771-3 cos 0 aa ND 19cm S ein o 
9 = i (10 
"7 5—6sin6 Duro amd 13. Tec sin ð 
EIU: NUN 
| 8--4 cos 6 


In Exercises 15 through 18, find an equation of the conic having a focus at the pole and satisfying the given conditions. 


15. 
16. 
17. 
18. 
19. 
20. 
21. 


Parabola; vertex at (4, $7). 

Ellipse; e = 4; a vertex at (4, 7). 

Hyperbola; vertices at (1, 47) and (3, 477). 

Hyperbola; e = 4; r cos 0 = 9 is the directrix corresponding to the focus at the pole. 

Find the area of the region inside the ellipse r = 6/(2 — sin 0) and above the parabola r = 3/(1 + sin 8). 

For the ellipse and parabola of Exercise 19, find the area of the region inside the ellipse and below the parabola. 


A comet is moving in a parabolic orbit around the sun at the focus of the parabola. When the comet is 80,000,000 miles 
from the sun the line segment from the sun to the comet makes an angle of 47 radians with the axis of the orbit. (a) Find 
an equation of the comet's orbit. (b) How close does the comet come to the sun? 
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22. The orbit of a planet is in the form of an ellipse having the equation r = p/(1 + e cos 0) where the pole is at the sun. 
Find the average measure of the distance of the planet from the sun with respect to 6: 


23. Using Definition 12.1.1, find a polar equation of a central conic for which the center is at the pole, the principal axis 
is along the polar axis and its extension, and the distance from the pole to a directrix is a/e. 


24. Show that the tangent lines at the points of intersection of the parabolas r = a/(1 + cos 0) and r= b/(1 — cos 0) are 


perpendicular. 


12.3 CARTESIAN EQUATIONS 
OF THE CONICS 


In Sec. 12.2 we learned that a polar equation of a conic is 


ed 


=I ecos 0 


or, equivalently, 
= e(r cos 0 + d) (1) 


A cartesian representation of Eq. (1) can be obtained by replacing r 
by € Vx? + y? and r cos 0 by x. Making these substitutions, we get 


mV y = e(x + d) 
Squaring on both sides of the above equation gives 
x + y? = ex? + 2e*dx + eut 


or, equivalently, 


yY + x7 (1 — e) = 2e*dx + eg (2) 
If e = 1, Eq. (2) becomes 
y? = 2d(x + à) (3) 


If we translate the origin to the point (—2d,0) by replacing x by x — 3d 
and y by y, Eq. (3) becomes 


y = 2d% (4) 
Equation (4) resembles Eq. (1) of Sec. 1.7 
y? = 4px 


which is an equation of the parabola having its focus at (p, 0) and its 
directrix the line x =—p. Therefore, relative to the x and y axes, (4) is 
an equation of a parabola having its focus at (2d, 0), which is the origin 
relative to the x and y axes. The parabola having its axis parallel to one 
of the coordinate axes was discussed in detail in Secs. 1.7 and 1.8. 

If e # 1, we divide on both sides of Eq. (2) by 1 — &? and obtain 


2ed EIR t 
1— e 


Completing the square for the terms involving x by adding e*d?/(1 — e)? 
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on both sides of the above equation, we get 
ed 8d? — 

Go. a) + ica KETIK ai 

If the origin is translated to the point (e?d/ (1 — è), 0), Eq. (5) becomes 
1 EMO a 

1—8 y (1 ae e)? 
or, equivalently, 
x? 12 

ae tg (6) 

Now let e?d?/(1 — e)? = a?, where a > 0. Then 


D if0<e<1 


oS ife>1 


Yt 


Then Eq. (6) can be written as 


z 1,2 
d'wü-eé- 
Replacing x and y by x and y, we get 
Poly s 
$tgü-s)-| (8) 


Equation (8) is a standard form of a cartesian equation of a central 
conic having its principal axis on the x axis. Because (5) is an equation 
of a conic having a focus at the origin (pole), and (8) is obtained from (5) 
by translating the origin to the point (e?d/(1 — e), 0), it follows that the 
central conic having Eq. (8) has a focus at the point (—e'd/(1— e?), 0). 
However, from (7) it follows that 


—ed =f if0<e<1 


1—e | ae ife>1 
Therefore, we conclude that if (8) is an equation of an ellipse (0 < e < 1), 
there is a focus at the point (~ae, 0). If (8) is an equation of a hyperbola 
(e > 1), there is a focus at (ae, 0). In each case the corresponding direc- 
trix is d units to the left of the focus. So if the graph of (8) is an ellipse, 
the directrix corresponding to the focus at (—ae, 0) has as an equation 
x-—-—ae—d 


Because when 0 < e < 1, d= a(1— e’)/e, this equation becomes 


x=- tA 
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12.3.1 Theorem 


directrix 


Figure 12.3.1 


directrix |" — 


or 


Similarly, if the graph of (8) is a hyperbola, the directrix corresponding 
to the focus at (ae, 0) has as an equation 


x=ae—d 


When e > 1, d= a(&? — 1)/e; thus, the above equation of the directrix can 
be written as 


a 
x=- 
e 


Hence, we have shown that if (8) is an equation of an ellipse, a focus and 
its corresponding directrix are (—ae, 0) and x= —a/e; and if (8) is an 
equation of a hyperbola, a focus and its corresponding directrix are (ae, 0) 
and x = a/e. 

Because Eq. (8) contains only even powers of x and y, its graph is 
symmetric with respect to both the x and y axes. Therefore, if there is 
a focus at (—ae, 0) having a corresponding directrix of x = —a/e, by sym- 
metry there is also a focus at (ae, 0) having a corresponding directrix of 
x= afe. Similarly, for a focus at (ae, 0) and a corresponding directrix 
of x = a/e, there is also a focus at (—ae, 0) and a corresponding directrix 
of x =—a/e. These results are summarized in the following theorem. 


The central conic having as an equation 


x y? 

S'$90-8) | (9) 
where a > 0, has a focus at (—ae, 0), whose corresponding directrix is 
x — —a/e, and a focus at (ae, 0), whose corresponding directrix is x = a/e. 


Figures 12.3.1 and 12.3.2 show sketches of the graph of Eq. (9) to- 
gether with the foci and directrices in the respective cases of an ellipse 
and a hyperbola. 

Suppose that in Eq. (9) 0 < e < 1. Then the conic is an ellipse. Be- 
cause in this case 1 — e? > 0, we conclude that V1 — e is a real number. 
Therefore, we let 


b =a V1 — e (10) 


Because a > 0, it follows that b > 0. Substituting from (10) into (9), 
we obtain 


So T (11) 


Equation (11) is an equation of an ellipse having its principal axis 


directrix 


Figure 12.3.2 
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on the x axis. Because the vertices are the points of intersection of the 
ellipse with its principal axis, they are at (—a, 0) and (a, 0). The center of 
the ellipse is at the origin because it is the point midway between the 
vertices. Figure 12.3.1 shows a sketch of this ellipse. Refer to this figure 
as you read the next two paragraphs. 

If we denote the vertices (~a, 0) and (a, 0) by A’ and A, respectively, 
the segment A'A of the principal axis is called the major axis of the ellipse, 
and its length is 2a units. Then we state that a is the number of units in 
the length of the semimajor axis of the ellipse. 

The ellipse having Eq. (11) intersects the y axis at the points (—b, 0) 
and (b, 0), which we denote by B' and B, respectively. The segment B'B 
is called the minor axis of the ellipse. Its length is 2b units. Hence, b is 
the number of units in the length of the semiminor axis of the ellipse. 
Because a and b are positive numbers and 0 « e < 1, it follows from Eq. 
(10) that b < a. 


EXAMPLE 1: Given the ellipse 
having the equation 


find the vertices, foci, direc- 
trices, eccentricity, and extremi- 
ties of the minor axis. Draw a 
sketch of the ellipse and show 
the foci and directrices. 


Figure 12.3.3 


SOLUTION: From the equation of the ellipse, we have a? = 25 and b? = 16; 
thus, a=5 and b = 4. Therefore, the vertices are at the points A'(—5, 0) 
and A(5, 0), and the extremities of the minor axis are at the points B'(0,—4) 
and B(0, 4). From (10) we have 4— 5 V1 — æ, from which it follows that 
€ — &. The foci and the directrices are obtained by applying Theorem 
12.3.1. Because ae — 3 and a/e = *$, we conclude that one focus F is at 
(3, 0) and its corresponding directrix has the equation x = 4; the other 
focus F' is at (—3, 0) and its corresponding directrix has the equation 
x =—2. A sketch of the ellipse, the foci F and F', and the directrices are 
in Fig. 12.3.3. From the definition of a conic (12.1.1) it follows that if P 
is any point on this ellipse, the ratio of the undirected distance of P from 
a focus to the undirected distance of P from the corresponding directrix 
is equal to the eccentricity 3. 


EXAMPLE 2: An arch is in the 
form of a semiellipse. It is 48 ft 
wide at the base and has a height 
of 20 ft. How wide is the arch at 
a height of 10 ft above the base? 


SOLUTION: Figure 12.3.4 shows a sketch of the arch and the coordinate 
axes which are chosen so that the x axis is along the base and the origin 
is at the midpoint of the base. Then the ellipse has its principal axis on 
the x axis, its center at the origin, a — 24, and b — 20. An equation of the 


| ellipse is of the form of Eq. (11): 


2 2 


E cM s 
576 + 400 


Let 2x be the number of feet in the width of the arch at a height of 10 ft 


1 
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48 ft 


K 


Figure 12.3.4 


>| 


above the base. Therefore, the point (x, 10) lies on the ellipse. Thus, 


EUM 
576 400 
and so 
X = 432 
x= 12V3 


Hence, at a height of 10 ft above the base the width of the arch is 24 VÀ ft. 


Consider now the central conic of Theorem 12.3.1 when e > 1, that 
is, when the conic is a hyperbola. Because e > 1, 1— e < 0; hence, 
& — 1 > 0. Therefore, for a hyperbola we let 


b—ave-—1 (12) 


It follows from Eq. (12) that b is a positive number. Also, from (12), if 
1<e< V2,b«a; if e= V2, b= a; and if e > V2, b > a. Substituting 
from (12) into (9), we get 
2 

Equation (13) is an equation of a hyperbola having its principal axis 
on the x axis, its vertices at the points (—a, 0) and (a, 0), and its center at the 
origin. A sketch of this hyperbola is in Fig. 12.3.2. If we denote the ver- 
tices (—a, 0) and (a, 0) by A’ and A, the segment A'A is called the trans- 
verse axis of the hyperbola. The length of the transverse axis is 2a units, 
and so a is the number of units in the length of the semitransverse axis. 

Substituting 0 for x in Eq. (13), we obtain y? = —b?, which has no real 
roots. Consequently, the hyperbola does not intersect the y axis. How- 
ever, the line segment having extremities at the points (0, — b) and (0, b) 
is called the conjugate axis of the hyperbola, and its length is 2b units. 
Hence, b is the number of units in the length of the semiconjugate axis. 

Solving Eq. (13) for y in terms of x, we obtain 


y==? Vx? — g (14) 


We conclude from (14) that if |x| < a, there is no real value of y. There- 
fore, there are no points (x, y) on the hyperbola for which —a < x < a. 
We also see from (14) that if |x| = a, then y has two real values. As previ- 
ously learned, the hyperbola has two branches. One branch contains the 
vertex A(a, 0) and extends indefinitely far to the right of A. The other 
branch contains the vertex A'(—a, 0) and extends indefinitely far to the 
left of A'. 
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EXAMPLE 3; Given the hyperbola 


find the vertices, foci, directrices, 
eccentricity, and lengths of the 
ansverse and conjugate axes. 
aw a sketch of the hyperbola 


and show the foci and the 
directrices. ý 
x--2 T nies 


w | > 


directrix 


Figure 12.3.5 


SOLUTION: The given equation is of the form of Eq. (13); thus, a= 3 and 
b — 4. The vertices are therefore at the points A'(—3, 0) and A(3, 0). The 
number of units in the length of the transverse axis is 2a — 6, and the 
number of units in the length of the conjugate axis is 2b — 8. Because 
from (12), b= a V&£ — 1, we have 4 — 3 Ve& — 1, and so e = &. Therefore, 
ae — 5 and a/e — 2. Hence, the foci are at F'(—5, 0) and F(5, 0). The cor- 
responding directrices have, respectively, the equations x = —2 and x= $. 
A sketch of the hyperbola and the foci and directrices are in Fig. 12.3.5. 
From Definition 12.1.1 it follows that if P is any point on this hyperbola 
the ratio of the undirected distance of P from a focus to the undirected 
distance of P from the corresponding directrix is equal to the eccentricity $. 


EXAMPLE 4: Find an equation of 
the hyperbola having the ends of 
its conjugate axis at (0,—2) and 
(0, 2) and an eccentricity equal 

to 4V5. 


soLUTION: Because the ends of the conjugate axis are at (0, —2) and (0, 2), 
it follows that b — 2, the transverse axis is along the x axis, and the center 
is at the origin. Hence, an equation is of the form 


To find a we use the equation b= a Ve — 1 and let b = 2 and e = V5, 
thereby yielding 2 = a V£ — 1. Therefore, a = V5, and an equation of the 
hyperbola is 

x y? 


l—L-1 


5 4 


Exercises 12.3 


In Exercises 1 through 4, find the vertices, foci, directrices, eccentricity, and ends of the minor axis of the given ellipse. 
Draw a sketch of the curve and show the foci and the directrices. 


1. 4x? + 9y? = 36 


2. 4x2 + 9y! — 4 


8. 2x? + 8y* = 18 4, 3x2 + Ay? — 9 


In Exercises 5 through 9, find the vertices, foci, directrices, eccentricity, and lengths of the transverse and conjugate axes 
of the given hyperbola. Draw a sketch of the curve and show the foci and the directrices. 


5, 9x? — Ay? — 36 


6. x3 —9y? —9 


7. 9x* — 16y? = 8. 25x? — 25y? = 
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In Exercises 9 through 14, find an equation of the given conic satisfying the given conditions and draw a sketch of the graph. 
9. Hyperbola having vertices at (—2, 0) and (2, 0) and a conjugate axis of length 6. 

10. Ellipse having foci at (—5, 0) and (5, 0) and one directrix the line x = —20. 

11. Ellipse having vertices at (—$, 0) and (2, 0) and one focus (2, 0). 

12. Hyperbola having the ends of its conjugate axis at (0, —3) and (0, 3) and e — 2. 

13. Hyperbola having its center at the origin, its foci on the x axis, and passing through the points (4, —2) and (7, —6). 


14. Ellipse having its center at the origin, its foci on the x axis, the length of the major axis equal to three times the length 
of the minor axis, and passing through the point (3, 3). 


15. Find an equation of the tangent line to the ellipse 4x? + 9y? = 72 at the point (3, 2). 
16. Find an equation of the normal line to the hyperbola 4x? — 3j? = 24 at the point (3, 2). 


17. Find an equation of the hyperbola whose foci are the vertices of the ellipse 7x? + 11y? = 77 and whose vertices are 
the foci of this ellipse. 


18. Find an equation of the ellipse whose foci are the vertices of the hyperbola 11x? — 7y? = 77 and whose vertices are 
the foci of this hyperbola. 


19. The ceiling in a hallway 20 ft wide is in the shape of a semiellipse and is 18 ft high in the center and 12 ft high at the 
side walls. Find the height of the ceiling 4 ft from either wall. 


20. A football is 12 in. long, and a plane section containing a seam is an ellipse, of which the length of the minor axis is 
7 in. Find the volume of the football if the leather is so stiff that every cross section is a square. 
21. Solve Exercise 20 if every cross section is a circle. 


22. The orbit of the earth around the sun is elliptical in shape with the sun at one focus, a semimajor axis of length 92.9 
million miles, and an eccentricity of 0.017. Find (a) how close the earth gets to the sun and (b) the greatest possible 
distance between the earth and the sun. 

23. The cost of production of a commodity is $12 less per unit at a point A than it is at a point B and the distance between 
A and B is 100 miles. Assuming that the route of delivery of the commodity is along a straight line, and that the de- 
livery cost is 20 cents per unit per mile, find the curve at any point of which the commodity can be supplied from either 
A or B at the same total cost. (uiNT: Take points A and B at (—50, 0) and (50, 0), respectively.) 


24. Prove that there is no tangent line to the hyperbola x? — y? — 1 that passes through the origin. 


25. Find the volume of the solid of revolution generated by revolving the region bounded by the hyperbola x?/a? — y*/b? = 
1 and the line x — 2a about the x axis. 


26. Find the centroid of the solid of revolution of Exercise 25. 


27. A tank has a horizontal axis of length 20 ft and its ends are semiellipses. The width across the top of the tank is 10 ft 
and the depth is 6 ft. If the tank is full of water, how much work is necessary to pump all the water to the top of the tank? 


12.4 THE ELLIPSE In Sec. 12.3 we considered ellipses for which the center is at the origin 
and the principal axis is on the x axis. Now more general equations of 
ellipses will be discussed. 

If an ellipse has its center at the origin and its principal axis on the 
y axis, then an equation of the ellipse is of the form 
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em 
tg (1) 


which is obtained from Eq. (11) of Sec. 12.3 by interchanging x and y. 
Because for an ellipse a > b, it follows that the ellipse having the equation 
x7/16 + y?/25 = 1 has its foci on the y axis. This ellipse has the same shape 
as the ellipse of Example 1 in Sec. 12.3. The vertices are at (0,—5) and (0,5), 
and the foci are at (0, —3) and (0, 3), and their corresponding directrices 
have the equations y = —¥# and y = 3, respectively. 

If the center of an ellipse is at the point (h, k) rather than at the origin, 
and if the principal axis is parallel to one of the coordinate axes, then by 
a translation of axes so that the point (h, k) is the new origin, an equation 
of the ellipse is 3?/2? + y?/D? — 1 if the principal axis is horizontal, and 
Va? + x*/b*>=1 if the principal axis is vertical. Because x= x — h and 
y = y — k, these equations become the following in x and y: 


Gah)? (y-k 
2 + p E 


a 1 (2) 


if the principal axis is horizontal, and 


mE 2 — 2 
wat, e ug is 


a 
if the principal axis is vertical. 


In Sec. 1.6 we discussed the general equation of the second degree in 
two variables: 


Ax + Bxy + Cy! + Dx + Ey c F=0 (4) 


where B = 0 and A = C. In such a case, the graph of (4) is either a circle 
or a degenerate case of a circle, which is either a point-circle or no real 
locus. If we eliminate the fractions and combine terms in Eqs. (2) and (3), 
we obtain an equation of the form 


Ax + Cy + Dx + Ey + F=0 (5) 


where A # C if a # b and AC > 0. It can be shown by completing the 
squares in x and y that an equation of the form (5) can be put in the form 


Gh. Que. 
qoc eere 


A C 


G (6) 


If AC > 0, then A and C have the same sign. If G has the same sign 
as A and C, then Eq. (6) can be written in the form of (2) or (3). Thus, the 
graph of (5) is an ellipse. Suppose, for example, that we have the equation 


6x? + 9y? — 24x — 54y + 51 = 0 


which can be written as 
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6(x* — 4x) + 9(y? — 6y) =—51 
Completing the squares in x and y, we get 
6(x? — Ax + 4) + 9(y? — 6y + 9) =—51 + 24+ 81 
or, equivalently, 
6(x — 2)? + 9(y — 3)? —54 
which can be put in the form 
(x= 2)", (-3*. 


6 9 


54 


This is an equation of the form of Eq. (6). By dividing on both sides by 
54 we have 


(x=-2)} (y-3F_ 
kee a wiles 
which has the form of Eq. (2). 
If in Eq. (6) G has a sign opposite to that of A and C, then (6) is not 
satisfied by any real values of x and y. Hence, the graph of (5) is no real 
locus. For example, suppose that Eq. (5) is 


6x? + 9y? — 24x — 54y + 115 = 0 


1 


Then, upon completing the squares in x and y, we get 
6(x —2)? -9(y —3)? ——115 + 24 + 81 
which can be written as 


= 2 = 2 
ERST 7) 


This is of the form of Eq. (6), where G — —10, A= 6, and C= 9. For all 
values of x and y the left side of Eq. (7) is nonnegative; hence, the graph 
of (7) is no real locus. 

If G= 0 in (6), then the equation is satisfied by only the point (h, k). 
Therefore, the graph of (5) is a single point, which we call a point-ellipse. 
In particular, because 


6x? + 9y? — 24x — 54y + 105 = 0 
can be written as 


x 2 = 2 
(x =) LU. 2 ~9 
$ $ 
its graph is the point (2, 3). For a point-ellipse or no real locus the graph 


is said to be degenerate. 
If A — C in (5), we have either a circle or a degenerate circle, as men- 


12.4.4 Theorem 


EXAMPLE 1: Determine the 
graph of the equation 25x? + 16y* 
+ 150x — 128y — 1119 = 0. | 
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tioned above. A circle is a limiting form of an ellipse. This can be shown 
by considering the formula relating a, b, and e for an ellipse: 


b= (1 — e) 


From this formula, it is seen that as e approaches zero, b? approaches a’. 
If b? = a?, Eqs. (2) and (3) become 


(x— h)? + (y — Kk)? = a? 


which is an equation of a circle having its center at (h, k) and radius a. 
We see that the results of Sec. 1.6 fora circle are the same as those obtained 
for Eq. (5) applied to an ellipse. 

The results of the above discussion are summarized in the following 
theorem. 


If in the general second-degree Eq. (4) B= 0 and AC > 0, then the graph 
is either an ellipse, a point-ellipse, or no real locus. In addition, if A= C, 
then the graph is either a circle, a point-circle, or no real locus. 


SOLUTION: From Theorem 12.4.1, because B— 0 and AC = (25)(16) = 
400 > 0, the graph is either an ellipse or is degenerate. Completing the 
squares in x and y, we have 


25(x? + 6x +9) + 16(y? — 8y + 16) = 1119 + 225 + 256 


; or 
25(x + 3)? + 16(y — 4)? = 1600 
i or 
(x+3} (y-4P_ 
6éà +o 1 (8) 


Equation (8) is of the form of Eq. (3), and so the graph is an ellipse having 


EXAMPLE 2: For the ellipse of 
Example 1, find the vertices, foci, 
directrices, eccentricity, and ex- 
tremities of the minor axis. Draw 
a sketch of the ellipse and show  , 
the foci and the directrices. 


its principal axis parallel to the y axis and its center at (—3, 4). 


center of the ellipse is at (—3, 4) and the principal axis is vertical, the 


_ vertices are at the points V'(—3, —6) and V(—3, 14). The extremities of the 
: minor axis are at the points B'(—11, 4) and B(5, 4). Because b= a V1 — e?, 


we have 


8=10V1—e 


_ and, solving for e, we get e = $. Consequently, ae = 6 and a/e = 57. There- 


fore, the foci are at the points F'(—3, —2) and F(—3, 10). The correspond- 
ing directrices have, respectively, the equations y= — and y= €. A 


: Sketch of the ellipse, the foci, and the directrices are in Fig. 12.4.1. 
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directrix 


(73,14) V 


Eee (5, 4) 


! 
| 
l 
(73,10)) 
| 
| 
| 
| 
i) 
I 
l 


directrix 


EXAMPLE 3: Find an equation of 


the ellipse for which the foci are 
at (—8, 2) and (4, 2) and the eccen- 
tricity is $. Draw a sketch of the 
ellipse. 


SOLUTION: The center of the ellipse which is halfway between the foci 
| is the point (—2, 2). The distance between the foci of any ellipse is 2ae, 
and the distance between (—8, 2) and (4, 2) is 12. Therefore, we have the 
` equation 2ae = 12. Replacing e by $, we get 2a(%) = 12, and so a= 9. Be- 


cause b = a V1 — e, we have 
b=9V1— (*-9vV1—$-3v5 


(72,2 + 3V5) 


Figure 12.4.2 


Figure 12.4.1 
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; The principal axis is parallel to the x axis; hence, an equation of the ellipse 
| is of the form of Eq. (2). Because (h, k) = (—2, 2), a = 9, and b = 3 V5, the 
required equation is 


(x42)? | (y—2)? | 
| 81 45 


1 


A sketch of this ellipse is shown in Fig. 12.4.2. 


12.4.2 Theorem 


We conclude this section with a theorem that gives an alternative 
definition of an ellipse. The theorem is based on a characteristic property 
of the ellipse. 


An ellipse can be defined as the set of points such that the sum of the 
distances from any point of the set to two given points (the foci) is a 
constant. 


rPROor: The proof consists of two parts. In the first part we show that 
the set of points defined in the theorem is an ellipse. In the second part 
we prove that any ellipse is such a set of points. Refer to Fig. 12.4.3 in 
both parts of the proof. 


Figure 12.4.3 


Let the point P,(x,, yı) be any point in the given set. Let the foci be 
the points F'(—ae, 0) and F(ae, 0), and let the constant sum of the dis- 
tances be 2a. Then 


|FP,| + |F'P,| = 2a 
Using the distance formula, we get 

V (x; — ae)? + yy? + V(x, + ae)? + y? = 2a 
or 


V (xy — ae)? + y? = 2a— V(x, + ae)? + y’? 


Squaring on both sides of the above equation, we obtain 
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xy! — 2aex, + ate? + y? = 4a* — Aa V (x, + ae)? + y? 
+ x? + 2aex, + ae* + y? 

or 

V(x, + ae)? + y? = at ex, 
Squaring on both sides again, we get 

xX? + 2aex, + a?e? + y? = a?  2aex, + ex? 
or 

(1 — e)x? + y?-— a?(1— e) 
or 

x y? 


@ a*(1— e”) E 


Because b? = g? (1 — e”), and replacing x, and y, by x and y, respectively, 
we obtain 


x2 y 
ate} 


which is the required form of an equation of an ellipse. 

Now consider the ellipse in Fig. 12.4.3; Pi(x,, yı) is any point on the 
ellipse. Through P, draw a line that is parallel to the x axis and that inter- 
sects the directrices d and 4' at the points Q and R, respectively. From 
Definition 12.1.1 it follows that 


[FP,| =e|RP,| and |FP,| = e|P,Q| 
Therefore, 

|F'P,| + |FP,| = e(|RP,| + |P,Q1) (9) 
RP, and P,Q are both positive because an ellipse lies between its direc- 


trices. Hence, 


— M a 2 
IRPI + PQ] = RP, + PQ = RQ=4— (-2) = 22 (10) 


Substituting from (10) into (9), we get 
[F'P,| + |FP,| = 2a 


which proves that an ellipse is a set of points as described in the 
theorem. a 


The ellipse of Example 1 has foci at (—3,—2) and (—3, 10), and 2a = 20. 
Therefore, by Theorem 12.4.2 this ellipse can be defined as the set of 
points such that the sum of the distances from any point of the set to 
the points (—3, —2) and (—3, 10) is equal to 20. Similarly, the ellipse of 
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Example 3 can be defined as the set of points such that the sum of the 
distances from any point of the set to the points (—8, 2) and (4, 2) is 
equal to 18. 


Exercises 12.4 


In Exercises 1 through 6, find the eccentricity, center, foci, and directrices of each of the given ellipses and draw a sketch 
of the graph. 


1. 
4. 


6x? + 9y? — 24x — 54y + 51 = 0 2. 9x* + 4y? — 18x + 16y — 11-0 3. 5x? + 3y? — 3y — 12 =0 
2x? + 2y? — 2x + 18y + 33 — 0 5. 4x? + Ay? + 20x — 32y + 89 = 0 6. 3x? + Ay? — 30x + 16y + 100 = 0 


In Exercises 7 through 12, find an equation of the ellipse satisfying the given conditions and draw a sketch of the graph. 


7. 
. Vertices at (0, 5) and (0, —5) and passing through the point (2, —$v5). 


14. 


15. 
16. 


17. 


Foci at (5, 0) and (—5, 0); one directrix is the line x = —20. 


. Center at (4, —2), a vertex at (9, —2), and one focus at (0, —2). 

. Foci at (2, 3) and (2, —7) and eccentricity of 4. 

. Foci at (—1, —1) and (—1, 7) and the semimajor axis of length 8 units. 

. Directrices the lines y = 3 + Jf? and a focus at (0, —2). 

. The following graphical method for sketching the graph of an ellipse is based on Theorem 12.4.2. To draw a sketch of 


the graph of the ellipse 4x? + y? = 16, first locate the points of intersection with the axes and then locate the foci on 
the y axis by use of compasses set with center at one point of intersection with the x axis and with radius of 4. Then 
fasten thumbtacks at each focus and tie one end of a string at one thumbtack and the other end of the string at the 
second thumbtack in such a way that the length of the string between the tacks is 2a = 8. Place a pencil against the 
string, drawing it taut, and describe a curve with the point of the pencil by moving it against the taut string. When 
the curve is completed, it will necessarily be an ellipse, because the pencil point describes a locus of points whose sum 
of distances from the two tacks is a constant. 


Use Theorem 12.4.2 to find an equation of the ellipse for which the sum of the distances from any point on the ellipse 
to (4, —1) and (4, 7) is equal to 12. 

Solve Exercise 14 if the sum of the distances from (—4, —5) and (6, —5) is equal to 16. 

A plate is in the shape of the region bounded by the ellipse having a semimajor axis of length 3 ft and a semiminor 


axis of length 2 ft. If the plate is lowered vertically in a tank of water until the minor axis lies in the surface of the water, 
find the force due to liquid pressure on one side of the submerged portion of the plate. 


If the plate of Exercise 16 is lowered until the center is 3 ft below the surface of the water, find the force due to liquid 
pressure on one side of the plate. The minor axis is still horizontal. 


12.5 THE HYPERBOLA In Sec. 12.3 we learned that an equation of a hyperbola having its center 
at the origin and its principal axis on the x axis is of the form x?/a? 
— y?/b? = 1. Interchanging x and y in this equation, we obtain 


aac (1) 
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12.5.1 Definition 


which is an equation of a hyperbola having its center at the origin and 
its principal axis on the y axis. For example, the hyperbola with an equa- 
tion y?/9 — x?/16 = 1 has its foci on the y axis because the equation is of 
the form (1). Note that there is no general inequality involving a and b 
corresponding to the inequality a > b for an ellipse. That is, for a hy- 
perbola, it is possible to have a « b, as in the example just mentioned, 
where a = 3 and b = 4; or it is possible to have a > b, as for the hyperbola 
having the equation y?/25 — x7/16 = 1, where a = 5 and b = 4. If, for a hy- 
perbola, a — b, then the hyperbola is said to be equilateral. 

We stated in Sec. 12.2 that a hyperbola has asymptotes, and we now 
show how to obtain equations of these asymptotes. In Sec. 2.9 horizontal 
and vertical asymptotes of the graph of a function were defined. What 
follows is a more general definition, of which the definitions in Sec. 2.9 
are special cases. 


The graph of the equation y = f(x) has the line y = mx + b as an asymp- 
tote if either of the following statements is true: 


(i) lim Lf(x) — (mx + b)]) =0 
(ii) lim [ f(x) — (mx + b)] =0 


Statement (i) indicates that for any e > 0 there exists a number N > 0 
such that 


| f(x) — (mx + b) «e whenever x > N 


that is, we can make the function value f(x) as close to the value of mx + b 
as we please by taking x large enough. This is consistent with our intui- 
tive notion of an asymptote of a graph. A similar statement may be made 
for part (ii) of Definition 12.5.1. 

For the hyperbola x?/a? — y?/b? = 1, upon solving for y, we get 


So if 
fo) =Ë vag 
we have 


lim [o -2 x] = lim E va Z| 
Ho a xr-to |4 a 
b im (Vx? — @ — x)( Vxi — a? +x) 
a z-» vx +8@ +x 
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N 
ETAN 


Figure 12.5.1 
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—g 
Soim umm s 
A z.o VX — a +X 
=0 


Therefore, by Definition 12.5.1, we conclude that the line y = bx/a is an 
asymptote of the graph of y = bVx* — a/a. Similarly, it can be shown 
that the line y = bx/a is an asymptote of the graph of y = —b Vx? — a?/a. 
Consequently, the line y = bx/a is an asymptote of the hyperbola x?/a? 
— y’/b? — 1. In an analogous manner, we can demonstrate that the line 
y — —bx/a is an asymptote of this same hyperbola. We have, then, the 
following theorem. 


The lines 
exp zať 
y=3* and y= aX 


are asymptotes of the hyperbola 


gov 
E RE 

Figure 12.5.1 shows a sketch of the hyperbola of Theorem 12.5.2 to- 
gether with its asymptotes. In the figure note that the diagonals of the 
rectangle having vertices at (a, b), (a, —b), (—a, b), and (~a, —b) are on the 
asymptotes of the hyperbola. This rectangle is called the auxiliary rec- 
tangle of the hyperbola. The vertices of the hyperbola are the points of 
intersection of the principal axis and the auxiliary rectangle. A fairly good 
sketch of a hyperbola can be made by first drawing the auxiliary rectangle 
and then drawing the branch of the hyperbola through each vertex tan- 
gent to the side of the auxiliary rectangle there and approaching asymp- 
totically the lines on which the diagonals of the rectangle lie. 

There is a mnemonic device for obtaining equations of the asymp- 
totes of a hyperbola. For example, for the hyperbola having the equation 
x*[a? — y*/b? = 1, if the right side is replaced by zero, we obtain x?/a? 
— y?/b? = 0. Upon factoring, this equation becomes (x/a — y/b) (x/a + y/b) = 
0, which is equivalent to the two equations x/a — y/b = 0 and x/a + y/b — 0, 
which, by Theorem 12.5.2, are equations of the asymptotes of the given 
hyperbola. Using this device for the hyperbola having Eq. (1), we see 
that the asymptotes are the lines having equations y/a — x/b — 0 and 
y/a + x/b — 0, which are the same lines as the asymptotes of the hyper- 
bola with the equation x?/b? — y?/g? = 1. These two hyperbolas are called 
conjugate hyperbolas. 

The asymptotes of an equilateral hyperbola (a — b) are perpendicular 
to each other. The auxiliary rectangle for such a hyperbola is a square, 
and the transverse and conjugate axes have equal lengths. 
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If the center of a hyperbola is at (h, k) and its principal axis is parallel 
to the x axis, then if the axes are translated so that the point (h, k) is the 
new origin, an equation of the hyperbola relative to this new coordinate 
system is 

x? 12 

s pel 


If we replace X by x — h and y by y — k, this equation becomes 


— h)? — ky? 
Gam Ww 5 


Similarly, an equation of a hyperbola having its center at (h, k) and 


its principal axis parallel to the y axis is 


— k)? — hy? 
ie al m 


EXAMPLE 1: The vertices of a 
hyperbola are at (—5, —3) and 
(—5, —1), and the eccentricity is 
V5. Find an equation of the 
hyperbola and equations of the 
asymptotes. Draw a sketch of the 
hyperbola and the asymptotes. 


SOLUTION: The distance between the vertices is 2a, and so a = 1. For a 
hyperbola, b — a Ve? —1, and therefore b=1V5—1=2. Because the 
principal axis is parallel to the y axis, an equation of the hyperbola is of 
the form (3). The center (h, k) is halfway between the vertices and is there- 
fore at the point (—5, —2). We have, then, as an equation of the hyperbola 


(y +2) (x+5)? _ 


1 4 ! 


Using the mnemonic device to obtain equations of the asymptotes, 
we have 


(4-2) +B )-0 


1 2 1 2 
which gives 
y+2=2(x+5) and y+2=—2(x+5) 
A sketch of the hyperbola and the asymptotes are in Fig. 12.5.2. 


Figure 12.5.2 
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If in Eqs. (2) and (3) we eliminate fractions and combine terms, the 
resulting equations are of the form 

Ax + Cy? + Dx + Ey + F=0 (4) 


where A and C have different signs; that is, AC < 0. We now wish to 
show that the graph of an equation of the form (4), where AC < 0, is 
either a hyperbola or it degenerates. Completing the squares in x and y 
in Eq. (4), where AC < 0, the resulting equation has the form 


a(x — h)? — P(y- k)? =H (5) 
If H > 0, Eq. (5) can be written as 
(x—h). Yak? _ 


————-1 


H H 
o? pg 
which has the form of Eq. (2). For example, the equation 
4x? — 12s? + 24x + 96y — 181 —0 
can be written as 
4(x! + 6x) — 12( — 8y) = 181 
and upon completing the squares in x and y, we have 
4(x? + 6x +9) — 12(y? — 8y + 16) = 181 + 36 — 192 
which is equivalent to 
4(x 3)? — 12(y — 4)? — 25 
This has the form of Eq. (5), where H = 25 > 0. It may be written as 


(x+3)?_ (y—4)?_ 
ap H 
which has the form of Eq. (2). 
If in Eq. (5), H < 0, then (5) may be written as 
G@=)F E hy, 
“a 
B 


o? 


1 


which has the form of Eq. (3). For instance, suppose that Eq. (4) is 
Ax? — 12y? + 24x + 96y — 131=0 
Upon completing the squares in x and y, we get 
4(x + 3)? — 12(y — 4)? =—25 
This has the form of Eq. (5), where H = —25 < 0, and it may be written as 
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12.5.3 Theorem 


(y—-4)} (x+3}_ 
cup a d 


which has the form of Eq. (3). 
If H — 0 in Eq. (5), then (5) is equivalent to the two equations 


a(x—h) — B(y—k) 20 and a(x—h)+B(y—k) =0 


which are equations of two straight lines through the point (h, k). This is 
the degenerate case of the hyperbola. 

The following theorem summarizes the results of the above 
discussion. 


If in the general second-degree equation 
Ax + Bry + Cy? + Dx + Ey t F=0 


B — 0 and AC < 0, then the graph is either a hyperbola or two intersecting 
straight lines. 


EXAMPLE 2: Determine the 
graph of the equation 


9x? — 4y? — 18x — 16y + 29=0 


SOLUTION: From Theorem 12.5.3, because B=0 and AC = (9)(-4) = 
—36 « 0, the graph is either a hyperbola or two intersecting straight 
lines. Completing the squares in x and y, we get 


9(x? — 2x +1) — 4(y? + Ay + 4) — —29 +9 — 16 


or 
9(x — 1)? — 4(y + 2)? = —36 
or 


+2)? _ (x-1)? 
yaar e- is 


Equation (6) has the form of Eq. (3), and so the graph is a hyperbola whose 
principal axis is parallel to the y axis and whose center is at (1, —2). 


EXAMPLE 3: For the hyperbola 
of Example 2, find the eccen- 
tricity, the vertices, the foci, and 
the directrices, Draw a sketch of 
the hyperbola and show the foci 
and the directrices. 


SOLUTION: From Eq. (6) we see that a=3 and b=2. Fora hyperbola, 
b— ave? —1; thus, 
223V8—1 


and solving for e, we obtain e = $V13. Because the center is at (1, —2), the 
principal axis is vertical, and a — 3, it follows that the vertices are at the 
points V'(1, —5) and V(1, 1). Because ae — V13, the foci are at the points 
F' (1, 2 — V13) and F(1, —2 + V13). Furthermore, a/e = $& V13; hence, 
the directrix corresponding to the focus at F' has as an equation y — —2 
— £s V13, and the directrix corresponding to the focus at F has as an equa- 
tion y — —2 + $ V13. Figure 12.5.3 shows a sketch of the hyperbola and 
the foci and directrices. 
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Figure 12.5.3 


12.5.4 Theorem 


y 
^ 


Pin, yı) 


F'(—ae, 0) 


Figure 12.5.4 


| —X 
V F(ae, 0) 


Just as Theorem 12.4.2 gives an alternate definition of an ellipse, 
the following theorem gives an alternate definition of a hyperbola. 


A hyperbola can be defined as the set of points such that the absolute 
value of the difference of the distances from any point of the set to two 
given points (the foci) is a constant. 


The proof of this theorem is similar to the proof of Theorem 12.4.2 
and is left for the reader (see Exercises 13 and 14). In the proof, take the 
foci at the points F’(-ae, 0) and F(ae, 0), and let the constant absolute 
value of the difference of the distances be 2a. See Fig. 12.5.4. 

Because the hyperbola of Example 2 has foci at (1, —2 — V13) and 
(1, —2 + V13) and 2a — 6, it follows from Theorem 12.5.4 that this hy- 
perbola can be defined as the set of points such that the absolute value 
of the difference of the distances from any point of the set to the points 
(1, —2 — V13) and (1, —2 + V13) is 6. 

The graph of the general second-degree equation 


Ax? + Bxy + Cy? + Dx + Ey -F—0 (7) 


where B= 0 and AC > 0, was discussed in Sec. 12.4. In this section we 
have so far considered the equation when B — 0 and AC « 0. Now if for 
Eq. (7), B=0 and AC = 0, then either A = 0 or C= 0 (we do not consider 
A — B — C — 0 because then Eq. (7) would not be a quadratic equation). 
Suppose that in Eq. (7), B — 0, A= 0, and C # 0. The equation becomes 


Cy? + Dx + Ey - F=0 (8) 
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12.5.5 Theorem 


12.5.6 Theorem 


Exercises 12.5 


If D ¥ 0, (8) is an equation of a parabola. If D = 0, then the graph of (8) 
may be two parallel lines, one line, or no real locus. For example, 4y? 
— 9 — 0 is an equation of two parallel lines; 9y? + 6y + 1 = 0 is an equa- 
tion of one line; and 2y + y+ 1 — 0 is satisfied by no real values of y. 
These are the degenerate cases of the parabola. A similar discussion 
holds if B — 0, C — 0, and A # 0. The results are summarized in the fol- 
lowing theorem. 


If in the general second-degree Eq. (7), B= 0 and either A = 0 and C = 0 
or C — 0 and A # 0, then the graph is one of the following: a parabola, 
two parallel lines, one line, or no real locus. 


From Theorems 12.4.1, 12.5.3, and 12.5.5, it may be concluded that 
the graph of the general quadratic equation in two unknowns when 
B — 0 is either a conic or a degenerate conic. The type of conic can be 
determined from the product of A and C. We have the following theorem. 


The graph of the equation Ax? + Cy? + Dx + Ey + F — 0, where A and C 
are not both zero, is either a conic or a degenerate conic; if it is a conic, 
then the graph is 


(i) a parabola if either A= 0 or C — 0, that is, if AC = 0; 
(ii) an ellipse if A and C have the same sign, that is, if AC > 0; 
(iii) a hyperbola if A and C have opposite signs, that is, if AC < 0. 


A discussion of the graph of the general quadratic equation, where 
B ** 0, is given in Sec. 12.6. 


In Exercises 1 through 6, find the eccentricity, center, foci, directrices, and equations of the asymptotes of the given hy- 
perbolas and draw a sketch of the graph. 


1. 9x? — 18y? + 54x — 36y + 79 — 0 
4. 4x? — y? + 56x + 2y + 195 —0 


2. x — y + 6x+ 10y—4=0 8. 3y? — 4x2 — 8x — 24y — 40 =0 
5. 4y? — 9x? + 16y + 18x = 29 6. y! — à + 2y -2x 1-0 


In Exercises 7 through 12, find an equation of the hyperbola satisfying the given conditions and draw a sketch of the graph. 


7. 


One focus at (26, 0) and asymptotes the lines 12y = +5x. 

. Center at (3, —5), a vertex at (7, —5), and a focus at (8, —5). 

. Center at (—2, —1), a focus at (—2, 14), and a directrix the line 5y — —53. 

. Foci at (3, 6) and (8, 0) and passing through the point (5, 3 + 6/ V5). 

. One focus at (—3 — 3 V13, 1), asymptotes intersecting at (—3, 1), and one asymptote passing through the point (1,7). 
. Foci at (—1, 4) and (7, 4) and eccentricity of 3. 


13. 


14. 


15. 


16. 


17. 


18. 
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Prove that the set of points, such that the absolute value of the difference of the distances from any point of the set to 
two given points (the foci) is a constant, is a hyperbola. 


Prove that any hyperbola is a set of points such that the absolute value of the difference of the distances from any point 
of the set to two given points (the foci) is a constant. 


Use Theorem 12.5.4 to find an equation of the hyperbola for which the difference of the distances from any point on 
the hyperbola to (2, 1) and (2, 9) is equal to 4. 


Solve Exercise 15 if the difference of the distances from (—8, —4) and (2, —4) is equal to 6. 


Three listening posts are located at the points A(0, 0), B(0, 32), and C(4#, 0), the unit being 1 mile. Microphones lo- 
cated at these points show that a gun is $ mi closer to A than to C, and { mi closer to B than to A. Locate the position 
of the gun by use of Theorem 12.5.4. 


Prove that the eccentricity of an equilateral hyperbola is equal to V2. 


12.6 ROTATION OF AXES We have previously shown how a translation of coordinate axes can sim- 
plify the form of certain equations. A translation of axes gives a new co- 
ordinate system whose axes are parallel to the original axes. We now 
consider a rotation of coordinate axes. 

Suppose that we have two rectangular cartesian coordinate systems 
with the same origin. Let one system be the xy system and the other the 
Xy system. Suppose further that the x axis makes an angle of radian mea- 
sure a with the x axis. Then of course the jj axis makes an angle of radian 
measure «o with the y axis. In such a case, we state that the xy system of 
coordinates is rotated through an angle of radian measure o to form the 
Xy system of coordinates. A point P having coordinates (x, y) with re- 
spect to the original coordinate system will have coordinates (x, y) with 
respect to the new one. We now obtain relationships between these two 
sets of coordinates. To do this, we introduce two polar coordinate sys- 
tems, each system having the pole at the origin. In the first polar coordi- 
nate system the positive side of the x axis is taken as the polar axis; in the 
second polar coordinate system the positive side of the X axis is taken as 


the polar axis (see Fig. 12.6.1). Point P has two sets of polar coordinates, 
(r, 0) and (7, 0), where 


Figure 12.6.1 7=r and 06—0—a (1) 
The following equations hold: 
ž=řcosð and y=7sin 6 (2) 
Substituting from (1) into (2), we get 
X-—rcos(0— o) and y-rsin(0— o) (3) 


Using the trigonometric identities for the sine and cosine of the differ- 
ence of two numbers, Eqs. (3) become 


x= r cos 0 cos a + r sin 0 sina 
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and 
y =r sin 8 cos æ — r cos 9 sinc 
Because r cos 0 = x and r sin 0 = y, we obtain from the above two equations 
X-—xcosa- y sino (4) 
and 
y=-xsinat+ycosa (5) 


Solving Eqs. (4) and (5) simultaneously for x and y in terms of x and 
y, we obtain 


x=xXcosa—y sina (6) 
and 
y= sina +9 cosa (7) 


It is left for the reader to fill in the steps in going from (4) and (5) to 
(6) and (7) (see Exercise 1). 


EXAMPLE 1: Given the equation 
xy = 1, find an equation of the 
graph with respect to the x and y 
axes after a rotation of axes 
through an angle of radian 
measure 477. 


Figure 12.6.2 


SOLUTION: Taking a = i7 in Eqs. (6) and (7), we obtain 
1 


x——z 


z—-l.d and ~t;,1,; 
VEO NB UTD" ed 


Substituting these expressions for x and y in the equation xy = 1, we get 


(4, s 35) 1, 243,9 -1 
Na VAIA E NEST 
or, equivalently, 

Ay 


2 2 


This is an equation of an equilateral hyperbola whose asymptotes 
are the bisectors of the quadrants in the xy system. Hence, we conclude 
that the graph of the equation xy — 1 is an equilateral hyperbola lying in 
the first and third quadrants whose asymptotes are the x and y axes (see 
Fig. 12.6.2). 


In Sec. 12.5 we showed that when B — 0 and A and C are not both 
zero, the graph of the general second-degree equation in two unknowns, 


Ax? + Bxy + Cy? + Dx + Ey t F=0 (8) 
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is either a conic or a degenerate conic. We now show that if B # 0, then 
any equation of the form (8) can be transformed by a suitable rotation of 
axes into an equation of the form 

AX + C7? + Dx + Ey + F=0 (9) 
where A and C are not both zero. 

If the xy system is rotated through an angle of radian measure a, 
then to obtain an equation of the graph of (8) with respect to the xy sys- 
tem, we replace x by x cos « — y sin a and y by X sina + jj cos a. We get 

AX + Bzy + Ci? + Dx + Ey + F=0 (10) 
where 

A = A cos? a + B sin a cos a+ C sin? « 


B = —24A sin a cos a+ B(cos? a — sin? a) + 2C sin a cos a (11) 
C— A sin? a — B sin a cos a + cos? a 


We wish to find an a so that the rotation transforms Eq. (8) into an 
equation of the form (9). Setting B from (11) equal to zero, we have 


B(cos? a — sin? a) + (C — A) sin a cos a) = 0 
or, equivalently, with trigonometric identities, 

B cos 2a + (C — A) sin 2a=0 
Because B # 0, this gives 


cot 2a = A= © (12) 
B 

We have shown, then, that an equation of the form (8), where B # 0, 
can be transformed to an equation of the form (9) by a rotation of axes 
through an angle of radian measure a satisfying (12). We wish to show 
that A and C in (9) are not both zero. To prove this, notice that Eq. (10) 
is obtained from (8) by rotating the axes through the angle of radian 
measure a. Also, Eq. (8) can be obtained from (10) by rotating the axes 
back through the angle of radian measure (—a). If A and C in (10) are both 
zero, then the substitutions 


X—xcosoactysina and ğ=-—x sin a + y cos «æ 
in (10) would result in the equation 
D(x cos a + y sin a) + Ex sin a + y cos a) + F=0 


which is an equation of the first degree and hence different from (8) be- 
cause we have assumed that at least B # 0. The following theorem has, 
therefore, been proved. 
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12.6.1 Theorem 


12.6.2 Theorem 


EXAMPLE 2: Given the equation 
17x? — 12xy + 8y? — 80 = 0, sim- 
plify the equation by a rotation 
of axes. Draw a sketch of the 
graph of the equation showing 
both sets of axes. 


If B # 0, the equation Ax? + Bxy + Cy? + Dx + Ey + F=0 can be trans- 
formed into the equation Ax + Cy? + Dx + Ey + F=0, where A and C 
are not both zero, by a rotation of axes through an angle of radian mea- 
sure a for which cot 2a = (A — C)/B. 

By Theorems 12.6.1 and 12.5.6, it follows that the graph of an equa- 
tion of the form (8) is either a conic or a degenerate conic. To determine 
which type of conic is the graph of a particular equation, we use the fact 
that A, B, and C of Eq. (8) and A, B, and C of Eq. (10) satisfy the relation 


B? — 4AC = B? — 4AC (13) 


which can be proved by substituting the expressions for A, B, and C 
given in Eqs. (11) in the right side of (13). This is left for the reader (see 
Exercise 15). 

The expression B? — 4AC is called the discriminant of Eq. (8). Equation 
(13) states that the discriminant of the general quadratic equation in two 
variables is invariant under a rotation of axes. If the angle of rotation is 
chosen so that B = 0, then (13) becomes 


B? — 4AC = —4AC (14) 


From Theorem 12.5.6 it follows that if the graph of (9) is not degen- 
erate, then it is a parabola if AC = 0, an ellipse if AC > 0, and a hyperbola 
if AC « 0. So we conclude that the graph of (9) is a parabola, an ellipse, 
or a hyperbola depending on whether —4AC is zero, negative, or positive. 
Because the graph of (8) is the same as the graph of (9), it follows from 
(14) that if the graph of (8) is not degenerate, then it is a parabola, an 
ellipse, or a hyperbola depending on whether the discriminant B? — 4AC 
is zero, negative, or positive. We have proved the following theorem. 


The graph of the equation 
Ax + Bxy + Cy? + Dx + Ey+ F=0 
is either a conic or a degenerate conic. If it is a conic, then it is 


(i) a parabola if B? — 4AC = 0; 
(ii) an ellipse if B? — 4AC « 0; 
(iii) a hyperbola if B? — 4AC > 0. 


SOLUTION: B?—4AC = (—12)? — 4(17) (8) =—400 < 0. Therefore, by The- 
orem 12.6.2, the graph is an ellipse or else it is degenerate. To eliminate 
the xy term by a rotation of axes, we must choose an « such that 


_4-C_17-8__3 


There is a 2a in the interval (0, 7) for which cot 2a = —$. Therefore, a is 
in the interval (0, 7). To apply (6) and (7) it is not necessary to find a so 
long as we find cos « and sin o. These functions can be found from the 


M. 
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value of cot 2a by the trigonometric identities 


1+ cos 2a ; 1 — cos 2a 
cos «= y~z and sina= — 


Because cot 2a = —$ and 0 < a < £r, it follows that cos 2a = —?. So 


DES iR ee 
2 v5 
sin deat ie A. 
2 V5 


Substituting x = x/V5 — 24/V5 and y = 2x/ V5 + y/ V5 in the given equa- 
tion, we obtain 


28. 4v 72 x2 — 377 — 9772 72 Yy +72 
7(2 SES ng 3xy Y) tg (£ tyt) o=o 


and 


5 5 5 
Upon simplification, this equation becomes 
+ 47? = 16 
or, equivalently, 
Ë- 


So the graph is an ellipse whose major axis is 8 units long and whose 
minor axis is 4 units long. A sketch of the ellipse with both sets of axes 
Figure 12.6.3 is shown in Fig. 12.6.3. 


Exercises 12.6 


. 1. Derive Eqs. (6) and (7) of this section by solving Eqs. (4) and (5) for x and y in terms of x and jy. 


In Exercises 2 through 8, remove the xy term from the given equation by a rotation of axes. Draw a sketch of the graph 
and show both sets of axes. 


2. X + xy +y =3 8. 24xy — 7? + 36 = 0 4. Axy + 333 — 4 
9. xy —8 6. 5x! + 6xy + 5⁄2 — 9 7. 813? + 10 V3xy + 21y? = 144 
8. 6x2 + 20 V3xy + 26y? = 324 


In Exercises 9 through 14, simplify the given equation by a rotation and translation of axes. Draw a sketch of the graph 
and show the three sets of axes. 


9. P+ xyt+y’—3y—-6=0 10. x? — 10xy +y% +x+y+1=0 
11. 17x? — 12xy + 8y? — 68x + 24y — 12 = 0 12. 3x — 4xy + 8x—1=0 
13. 11x? — 24xy + 4y? + 30x + 40y — 45 = 0 14. 19x? + 6xy + 11y? — 26x + 38y + 31 =0 


15. Show that for the general second-degree equation in two variables, the discriminant B? — 4AC is invariant under a 
rotation of axes. 
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Review Exercises (Chapter 12) 
In Exercises 1 through 6, find a cartesian equation of the conic satisfying the given conditions and draw a sketch 
of the graph. 
1. Vertices at (1, 8) and (1,74); e = 3. 
2. Foci at (—5, 1) and (1, 1); one vertex at (—4, 1). 
3. Center at the origin; foci on the x axis; e — 2; containing the point (2, 3). 
4. Vertex at (4, 2); focus at (4, 3); e— 1. 
5. A focus at (—5,3); directrix: x = —3; e = & 
6. A focus at (4, —2); directrix: y = 2; e = 3. 
In Exercises 7 through 10, find a polar equation of the conic satisfying the given conditions and draw a sketch of the graph. 
7. A focus at the pole; vertices at (2, 7) and (4, 7). 
8. A focus at the pole; a vertex at (6, $7); e— 1. 
9. A focus at the pole; a vertex at (3, $7); e — 1. 
10. The line r sin 0 — 6 is the directrix corresponding to the focus at the pole and e — $. 


In Exercises 11 through 14, the equation is that of a conic having a focus at the pole. In each Exercise, (a) find the eccen- 
tricity; (b) identify the conic; (c) write an equation of the directrix which corresponds to the focus at the pole; (d) draw a 
Sketch of the curve. 


2 5 
More end I S Sand 
4 Lr 4 
13. r=3 73 COS 14. r=3 7 cos 0 


In Exercises 15 through 18, the equation is that of either an ellipse or a hyperbola. Find the eccentricity, center, foci, and 
directrices, and draw a sketch of the graph. If it is a hyperbola, also find equations of the asymptotes. 


15. 4x? + y? + 24x — 16y + 84 = 0 16. 333 — 24? + 6x — 8y + 11=0 
17. 25x? — y? + 50x + 6y —9—0 18. 4x? + 9y? + 32x — 18y + 37 =0 


In Exercises 19 and 20, simplify the given equation by a rotation and translation of axes. Draw a sketch of the graph and 
show the three sets of axes. 


19. 333 — 3xy — y? — 6y = 0 20. 4x2 + 3xy + y? — 6x + 12y = 0 


21. Find a polar equation of the parabola containing the point (2, $7), whose focus is at the pole and whose vertex is on 
the extension of the polar axis. 


22. If the distance between the two directrices of an ellipse is three times the distance between the foci, find the eccentricity. 


23. Find the volume of the solid of revolution generated if the region bounded by the hyperbola x?/a? — y?/b? = 1 and the 
line x = 2a is revolved about the y axis. 


24. Show that the hyperbola x? — y? = 4 has the same foci as the ellipse x? + 9y? = 9. 


25. A satellite is traveling around the earth in an elliptical orbit having the earth at one focus and an eccentricity of 3. The 
closest distance that the satellite gets to the earth is 300 mi. Find the farthest distance that the satellite gets from 
the earth. 


26. 


27. 


28. 


29. 


30. 
31. 


32. 
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The orbit of the planet Mercury around the sun is elliptical in shape with the sun at one focus, a semimajor axis of 
length 36 million miles and an eccentricity of 0.206. Find (a) how close Mercury gets to the sun and (b) the greatest 
possible distance between Mercury and the sun. 


A comet is moving in a parabolic orbit around the sun at the focus F of the parabola. An observation of the comet is 
made when it is at point P,, 15 million miles from the sun, and a second observation is made when it is at point P,, 
5 million miles from the sun. The line segments FP, and FP; are perpendicular. With this information there are two 
possible orbits for the comet. Find how close the comet comes to the sun for each orbit. 


The arch of a bridge is in the shape of a semiellipse having a horizontal span of 40 ft and a height of 16 ft at its center. 
How high is the arch 9 ft to the right or left of the center? 


Points A and B are 1000 ft apart and it is determined from the sound of an explosion heard at these points at different 
times that the location of the explosion is 600 ft closer to A than to B. Show that the location of the explosion is re- 
stricted to a particular curve and find an equation of it. 


Find the area of the region bounded by the two parabolas: r = 2/(1 — cos 0) and r= 2/(1 + cos 0). 


A focal chord of a conic is a line segment passing through a focus and having its endpoints on the conic. Prove that 
if two focal chords of a parabola are perpendicular, the sum of the reciprocals of the measures of their lengths is a 
constant. (HINT: Use polar coordinates.) 


A focal chord of a conic is divided into two segments by the focus. Prove that the sum of the reciprocals of the mea- 
sures of the lengths of the two segments is the same, regardless of what chord is taken. (HINT: Use polar coordinates.) 
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13.1 THE INDETERMINATE 


Indeterminate Forms, 
Improper Integrals, 
and Taylor's Formula 


Limit theorem 9 (2.5.9) states that if lim f(x) and lim g(x) both exist, ther 
V-a X-a 


lim f(x) 
lim IO. T __ 
z-a gt) lim g(x) 


provided that lim g(x) # 0. 


There are various situations for which this theorem cannot be used. 
In particular, if lim g(x) =0 and lim f(x) = k, where k is a constant not 
equal to 0, then Limit theorem 13 (2.8.5) can be applied. Consider the 
case when both lim f(x) =0 and lim g(x) =0. Some limits of this type 


have previously been considered. For example, 


Here, lim (x? — x — 12) = 0 and lim (x? — 3x — 4) = 0. However, the nu- 
4-4 1—4 
merator and denominator can be factored which gives 


x—x—12 , (x—4)(x+3) 
24 M e ET 


Because x x 4, the numerator and denominator can be divided by (x — 4), 
and we obtain 
x—x—12 x+3 


= —7 
imc a eS 


13.1.1 Definition 


13.1.2 Theorem 
L'Hópital's Rule 
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Another example of this case is lim (sin x/x), which equals 1 by The- 
r-0 


orem 9.2.1. 


If f and g are two functions such that lim f(x) = 0 and lim g(x) = 0, then 
the function f/g has the indeterminate form 0/0 at a. 


From Definition 13.1.1 it follows that (x? — x — 12)/ (x? — 3x — 4) has 
the indeterminate form 0/0 at 4; however, we saw above that 


Also, (sin x/x) has the indeterminate form 0/0 at 0, while lim (sin x/x) — 1. 
x0 


We now consider a general method for finding the limit, if it exists, 
of a function at a number where it has the indeterminate form 0/0. This 
method is attributed to the French mathematician Guillaume Frangois 
de L'Hópital (1661-1707), who wrote the first calculus textbook, pub- 
lished in 1696. It is known as L'Hópital's rule. 


Let f and g be functions which are differentiable on an open interval I, ex- 
cept possibly at the number a in I. Suppose that for all x # a in I, g'(x) 7 0. 
Then if lim f(x) = 0 and lim g(x) = 0, and if 

g-a X-a 


f'(x) 


imiy E 
it follows that 
lim —— feo. =L 
z-a (X) 


The theorem is valid if all the limits are right-hand limits or all the limits 
are left-hand limits. 


Before we prove Theorem 13.1.2, we illustrate the use of the theorem 
by some examples. 


EXAMPLE 1: 


Use L'Hópital's 


rule to show that 


eH xX 12 7 
MO XU —3x—4 5 


(a) lim 
and 


(b) lim 


sin sin x 


=1 


| SOLUTION: (a) Because lim (x? — x — 12) =0 and lim (x? — 3x — 4) =0, 
X:—4 r4 


we can apply L'Hópital's rule and obtain 
x—x—1 nm 2r— 1.7 

Im 2—3x—4 4142x—3 5 
(b) We can apply L'Hópital's rule because lim sin x = 0 and lim x = 0. 


r-0 r-0 
We have, then, 


.. Sin X ... COS X 
lim = lim —— = 


r-0 x r0 1 
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EXAMPLE 2: Find — SOLUTION: Because lim x — 0 and lim (1— e*) —0, L'Hópital's rule can 


b r-0 r-0 
lim = be applied, and we have 
x-0 1— 
" lim -lim d. - Ll 2-4 
if it exists. z-0l—e* ,4.,,—e* —1 
EXAMPLE 3: Find ^ | SOLUTION: | I mE g 5 


icd lim (17x tInx) -1-1*0—0 


lim 33; 490 
eat X — OX +. asd 
if it exists. lim (x? —3x +2) 21-3 4220 
x-1 
Therefore, applying L'Hópital's rule, we have 
| 1 
1—x-lnx , pe x 


lim 7 3:-2 img 3 
Now, because lim (—1 + 1/x) = 0 and lim (3x? — 3) = 0, we apply L'Hópi- 
r:-—1 xr 


tal’s rule again giving 


To prove Theorem 13.1.2 we need to use the theorem known as 
Cauchy's mean-value theorem, which extends to two functions the mean- 
value theorem (4.5.2) for a single function. This theorem is attributed to 
the French mathematician Augustin L. Cauchy (1789-1857). 


13.1.3 Theorem If f and g are two functions such that 
Cauchy’s Mean-Value Theorem i ! 
(i) f and g are continuous on the closed interval [a, b]; 


(ii) f and g are differentiable on the open interval (a, b); 
(iii) for all x in the open interval (a, b), g'(x) # 0 


then there exists a number z in the open interval (a, b) such that 


f(b) —f(a)  f'(z) 
g(b)— g(a) g'(z) 


PROOF: We first show that g(b) ¥ g(a). Assume g(b) = g(a). Because g satis- 
fies the two conditions in the hypothesis of the mean-value theorem (4.5.2), 
there is some number c in (a, b) such that g'(c) = [g(b) — g(a)]/(b — a). But 
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if g(b) = g(a), then there is some number c in (a, b) such that 2'(c) = 0. But 

condition (iii) of the hypothesis of this theorem states that for all x in (a, b), 

g'(x) # 0. Therefore, we have a contradiction. Hence, our assumption that 

g(b) = g(a) is false. So, g(b) ¥ g(a), and consequently 2(b) — g(a) # 0. 
Now let us consider the function h defined by 


h(x) = fx) = pla) - [LP D] tan — sc 
Then, 
pisc f(b) — f(a) 
h' (x) =f'(x) — Duas ' (x) (1) 


Therefore, h is differentiable on (a, b) because f and g are differentiable 
there, and h is continuous on [a, b] because f and g are continuous there. 


h(a) = fla) — fla) — Koenol [g(a) — g(a)]=0 


ho) = f(b) — fla) - [£55] t 781 = 


Hence, the three conditions of the hypothesis of Rolle’s theorem are 
satisfied by the function h. So there exists a number z in the open inter- 
val (a, b) such that h’(z) = 0. Thus, from (1) we have 


"pov TO He) sc 


Because 9’(z) # 0 on (a, b), we have from (2) 


f(b) —f(a) _ f'() 
g(b)— g(a) g'(z) 


where z is some number in (a, b). This proves the theorem. u 


We should note that if g is the function such that g(x) = x, then the 
conclusion of Cauchy's mean-value theorem becomes the conclusion of 
the former mean-value theorem because then g’(z) — 1. So the former 
mean-value theorem is a special case of Cauchy's mean-value theorem. 

A geometric interpretation of Cauchy's mean-value theorem is given 
in Sec. 15.4. It is postponed until then because parametric equations are 
needed. 


EXAMPLE 4: Given 
f(x) 232 + 3x-1 


and g(x) = x? — 4x + 2, find a 
number z in (0, 1) predicted by 
Theorem 13.1.3. 


SOLUTION: f'(x) — 6x +3 and g'(x) — 3x? — 4. Hence, f and g are differ- 
entiable and continuous everywhere, and for all x in (0, 1), g'(x) 40. 
Hence, by Theorem 13.1.3, there exists a z in (0, 1) such that 


f0)-f0. 6-3 


g(1)— g(0)  32—4 
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Substituting f(1) =5, g(1) =—1, f(0) — —1, and g(0) = 2, and solving 
for z, we have 


5—(-1)_ 6z+3 
—1—2 322—4 
627+ 6z—5-0 
„= 6+ V36 F120 
12 
_—6+2V39 
12 
| —8z V39 
6 
Only one of these numbers is in (0, 1), namely, z = $£(—3 + V39). 


We are now in a position to prove Theorem 13.1.2. We distinguish 
three cases: (i) x > at; (ii) x a7; (iii) x > a. 


PROOF OF (i) Because in the hypothesis it is not assumed that f and g 
are defined at a, we consider two new functions F and G for which 


F(x) = f(x) ifx Aa and F(a) =0 


G(x) = g(x) ifx#a and G(a)=0 e 


Let b be the right endpoint of the open interval I given in the hy- 
pothesis. Because f and g are both differentiable on I, except possibly at 
a, we conclude that F and G are both differentiable on the interval (a, x], 
where a < x < b. Therefore, F and G are both continuous on (a, x]. The 
functions F and G are also both continuous from the right at a because 
lim F(x) = lim f(x) 20— F(a), and lim G(x) = lim g(x) =0= G(a). 
Tat roar Laat -at 
Therefore, F and G are continuous on the closed interval [a, x]. So F and 
G satisfy the three conditions of the hypothesis of Cauchy's mean-value 


theorem (Theorem 13.1.3) on the interval [a, x]. Hence, 


F(x) —F(a) _ F(z) 
G(x)— G(a) G'(z) 


(4) 


where z is some number such that a « z « x. From (3) and (4) we have 


f(x) f'() 

g(x) g'(z) (5) 
Because a < z < x, it follows that as x — at, z — a‘; therefore, 

T a E HORN L. A 


zaag (X) eat g (z) 25a: 8 (Z) 


13.1.4 Theorem 
L'Hópital's Rule 
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But by hypothesis, the limit on the right side of (6) is L. Therefore, 


which proves case (i). a 


The proof of case (ii) is similar to the proof of case (i) and is left for 
the reader (see Exercise 28). The proof of case (iii) is based on the results 
of cases (i) and (ii) and is also left for the reader (see Exercise 29). 

L'Hópital's rule also holds if either x increases without bound or x 
decreases without bound, as given in the next theorem. 


Let f and g be functions which are differentiable for all x > N, where N 
is a positive constant, and suppose that for all x > N, g'(x) # 0. Then if 
lim f(x) — 0 and lim g(x) — 0 and if 

X+ 


0 


ee a ae 
En go) 
it follows that 


m 16%). — 
Pcie g(x) E 


The theorem is also valid if x — +’ is replaced by “x — —~.”” 


prRoor: We prove the theorem for x — +. The proof for x — —~ is left 
for the reader (see Exercise 30). 

For all x > N, let x= 1/t; then t= 1/x. Let F and G be the functions 
defined by F(t) = f(1/t) and G(t) = g(1/t), if t 0. Then f(x) = F(t) and 
g(x) = G(t), where x >N and 0 < t < 1/N. From Definitions 2.7.1 and 
2.6.1, it may be shown that the statements 

lim f(x) 2 M and lim F(t) - M 

qo t-0* 
have the same meaning. It is left for the reader to prove this (see Exer- 
cise 31). Because by hypothesis, lim f(x) =0 and lim g(x) — 0, we can 


qp PEST 

conclude that 
lim F(t)=0 and lim G(t) =0 (7) 
t--0+ t-0+ 


Considering the quotient F'(t)/G' (t), we have, using the chain rule, 


ro POLO ro 


————— FS — 


G' (t) -5g GN g () E26 
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EXAMPLE 5: Find 
a4 *] 
sin = 
: x 
lim 


tT" tan! (2) 
x 


if it exists. 


i 


Because by hypothesis lim f'(x)/g' (x) — L, it follows from the above 
44-00 
that 


lim = (8) 
Because for all x > N, g'(x) #0 
' 1 
G'(t) #0 forall 0 < t «a (9) 


From (7), (8), and (9), it follows from Theorem 13.1.2 that 


nE 
ee 
But because F(t)/G(t) = f(x)/g(x) for all x > N and t # 0, we have 
jm ey 
zm g(X) 
and so the theorem is proved. a 


Theorems 13.1.2 and 13.1.4 also hold if L is replaced by +, —«, or o. 
The proofs for these cases are omitted. 


| sovurioN: lim sin(1/x) =0 and lim tan"! (1/x) = 0. So applying L'Hó- 
Jata ra +o 


pital’s rule we get 


. 1 1 1 1 
SH dur" * x nd 
lim ————-— lim ——— = lim — 
sea) eC) tut 
x 1 x xc-1 
1+ x 
Because 
2 
lim cos 121 and lim = lim — 
qo x 4o X +1 roto 1 
i+ 


it follows that 


inea 
3-1 
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Exercises 131 


In Exercises 1 through 4, find all values of z in the given interval (a, b) satisfying the conclusion of Theorem 13.1.3 for the 
given pair of functions. 


2 1-2 
1. f(x) = x, g(x) = x; (a, b) = (0, 2) 2. f(x) iE g(x) = (a, b) = (0, 2) 
3. f(x) = sin x, g(x) = cos x; (a, b) = (0, 7) 4. f(x) = cos 2x, g(x) = sin x; (a, b) = (0, 37) 
In Exercises 5 through 24, evaluate the limit, if it exists. 
t 2 sin = 
5. lim 6. lim 22.3 — X 7. lim 
x-0 tan x ro X— Sin x r-to 1 
x 
; -1l in^! 
8. lim SI 7X 9. lim £ 10. lim S2 —* 
ze 2—X r-0* X z-0 x 
.. In(sin x) . e*—cosx "Edu 
HJ nm (7 — 2x)? 12: im x sin x Ex Dm 
see = 1 . 6—sin 6 . Pp—2^ 
sd Em sin? x m dm tan? 6 "m ni 1:2 
sin? t .. tanh 2x 2 (14 x)!5— (1— x)! 
Hn pus sin £? zu m tanh x i Hn (14 x)? — (1— x)" 
1 1 
3 2 tan"! = 
x. ru 2 
20. lim 5-19" 2i. hee 22. lim x 
"p x rm l— sinx gom 1 
x 
23. lim £955— cosh x 24. lim sinh x — sin x 
2-0 x ic sin? x 


25. An electrical circuit has a resistance of R ohms, an inductance of L henries, and an electromotive force of E volts, where 
R, L, and E are positive. If ] amperes is the current flowing in the circuit t sec after a switch is turned on, then 


= E — p-RUL 
I R (1—e ) 
For specific values of t, E, and L, find lim I. 


R-0* 


26. In a geometric progression, if a is the first term, r is the common ratio of two successive terms, and S is the sum of the 
first n terms, then if r # 1 


— 4a(r"—1) 


? r—1 


Find lim S. Is the result consistent with the sum of the first n terms if r = 1? 


r=1 

27. (a) Prove that lim (e^! */x") = 0 for any positive integer n. (b) If f(x) = e !**, use the result of (a) to prove that the limit 
of f and all of dis derivatives, as x approaches 0, is 0. 

28. Prove Theorem 13.1.2(ii). 

29. Prove Theorem 13.1.2(iii). 
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30. Prove Theorem 13.1.4 for x > —o. 


31. Suppose that f is a function defined for all x ^ N, where N is a positive constant. If t — 1/x and F(t) — f(1/t), where 
t » 0, prove that the statements lim f(x) — M and lim F(t) = M have the same meaning. 
t-0* 


FEET 


13.2 OTHER INDETERMINATE 
FORMS 


13.2.1 Theorem 
L'Hópital's Rule 


13.2.2 Theorem 
L'Hópital's Rule 


Suppose that we wish to determine if lim (sec? x/sec? 3x) exists. We 
r-mi2 


cannot apply the theorem involving the limit of a quotient because 


lim sec? x=+ and lim sec? 3x = +o. In this case we say that the func- 
r- i2 r-mi2 


tion defined by sec? x/sec? 3x has the indeterminate form (+/+) at 

=727. L'Hópitals rule also applies to an indeterminate form of this 
type as well as to (—%/—%) , (—%/+00) , (+%/—%œ), and (%/%). This is given 
by the following theorems, for which the proofs are omitted because they 
are beyond the scope of this book. 


Let f and g be functions which are differentiable on an open interval I, 

except possibly at the number a in I, and suppose that for all x # a in I, 

g' (x) #0. Then if lim f(x) = +œ, —o, or o, and lim g(x) = +%, —%, or 
-a r-a 


oo, and if 


tim LOO ) =L 


it follows that 
lim =L = 


The theorem is valid if all the limits are right-hand limits or if all the 
limits are left-hand limits. 


Let f and g be functions which are differentiable for all x > N, where N 
is a positive constant, and suppose that for all x > N, g'(x) # 0. Then if 
lim f(x) =+%,—%, or o, and lim g(x) =+%,—%, or %, and if 


=+ q-—4 0 
FG) 
lim =f 
Pact +0 8 g(x) ) 
it follows that 
f(x) 
li EE 
posed (63) 


The theorem is also valid if "x > +’ is replaced by “x > —%.” 


Theorems 13.2.1 and 13.2.2 also hold if L is replaced by +”, —œ, or 
oc, and the proofs for these cases are also omitted. 
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EXAMPLE 1: Find 


In x 

1 es 
xo* 1 
x 


if it exists. 


SOLUTION: Because lim In x — —« and lim (1/x) = +, we apply L'Hópi- 
x-0* xr-0+ 
tal’s rule and get 


1 
x ; 
lim —— = lim —— = lim (—x) = 
r-0* 1 per 1 pau ) 
x x? 


EXAMPLE 2: Find 


"E 
lim — 
roto € 


if it exists. 


sec? x 
zomg Sec? 3x 


lim 


if it exists. 


“SOLUTION: Because lim x? =+% and lim e?— +, by applying L'Hópi- 
40 q—4o 
tal's rule we obtain 


| x t. DK. 
| lim — — lim => 
qoo rato € 


Now because lim 2x=+ and lim e” = c, we apply L'Hópital's rule 
40 q—40 


again and get 


x 
lim == lim —-—0 
Loto € goto € 
| Therefore, 
| 
| x 
lim == 
rato € 


SOLUTION: lim sec? x=+ and lim sec? 3x = +. So by applying L’H6- 
| Er-Ti2 r-Ti2 
pital's rule we get 


! ' sec? x 2 sec? x tan x 
lim Fe Len ee ee 


2. SCC? 3x poe 6 sec? 3x tan 3x 

lim 2 sec? x tanx= and lim 6 sec? 3x tan 3x = o 

r-Ti2 r-Ti2 

It may be seen that further applications of L'Hópital's rule will not 
help us. However, the original quotient may be rewritten and we have 


. sec? x cos? 3x 
| lim za = lim ——;— 
rem Sec 3X vor COS x 


Now, because lim cos? 3x — 0 and lim cos? x — 0, we may apply 
r-mT7[2 r-Ti2 


; L'Hópital's rule giving 
cos 3x ,._  —6cos3xsin 3x 
im z = lim ——————— 

gong COS X 4» —2cosxsinx 


3(2 cos 3x sin 3x) 
zz» (2 cos x sin x) 


3 sin 6x 


| r-Ti2 sin 2x 
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Because lim 3 sin 6x — 0 and lim sin 2x — 0, we apply L’Hopital’s 


r-Ti2 r-Ti2 
rule again and we have 
3 sin 6x _ lim 18 cos 6x _ 18(—1) _ 9 
zomg SIN2X 7 ne 2cos2x 2(—1) 
Therefore, 
sec? x _ 


z-ni2 Sec? 3x 


The limit in Example 3 can be evaluated without L’Hopital’s rule by 
using Eqs. (11) in Sec. 9.1 and Theorem 9.2.1. This is left for the reader 
(see Exercise 25). 

In addition to 0/0 and -(9o/o»), other indeterminate forms are 0 : o, 
œ — co, 0°, 0 1*, and corresponding forms where © is replaced by either 
+œ or —9. These indeterminate forms are defined analogously to the 
other two. For example, if lim f(x) = and lim g(x) = 0, then the func- 


tion defined by f(x)?“ has the indeterminate form % at a. To find the limit 
of a function having one of these indeterminate forms, it must be changed 
to either the form 0/0 or +(%/%) before L'Hópital's rule can be applied. 
The following examples illustrate the method. 


EXAMPLE 4: Find 


lim sin™ x csc x 
x-0 


if it exists. 


SOLUTION: o, the function de- 


Because lim sin^! x — 0 and lim csc x= 
r-0 r-0 


fined by sin"! x csc x has the indeterminate form 0 - © at 0. Before we can 

apply L'Hópital's rule we rewrite sin"! x csc x as sin! x/sin x, and con- 

sider lim (sin^! x/sin x). Now lim sin^! x — 0 and lim sin x = 0, and so 
-0 


we have’ the indeterminate form 0/0. Therefore, we apply L'Hópital's rule 
and obtain 


1 
. sin lx vi—-x 1 
lim = —— = 1 
x-0 Sl z-o COS X 1 
EXAMPLE 5: Find SOLUTION: Because g x 
1 1 zs. x 1 
tm (= x? sec -) lim 3 oo and lm Z secx T” 


if it exists. 


we have the indeterminate form +% — (+). Rewriting the expression, 
we have 


lim G ss zi - 
zo \ x sec x 


lim (sec x — 1) — 0 and lim (x? sec x) — 0; so we apply L'Hópital's rule 
r-0 r0 


secx—1 
ro X? sec x. 


13.2 OTHER INDETERMINATE FORMS 637 


and obtain 


lim $8£3 — 1. lim sec x tan x 
z-o X secx z.o 2x sec x + xX sec x tan x 


m tan x 
z0 2x + x7 tan x 


lim tan x —0 and lim (2x t x! tan x) 2 0 
r-0 r0 


and so we apply the rule again and obtain 


lim tan x € sec? x 
| po 2x+ x tanx z.o 2+ 2x tan x+ x? sec? x 


1 


| Therefore, 


H 
2 


z0 (X x? secx/ 2 


If we have one of the indeterminate forms, 0°, °, or 1%, the proce- 
dure for evaluating the limit is illustrated in Example 6. 


EXAMPLE 6: Find | soLution: Because lim (x + 1) — 1 and lim cot x= &, we have the in- 


' r-0 r0 
lim (x + 1)ct# ; determinate form 1*. Let 
z:-0 i 
| y= (xt (1) 


if it exists. | 
| Then 


In y = cot x ln(x + 1) 


i or 
ere ln(x + 1) 
y tan x 
, So 
| lim In y = lim heti (2) 
| r-0 z-o tanx 
| 


Because lim ln(x + 1) =0 and lim tan x = 0, we may apply L'Hópi- 


r-0 r-0 
| tal's rule to the right side of (2) and obtain 


1 
lim meri Sime tsi 
x-0 tanx x-0 SEC” x 


| Therefore, substituting 1 on the right side of (2), we have 
lim In y=1 (3) 
r-0 


Because the natural logarithmic function is continuous on its entire 
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domain, which is the set of all positive numbers, we may apply Theorem 
2.12.5 and we have from (3) 


In lim y=1 
r-0 
Therefore, 
lim y — e! 
x-0 


But from (1), y = (x + 1)°*t*, and so we have 


lim (x +1)? =e 
x0 


Exercises 13.2 


In Exercises 1 through 24, evaluate the limit, if it exists. 


2 =: 
1. lim = 3. lim Psx) 3. lim RU ee) 
rato € 2. 5/?-In(tan x) z-1»- tan mx 
3 
4. 1 (in x) 5. lim x csc x 6. lim sin ! x csc x 
40 x 2-0 xr-0 
7. lim (d.- l ) 8. lim (sinh x)'^* 9. lim xine 
ra (nx x—1 z-0* rot 
10. lim (x+ e£)r 1L lim (à — VA- #42) 12. lim Gener i ) 
x20 o zo M cTx—6 x—2 
13. lim x"? 14. lim (1 + x)'^* 15. lim (e? + x)? 
Lato r-20* 3-0 
x2 
16. lim x"? 17. lim (1 + ax) "5 a #0 18. lim (1 + x) 
3.0* x-0 roto 2x 
19. lim (1 + sinh x)?* 20. lim (x — 2) tan izx 21. lim [ (cos x) e**?]*/7* 
r0 r2 r0 
22. lim (cos x)! 23. lim [(x$ + 3x5 + 4)" — x] 24. lim x?” 
x-0 4-0 r-0* 


25. Evaluate the limit in Example 3 without using L’Hopital’s rule, but by using Eqs. (11) in Sec. 9.1 and Theorem 9.2.1. 


(ut 1 


26. If lim (> 


40 


y — 9, find n. 


27. Suppose f(x) — Í e* V9t + 1 dt and g(x) = x"e**. If lim EG = 1, find n. 
1 


d ' (x) 


13.3 IMPROPER INTEGRALS In defining the definite integral f? f(x) dx, the function f was assumed to 
WITH INFINITE LIMITS be defined on the closed interval [a, b]. We now extend the definition of 
OF INTEGRATION the definite integral to consider an infinite interval of integration and 
call such an integral an improper integral. In Sec. 13.4 we discuss another 
kind of improper integral. 
Consider the problem of finding the area of the region bounded by 
the curve y = e~*, the x axis, the y axis, and the line x = b, where b > 0. 
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This region is shown in Fig. 13.3.1. Letting A square units be the area of 
this region, we have 


n 
A= lim ef Ax 
lll] -o £ 


Figure 13.3.1 


If we let b increase without bound, then 


b 
lim | e^* dx= lim (1— e) 


b-+0 JO b-+0 
or 
b 
lim | e*dx=1 (1) 
b-+0 JO 
Equation (1) states that if b > 0, for any e > 0 there exists an N > 0 
such that 


b 
f e* ax—1| «e whenever b > N 
0 


In place of (1) we write 


Í ee dx=1 


0 


We conclude from Eq. (1) that no matter how large a value we take 
for b, the area of the region shown in Fig. 13.3.1 will always be less than 
1 square unit. 


In general, we have the following definition. 
13.3.1 Definition If f is continuous for all x = a, then 
+o b 
í f(x) dx= lim f f(x) dx 
a b—- Ja 


if this limit exists. 


If the lower limit of integration is infinite, we have the following 
definition. 


13.3.2 Definition If f is continuous for all x < b, then 
b b 
Í f(x) dx= lim f f(x) dx 


if this limit exists. 
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13.3.3 Definition 


INDETERMINATE FORMS, IMPROPER INTEGRALS, AND TAYLOR'S FORMULA 


Finally, we have the case when both limits of integration are infinite. 
If f is continuous for all values of x, then 

f f(x) dx= lim fe) dx + lim f f(x) dx 
if these limits exist. 

In Definitions 13.3.1, 13.3.2, and 13.3.3, if the limits exist, we say 


that the improper integral is convergent. If the limits do not exist, we say 
that the improper integral is divergent. 


EXAMPLE 1: Evaluate 


[aaa 


if it converges. 


SOLUTION: 


f dx = li p dx 
-o (4— X39 quA Ja (4 — x)? 
2 


— lim Fea 
a-o 4— xja 
= lim G- 1 ) 
Q--—90 2 4—a 
=}-0 

=} 


EXAMPLE 2: 
exist: 


(a) E x dx 
d 


Evaluate if they 


an 


(b) lim x dx 


rato J—r 


SOLUTION: (a) Using Definition 13.3.3, we have 


+00 0 b 
Í x dx = lim x dx + lim x dx 


a-~-— Ja b—-o JO 


bs] 


= lim (—is?) + lim 4b? 


a~o b- +00 


b— 4o 


0 
— lim [e] + lim 


Because neither of these two limits exists, the improper integral diverges. 


rato J— 


(b) lim x dx— lim lel 
T T-4 0 =r 
= lim (4r? — 4r?) 
r=+0 


= lim 0 


rato 


=0 


Example 2 illustrates why we cannot use the limit in (b) as the defi- 
nition of an improper integral where both limits of integration are infi- 
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nite. That is, the improper integral in (a) is divergent, but the limit in 
(b) exists and is zero. 


EXAMPLE 3: Evaluate 


SOLUTION: 


MEE m ae + lim f. 
-æ X? + 6x 12 -o X? + 6x + 12 zr ere dos as 
if it converges. -— an foe ii "E E anc el 
pu oua ek 
ede M NE Ys 3) 
Hur (d. tan"! V3 V3 tan V3 
f 1 b+3 1 
1 ELS aui Mood AERE E: m ~1 
+ lim (2, tan! D — vq tan v3) 
Ene E P PRO E 33 ; EE d 
s [in (t Ag!) im ae 
eel my m 
xccl eri 
=e. 
v3 
EXAMPLE 4: Isit possible to | SOLUTION: The region is shown in, Fig. 13.3.2. Let L be the number we 


assign a finite number to repre- 
sent the measure of the area of 
the region bounded by the 
graphs of the equations y — 1/x, 
y70,and x21? 


Figure 13.3.2 


wish to assign to the measure of the area, if possible. Let A be the measure 


| of the area of the region bounded by the graphs of the equations y = 1/x, 


y —0,x-—1, and x — b where b > 1. Then 


— lim $is-[i = dx 


llall- n2 1 


So we shall let L = lim A if this limit exists. But 


bo +00 
1 : 9T 
lim A= lim = dx 
[E b-+0 J1 


— lim [In b — In 1] 


beo 
= +0 


Therefore, it is not possible to assign a finite number to represent the 
measure of the area of the region. 
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EXAMPLE 5: Is it possible to 
assign a finite number to repre- 
sent the measure of the volume 
of the solid formed by revolving 
the region in Example 4 about 
the x axis? 


Therefore, we assign 7 to represent the measure of the volume of the solid. 


SOLUTION: The element of volume is a circular disk having a thickness 
of Ax and a base radius of 1/£,. Let L be the number we wish to assign 
to the measure of the volume, and let V be the measure of the volume of 
the solid formed by revolving about the x axis the region bounded by 
the graphs of the equations y = 1/x, y = 0, x= 1, and x = b where b > 1. 
Then 


V= lim $ (4) a IE d 
Tm T I e Ro 


We shall let L = lim V, if the limit exists. 


beo 


b 
lim V= lim « f 
1x 


b= +0 bo 


1 b 
— lim |- i| 
bot X41 


; 1 ) 
=n lim (C141 
7 lim (-5 


=T 


zx eae —— ates 3 = es - " 
EXAMPLE 6: Determine if SOLUTION: 
| m b 
PET Í sin x dx = lim sin x dx 
sin x dx 0 b-+0 Jo 
0 
: b 
is convergent or divergent. = Hn [-cos x| 
=+% 0 
= lim (—cos b + 1) 
b—4o0 


For any integer n, as b takes on all values from n7 to 2n, cos b takes on 


all values from —1 to 1. Hence, lim cos b does not exist. Therefore, the 
b--+00 
improper integral is divergent. 


Exercises 13.3 


Example 6 illustrates the case for which an improper integral is 
divergent where the limit is not infinite. 


In Exercises 1 through 14, determine whether the improper integral is convergent or divergent. If it is convergent, evaluate it. 


e 1 
1. Í e * dx 2. | €* dx 
0 -a 


0 4 foc 
3. x 577 dx 4. Í 2-* dx 5. Í xe * dx 
—o 0 


T 
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6 [^ 2 7 i h xd 8 f 2 T? eral P 
— |x) — £2 
“J, vx-—1 . P ier: xax . Qe dx 9. E dx 10. a xe * dx 
+% dx +% dx +% +o 
1. . x(inx)? 12. jn 164 xi 13. I In x dx 14. f € * cos x dx 
15. Evaluate if they exist: (a) f* sin x dx; (b) lim J’, sin x dx. 
. Tata 


16. Prove that if f^, f(x) dx is convergent, then f; f(—x) dx is also convergent and has the same value. 


17. Show that the improper integral [57 x(1 + x?) ? dx is convergent and the improper integral [^2 x(1 + 3?)^! dx is 
divergent. 


18. Prove that the improper integral fj^ dx/x" is convergent if and only if n > 1. 


19. Determine if it is possible to assign a finite number to represent the measure of the area of the region bounded by 
the curve whose equation is y = 1/(e* + e^?) and the x axis. If a finite number can be assigned, find it. 


20. Determine if it is possible to assign a finite number to represent the measure of the area of the region bounded by 
the x axis, the line x — 2, and the curve whose equation is y — 1/(x? — 1). If a finite number can be assigned, find it. 


21. Determine if it is possible to assign a finite number to represent the measure of the volume of the solid formed by 
revolving about the x axis the region to the right of the line x — 1 and bounded by the curve whose equation is 
y = 1/x Vx and the x axis. If a finite number can be assigned, find it. 


22. Determine a value of n for which the improper integral 


J| GERA 
| \et+1 3x1 


is convergent and evaluate the integral for this value of n. 


23. Determine a value of n for which the improper integral 


DE n _—3x ) dx 
1 +1 2x+n 


is convergent and evaluate the integral for this value of n. 


Exercises 24, 25, and 26 show an interesting application of improper integrals in the field of economics. Suppose there is 
a continuous flow of income for which interest is compounded continuously at the annual rate of 100i percent and f(t) 
dollars is the income per year at any time f years. If the income continues indefinitely, the present value, V dollars, of all 
future income is defined by 


v= k f(t)e" dt 


24. A continuous flow of income is decreasing with time and at t years the number of dollars in the annual income is 
1000 : 27*. Find the present value of this income if it continues indefinitely using an interest rate of 8 percent com- 
pounded continuously. 


25. The continuous flow of profit for a company is increasing with time, and at t years the number of dollars in the profit 
per year is proportional to t. Show that the present value of the company is inversely proportional to i?, where 100i 
percent is the interest rate compounded continuously. 


26. The British Consol is a bond with no maturity (i.e., it never comes due), and it affords the holder an annual lump-sum 
payment. By finding the present value of a flow of payments of R dollars annually and using the current interest rate 
of 100i percent, compounded continuously, show that the fair selling price of a British Consol is R/i dollars. 
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13.4 OTHER IMPROPER 
INTEGRALS 


Figure 13.4.1 


13.4.1 Definition 


Figure 13.4.1 shows the region bounded by the curve whose equation is 
y = 1/ Vx, the x axis, the y axis, and the line x = 4. If it is possible to assign 
a finite number to represent the measure of the area of this region, it 
would be given by 


roi 
lim WE ore Aix 
dm. 2 VE 
If this limit exists it is the definite integral denoted by 
4 dx 


o VE (1) 


However, the integrand is discontinuous at the lower limit zero. Further- 


more, lim 1/ Vx = +, and so we state that the integrand has an infinite 
r—0* 


discontinuity at the lower limit. Such an integral is improper, and its 
existence can be determined from the following definition. 
If f is continuous at all x in the interval half open on the left (a, b], then 


[ie acm [rn 


if this limit exists. 


EXAMPLE 1: Determine if it is 
possible to assign a finite number 
to represent the measure of the 
area of the region shown in Fig. 
13.4.1. 


SOLUTION: From the discussion preceding Definition 13.4.1 the measure 
of the area of the given region will be the improper integral (1) if it exists. 
By Definition 13.4.1, we have 


* dt tim E 
0 Vx €—0* Je x 
4 
= lim 2e 
€-0* € 
= lim [4 — 2 Ve] 
€-0* 
=4-0 
=4 


Therefore, we assign 4 to the measure of the area of the given region. 


13.4.2 Definition 


If the integrand has an infinite discontinuity at the upper limit of 
integration, we use the following definition to determine the existence 
of the improper integral. 

If f is continuous at all x in the interval half open on the right [a, b), then 


[ie sem [rm 


if this limit exists. 


13.4.3 Definition 
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If there is an infinite discontinuity at an interior point of the inter- 
val of integration, the existence of the improper integral is determined 
from the following definition. 


If f is continuous at all x in the interval [a, b] except c when a < c < b, 
then 


b CE b 
i f(x) dx = lim Í f(x) dx + lim | f(x) dx 
a e-0+ Ja 6-0* Jets 
if these limits exist. 


If f? f(x) dx is an improper integral, it is convergent if the corre- 
sponding limit exists; otherwise, it is divergent. 


EXAMPLE 2: Evaluate 


lear 


if it is convergent. 


SOLUTION: The integrand has an infinite discontinuity at 1. Applying 
Definition 13.4.3, we have 


—€ 2 dx 
[wz (x — Gi lim | (x— Gi lim 1+8 (x— 1)? 
1—€ 2 
= lim |- zl + lim |- H | 
€-0* x —1l][o 5-0* x— Tiss 


eiim | E 1] + lim i +3] 
«0+ LE 5—0* ô 


Because neither of these limits exist, the improper integral is divergent. 


Suppose that in evaluating the integral in Example 2 we had failed 
to note the infinite discontinuity of the integrand at 1. We would have 
obtained 


LEA p Se E 
-ul- erm ? 


This is obviously an incorrect result because the integrand 1/(x — 1)? is 
never negative; hence, the integral from 0 to 2 could not possibly be a 
negative number. 


EXAMPLE 3: Evaluate 


[ime 
0 


if it is convergent. 


SOLUTION: 


The integrand has a discontinuity at the lower limit. Apply- 
ing Definition 13.4.1, we have 


1 
Í x ln x dx = lim 
0 


e= 0* 


1 
x In x dx 


1 
= lim E in x — zl 


e€-20* 


= lim [41n1—i—ie In e— £e?] 


€-20* 
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EXAMPLE 4; Evaluate 


j^ dx 
1 ayy = 


if it is convergent. 


Exercises 13.4 


| Hence, 
l 1 
f zmzdr=0-4-4limeIne—0 (2) 
0 €-0* 
To evaluate 
lim e In e= lim 2S 
€-0* e-0t 4 
e? 
we apply L'Hópital's rule because lim In e = —« and lim 1/e — --». We 
€-0* €-0* 
have 
1 
uc lne n EI secs El 
imf- imre im [-7]- c 
e e 


Therefore, from (2) we have 


[rinse 


0 


infinite discontinuity of the integrand at the lower limit. We proceed 
as follows. 


[^ Am [AE dim [A 
1 xVX—1 alJa X —1 Ja X = 1 


awit a b= +o 2 


2 b 

= lim | sec" x| + lim |sec" x| 

= lim (sec^! 2 — sec! a) + lim (sec! b — sec™ 2) 
ait boo 


= —lim sec! a+ lim sec! b 
a-1* b 0o 


In Exercises 1 through 20, determine whether the improper integral is convergent or divergent. If it is convergent, evaluate it. 


i dx 

"Je MICE 
4 ^ x dx 
“Jo V16 — xi 


mi2 
age 
o 1l-—sint 


mi2 
3. i sec x dx 


ni4 


x dx 
"A V= £ 
+? dx 


;»X 


2 dx 1 dx 
* [om * [2x 


ni2 
6. f tan 0 d0 
0 
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ns dx +o 1 dx 
10. ————— 11. In x dx 12. — 
[| wea i e ax 
E dt T x 2 dx 
* Tx 14. ————— 15. = 
13 -2 (f+1)%8 o V2x — x : 2g x? 
TED en NE 4 dt 2 x dx 
1 : ——— $ 
ui Age d Joss He aca 
2 1 
19. Í _ ax 20. Í ax | 
1xVx—-—1 o xV4— x 


21. Evaluate, if they exist: 


«e f S5 eum [7 2+ [2 


22. Show that it is possible to assign a finite number to represent the measure of the area of the region bounded by the 
curve whose equation is y — 1/ Vx, the line x — 1, and the x and y axes, but that it is not possible to assign a finite 
number to represent the measure of the volume of the solid of revolution generated if this region is revolved about 
the x axis. 


In Exercises 23 through 25, find the values of n for which the improper integral converges and evaluate the integral for 
these values of n. 


1 H 1 
23. Í x” dx 24. Í x” In x dx 25. Í x” In? x dx 
0 0 0 


13.5 TAYLOR'S FORMULA Values of polynomial functions can be found by performing a finite num- 
ber of additions and multiplications. However, there are other functions, 
such as the logarithmic, exponential, and trigonometric functions, that 
cannot be evaluated as easily. We show in this section that many func- 
tions can be approximated by polynomials and that the polynomial, in- 
stead of the original function, can be used for computations when the 
difference between the actual function value and the polynomial approxi- 
mation is sufficiently small. 

There are various methods of approximating a given function by 
polynomials. One of the most widely used is that involving Taylor's for- 
mula named in honor of the English mathematician Brook Taylor (1685- 
1731). The following theorem, which can be considered as a generaliza- 
tion of the mean-value theorem (4.5.2), gives us Taylor's formula. 


13.5.1 Theorem Let f be a function such that f and its first n derivatives are continuous 
on the closed interval [a, b]. Furthermore, let f **P(x) exist for all x in the 
open interval (a, b). Then there is a number £ in the open interval (a, b) 
such that 


EM o~a) E o ge 


(n1 
+w ep (b — a)" (1) 


f(b) = fla) += 
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Equation (1) also holds if b < a; in such a case, [a, b] is replaced by [b, a], 
and (a, b) is replaced by (b, a). 


Before proving this theorem, note that when n = 0, (1) becomes 


f(b) = fla)  f'(&) (b — a) 


where £ is between a and b. This is the mean-value theorem (4.5.2). 

There are several known proofs of Theorem 13.5.1, although none is 
very well motivated. The one following makes use of Cauchy's mean- 
value theorem (13.1.3). 


PROOF OF IHEORLM 13.51: Let F and G be two functions defined by 


(b- 3i- Lor (b-3* O 


F(x) = f(b) — f(x) - f' (x) (b — x) — 
x fe D(x) 
(n — 1)! 


and 


G(x) = 


b-x ntl 


(n+ 1)! (3) 
It follows that F(b) = 0 and G(b) = 0. Differentiating in (2), we get 
P(x) --f'G) * () - f'()0 — x) + OEY 
IU (x) (bx) 3/7 (x)(b— x)? Fa xy" 
21 as 3! 3! + 


4 a= Df px) _ f(x) (b — x)" 
did (n — 1)! 


n! n! 


Combining terms, we see that the sum of every odd-numbered term with 
the following even-numbered term is zero, and so only the last term re- 
mains. Therefore, 


(n1) 
P(x) e - E73 qu gy (4) 


Differentiating in (3), we obtain 
G(x) -—-1 o-a)” (5) 


Checking the hypothesis of Theorem 13.1.3, we see that 


(i) F and G are continuous on [a, b]; 
(ii) F and G are differentiable on (a, b); 
(iii) for all x in (a, b), G'(x) # 0. 
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So by the conclusion of Theorem 13.1.3 it follows that 
F(b) — F(a) _ F(E) 
G(b) —G(a) G'(£) 

where £ is in (a, b). But F(b) — 0 and G(b) = 0. So 


F(a) = GE G(a) (6) 


for some £ in (a, b). 
Letting x = a in (3), x = £ in (4), and x = é in (5) and substituting into 
(6), we obtain 


peg). d n! (b= a)! 
n o-e'l- utm] enr 
Or, Ho 
PN dub A) t 
Letting x = a in (2), we obtain 
F(a) = f(b) — fla) — f'a) (b — a) -E (p — ye 
(n-1) (n) 
“FE ger LE ay w 
Substituting from (7) into (8), we get 
f(b) = fla) + f'(a)(b— a) + (wa)? + 
: (n+1) 
+ pon (b—a)"+ a o (b= aye 


which is the desired result. The theorem holds if b < a because the con- 
clusion of Theorem 13.1.3 is unaffected if a and b are interchanged. a 


If in (1) b is replaced by x, Taylor’s formula is obtained. It is 


AH 


(x— a) +O | (x= a) s 


n+1) 
EC) D g- rS (x— a)" (9) 


f(x) = f(a) - 


where £ is between a and x. 

The condition under which (9) holds is that f and its first n deriva- 
tives must be continuous on a closed interval containing a and x, and the 
(n + 1)st derivative of f must exist at all points of the corresponding open 
interval. Formula (9) may be written as 


f(x) = Pa(x) + Ra(x) (10) 
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where 
Py(x) = fla) + (x—a) +) (x= a)? +> 
$ ie (x—-a) (1) 
and 
R,G) = EE) (e—a — where£isbetween a andx (12) 


(n 4- 1)! 


P,(x) is called the nth-degree Taylor polynomial of the function f at the 
number a, and R,(x) is called the remainder. The term R,(x) as given in 
(12) is called the Lagrange form of the remainder, named in honor of the 
French mathematician Joseph L. Lagrange (1736-1813). 


EXAMPLE 1: Find the third- 
degree Taylor polynomial of the 
cosine function at įr and the 
Lagrange form of the remainder. 


“SOLUTION: Letting f(x) = cos x, we have from (11) 


E OF +B (gh 
Because f(x) =cos x, f(t) =4$V2; f'(x)=—sin x, f'(àm) ^ —V2; 
f'' (x) =—cos x, f"! (km) 2 —4 V2; f" (x) = sin x, f'"' (m) =} V2. Therefore, 

P,(x) = 3 V2 —4V2(x — 4m) — à V2(x — a)? + ts V2(x — do)? 
Because f? (x) = cos x, we obtain from (12) 

R3(x) = vz(cos £) (x — ir)‘ where £ is between 17 and x 


Because [cos é| < 1, we may conclude that for all x, |R3(x)| < Z«(x — i7)*. 


Taylor's formula may be used to approximate a function by means of 
a Taylor polynomial. From (10) we obtain 


IRn(x)| = [f(x) — Pa(x)| (13) 


If P,(x) is used to approximate f(x), we can obtain an upper bound 
for the error of this approximation if we can find a number E > 0 such 
that |R,(x)| = E or, because of (13), such that |f(x) — P,(x)| < E or, 
equivalently, 


P,(x) — E < f(x) = Pa(x) FE 


EXAMPLE 2: Use the result of 
Example 1 to compute an approxi- 
mate value of cos 47? and de- 
termine the accuracy of the result. 


| SOLUTION: 47° — fyr radians. Thus, in the solution of Example 1, we 


take x = ye and x — ir = sy, and we have 

cos 47° = $V2[1 — sym — ilron)? + &(som)?] + Ra Go) 
where 

R, (4807) = z cos é (spem)? — With im < é < dom 
Because 0 < cos é < 1, 


0 < R3 (ym) < zi(so7)* < 0.00000004 
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Taking ssm ~ 0.034907, we obtain 
cos 47? = 0.68200 


which is accurate to five decimal places. 


EXAMPLE 3: Use a Taylor poly- 
nomial at zero to find the value 
of Ve, accurate to four decimal 
places. 


from which we obtain Ve ~ 1.64870. 


SOLUTION: If we let f(x) = = et, all the derivatives of f at x are e” and all 
the derivatives evaluated at zero are 1. Therefore, from (11) we have 


Pax) =14+xt+5454-- "EE 


and from (12) we get 


R,(x) = where £ is between 0 and x 


ë 
Gat ntl 
We want |R,(4)| to be less than 0.00005. If we take x= $ in the above 
and because e!? < 2, we get 
ROI < zie TET SG PT PG PD 
|R, (5) | will be less than 0.00005 if 1/2"(n + 1)! < 0.00005. When n — 5, 
EM: ER ERE UNUS 
2"(n +1)! (32)(720) 
So 
Ve ~ P,() — 1-- 3-5 ds + ste duo 


— 0.00004 « 0.00005 


13.5.2 Theorem 


A special case of Taylor's formula is obtained by taking a — 0 in (9) 
and we get 


EU ©) ro f(0) gg tS) yati 


(gai E n! (n+1)! 


x+ (14) 


f(x) = f(0) + —— 
where £ is between 0 and x. Formula (14) is called Maclaurin's formula, 
named in honor of the Scotch mathematician Colin Maclaurin (1698- 
1746). However, the formula was obtained earlier by Taylor and by an- 
other English mathematician, James Stirling (1692-1770). 

There are other forms of the remainder in Taylor's formula. Depend- 
ing on the function, one form of the remainder may be more desirable 
to use than another. The following theorem expresses the remainder as 
an integral, and it is known as Taylor's formula with integral form of the 
remainder. 


If f is a function whose first n + 1 derivatives are continuous on a closed 
interval containing a and x, then f(x) = P,(x) + R,(x), where P,(x) is 
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the nth-degree Taylor polynomial of f at a and R,(x) is the remainder 
given by 


&G = [^ e- one a (15) 


The proof of this theorem is left for the reader (see Exercise 22). 


Exercises 13.5 


In Exercises 1 through 10, find the Taylor polynomial of degree n with the Lagrange form of the remainder at the number 
a for the function defined by the given equation. 


1. f(x) = sin x a =ġm;n=3 2. f(x) = tan x, a =0;n=3 3. f(x) = sinh x;a = 0; n= 4 
4. f(x) = cosh x;a=0;n=4 5. f(x) =Inx;a=1;n=3 6. f(x) = Vx a=4;n=4 
7. f(x) = ln cos x; a= dm; n—3 8. f(x) =e; a=0;n=3 9. f(x) ^ (1+ x); a—0;n—3 


10. f(x) = (17 x) !5;a—0; n—53 
11. Compute the value of e correct to five decimal places, and prove that your answer has the required accuracy. 
12. Use the Taylor polynomial in Exercise 6 to compute V5 accurate to as many places as is justified when R, is neglected. 


13. Compute sin 31? accurate to three decimal places by using the Taylor polynomial in Exercise 1 at $7. (Use the approxi- 
mation 1áy7 ~ 0.0175.) 


14. Use a Taylor polynomial at 0 for the function defined by f(x) = In(1+ x) to compute the value of In 1.2, accurate to 
four decimal places. 


15. Use a Taylor polynomial at 0 for the function defined by 


f(x) = Ing 


to compute the value of In 1.2 accurate to four decimal places. Compare the computation with that of Exercise 14. 
16. Show that the formula 
(1+ x)? =1+ $x 
is accurate to three decimal places if —0.03 < x < 0. 
17. Show that the formula 
(1 x)? 2 1— ix 
is accurate to two decimal places if —0.1 = x <0. 
18. Show that if 0 <x <4, 


x3 


3 + R(x) 


sin xx-— 


where |R(x)| < sere. 
19. Use the result of Exercise 18 to find an approximate value of f}? sin x? dx and estimate the error. 


20. Draw sketches of the graphs of y= sin x and y = mx on the same set of axes. Note that if m is positive and close to 
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zero, then the graphs intersect at a point whose abscissa is close to m. By finding the second-degree Taylor polynomial 
at 7 for the function f defined by f(x) = sin x — mx, show that an approximate solution of the equation sin x = mx, 
when m is positive and close to zero, is given by x = m/(1 + m). 


21. Use the method described in Exercise 20 to find an approximate solution of the equation cot x — mx when m is posi- 
tive and close to zero. 


22. Prove Theorem 13.5.2. (HINT: Let 
[ro a- fo - fo 
Solve for f(x) and integrate 


[ro dt 


by parts by letting u = f'(t) and dv = dt. Repeat this process, and the desired result follows by mathematical induction.) 


Review Exercises (Chapter 13) 


In Exercises 1 through 14, evaluate the limit, if it exists. 


1. lim man a 2. lim ET = -5 ;) 3. lim (csc? x — x?) 
r0 r-mi2 r-0 
= lix 2t 
4. Tim ac 2 5 qi Be 6. lim xin itl 
3-0 x t-+0 t qo x—1 
IE du i In(In x) 
H in? tan x —— nani, a 
7. lim, (sin? x) 8. lim z 9. zm EEN 
= -1 H HA 
10: im £— tan x 11. lim eS 12. li (eS) 
xr-0 4x 0-—mjz SEC 0—1 r0 x 


tan x 
13. lim (e*— x)!" 14. lim G) 


qo r-0* 


In Exercises 15 through 24, determine whether the improper integral is convergent or divergent. If it is convergent, 


evaluate it. 


° dx +e dx d dx 

2s 2x -3 "n o Ve Hs is (x— 2)? 
^ xdx ux ‘dt 

18. DIEM e 19. | cot? 0 dé 20. Í 
o Vx—2 o 1 B+P 
Te dx lin x f dx 

: ———— —— ; => 23. 
2 s 4x? + Ax 4-5 2 o x E ox+x3 


9 dx 
s ls V3—2x— x? 


In Exercises 25 and 26, find the Taylor polynomial of degree n with the Lagrange form of the remainder at the number a 


for the function defined by the given equation. 


25. f(x) = cos x;a=0;n=6 


26. f(x) = (0-33) a=1;n=3 
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27. 


28. 


29. 


30. 


31. 
32. 


33. 
34. 


35. 


36. 


37. 


38. 


39. 
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Given: 


f(x) = -— ifx #0 
1 ifx=0 


(a) Prove that f is continuous at 0. (b) Prove that f is differentiable at 0 and find f'(0). 
For the function of Exercise 27, find, if they exist: (a) lim f(x); (b) lim f(x). 
qo 


ro 


(a) Is f continuous at 0? (b) Find lim f(x), if it exists. 


q—4 


If the normal line to the curve y = In x at the point (x,, In x,) intersects the x axis at the point having an abscissa of 


a, prove that lim (2 — x) —0. 
Ly + +e 


If the first four terms of the Taylor polynomial at 0 are used to approximate the value of Ve, how accurate is the result? 


Express both e"* and cos x as a Taylor polynomial of degree 4 at 0 and use them to evaluate 


Evaluate the limit in Exercise 32 by L'Hópital's rule. 

Apply Taylor's formula to express the polynomial 
P(x) = 4x? 4-5x* — 2x - 1 

as a polynomial in powers of (x + 2). 


Determine if it is possible to assign a finite number to represent the measure of the area of the region to the right of 
the y axis bounded by the curve 4y? — xy? — x? = 0 and its asymptote. If a finite number can be assigned, find it. 


Determine if it is possible to assign a finite number to represent the measure of the area of the region in the first quad- 
rant and below the curve having the equation y = e~*. If a finite number can be assigned, find it. 


Assuming a continuous flow of income for a particular business and that at t years from now the number of dollars 
in the income per year is given by 1000t — 300, what is the present value of all future income if 8% is the interest rate 
compounded continuously? (HINT: See the paragraph preceding Exercise 24 in Sec. 13.3.) 


+% 1 
Find the values of n for which the improper integral f a dx converges and evaluate the integral for those values of n. 
1 


(a) Prove that lim (x"/e") = 0, for n any positive integer. (b) Find lim (e "7/x"), where x > 0 and n is any positive 
qd 1-0 


integer, by letting x — 1/t and using the result of part (a). 


14.1 SEQUENCES 


14.1.1 Definition 


14 
Infinite Series 


You have undoubtedly encountered sequences of numbers in your pre- 
vious study of mathematics. For example, the numbers 5, 7, 9, 11, 13, 15 
define a sequence. This sequence is said to be finite because there is a 
first and last number. If the set of numbers which defines a sequence does 
not have both a first and last number, the sequence is said to be infinite. 
For example, the sequence defined by 


£54... (1) 
is infinite because the three dots with no number following indicate 
that there is no last number. We are concerned here with infinite se- 
quences, and when we use the word “sequence” it is understood that 


we are referring to an infinite sequence. We define a sequence as a par- 
ticular kind of function. 


A sequence is a function whose domain is the set of positive integers. 


The numbers in the range of the sequence, which are called the ele- 
ments of the sequence, are restricted to real numbers in this book. 

If the nth element is given by f(n), then the sequence is the set of 
ordered pairs of the form (n, f(n)), where n is a positive integer. In par- 
ticular, if f(n) = n/(2n +1), then 


fa =; fQo-i f9-* f(9-$ 
and so on. We see that the range of f consists of the elements of sequence 
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(1). Some of the ordered pairs in the sequence f are (1, 3), (2, 3), (3, 3), 
(4, $), and (5, &&). A sketch of the graph of this sequence is shown in 
Fig. 14.1.1. 


f(n) 
1 1) (22) ($3 G3) (5 & 
p (, 3) > a 2 S 
des 1 | l- l—À5n 
O 1 2 3 4 5 
Figure 14.1.1 


Usually the nth element f(n) of the sequence is stated when the ele- 
ments are listed in order. Thus, for the elements of sequence (1) we would 
write 


12 
35 


. n r SSA TAE 
2n +1 


34.. 
79 


Because the domain of every sequence is the same, we can use the 
notation {f(n)} to denote a sequence. So the sequence (1) can be denoted 
by {n/(2n + 1)). We also use the subscript notation {a„} to denote the 
sequence for which f(n) = a,. 

You should distinguish between the elements of a sequence and the 
sequence itself. For example, the sequence {1/n} has as its elements the 
reciprocals of the positive integers 


aa Oe ee a 


UFa E (2) 


The sequence for which 


1 if n is odd 
f| 2 


— —  ifnis even 
n2 


has as its elements 
1,4, 1,4, 1, i, . . a (3) 


The elements of sequences (2) and (3) are the same; however, the se- 
quences are different. Sketches of the graphs of sequences (2) and (3) 
are shown in Figs. 14.1.2 and 14.1.3, respectively. 

We now plot on a horizontal axis the points corresponding to suc- 
cessive elements of a sequence. This is done in Fig. 14.1.4 for sequence 
(1) which is {n/(2n + 1)). We see that the successive elements of the se- 
quence get closer and closer to 3, even though no element in the sequence 
has the value 3. Intuitively we see that the element will be as close to à 
as we please by taking the number of the element sufficiently large. Or 
stating this another way, we can make |n/(2n + 1) — 4| less than any 
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f(n) 
1,1 
l Ga 
(2,3) 1 
e (3) (4.2) (s, 1) 
ma T ne l ? >n 
O 1 2 3 4 5 
Figure 14.1.2 
fin) 
^ 
(1,1) (3,1) (5,1) 
Lr e e e. 
2, 1 
me tS (si 
| ERS apt e fi p Lon 
o] 1 2 3 4 5 6 


Figure 14.1.3 


given e by taking n large enough. Because of this we state that the limit 


O L 1 of the sequence {n/(2n + 1)) is 3. 
$ 2^. In general, if there is a number L such that |a, — L| is arbitrarily 
uM small for n sufficiently large, we say the sequence {a,} has the limit L. 
Figure 14.1.4 n Following is the precise definition of the limit of a sequence. 
14.1.2 Definition A sequence {a,} is said to have the limit L if for every e > 0 there exists 
a number N > 0 such that |a, — L| < e for every integer n > N; and we 
write 
lim a,=L 
nto 
EXAMPLE 1: Use Definition SOLUTION: We must show that for any e > 0 there exists a number N > 0 


14.1.2 to prove that the sequence | such that 


x 
> n 1 . 
i; +1 2n4 d yl <e for every integer n > N 
has the limit 3. " 1 Dn—2n—1 —1 1 
met EDI i-a 


Hence, we must find a number N > 0 such that 


1 
dno 


€ for every integer n > N 
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But 


1 


1 
4n42 «e is equivalent to 2n 


2€ 
which is equivalent to 


1 —2e 


n> 
4e 


So it follows that 


n — 1 1—2e 


2n+1 2 4e 

Therefore, if N = (1 — 2€)/4e, Definition 14.1.2 holds. 
In particular, if e = $, N = (1 —4)/=#. So 

n 1 1 


2n41 2|^8 


«e for every integer n — 


for every integer n > i 


In particular, ifn — 4, 


fot EDIT ll 
2n+1 2| |9 2^ |18 8 


Consider now the sequence ((—1)"*!/n). Note that the nth element 
of this sequence is (—1)"*'/n and (—1)"*! is equal to +1 when n is odd 
and to —1 when 7 is even. Hence, the elements of the sequence can be 
written 


1 


1 PEE CH 
23! Li LÀ 


1 

L 4'5 ' ^m 

In Fig. 14.1.5 are plotted points corresponding to successive elements 
of this sequence. In the figure, 4, — 1, as — —$, a3 =$, 44 =—}, a4 =$, 
Mg = —$, A, — 4, Ag — —d, Ag = 4, Ai — — to. The limit of the sequence is 0 
and the elements oscillate about 0. 


Figure 14.1.5 


Compare Definition 14.1.2 with Definition 2.7.1 of the limit of f(x) 
as x increases without bound. The two definitions are almost identical; 
however, when we state that lim f(x) — L, the function f is defined for 


FEET 


all real numbers greater than some real number R, while when we con- 
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sider lim a, n is restricted to positive integers. We have, however, the 
no 


following theorem which follows immediately from Definition 2.7.1. 


14.1.3 Theorem If lim f(x) — L, and f is defined for every positive integer, then also 
4-0 
lim f(n) = L when n is any positive integer. 
n-4-0 


The proof is left for the reader (see Exercise 20). 


EXAMPLE 2: Verify Theorem E SOLUTION: For the sequence of Example 1, f(n) =n] Qn + 1). Hence, 
14.1.3 for the sequence of | f(x) = x/(2x + 1) and 
Example 1. 
lim 5l d et 
| lim 57 pect eee 
x 


dt follows then from Theorem 14.1.3 that lim. f(n) =% when n is any 


positive integer. This agrees with the solution of Example 1. 


14.1.4 Definition If a sequence {a,} has a limit, the sequence is said to be convergent, and 
we say that a, converges to that limit. If the sequence is not convergent, 
it is said to be divergent. 


EXAMPLE 3: Determine if the | SOLUTION: We wish to determine if lim 4n?/ (2n? + 1) exists. Let f(x) = 


nate 
ica ais | | at] (2x2 +1) and investigate lim f(x). 
{ = | 
2 
en ed lim EL = lim t 
; ; | zoe 233 Rl pie 
is convergent or divergent. i 2+ x 


Therefore, by Theorem 14.1.3, lim f(n) = 2. We conclude that the given 
Nato 


| sequence is convergent and that 4n?/ (2n? + 1) converges to 2. 


EXAMPLE 4: Prove that if |r| < 1, SOLUTION: First of all, if r= 0, the sequence is s {0} and lim 0=0. Hence, 


the sequence jr”} is convergent o 
3 is ub 5 “the sequence is convergent and the nth element converges to zero. 
and that r” converges to zero. 


i If 0 < |r| < 1, we consider the function f defined by f(x) = r”, where 


| i x is any positive number, and show that lim r” = 0. Then from Theorem 
L—+00 


| 14.13 it will follow that lim 7" — 0 when n is any positive integer. 
n=+0 
| To prove that lim r7=0 (0 < |r| < 1), we shall show that for any 
qp 


| € > 0 there exists a number N > 0 such that 


|] |r'—0| «e whenever x >N (4) 
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Statement (4) is equivalent to 
|r| «e | whenever x > N 
which is true if and only if 
In|r|* «Ine whenever x > N 
or, equivalently, 
xln |r| «Ine whenever x > N (5) 


Because 0 < |r| < 1, In |r| < 0. Thus, (5) is equivalent to 


x> nH whenever x > N 


In e 
[rl 
Therefore, if we take N = In e/In |r|, we may conclude (4). Consequently, 


lim 7* = 0, and so lim r” = 0 if n is any positive integer. Hence, by Defi- 
qoo n--oo 


nitions 14.1.2 and 14.1.4, {r”} is convergent and r” converges to zero. 


EXAMPLE 5: Determine if the 


sequence ((—1)" 4 1} is con- 
vergent or divergent. 


SOLUTION: The elements of this sequence are 0, 2, 0, 2,0, 2,..., 
(—1)'—1,.... Because an= 0 if n is odd, and a,=2 if n is even, it 
appears that the sequence is divergent. To prove this, let us assume that 
the sequence is convergent and show that this assumption leads to a con- 
tradiction. If the sequence has the limit L, then by Definition 14.1.2, for 
every e > 0 there exists a number N > 0 such that |a, — L| < e for every 
integer n > N. In particular, when e— $, there exists a number N > 0 
such that 


|a, —L| < for every integer n > N 
or, equivalently, 
—i«a,—L«$  forevery integer n > N (6) 
Because 4, = 0 if n is odd and a, = 2 if n is even, it follows from (6) that 
—be-L«4 and —4<2-L<ż¿ 


But if —L > —3, then 2 — L > 3; hence, 2 — L cannot be less than 3. So we 
have a contradiction, and therefore the given sequence is divergent. 


EXAMPLE 6: Determine if the 
sequence 


QT 
n sin — 


is convergent or divergent. 


SOLUTION: We wish to determine if lim n sin(z/n) exists. Let f(x) = 
n- 4o 


x sin(z/x) and investigate lim f(x). Because f(x) can be written as 
[sin(z/x) ]/(1/x) and lim finitis) — 0 andlim (1/x) = 0, we can apply 
L'Hópital's rule and obtain a 

— f cos Z 


; : x x : T 
lim f(x) = lim ———,——-— lim v cos-— 7 
qo Lote 1 Q4 x 


x? 
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Therefore, lim f(n) =m when n is a positive integer. So the given se- 
n-o 


quence is convergent and n sin(7/n) converges to 7. 


We have limit theorems for sequences, which are analogous to limit 
theorems for functions given in Chapter 2. We state these theorems by 
using the terminology of sequences. The proofs are omitted because they 
are almost identical to the proofs of the corresponding theorems given 
in Chapter 2. 


14.1.5 Theorem If {a,} and {b,} are convergent sequences and c is a constant, then 


(i) the constant sequence (c] has c as its limit; 
(ii) lim ca,— c lim a,; 


n-4o n-4o 
(iii) lim (ap + ba) = lim a, € lim by; 
n-To Noto no 
(iv) lim a,b, = (lim a,)(lim b,); 
n4 no 
* lim a, 
p An nie Nes 
MEM n UU sea 
n=+% 
EXAMPLE 7: Use Theorem 14.1.5 SOLUTION: j D 
to prove that the sequence 2 inZ noain” 
; " 2n 41?" 4 2n 41 
[ +1 sing z) In Example 1 we showed that the sequence (n/(2n + 1)) is convergent 
is convergent and find the limit and lim [n/(2n + 1)] 2 &. In Example 6 we showed that the sequence 
of the sequence. (n sin(z/n)} is convergent and lim [n sin (z/n)]= m. Hence, by The- 
H n--To 
orem 14.1.5(iv) 
li ten gi lim lim n nese. 
m [anti sin |= note 2n "e OPEN adi qud. ete 
Thus, the given sequence is convergent, and its limit is 17. 


Exercises 14.1 


In Exercises 1 through 4, use Definition 14.1.2 to prove that the given sequence has the limit L. 


1. PEST: 5, {ae} t=0 
[esci d esp ied 


In Exercises 5 through 19, determine if the sequence is convergent or divergent. If the sequence converges, find its limit. 


nal 205? +1 n+1 
» {eit 6. ime s { n } 
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pa + Al 
' Qn? +n 
11. {tanh n} 


14. pem 4 


7. lh «dy 


(HINT: Use lim (1 + x)" = e.) 
a0 


oo 


1 16. ( Vn - 1— Vn} 


See Hint for Exercise 17. 


19. (r'") and r > 0. (HINT: Consider two cases: r = 1 and r > 1.) 


20. Prove Theorem 14.1.3. 


21. Prove that if |r| < 1, the sequence {nr’} is convergent and nr” converges to zero. 


22. Prove that if the sequence {a,} is convergent and lim 4, — L, then the sequence {|a,|} is also convergent and 


lim |a,| = |L]. 
n> +00 


n- do 


23. Prove that if the sequence {a,} is convergent and lim 4, — L, then the sequence (4,7?) is also convergent and 


lim a, = L*. 
n= +0 


n= +o 


24. Prove that if the sequence (4,) converges, then lim a, is unique. (HINT: Assume that lim a, has two different values, 


ndo 
L and M, and show that this is impossible by taking e = 3|L — M| in Definition 14.1.2.) 


14.2 MONOTONIC AND 
BOUNDED SEQUENCES 


14.2.1 Definition 


n= +o 


We shall be concerned with certain kinds of sequences which are given 
special names. 
A sequence {a,} is said to be 


(i) increasing if a, < an+: for all n; 
(ii) decreasing if a, = Ani, for all n. 


If a sequence is increasing or if it is decreasing, it is called monotonic. 


Note that if a, < 2,,, (a special case of a, < 4,,;) we have a strictly 
increasing sequence; if a, > an+; we have a strictly decreasing sequence. 


EXAMPLE 1: For each of the 
following sequences determine 
if it is increasing, decreasing, or 
not monotonic: 


(a) {n/(2n + 1)} 
(b) (1/nj 
() {Cta} 


SOLUTION: (a) The elements of the sequence can be written 


1234... ntl 

35/79: ‘Intl 2n 3 
Note that 2,,; is obtained from a, by replacing n by n+ 1. Therefore, 
because a, = n/ (2n + 1), 


n1 _ nti 
2(n+1)+1 2n+3 


t. 


An+1 = 
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| Looking at the first four elements of the sequence, we see that the ele- 


ments increase as n increases. Thus, we suspect in general that 


n n+1 
2n+17 2n+3 


i Inequality (1) can be verified if we find an equivalent inequality 


which we know is valid. Multiplying each member of inequality (1) by 
(2n + 1) (2n +3), we obtain 


n(2n+3) x (n+1)(2n+1) (2) 


Inequality (2) is equivalent to inequality (1) because (1) may be obtained 
from (2) by dividing each member by (2n + 1) (2n + 3). Inequality (2) is 
equivalent to 


2n? + 3n < 2n? +3n +1 (3) 


| Inequality (3) obviously holds because the right member is 1 greater than 


the left member. Therefore, inequality (1) holds and so the given sequence 
is increasing. 
(b) The elements of the sequence can be written 


S E 

/'23'4 'n ntl 
Because 

1 1 

n n-cl 


for all n, the sequence is decreasing. 
(c) The elements of the sequence can be written 
c d o 175-150 ea 8 


L-^»3 4 ^ ud 


z». 


4; — 1 and a, — —1, and so a, > as. But a; = $, and so a; < az. In a more 
general sense, consider three consecutive elements a, = (—1)"*!/n, 2,4, = 
(—1)*2/ (n +1), and an+ = (—1)"*3/(n + 2). If n is odd, a, > an+, and 
Anz < Ansty, and if n is even, à, < an+, and Ani; > Ania. Hence, the se- 
quence is neither increasing nor decreasing and so is not monotonic. 


14.2.2 Definition 


The number C is called a lower bound of the sequence {a,} if C x a, for 
all positive integers 7, and the number D is called an upper bound of the 
sequence {an} if a, x D for all positive integers n. 


The number zero is a lower bound of the sequence (n/(2n + 1)) 
whose elements are 
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14.2.3 Definition 


14.2.4 Definition 


14.2.5 The Axiom of 
Completeness 


Another lower bound of this sequence is 3. Actually any number which 
is less than or equal to 4 is a lower bound of this sequence. 
For the sequence (1/1) whose elements are 


1 is an upper bound; 26 is also an upper bound. Any number which is 
greater than or equal to 1 is an upper bound of this sequence, and any 
nonpositive number will serve as a lower bound. We see, then, that a 
sequence may have many upper or lower bounds. 


If A is a lower bound of a sequence (4,) and if A has the property that 
for every lower bound C of {a,}, C x A, then A is called the greatest lower 
bound of the sequence. Similarly, if B is an upper bound of a sequence 
{a,} and if B has the property that for every upper bound D of {an}, B x D, 
then B is called the least upper bound of the sequence. 


The greatest lower bound of the sequence {n/(2n + 1)} is 3 because 
every lower bound of the sequence is less than or equal to $. The least 
upper bound of the sequence (1/1) is 1 because every upper bound of 
the sequence is greater than or equal to 1. 


A sequence {a,} is said to be bounded if and only if it has an upper bound 
and a lower bound. 


Because the sequence {1/n} has an upper bound and a lower bound, 
it is bounded. This sequence is also a decreasing sequence and hence is 
a bounded monotonic sequence, There is a theorem (14.2.6) that guaran- 
tees that a bounded monotonic sequence is convergent. In particular, 


the sequence (1/1) is convergent because lim (1/1) — O0. The sequence 
n=+o0 


{n} whose elements are 
14.2;3, $912 Hx 


is monotonic (because it is increasing) but is not bounded (because there 


is no upper bound). It is not convergent because lim n= +, 
ndo 


For the proof of Theorem 14.2.6 we need a very important property 
of the real-number system which we now state. 


Every set of real numbers which has a lower bound has a greatest lower 
bound. Also, every set of real numbers which has an upper bound has a 
least upper bound. 


The axiom of completeness, together with the fundamental algebraic 
properties of the real numbers (1.1.1 through 1.1.7) and the axiom of order 


we 
ay a2 


TTE: PB 
H3 A4 üsÜgü; Hg Ag Aro 


Figure 14.2.1 
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(1.1.10), completely describes the real-number system. Actually, the sec- 
ond sentence in our statement of the axiom of completeness is unneces- 
sary because it can be proved from the first sentence. It is included in 
the axiom here to expedite the discussion. 

Suppose that {a,} is an increasing sequence that is bounded. Let D 
be an upper bound of the sequence. Then if the points corresponding to 
successive elements of the sequence are plotted on a horizontal axis, 
these points will all lie to the left of the point corresponding to the num- 
ber D. Furthermore, because the sequence is increasing, each point will 
be either to the right of or coincide with the preceding point. See Fig. 
14.2.1. Hence, as n increases, the elements increase toward B. Intuitively 
it appears that the sequence {a,} has a limit which is either D or some 
number less than D. This is indeed the case and is proved in the follow- 
ing theorem. 


A bounded monotonic sequence is convergent. 


proor: We prove the theorem for the case when the monotonic sequence 
is increasing. Let the sequence be {a,}. 

Because {a,} is bounded, there is an upper bound for the sequence. 
By the axiom of completeness (14.2.5), {an} has a least upper bound, 
which we call B. Then if € is a positive number, B — e cannot be an upper 
bound of the sequence because B — e < B and B is the least upper bound 
of the sequence. So for some positive integer N 


B—e< ay (4) 


Because B is the least upper bound of {a,}, by Definition 14.2.2 it fol- 
lows that 


a, =B for every positive integer n (5) 
Because {a,} is an increasing sequence, we have from Definition 14.2.1(i) 
An € Ans, for every positive integer n 
and so 
üy <a, — whenevern 2 N (6) 
From (4), (5), and (6), it follows that 
B—e«ayxa,xB«B-e whenever n = N 
from which we get 
B-e<a,<Bte whenever n = N 
or, equivalently, 


—e«a,—B«e whenever n = N 
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14.2.7 Theorem 


14.2.8 Theorem 


which can be written as 

|a, -B| «e | whenevern = N (7) 
But by Definition 14.1.2, (7) is the condition that lim 4, — B. Therefore, 

Rote 

the sequence {a} is convergent. 

To prove the theorem when {a,} is a decreasing sequence, we con- 
sider the sequence {—a,}, which will be increasing, and apply the above 
results. We leave it to the reader to fill in the steps (see Exercise 13). m 


Theorem 14.2.6 states that if {a,} is a bounded monotonic sequence, 
there exists a number L such that lim a, = L, but it does not state how 


n= +00 

to find L. For this reason, Theorem 14.2.6 is called an existence theorem. 
Many important concepts in mathematics are based on existence the- 
orems. In particular, there are many sequences for which we cannot 
find the limit by direct use of the definition or by using limit theorems, 
but the knowledge that such a limit exists can be of great value to a 
mathematician. 

In the proof of Theorem 14.2.6 we saw that the limit of the bounded 
increasing sequence is the least upper bound B of the sequence. Hence, 
if D is an upper bound of the sequence, lim a, = B x D. We have, then, 


no 


the following theorem. 


Let {an} be an increasing sequence, and suppose that D is an upper bound 
of this sequence. Then {a,} is convergent and 


lim a, = D 
n- o0 


In proving Theorem 14.2.6 for the case when the bounded monotonic 
sequence is decreasing, the limit of the sequence is the greatest lower 
bound. The following theorem follows in a way similar to that of The- 
orem 14.2.7, 


Let {a,} be a decreasing sequence, and suppose that C is a lower bound 
of this sequence. Then {a,} is convergent and 


lim a, 2 C 
n 


EXAMPLE 2: Use Theorem 14.2.6 
to prove that the sequence 


tn 


is convergent. 


SOLUTION: The elements of the given sequence are 
21 92 93 94 2n ont 
WQv 3y 47 ^ al (n1) 


11—1,21—1:2—2,31—1-:2-:326,41—1:2-:3: 4— 24. Hence, the 
elements of the sequence can be written as 
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We see, then, that a, = a, > 43 > a4, and so the given sequence may be 

decreasing. We must check to see if a, = an+; that is, we must determine if 
2n pnt 
Co y 
n! ~ (n+1)! (8) 


which is equivalent to 
2^(n +1)! z 27*!n! 
which is equivalent to 
2?nl(n 4-1) z2-2?n! 
which is equivalent to 
n+122 (9) 


When n = 1, inequality (9) becomes 2 = 2, and (9) obviously holds 
when 7n > 2. Because inequality (8) is equivalent to (9), it follows that 
the given sequence is decreasing and hence monotonic. An upper bound 
for the given sequence is 2, and a lower bound is 0. Therefore, the se- 
quence is bounded. 

The sequence {2"/n!} is therefore a bounded monotonic sequence, 
and by Theorem 14.2.6 it is convergent. 


14.2.9 Theorem 


Theorem 14.2.6 states that a sufficient condition for a monotonic se- 
quence to be convergent is that it be bounded. This is also a necessary 
condition and is given in the following theorem. 


A convergent monotonic sequence is bounded. 


PROOF: We prove the theorem for the case when the monotonic sequence 
is increasing. Let the sequence be {a,}. 

To prove that {a,} is bounded we must show that it has a lower bound 
and an upper bound. Because (4,) is an increasing sequence, its first ele- 
ment serves as a lower bound. We must now find an upper bound. 

Because {a,} is convergent, the sequence has a limit; call this limit L. 
Therefore, lim a, = L, and so by Definition 14.1.2, for any e > 0 there 


exists a Him ber N > 0 such that 

|a,—L|<e for every positive integer n > N 
or, equivalently, 

—e«a,—L«e whenever n > N 
or, equivalently, 

L—e«a,«L-ce whenever n > N 
Because {a,} is increasing, we conclude that 


a,<Lt+e for all positive integers n 
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Therefore, L + € will serve. as an upper bound of the sequence {a,}. 

To prove the theorem when {a,} is a decreasing sequence we do as 
suggested in the proof of Theorem 14.2.6: Consider the sequence (—4,]), 
which will be increasing, and apply the above results. You are asked to 
do this proof in Exercise 14. L| 


Exercises 14.2 


In Exercises 1 through 12, determine if the given sequence is increasing, decreasing, or not monotonic. 


3n —1 s 
1. E =) 2. {sin nr} 3. 


ET. 
4, ES È (cu " pem 


! 1:3:5:...- Qn- 
10. (n + (—1)"n} 11. l——— 12. [3e 


13. Use the fact that Theorem 14.2.6 holds for an increasing sequence to prove that the theorem holds when {a,} is a de- 
creasing sequence. (HINT: Consider the sequence {—a,}.) 


14. Prove Theorem 14.2.9 by a method similar to that used in Exercise 13. 


In Exercises 15 through 21 prove that the given sequence is convergent by using Theorem 14.2.6. 


15. The sequence of Exercise 1. 16. The sequence of Exercise 4. 
17. The sequence of Exercise 5. 18. The sequence of Exercise 8. 
19. The sequence of Exercise 11. 20. The sequence of Exercise 12. 


n? 
n. [3] 


14.3 INFINITE SERIES OF The familiar operation of addition applies only to a finite set of numbers. 
CONSTANT TERMS We now wish to extend addition to infinitely many numbers and to de- 
fine what we mean by such a sum. To carry this out we deal with a lim- 

iting process by considering sequences. 


14.3.1 Definition If {u,} is a sequence and 
n 
Sn = MW U; = ui + Ug + ug + tc ug 
j=1 


then the sequence {sp} is called an infinite series. 


The numbers u}, us, us, . . . are called the terms of the infinite series. 
We use the following symbolism to denote an infinite series: 
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+00 

DS UnS Uu tutut: turte (1) 

n=1 

Given the infinite series denoted by (1), sı = u,, S = u, + Ug, S3 = 
u, + us + us, and in general 


k 
Sr = V uj— ua t s b usc cob uy (2) 
Es 


where sx, defined by (2), is called the kth partial sum of the given series, 
and the sequence {s,} is a sequence of partial sums. 

Because Sp; =u, H Ug +t ° ° * +u and Sp = uus occ + uu 
+ u,, we have the formula 


Sn = Sn-1 + Un (3) 


EXAMPLE 1: Given the infinite 
series 


+00 


E 1 
2; Mn = Dat) 


find the first four terms of the 
sequence of partial sums {s,}, 
and find a formula for s, in terms 
of n. 


SOLUTION: Applying formula (3), we get 


—— 
1 Lo qe 
1 1 2 
$,—5; F4 — t 33 
2 1 3 
5T. 7. 1-74 
3 1 4 
SS TW — 4 3785.5 
By partial fractions, we see that 
yox) 2dn-.cb ocu. 
k k(k+1) k k+1 
Therefore, 
APTE RCCR E URS UNE EE 
; 2 9 2 373 3 4 ne —1 n” n n-l 
Thus, because s, = u; + Ua + * * * Fus, + Un, we have 


-(-9«0-9«-)- Eh) E 


Upon removing parentheses and combining terms, we obtain 


Taking n — 1, 2, 3, and 4, we see that our previous results agree. 


Note that the method of solution of the above example applies only 
to a special case. In general, it is not possible to obtain such an expres- 
sion for s,. 

We now define what we mean by the "sum" of an infinite series. 
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14.3.2 Definition 


+00 
Let V u, be a given infinite series, and let {s,,} be the sequence of partial 
n=1 


sums defining this infinite series. Then if lim s, exists and is equal to S, 
n— +00 


we say that the given series is convergent and that S is the sum of the 


given infinite series. If lim s, does not exist, the series is said to be di- 
n- o 


vergent and the series does not have a sum. 


If an infinite series has a sum S, we also say that the series converges 
to S. 

Note that the sum of a convergent series is the limit of a sequence 
of partial sums and is not obtained by ordinary addition. For a con- 
vergent series we use the symbolism 


to denote both the series and the sum of the series. The use of the same 
symbol should not be confusing because the correct interpretation is 
apparent from the context in which it is used. 


EXAMPLE 2: 


Determine if the 


infinite series of Example 1 has 


a sum. 


| soLuTION: In the solution of Example 1, we showed that the sequence 


of partial sums for the given series is {s,} = (n/(n + 1)). Therefore, 


1 
lim s, — lim —L.— lim ——-1 
n= +00 nto M n+ 1 Nato 1 41 


So we conclude that the infinite series has a sum equal to 1. We can write 


1 1 1 


ee MERE Oe " 
Buti 2*6 1*90* ^ "wap 0002 


14.3.3 Theorem 


As we mentioned above, in most cases it is not possible to obtain 
an expression for s, in terms of n, and so we must have other methods 
for determining whether or not a given infinite series has a sum or, equiv- 
alently, whether a given infinite series is convergent or divergent. 


+00 


If the infinite series Y u, is convergent, then lim u, = 0. 


+ $00 
n=1 n+ 


PROOF: Letting {s„} be the sequence of partial sums for the given series, 
and denoting the sum of the series by S, we have, from Definition 14.3.2, 


lim s, — S. Therefore, for any e > 0 there exists a number N > 0 such 
Reo 


that |S — s,| < $e for every integer n > N. Also, for these integers n > N 


14.3.4 Theorem 
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we know that [S — s,,4| < $e. We have, then, 


[unos = 1523 — Sal = |S — Sn $84 — S| = |S — sa| + [Snr — S| 
So 
lun] «$e $e— € for every integer n ^ N 
Therefore, lim u, = 0. B 
n--o 


The following theorem is a corollary of the preceding one. 


+00 
If lim zu, # 0, then the series YN Uun is divergent. 
n~ +o n=1 


oo 
proor: Assume that Y u, is convergent. Then by Theorem 14.3.3 
n-1 


lim u,= 0. But this contradicts the hypothesis. Therefore, the series is 
n- +00 


EXAMPLE 3: Prove that the 


following two series are 
divergent. 


5,10, 17 


—-2454.4i1z4cc 


4 9 16 


(b (—1)7*3 


— 


=3~-3+3-3+°--- 


divergent. L| 
B , . n+l i j 
SOLUTION: (a) lim u,- lim z 
n=+% nato N 
TE 
nato l 
#0 


Therefore, by Theorem 14.3.4 the series is divergent. 
(b) lim u,= lim (—1)"*3, which does not exist. Therefore, by 
no no 


Theorem 14.3.4 the series is divergent. 


Note that the converse of Theorem 14.3.3 is false. That is, if lim u,- 0, 


n= +0 
it does not follow that the series is necessarily convergent. In other words, 
it is possible to have a divergent series for which lim u, = 0. An example 


no 


of such a series is the one known as the harmonic series, which is 
ee eet E es oe het 
Daw itgtgtat t4 (4) 


Clearly, lim 1/n = 0. To prove that the harmonic series diverges we use 
n= +% 


the following theorem, which states that the difference between two par- 
tial sums sg and s; of a convergent series can be made as small as we please 
by taking R and T sufficiently large. 
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14.3.5 Theorem 


Let {s,} be the sequence of partial sums for a given convergent series 


4o 
VY, un. Then for any € > 0 there exists a number N such that 
n=1 


[sa — Sr| < € whenever R> Nand T^ N 


Tx 
PROOF: Because the series V u, is convergent, call its sum S. Then for 
n=1 
any € > 0 there exists an N > 0 such that |S — s,| < $e whenever n > N. 
Therefore, if R > N and T » N, 


S+S 


Isp — Srl = |Sg Sr) x ls — S| + |S — sr| < de $e 
So 
lsa—sj| «e | whenever R > Nand T N B 
We now prove that the harmonic series (4) is divergent. For this 
series, 


ae deve s 
2 n 
and 
erplig 1,_1 x dele 
$15 oto aa t d 
So 
wr UE NERO 
m 5 l1 ato ata + 2n (5) 
If n > 1, 
1 1 1 1 1 1 1 1 
ntl'n*2'n«43^ ta m 2n 2n ^ tan (9 


There are n terms on each side of the inequality sign in (6); so the right 
side is n(1/2n) = 3. Therefore, from (5) and (6) we have 


Son — Sn > 3 whenever n > 1 (7) 


But Theorem 14.3.5 states that if the given series is convergent, then 
Sen — Sn may be made as small as we please by taking n large enough; 
that is, if we take € = 3, there exists an N such that Sən — s, < 1 whenever 
2n > N and n > N. But this would contradict (7). Therefore, we conclude 
that the harmonic series is divergent even though lim 1/n = 0. 


n- oo 
A geometric series is a series of the form 
+% 
N un vea arundo a e (8) 
n=1 
The nth partial sum of this series is given by 
s RO rer © eee) (9) 


14.3.6 Theorem 
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From the identity 
1]- (1-494 r4 ls tv RICO 


we can write (9) as 


s, = A) ifr #1 (10) 


The geometric series converges to the sum a/(1— r) if |r| < 1, and the 
geometric series diverges if |r| = 1. 


PROOF: In Example 4, Sec. 14.1, we showed that lim 7"— 0 if |r| « 1. 


n0 
Therefore, from (10) we can conclude that if |r| < 1, 

lim s,=—— 

n— +00 5 1 =f 


So if |r| < 1, the geometric series converges, and its sum is a/(1 — r). 


If r — 1, s, — na. Then lim s, — +% if a > O0, and lim s, —o ifa < 0. 
n= +% n= +00 
If r — —1, the geometric series becomes a— a +a— >: + + (71)? 
+++ +; SO S=0 if n is even, and s, — a if n is odd. Therefore, lim s, 
n+ +o 


does not exist. Hence, the geometric series diverges when |r| = 1. 


If |r| > 1, lim 27^ — a lim r*'. Clearly, lim 7"? # 0 because we 
n- +00 n- +0 n+ 


can make |r^^!| as large as we please by taking n large enough. Therefore, 
by Theorem 14.3.4 the series is divergent. This completes the proof. & 


EXAMPLE 4: Determine whether 
the infinite series 


1 
e 


+% 
DE 


is convergent or divergent. 


SOLUTION: 


mW E HS TM NI OR 
Xgu-citjtitg* Peat 


which is the geometric series, with a — 1 and r — à. Therefore, by The- 
orem 14.3.6 the series is convergent. Because g/(1 — r) — 1/(1 — 3) ^ 2, 
the sum of the series is 2. 


The following example illustrates how Theorem 14.3.6 can be used 
to express a nonterminating repeating decimal as a rational number. 


EXAMPLE 5: Express the decimal 


0.3333 . . . asa rational number. 


i 
l 


SOLUTION: 


3,93, 3 3 


0.3333. . . = 15 * 100 + 1,000 ^ 10.000 


3 
+ dust 


| We have a geometric series in which a = b and r= 75. Because r < 1, it 


follows from Theorem 14.3.6 that the series converges and its sum is 


| a/(1— r). Therefore, 


1 
— 10 = A 
0903! cor pes 


674 


INFINITE SERIES 


14.3.7 Theorem 


The next theorem states that the convergence or divergence of an 
infinite series is not affected by changing a finite number of terms. 


+00 +00 

If V a, and Y b, are two infinite series, differing only in their first m 
n=1 n=1 

terms (i.e., a, = b, if k > m), then either both series converge or both 


series diverge. 


PROOF: Let {s,} and {t,} be the sequences of partial sums of the series 


+o 4o 
V, a, and Y b,, respectively. Then 
n=1 n=1 


Sn= d, + dg cocco amt Amiri Famy V c oc co an 
and 
t= b, tbat: c tbm tbm tbm to b b. 


Because 4, = b, if k > m, then if n = m, we have 


Sy — tp = (a, + ag + Pe et + am) — (b, +b: + ub EE + bm) 
So 
Sn — th = Sm — tm whenever n = m (11) 
We wish to show that either both lim s, and lim f, exist or do not 
n= +o n- + 
exist, 
Suppose that lim t, exists. Then from Eq. (11) we have 
n= +% 
Sn = t, + (Sm — tm) whenever n = m 
and so 


lim s,= lim t, + (Sm— tm) 
n= +00 n= +0 


Hence, when lim f, exists, lim s, also exists and both series converge. 
n- +0 n- 4o 


Now suppose that lim t, does not exist and lim s, exists. From Eq. 
n= +o n= +o 
(11) we have 


tn = Sn + (tm — Sm) whenever n z m 


Because lim s, exists, it follows that 
n- +0 


lim t, = lim s, + (tm — Sm) 
n= +o n= +% 


and so lim f, has to exist, which is a contradiction. Hence, if lim t, does 
no +o ndo 
not exist, then lim s, does not exist, and both series diverge. " 
n= +o 
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EXAMPLE 6; 
the infinite series 


To 1 
Lata 


is convergent or divergent. 


Determine whether 


i SOLUTION: The given series is 


1,1,1 1 
NE LU cz Mri 
| which can be written as 
| 
D*-I.—1 1 
U-pO-EUSEÜ EE EORR E opes (12) 
; Now the harmonic series which is known to be divergent is 
1,1,1,1,1,1 1 


1+5t3tłt5tgt7t ms 


! Series (12) differs from series (13) only in the first four terms. Hence, by 
| Theorem 14.3.7 series (12) is also divergent. 


a oe .e’ (13) 
n 


EXAMPLE 7: 
the following infinite series is 
convergent or divergent: 


| 3 | 
$ cos 7 7*2 


3^" 


n=1 


Determine whether 


| SOLUTION: The given series can be written as 


[cos 37 +2] , [cos 27 +2] , [cos 7 * 2] , [cos i7 4 2] 
+ + oe 7 
3 32 3 3 
3 1 3 
[costz +20  fsosiz +2] , fosi il... u 


2 3731.71 0522-2 4:2 
$'ataistisiytyst m 


Consider the geometric series with a = $ and r = 4: 


2 22-12. 5 SE? 02.7.92. 72 

3tgtyzta' tg xz jg x (15) 
This series is convergent by Theorem 14.3.6. Because series (14) differs 
| from series (15) only in the first five terms, it follows from Theorem 14.3.7 


that series (14) is also convergent. 


-1 
zx 


As a consequence of Theorem 14.3.7, for a given infinite series, we 
can add or subtract a finite number of terms without affecting its con- 
vergence or divergence. For instance, in Example 6 the given series may 
be thought of as being obtained from the harmonic series by subtracting 
the first four terms. And because the harmonic series is divergent, the 
given series is divergent. In Example 7, we could consider the convergent 
geometric series 


2,2,2 
genug (16) 


and obtain the given series (14) by adding five terms. Because series (16) 
is convergent, it follows that series (14) is convergent. 
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The following theorem states that if an infinite series is multiplied 
term by term by a nonzero constant, its convergence or divergence is 
not affected. 


14.3.8 Theorem Let c be any nonzero constant. 


+00 
(i) If the series Ss u, is convergent and its sum is S, then the series 
n=1 


To 
Ss CU, is also convergent and its sum isc: S. 


n=1 
To 


(ii) If the series Ss u, is divergent, then the series j cu, is also 
n=1 n=1 
divergent. 


+a 
PROOF: Let the nth partial sum of the series YN Un be s,. Therefore, 


n=1 
+% 
Sn =U, +u, d: c +u, The nth partial sum of the series Ss Cu, is 
n=1 
Cy, Hus + e + un) = 08s. 
+00 
Part (i): If the series Y u, is convergent, then lim s, exists and is S. 
n=1 no 
Therefore, 
lim c$,— c lim s$,—c-S 
n- +00 n= doo 
+% 
Hence, the series 5 cu, is convergent and its sum is c : S. 
n=1 


Part (ii): If the series y u, is divergent, then lim s, does not exist. Now 


n=1 n+ 
+00 
suppose that the series Y cu, is convergent. Then lim cs, exists. But 
n=1 Meet 


Sn = CS,/c, and so 


lim s,= lim — l (es) => l m C$, 
ndo n- o C C n+ 


Thus, lim s, must exist, which is a contradiction. Therefore, the series 


n- +00 
+c 
Y, cu, is divergent. a 
n=1 
; C1 1,1,1,1 1 
EXAMPLE 8: Determine whether | soLUTION: M m +24+— * 16 "RE AC. ios 
ME : 4n 4 8 12 4n 
the infinite series n-l 
o te 
p re Because V 1/n is the harmonic series which is divergent, then by The- 
n n=1 
: ; orem 14.3.8(ii) with c = 1, the given series is divergent. 
is convergent or divergent. 


14.3.9 Theorem 


14.3.10 Theorem 
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Note that Theorem 14.3.8(i) is an extension to convergent infinite 
series of the following property of finite sums: 


Another property of finite sums is 


x (ar + bp) = >. a, + Ss br 
ki k-i ki 


and its extension to convergent infinite series is given by the following 


_ theorem. 


+% +% 
If S a, and > b, are convergent infinite series whose sums are S and R, 
n=1 n=1 


respectively, then 


+00 
(i) * (a, + bn) is a convergent series and its sum is S + R; 


n=1 


+% 
(ii) X, (a, — bn) is a convergent series and its sum is S — R. 
n=1 


The proof of this theorem is left for the reader (see Exercise 11). 
The next theorem is a corollary of the above theorem and is some- 
times used to prove that a series is divergent. 


o +% 
If the series 5 à, is convergent and the series X b, is divergent, then 
n=1 n=1 


+% 
the series X, (a, + bn) is divergent. 


n=1 


+00 
PROOr; Assume that Y (ay + bn) is convergent and its sum is S. Let the 


n=1 


+% 
sum of the series V a, be R. Then because 


n=1 


5 b, = 5 [C25 + bn) — An] 


+00 
it follows from Theorem 14.3.9(ii) that X, b, is convergent and its sum is 


n=1 


+00 
S — R. But this is a contradiction to the hypothesis that Y b, is divergent. 


n=1 


+% 
Hence, X (a, + bn) is divergent. a 
n=1 
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+00 
EXAMPLE 9: Determine whether | so.ution: In Example 8 we proved that the series Y, 1/4n is divergent. 


the infinite series ee aci 
49 /1 1 Because the series V 1/4” is a geometric series with |r| — 1 < 1, it is con- 
` ac An n=1 
a \4n 4 


vergent. Hence, by Theorem 14.3.10 the given series is divergent. 
is convergent or divergent. 


+a To 
Note that if both series V a, and V b, are divergent, the series 


n=1 n=1 


+00 
> (a, + bn) may or may not be convergent. For example, if a, = 1/n and 
n=1 
+% 
b, = 1/n, then a, + b, — 2/n and Y 2/n is divergent. But if a, — 1/n and 


n-i 


+0 
b, — —1/n, then a, + b, = 0 and ` 0 is convergent. 


n=1 


Exercises 14.3 


In Exercises 1 through 6, find the first four terms of the sequence of partial sums (s,) and find a formula for s, in terms 
of n; also, determine if the infinite series is convergent or divergent, and if it is convergent, find its sum. 


+a 1 To 2 ee i - 
LEG-DGD 2 Y Gn—3) Gn + iy & yn 
SY & 2n-cl1 +x Qn-1 
Mina 19 6. = 
4. » n 5. » nin 1) > 3" 


In Exercises 7 through 10, find the infinite series which is the given sequence of partial sums; also determine if the infi- 
nite series is convergent or divergent, and if it is convergent, find its sum. 


7. {on} = [2] 8. fn} = LA] 9. {5} = {a} 10. (s) = (97) 
11. Prove Theorem 14.3.9. 


In Exercises 12 through 25, write the first four terms of the given infinite series and determine if the series is convergent 
or divergent. If the series is convergent, find its sum. 


ton i52n41 qud i» (2n 15.5 
2 I 4. I 1 = i 
17. 5 (71)"*! 2 18. > In 1 19. y gs 20. 3 sin mn 21 Y cos mn 
n=l 2" n=1 n n=1 n=1 : n=] 


iX sinh n 


m» com 23. Y Q7 87") 24. Y [1+ (-1)") 25. Y (5:73: 


nl n 
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1n Exercises 26 through 29, express the given nonterminating repeating decimal as a rational number. 


26. 0272727 . . . 
28. 2.045 45 45... 


27. 1.224 234 234... 
29. 0.4653 4653 4653 . . . 


30. A ball is dropped from a height of 12 ft. Each time it strikes the ground, it bounces back to a height of three-fourths 
the distance from which it fell. Find the total distance traveled by the ball before it comes to rest. 


14.4 INFINITE SERIES 
OF POSITIVE TERMS 


14.4.1 Theorem 


If all the terms of an infinite series are positive, the sequence of partial 
sums is increasing. Thus, the following theorem follows immediately 
from Theorems 14.2.6 and 14.2.9. 


An infinite series of positive terms is convergent if and only if its se- 
quence of partial sums has an upper bound. 


EXAMPLE 1: Prove that the 
series 


is convergent by using Theorem 
14.4.1. 


+o 
sums of the series V 1/n!. 


n=1 
1 1 1 
$5—1,5—1ltqio5-ltrt;ti575 
x scale 1 1 
“It 21:72:38 172534 ; 


2:3 "re»egead e CUTE ai V eH. 


and r — 4: 


e. 1 l.1 1 1 
àhonicititmtywts tg (2) 


By Theorem 14.3.6 the geometric series with a = 1 and r — 4 has the 
sum a/(1—r) = 1/(1 — 1) = 2. Hence, summation (2) is less than 2. Ob- 
serve that each term of summation (1) is less than or equal to the corre- 
sponding term of summation (2); that is, 


1 
< — 


i 
Rie 282 


This is true because k1a1:2:3-. ..- k, which in addition to the fac- 
tor 1 contains k — 1 factors each greater than or equal to 2. Hence, 


E CM t 
Xp 
k=1 k=1 


From the above we see that s, has an upper bound of 2. Therefore, by 
Theorem 14.4.1 the given series is convergent. 


mE = Se DIEN ED E ` ——— 
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In the above example the terms of the given series were compared 
with those of a known convergent series. This is a particular case of the 
following theorem known as the comparison test. 


+00 
14.4.2 Theorem Let the series > Un be a series of positive terms. 
Comparison Test n=1 


+o 
(i) If V v, is a series of positive terms which is known to be con- 
n=1 


+a 
vergent, and u, - v, for all positive integers n, then V up is 


n=1 
convergent. 


+00 
(ii) If > Wp is a series of positive terms which is known to be di- 
n=1 


+o 
vergent, and u, = tw, for all positive integers n, then "Y uw, is 


n=1 
divergent. 


PROOF OF (i): Let {sa} be the sequence of partial sums for the series 


+œ +00 
Y, un and {t,} be the sequence of partial sums for the series V v,. Be- 


n=1 n=l 
+00 
cause V v, is a series of positive terms which is convergent, it follows 
n=1 
from Theorem 14.4.1 that the sequence {t,} has an upper bound; call it B. 
Because u, < v, for all positive integers n, we can conclude that s, = t, = B 
for all positive integers n. Therefore, B is an upper bound of the sequence 


+00 
{s,}. And because the terms of the series p» u, are all positive, it follows 
n=1 


+00 
from Theorem 14.4.1 that V un is convergent. 
n=1 


+o 
PROOF OF (ii): Assume that Y u, is convergent. Then because both 
n=1 


+0 +o 
5 Uun and Y Wn are infinite series of positive terms and w, = u, for all 
n=1 n=1 


+00 

positive integers n, it follows from part (i) that V w, is convergent. How- 
n=1 

ever, this contradicts the hypothesis, and so our assumption is false. 


+o 
Therefore, X, u, is divergent. " 


n-1 


As we stated in Sec. 14.3, as a result of Theorem 14.3.7, the conver- 
gence or divergence of an infinite series is not affected by discarding a 
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finite number of terms. Therefore, when applying the comparison test, 
if uj < v, or u; = w; when i > m, the test is valid regardless of how the 
first m terms of the two series compare. 


EXAMPLE 2: Determine whether 
the infinite series 


g 4 
PEE 


is convergent or divergent. 


SOLUTION: The given series is 
4,4 4 4 4 
410 28g m Tang 


Comparing the nth term of this series with the nth term of the convergent 
geometric series 


4 4 4 4 4 _1 
3*9*57*gp* tat r=3<1 
we have 
4 4 
35-1 ^3" 


for every positive integer n. Therefore, by the comparison test, Theorem 
14.4.2(i), the given series is convergent. 


EXAMPLE 3: Determine whether 


the infinite series 
i9 1 


2 A 


n=1 


is convergent or divergent. 


SOLUTION: The given series is 


S ie ape Mees noe ee aoe 
Z2vn v v2 V3 Vn 

Comparing the nth term of this series with the nth term of the divergent 
harmonic series, we have 


iod 
Vn n 


for every positive integer n 


n=1 


+00 
So by Theorem 14.4.2(ii) the given series V 1/ Vn is divergent. 


14.4.3 Theorem 


Limit Comparison Test 


The following theorem, known as the limit comparison test, is a con- 
sequence of Theorem 14.4.2 and is often easier to apply. 


+00 +o 
Let V un and V v, be two series of positive terms. 
n=1 n=1 


(i) If lim (u,/v,) = c > 0, then the two series either both converge 
n- +0 
or both diverge. 


+o +00 
(ii) If lim (u,/v,) = 0, and if Y 7, converges, then Y u, converges. 
nep n=1 n=1 


+00 +a 
(iii) If lim (u,/v,) = +~, and if Y, v, diverges, then V u, diverges. 
nre n=1 


n=1 


682 


INFINITE SERIES 


PROOF OF (i) Because lim (u,/v,) — c, it follows that there exists an 
n=+% 

N > 0 such that 

Un 

Un 

or, equivalently, 


=c RS for all n > N 


—t€]5Ha | £ 
25 SE, for all n >N 


or, equivalently, 


C oun -3c 
2559 for all n ^ N (3) 


From the right-hand inequality (3) we get 


Un < $cv,, (4) 
+00 


If V v, is convergent, so is y $cv,. It follows from inequality (4) and 


n=1 n=1 


the comparison test that S Uun is convergent. 
n=1 
From the left-hand inequality (3) we get 


2 
Un "E Un (5) 


If » u, is convergent, so is PE = u,. From inequality (5) and the compari- 


n=1 


son test it follows that 5 v, is convergent. 


n=1 


+% +00 
If Y v, is divergent, we can show that V u, is divergent by assum- 
n=1 n=1 


+o 

ing that Y u, is convergent and getting a contradiction by applying in- 
n=1 

equality (5) and the comparison test. 


+0 +00 
In a similar manner, if Y Un is divergent, it follows that ` v, is di- 
n=1 n=1 
vergent because a contradiction is obtained from inequality (4) and the 


+% 
comparison test if 5 Vn is assumed to be convergent. 
n=1 
We have therefore proved part (i). The proofs of parts (ii) and (iii) 
are left for the reader (see Exercises 19 and 20). a 
A word of caution is in order regarding part (ii) of Thëoreni 14.4.3. 


Note that when lim (u,/v,) = 0, the divergence of the series y v, does 


n=1 


not imply that the series y u, diverges. 


n=1 
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EXAMPLE 4: Solve Example 2 by 
using the limit comparison test. 


+o 
SOLUTION: Let u, be the nth term of the given series X 4/(3" + 1) and 


n=1 


+00 
v, be the nth term of the convergent geometric series V 4/3". Therefore, 


n=1 
4 
n 
lim edu 4 
n^ Un — n—-4o 4 
3" 
= lim = 3 
up dT 
= lim ——— l 
Pata 1-37 
=] 


Hence, by part (i) of the limit comparison test, it follows that the given 
series is convergent. 


etes — — 


i 
EXAMPLE 5: Solve Example 3 by 


using the limit comparison test. 


+00 
Let u, be the nth term of the given series > 1/ Vn and v, be 


n=1 


the nth term of the divergent harmonic series. Then 


1 
Va 
1 
n 


SOLUTION: 


= lim Vn =+% 


Noto 


. u : 
lim — = lim 
n-+0 Un n+ 


Therefore, by part (iii) of the limit comparison test, we conclude that the 
given series is | divergent. 


EXAMPLE 6: Determine whether 
the series 


is convergent or divergent. 


+o 
SOLUTION: In Example 1, we proved that the series V 1/n! is convergent. 
n-1 
Using the limit comparison test with u, = r?/n! and v, = 1/n!, we have 
n? 


lim 51? =+% 
n-+0 


tll . ni 
lim == lim == 
n4 o ndo 5 


n! 


+æ 
Part (iii) of the limit comparison test is not applicable because 5 7, con- 
n=1 
verges. However, there is a way that we can use the limit comparison 
test. The ie series can be written as 
13 33 5 
1! 3! m +i 5! ae 
Because Theorem 14.3.7 allows us to subtract a finite number of terms 
without affecting the behavior (convergence or divergence) of a series, 


3 
+5 4E. 
ni 
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we discard the first three terms and obtain 


4195 1:8... t3)... 
ats e turai” 


Now letting un = (n + 3)?/(n +3)! and, as before, letting v, = 1/n!, we 
have 


lim (n + 3)?n! 

n-+0 (n+ 3)! 

= lim (n + 3)?n! 

C nago Nn -- 1) (n -- 2) (n +3) 
— lim n +3) 

napo (n +1)(n +2) 

lim n? 4 6n 4-9 

no + 3n 42 


wisis 
n n 


=1 


It follows from part (i) of the limit comparison test that the given series 
is convergent. 


Consider now the geometric series 


1,1,1,1 1 1 
It*t5t4*t8*16*32* , ur ‘ (6) 
which converges to 2 as shown in Example 4 of Sec. 14.3. Regrouping the 
terms of this series, we have 


1 1,1 1 1 1 1 
(2-243) t gg) * 
which is the series 
3,3,3 3 
2 ugs TU E (7) 


Series (7) is the geometric series with a = 3 and r= 4. Thus, by Theorem 
14.3.6 it is convergent, and its sum is: 


a 3 


————2 


1—r i-4 


14.4.4 Theorem 


14.4.5 Theorem 
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We see, then, that series (7), which is obtained from the convergent series 
(6) by regrouping the terms, is also convergent. Its sum is the same as that 
of series (6). This is a particular case of the following theorem. 


+o 
If V un is a given convergent series of positive terms, its terms can be 
n=1 
grouped in any manner, and the resulting series also will be convergent 
and will have the same sum as the given series. 


PROOF: Let {s,} be the sequence of partial sums for the given convergent 
series of positive terms. Then lim s, exists; let this limit be S. Consider 


no 


+o 40 
a series V v, whose terms are obtained by grouping the terms of V up 


n=1 n=1 
+o 
in some manner. For example, Ss v, may be the series 
n=1 


Uy + (us + ug) + (ug + Us ug) + (u7 + Ug + ug uy) t:>: 
or it may be the series 
(uy + ug) + (us + u4) + (Us + Ug) + (Uz tug) +> > 


00 
and so forth. Let {tm} be the sequence of partial sums for the series V vn. 

n=1 
Each partial sum of the sequence {tm} is also a partial sum of the se- 
quence {s,}. Therefore, as m increases without bound, so does n. Because 
lim s, = S, we conclude that lim f, — S. This proves the theorem. " 


no Mato 


Theorem 14.4.4 and the next theorem state properties of the sum of 
a convergent series of positive terms that are similar to properties that 
hold for the sum of a finite number of terms. 


+% 

If V u, is a given convergent series of positive terms, the order of the 
n=1 

terms can be rearranged, and the resulting series also will be convergent 


and will have the same sum as the given series. 


PROOF: Let {s,} be the sequence of partial sums for the given convergent 


+00 
series of positive terms, and let lim s, = S. Let 5 v, be a series formed 
no el 


+00 +00 
by rearranging the order of the terms of V un. For example, Y, Un may 
n=1 n=1 


be the series 
Ug + Ug + U7 t Uy + Ug t Us + VONT 


To 
Let {t,} be the sequence of partial sums for the series V vy. Each partial 
n=1 
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sum of the sequence {t,} will be less than S because it is the sum of n 


+00 
terms of the infinite series V u,. Therefore, S is an upper bound of the 
n=1 


+o 
sequence {t,}. Furthermore, because all the terms of the series b» U, are 
n=1 
positive, {f,} is a monotonic increasing sequence. Hence, by Theorem 
14.2.7 the sequence {f,} is convergent, and lim t, = T <= S. Now because 


n~+o 
+œ +0 

the given series X, un can be obtained from the series V v, by rearrang- 
n=1 n=1 


ing the order of the terms, we can use the same argument and conclude 


that 5 « T. If both inequalities, T < S and S < T, must hold, it follows 
that S — T. This proves the theorem. n" 


A series which is often used in the comparison test is the one known 
as the p series, or the hyperharmonic series. It is 


1,1 


T Ll Pee ++ "ior where p is a constant (8) 


EXAMPLE 7: Prove that the p 
series diverges if p « 1 and con- 
verges if p > 1. 


SOLUTION: If p= 1, the p series is the harmonic series, which diverges. 
If p « 1, then n” x n, and so 


1 


n? 7 


a for every positive integer n 


Hence, by Theorem 14.4.2(ii) the p series is divergent if p < 1. 
If p > 1, we group the terms as follows: 


1 1 1 1 1 1 1 1 1 1 
s*(5 s) Gies (bret . +75) + (9) 
Consider the series 

1 2 4 8 2251 

Ptptptget typt (10) 


This is a geometric series whose ratio is 2/2? = 1/2”"!, which is a posi- 
tive number less than 1. Hence, series (10) is convergent. Rewriting the 
terms of series (10), we get 


1 1 1 1 1 1 1 1 1 1 
pt(»tx) (Bt 220») (t »ew9 Site *y)* "* * (11) 


Comparing series (9) and series (11), we see that the group of terms in 
each set of parentheses after the first group is less in sum for (9) than it 
is for (11). Therefore, by the comparison test, series (9) is convergent. 
Because (9) is merely a regrouping of the terms of the p series when p > 1, 
we conclude from Theorem 14.4.4 that the p series is convergent if p > 1. 
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Note that the series in Example 3 is the p series where p = $ « 1; 
therefore, it is divergent. 


EXAMPLE 8: Determine whether | SOLUTION: Because for large values of n the number n? + 2 is close to the 


the infinite series number n?, so is the number 1/(n? + 2)!? close to the number 1/1??, The 
+o 
j 1 series V 1/n?? is divergent because it is the p series with p — 3 < 1. 
- n? T 2 1/3 n=1 
Al ) Using the limit comparison test with u, = 1/(n? + 2)" and v, = 1/n?^, 
is convergent or divergent. we have 
ecd t. 
2 1/3 
im Eum (n* +2)” 
n-+0 Un n9 l 
5323 
2/3 
— lim n 


hie (ni 4- 2)13 


- n? 1/3 
a m (a + 2 


1/3 


Therefore, the given series is divergent. 


Exercises 14.4 


In Exercises 1 through 18, determine if the given series is convergent or divergent. 


1. 5 1 2. y 3, G1 
n2" £ vV2nt+1 up nt 

xi 5 Xx n 

á > CES à > WH ^ X BUS 

10. X sin ~ 11. Sa 12. Sa 

13. X eer 14, bs ET 15. Xe 

16. > LONGER T3 Ex 17. X ENS 18. > sien 
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19. Prove Theorem 14.4.3(ii). 


20. Prove Theorem 14.4.3(iii). 


+x n 
21. If V a, and Y b, are two convergent series of positive terms, use the Limit Comparison Test to prove that the series 


n=1 n=1 
+% 
Y a,b, is also convergent. 
n=] 


22. Suppose f is a function such that f(n) > 0 for n any positive integer. Furthermore, suppose that if p is any positive 


$00 
number lim n"f(n) exists and is positive. Prove that the series V f(n) is convergent if p > 1 and divergent if0 < p = 1. 


f^ 


n=1 


14.5 THE INTEGRAL TEST The theorem known as the integral test makes use of the theory of im- 


14.5.1 Theorem 
Integral Test 


proper integrals to test an infinite series of positive terms for convergence. 


Let f be a function which is continuous, decreasing, and positive-valued 
for all x =1. Then the infinite series 


Y fo) =f) + f(2) fO) Ff) to 


n=1 


is convergent if the improper integral 


[^ f(x) dx 


1 


exists, and it is divergent if the improper integral increases without 
bound. 


PROOF: Ifiis a positive integer, by the mean-value theorem for integrals 
(6.5.2) there exists a number X such that i — 1 < X < i and 


[fe à 100 1 a) 
Because f is a decreasing function, 

fü-1) = f(X) =f 
and so from (1) we have 

fi-1)2z f, f(x) dx = f(i) 


Therefore, if n is any positive integer, 


Y-02»[ fo ded fe 


i-2 "i-1 i-2 


or, equivalently, 


S fli) = f f(x) dx = Y GO — f(1) Q) 


Figure 14.5.1 


Figure 14.5.2 
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Figures 14.5.1 and 14.5.2 show the geometric interpretation of the 
above discussion for n — 6. In Fig. 14.5.1, we have a sketch of the graph 
of a function f satisfying the hypothesis. The sum of the measures of 
the areas of the shaded rectangles is f(1) + f(2) + f(3) + f(4) + f(5), 
which is the left member of inequality (2) when n — 6. Clearly, the sum 
of the measures of the areas of these rectangles is greater than the measure 
of the area given by the definite integral when n — 6. In Fig. 14.5.2 the 
sum of the measures of the areas of the shaded rectangles is f(2) + f(3) 
+ f(4) + f(5) + f(6), which is the right member of the inequality (2) 
when n = 6. This sum is less than the value of the definite integral when 
n= 6. 

If the given improper integral exists, let L be its value. Then 


f f(x) dx xL (3) 


From the second and third members of the inequality (2) and from (3) 
we obtain 


> fd) f) «f f(x) dx & f(1) +L (4) 


i=1 


+00 
Consider now the infinite series V f(n). Let the sequence of partial 


n=1 


sums of this series be {s,}, where s, = ») f(i). From (4) we see that {s,} 


has an upper bound of f(1) + L. Hence, by Theorem 14.4.1 we conclude 


that Y f(n) is convergent. 

n=1 

Suppose that the given improper integral increases without bound. 
From (2) we have 


DES | " Kx) dx 


n—i 
for all positive integers n. Thus, > f(i) must also increase without bound 
i=1 


as n — 49. Therefore, im. S, = lim Y fl) =+%, Hence, Y f(n) is 


n9 i=l n=1 


divergent. m 


EXAMPLE 1: Use the integral test 
to show that the p series diverges 
if p x 1 and converges if p > 1. 


SOLUTION: The p series is 5 1/n*. The function f, defined by f(x) = 1/x?, 


satisfies the hypothesis d Theon 14.5.1. Thus, considering the im- 
proper integral, we have 

Ty 2. > dx 

1 usc m 1 x? 
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If p = 1, the above integral gives 
b 
lim In d = lim ln b =+% 
bo 1 b^ 4o 
If p * 1, the integral gives 


xi? | . bie-1 
bore 1— p 


= lim 
1 +o 1—p 

This limit is + when p < 1; it is —1/(1— p) if p > 1. Therefore, by the 
integral test, it follows that the p series converges for p > 1 and diverges 
for p <1. 


EXAMPLE 2: Determine if the 
infinite series 


4-00 
` ne™” 
n=1 


is convergent or divergent. 


SOLUTION: Letting f(x) = xe-*, we see that f is continuous, decreasing, 
and positive valued for x = 1; thus, the hypothesis of the integral test is 
satisfied. Using integration by parts, we have fxe^* dx — —e^*(x +1) + C. 
Hence, 


+o b 
Í xe^* dx= lim |-ee n] = lim |- — +2] 


1 b- +0 1 boo e 


Because lim (b+ 1) — t» and lim e^ — o, we can use L'Hópital's rule 


bo b +0 
and obtain 
lim Ton. lim 129 
b-to € b 30 
Therefore, 


+o 
Í xe * dx = Z 
e 


1 


and so the given series is convergent. 


EXAMPLE 3: Determine if the 
series 


i 1 
» (n +1) VIn(n +1) 


is convergent or divergent. 


SOLUTION: The function f defined by f(x) = 1/(x + 1) VIn(x + 1) is con- 
tinuous, decreasing, and positive valued for x = 1; hence, the integral 
test can be applied. 


| x ig | ntes] 2d 
1 (x+1)Vin(x +1) 36354; x+1 
suene] 
= lim [2 Vin(b + 1) — 2Vin 2] 
— o 


We conclude that the given series is divergent. 
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In Exercises 1 through 12, determine if the given series is convergent or divergent. 


1. 


10. 


13. 


14. 


15. 


16. 


Sinn ta | A tan"! n 
=< 2. ——— 
en PT ? a ntl 
m a toc +o 
X ne 5. X ne 6. X cotn 
n=1 n=1 n=1 
+% +° ptan in +% olin 
h 8& yf L- 
> csch n Pr 9. Pe 
E te n+3 € 1 
2 ———— E 
2 sech? n 11. = In ( E ) 12. 2 nn n)? 
P h nr ES 1 : ; ; 
rove that the series Ss nün n)” is convergent if and only if p > 1. 


n=2 


+00 1 
Prove that the series is convergent if and only if p > 1. 
2 ds n) [In(In n)]? y 


If s; is the kth partial sum of the harmonic series, prove that 
In(k-- 1) «s, « 1 lnk 
ifücmzxzm-tl 


(HINT: 
m 


Integrate each member of the inequality from m to m + 1; let m take on successively the values 1,2, . . . , n — 1, and 


add the results.) 


‘ . m0 -1 1 1 
Use the result of Exercise 15 to estimate the sum >, m 50 + 51 t + 100 


14.6 INFINITE SERIES OF In this section we consider infinite series having both positive and nega- 
POSITIVE AND tive terms. The first type of such a series which we discuss is one whose 
NEGATIVE TERMS terms are alternately positive and negative—an alternating series. 


14.6.1 Definition If a, > 0 for all positive integers n, then the series 


+0 
SOD = a, — at ag — a? t (S1) as 


n=1 


and the series 
+00 
5 (1) "45 = —4F4,—2T4— "FC Da des 
n=l 

are called alternating series. 


The following theorem gives a test for the convergence of an alter- 
nating series. 
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14.6.2 Theorem 
Alternating-Series Test 


If the numbers 1,,u5,Uu3, . . . , 44, . . . are alternately positive and nega- 
tive, |un+ı| < |u,| for all positive integers n, and lim u, — 0, then the al- 
no 
+00 
ternating series Y u, is convergent. 
n=1 


PROOr: We assume that the odd-numbered terms of the given series 
are positive and the even-numbered terms are negative. This assump- 
tion is not a loss of generality because if this is not the case, then we 
consider the series whose first term is u because discarding a finite 
number of terms does not affect the convergence of the series. So an-ı > 0 
and uzn < 0 for every positive integer n. Consider the partial sum 


Son = (Uy + Ug) + (Ug + Ug) +> + + (ga + Uon) (1) 


The first term of each quantity in parentheses in (1) is positive and the 
second term is negative. Because by hypothesis |un+ı| < |u,|, we conclude 
that each quantity in parentheses is positive. Therefore, 


O < Sa < S4 < S <t xS ocn (2) 

We also can write 5, as 

Son = Uy + (Uz + Ug) + (ua + Us) + + + + (Uzn-2 Wai) + Uen (3) 
Because |u,,,| < |u,|, each quantity in parentheses in (3) is negative and 
so also is u,,. Therefore, 

Son < Uy for every positive integer n (4) 
From (2) and (4) we have 

0 < Son < Uy for every positive integer n 


So the sequence (5,,) is bounded. Furthermore, from (2) the sequence 
1524) is monotonic. Therefore, by Theorem 14.2.6 the sequence {Sən} is con- 
vergent. Let lim sən = S, and from Theorem 14.2.7 we know that S x u. 


n- o 
Because $5444 = Son + 4544,, We have 


lim Sany; = lim Son + lim us, 
n- o N+ +o nro 


but, by hypothesis, lim 4,,,; = 0, and so lim Sən+ı = lim sən. Therefore, 


n= +00 n+ n oo 
the sequence of partial sums of the even-numbered terms and the se- 
quence of partial sums of the odd-numbered terms have the same limit S. 


We now show that lim s,— S. Because lim sə, = S, then for any 
Nato n+ 


e > 0 there exists an integer N, > 0 such that 
[Sn — S| <€ whenever 2n = N, 


And because lim 55,44 = S, there exists an integer N, > 0 such that 
n+ +o 


|Sonti1 S| < € whenever 2n + 1 = N, 
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If N is the larger of the two integers N, and N,, it follows that if n is any 
integer, either odd or even, then 


|s, — S| «e |. whenevern = N 


+o 
Therefore, lim s, = S, and so the series > u, is convergent. 
no n=1 


EXAMPLE 1: Prove that the 
alternating series 


te o(—1)" 


n=1 n 


is convergent. 


F : ERE 
SOLUTION: The given series is 


1,1 1 
1 2*5 4t 


1 1 
n "m Slc MES 22. eee 
+ (—1)” z+ sb nq 
Because 1/(n + 1) < 1/n for all positive integers n, and lim (1/n) — 0, it 
n4 


follows from Theorem 14.6.2 that the given alternating series is convergent. 


EXAMPLE 2: Determine if the 
series 


$ c» 


is convergent or divergent. 


n+2 
n(n +1) 


SOLUTION: The given series is an alternating series, with 
= (1) t2 = (1) — "t3 
w= CI ay SM aS CD CpG 2) 
1,2 
f n+2 _ n w 
lim nn+1)_ lim 1 =0 
N+ +0 n n--Fo 1 i 


Before we can apply the alternating-series test we must also show that 
[Unsil < |u| or, equivalently, |up+1|/[un| < 1. 


n+3 n(n+1) n(n+3) 


Wail — n3 — n(nt1) n(n*3) mt3n 24 
~ (n+1)(n +2) 


nt2  (n+2)? n2+4n+4 


Then it follows from Theorem 14.6.2 that the given series is convergent. 


14.6.3 Definition 


14.6.4 Theorem 


+00 
If an infinite series V u, is convergent and its sum is S, then the re- 
n=1 
mainder obtained by approximating the sum of the series by the kth par- 
tial sum s, is denoted by R, and 


Re = S — Sk 


+0 
Suppose Ss u, is an alternating series, |up+,| < |u,|, and lim vu, — 0. 
n=1 fo 
Then, if R, is the remainder obtained by approximating the sum of the 


series by the sum of the first k terms, |R,| < [ul]. 


PROOF: Assume that the odd-numbered terms of the given series are 
positive and the even-numbered terms are negative. Then, from (2) in 
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the proof of Theorem 14.6.2, we see that the sequence (5;,] is increasing. 
So if S is the sum of the given series, we have 


Son < Sopra < S forallk =1 (5) 
To show that the sequence {52,_,} is decreasing, we write 
Son—1 = Uy + (Uy + Ug) + (Ug tus) oo + + (ang + Won -1) (6) 


The first term of each quantity in parentheses in (6) is negative and the 
second term is positive, and because |un+ı| < |u,|, it follows that each 
quantity in parentheses is negative. Therefore, because u, > 0, we con- 
dude that sı > 54,7 sy > * * + > $,,.,4 > ^ - +; and so the sequence 
[554-1] is decreasing. Thus, 


S «Sai Sui forallk z 1 (7) 


From (7) we have S — Sop < S2k}1 — Sox = Usy4,, and from (5) we have 0 < 
S — s,,. Therefore, 


0 « S — Sox « Yor+1 for all k = 1 (8) 


From (5) we have —S < —s,,; hence, $j-, — S < 824-1 — Sox =— Up. Be- 
cause from (7) it follows that 0 < s,,_,— S, we have 


0 < S2p-1 — S < —Ugy, forallk 2 1 (9) 


Because from Definition 14.6.3, Rp — 5 — sp, (8) can be written as 0 < 
|Rox| < |u2x+ı| and (9) can be written as 0 < |Rz,| < |us,]. Hence, we 
have |R,| < |ux4,| for all k = 1, and the theorem is proved. a 


EXAMPLE 3: A series for com- 
puting In(1 — x) if x is in the 
open interval (—1, 1) is 


+0 x” 
In(1— x) = * —-— 
n=] n 


Find an estimate of the error 
when the first three terms of this 
series are used to approximate 
the value of In 1.1. 


SOLUTION: Using the given series with x — —0.1, we get 


m _ (0.1)? , (0.1)3 COU eee. s 
In 1.1 = 0.1 2 + 3 4 + 


This series satisfies the conditions of Theorem 14.6.4; so if R, is the dif- 
ference between the actual value of In 1.1 and the sum of the first three 
terms, then 


[Rs| < |u4| = 0.000025 


Thus, we know that the sum of the first three terms will yield a value of 
In 1.1 accurate at least to four decimal places. Using the first three terms, 
we get 


In 1.1 = 0.0953 


Associated with each infinite series is the series whose terms are 
the absolute values of the terms of that series. 


14.6.5 Definition 
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oo 
The infinite series V u, is said to be absolutely convergent if the series 
n=1 


+0 
Y, [un] is convergent. 


EXAMPLE 4: Determine if the 
series 


+00 2 
— nt1 = 
p [e 


is absolutely convergent. 


SOLUTION: The a series is 


199: ae 2 
HL SS Lu CES = nt+1 = >s.. o 
$c 1) <= 2 gd 24 +1) s 


4 
. n=l 3 


This series will be absolutely convergent if the series 


33573 3” 


is convergent. Because this is the geometric series with r=34< 1, it is 
convergent. Therefore, the given series is absolutely convergent. 


14.6.6 Definition 


14.6.7 Theorem 


An example of a convergent series which is not absolutely convergent 


+00 
is the series 5 (—1)"*!/n. In Example 1 we proved that this series is con- 
n=1 
vergent. The series is not absolutely convergent because the series of 
absolute values is the harmonic series which is divergent. The series 


+00 
> (—1)"*!/n is an example of a conditionally convergent series. 
m=1 


A series which is convergent, but not absolutely convergent, is said to 
be conditionally convergent. 


It is possible, then, for a series to be convergent but not absolutely 
convergent. If a series is absolutely convergent it must be convergent, 
however, and this is given by the next theorem. 


+0 
If the infinite series V un is absolutely convergent, it is convergent and 


X <¥ Jul 


n=1 


PROOF: Consider the three infinite series y Un, y [u,|, and X (Unt |Unl), 
n=1 n=1 

and let their sequences of partial sums be {sn}, {tn}, and ic jespe cael 

For every positive integer n, Un + |u,| is either 0 or 2|u,|; so we have the 

inequality 


0 = u, + |u,| x 2|u,l (10) 


+o 
Because V |u,| is convergent, it has a sum, which we denote by T. 
n=1 
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{ta} is an increasing sequence of positive numbers, and so f, = T for 
all positive integers n. From (10), it follows that 


O<r, <2t, «2T 
Therefore, the sequence {r,} has an upper bound of 2T. Thus, by The- 


+æ 
orem 14.4.1 the series V (u, + |u,|) is convergent, and we call its sum R. 
n=1 


Because from (10), {r,} is an increasing sequence, it may be concluded 
from Theorem 14.2.7 that R x 2T. 


+o +% 
Each of the series V (u, + |u,|) and Y |u,| is convergent; hence, 
n=1 n=1 


from Theorem 14.3.9 the series 


S Ln lial) — lul] = S us 


n=1 


is also convergent. 


+% 
Let the sum of the series > u, be S. Then, also from Theorem 14.3.9, 


n=1 


S—R-— T. And because R = 2T, S s 2T— T-— T. 
+0 
Because Y u, is convergent and has the sum $, it follows from The- 
n=1 
+00 
orem 14.3.8 that V (—u,) is convergent and has the sum —S. Because 
n=1 


+00 +00 +00 +% 
5 |—u,| = S |u»| = T, we can replace Y un by Y, (~un) in the above 
n=1 n=1 n=1 n=1 


discussion and show that —S < T. Because 5 x T and —5 < T, we have 


+% +00 
[S| = T; therefore, | V u,) = Y |u,|, and the theorem is proved. a 
n=1 n=1 


EXAMPLE 5: Determine if the 
series 


y cos inm 
2 
n=1 n 


is convergent or divergent. 


oo 
SOLUTION: Denote the given series by 5 un. Therefore, 


n=1 
+00 1 1 1 1 1 1 
3$. wr] o 235b cosinm 
us —L—lI—-— ++ —Lm5—..V-.——..e-e 
àL^vr » » p ple y n? 


zx haaa ie st E ERE 
—$—4$—5— 3s do de t vs 


We have a series of positive and negative terms. We can prove this series 
is convergent if we can show that it is absolutely convergent. 


Die t2 jcos ànv 
Y a= S 
n=1 n=1 

Because 


|cos $nz| = 1 for all n 


|cosánz| _ 1 


n? for all positive integers n 
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+o 
The series * 1/r? is the p series, with p — 2, and is therefore convergent. 
n=1 


00 
So by the comparison test V |u»| is convergent. The given series is there- 
n=1 
fore absolutely convergent; hence, by Theorem 14.6.7 it is convergent. 


+o 
You will note that the terms of the series V |u,| neither increase 
n=1 
monotonically nor decrease monotonically. For example, |u| = is, |us| = 
35, |Ugl = zs; and so |u| < |u4|, but [us| > Jusl. 


14.6.8 Theorem 
The Ratio Test 


The ratio test, given in the next theorem, is used frequently to deter- 
mine whether a given series is absolutely convergent. 


+0 
Let V wu, be a given infinite series for which every u, is nonzero. Then 
n=1 


(i) if lim |u,,,/u,| = L < 1, the given series is absolutely convergent; 
n=+0 
(ii) if lim |un+ı/un| =L 7 1 or if lim |un+ı/un| =+%, the series is 
n--Fo N+ +0 
divergent; 
(iii) if lim [u,,,/u,| = 1, no conclusion regarding convergence may 
n--oo 


be made. 


PROOF OF (i: We are given that L < 1, and let R be a number such that 
L<R<1. Let R—L=e <1. Because lim |u,,,/u,|=L, there exists an 
n+ 


integer N > 0 such that 


u 
mm L e whenever n = N 


n 


or, equivalently, 


o < [F| <L+e=R_  whenevern =N (11) 
Letting n take on the successive values N, N+1,N+2,...,and 


so forth, we obtain from (11) 
[uyl < R|us| 
|Uvse| < R[usa] < R*|us| 
|un+sl < R|uy.s] < R§|uy| 
In general, we have 


[uns] < R*|uy| for every positive integer k (12) 
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The series 
+% 
* |uy|R* = Juy|R + |uy|R2 + oe, + |uy|R" + te 
k=1 
is convergent because it is a geometric series whose ratio is less than 1. 


+x 
So from (12) and the comparison test, it follows that the series * [ual 
k-i 


+00 To 
is convergent. The series V [uy,,| differs from the series V |u,| in only 
k=1 n=1 


+00 
the first N terms. Therefore, V |u,| is convergent, and so the given series 
n=1 
is absolutely convergent. 
PROOF OF (ii): If lim |uy.,/u,|=L>1 or lim [u,.,/u,| =+%, then in 
noo no 


either case there is an integer N > 0 such that |u,,;/u,| > 1 forall n = N. 


Letting n take on the successive values N, N--1,N -2,.. . ,andsoon, 
we obtain 
[uvis] > [ux] 


|unvso| > [usa] > [un 


[Uns] > [unas] > |uwl 


see 


So we may conclude that |u,| > |uy| for all n > N. Hence, lim v, 7 0, 
n0 
and so the given series is divergent. 


PROOF Or (iii) If we apply the ratio test to the p series, we have 


1 
c Masi] tn (nc 1». 4: ( n Jl- 
xus ce ee oA 
n? 


Because the p series diverges if p - 1 and converges if p > 1, we have 
shown that it is possible to have both convergent and divergent series 
for which we have lim |u,,,/u,| = 1. This proves part (iii). L| 


n--do 


EXAMPLE 6: Determine if the 
series 


i$ (—1)""n 
à T 


is convergent or divergent. 


SOLUTION: U, = (—1)"*!n/2* and u,,, = (—1)*?(n + 1)/2**!. 


Therefore, 
unu] ”n+1 2" nl 
Un 2"! g 2n 
So 
u 1+5 1 
lim || = lim ——=5<1 
xcd wee, duc 2 


14.6 INFINITE SERIES OF POSITIVE AND NEGATIVE TERMS 699 


Therefore, by the ratio test, the given series is absolutely convergent 
and hence, ad Theorem 14. 6. 7, it is convergent. 


EXAMPLE 7: In Example 2, the 
series 


ni t2_ 
> (71) n(n +1) 


was shown to be convergent. Is 
this series absolutely convergent 
or conditionally convergent? 


SOLUTION: To test for absolute convergence we xd the ratio test. In the 
solution of Example 2 we showed that |1,,,|/|u,| = (n? + 3n)/ (n? + 4n + 4). 
Hence, 


142 
Fan. jim ——4—=1 
nl oae 14 $45 

n n? 


So the ratio test fails. Because 


n(n-l) ntl n nm 


+00 
we can apply the comparison test. And because the series = 1/n is the 
n=1 


+0 
harmonic series, which diverges, we conclude that the series V |w,| is 
n=1 


+0 
divergent and hence Y u, is not absolutely convergent. Therefore, the 
n=1 
series is conditionally convergent. 


Exercises 14.6 


It should be noted that the ratio test does not include all possibilities 


for lim [|u,,;/u,| as it is possible that the limit does not exist and is not 
noo 


+, The discussion of such cases is beyond the scope of this book. 
To conclude the discussion of infinite series of constant terms, we 
suggest a possible procedure to follow for determining the convergence 


or divergence of a given series. First of all, if lim u, # 0, we may con- 
n--oo 


clude that the series is divergent. If lim u, — 0 and the series is an alter- 
n--oo 


nating series, then try the alternating-series test. If this test is not appli- 
cable, try the ratio test. If in applying the ratio test, L — 1, then another 
test must be used. The integral test may work when the ratio test does 
not; this was shown for the p series. Also, the comparison test can be tried. 


In Exercises 1 through 8, determine if the given alternating series is convergent or divergent. 


LS cp» 


n=1 


4. > (7-1) 22 T 


a) Die 


n=1 


2 < (—1)" sinc 3 V (-1)"*1 n 
jm n ] pn m2 
To Inn +00 e^ 
yea A —1w»£. 
5. > (—1) Pe) 6. p (—1) " 


Va 
s Di 


n=1 
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In Exercises 9 through 12, find the error if the sum of the first four terms is used as an approximation to the sum of the 
given infinite series. 


9 y 1)" 1 10 y 1)" 1 

; > CODES . È Cys 
11 < cpe 1 __ 12 wv (—1yen L 

: 2 (2n — 1)? i p n 
In Exercises 13 through 16, find the sum of the given infinite series, accurate to three decimal places. 

te 1 
= nt+1 7 "tll 7. 
13. > (-1) (an)? 14. 5 (-1) m 
n+l n 

15. 2E 1) =; 16. Se 1) (an FIF 


In Exercises 17 through 28, determine if the given series is absolutely convergent, conditionally convergent, or divergent. 
Prove your answer. 


7. F cay 2 18. § cpm 19. y E 
i 2 n! ‘ p (2n — 1)! : Al 
20 y (y 21 (-1)* 22 y (-1)"! «ST 
"auis X s 2" n(n + 2) 
4 gn dem n2+1 1 
= ntl. = n TN RL T 
3. Y co" A. Y CO 25, > ( 3 iri 
IX cos n un 1$1:3:5-:...-: (2n— 1) 
yc m NER LN ELA MIO RUE ULUSM 2 
DES n2 2 Zw 2D VATER LL (02) 
29, Prove by mathematical induction that 1/n! = 1/2", 
+% +% 
30. Prove that if V u, is absolutely convergent and u, # 0 for all n, then X1 |u,| is divergent. 
n=] n=1 
x +o 
31. Prove that if Y u, is absolutely convergent, then Y, ux is convergent. 
32. Show by means of an example that the converse of Exercise 31 is not true. 
14.7 POWER SERIES A power series in (x — a) is a series of the form 
14.7.1 Definition cy - c(x—a) + o(x—a)?+- ++ eala (1) 


+% 
We use the notation V c,(x — a)" to represent series (1). (Note that 
n=0 
we take (x — 4)? = 1, even when x = a, for convenience in writing the gen- 
eral term.) If x is a particular number, the power series (1) becomes an 
infinite series of constant terms, as was discussed in previous sections. 
A special case of (1) is obtained when a — 0 and the series becomes a 
power series in x, which is 


+% 
Y ox'—cctoxtox e db vex cc (2) 
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In addition to power series in (x — 4) and x, there are power series 
of the form 


poo 


Y Culh(x)]" = co + 660) + colG(x) P+ > > + + el h(x) ]" + 

n=0 
where ¢ is a function of x. Such a series is called a power series in (x). 
In this book, we are concerned exclusively with power series of the forms 
(1) and (2), and when we use the term “power series," we mean either of 
these forms. In discussing the theory of power series, we confine our- 
selves to series (2). The more general power series (1) can be obtained 
from (2) by the translation x = x — a; therefore, our results can be applied 
to series (1) as well. 

In dealing with an infinite series of constant terms, we were con- 
cerned with the question of convergence or divergence of the series. In 
considering a power series, we ask, For what values of x, if any, does the 
power series converge? For each value of x for which the power series 
converges, the series represents the number which is the sum of the 
series. Therefore, we can think of a power series as defining a function. 
The function f, with function values 


f(x) = X CX" (3) 


has as its domain all values of x for which the power series in (3) con- 
verges. It is apparent that every power series (2) is convergent for x = 0. 
There are some series (see Example 3) which are convergent for no other 
value of x, and there are also series which converge for every value of 
X (see Example 2). 

The following three examples illustrate how the ratio test can be 
used to determine the values of x for which a power series is convergent. 
Note that when n! is used in representing the nth term of a power series 
(as in Example 2), we take 0! — 1 so that the expression for the nth term 
will hold when n = 0. 


EXAMPLE 1: Find the values of x | SOLUTION: For the given series, 


for which the power series 


x" 


> (— pa 26x "^ 


is convergent. 


Qn n Qnriynil 
u—(-1 97S. and tan = CD e hae 
: So 
. Mase Qntiyntl i n3” io; 2 
Bm PST Em aam r ims boe dd 


Therefore, the power series is absolutely convergent when 3|x| « 1 
or, equivalently, when Ix] < 3. The series is divergent when £|x| > 1 or, 
equivalently, when ll > 3. When 3|x| ^ 1 (i.e., when x= +$), the ratio 
| test fails. When x — $, the given power series becomes 
1 1,1 1 1 


LG ELM M CEN CI eae yeti 
1 2*3 at + (—1) ee 


702 INFINITE SERIES 


which is convergent, as was shown in Example 1 of Sec. 14.6. When 
x —$, we have 


which by Theorem 14.3.8 is divergent. We conclude, then, that the given 
power series is convergent when —2 < x < 3. The series is absolutely con- 
vergent when —$ < x < 3 and is conditionally convergent when x = $. 
If x x —8 or x > $, the series is divergent. 


EXAMPLE 2: Find the values of x 
for which the power series 

+% xn 

per 


n-0 


is convergent. 


SOLUTION: For the given series, u, = x"[n! and uy, = x"*![(n + 1)!. So by 
applying the ratio test, we have 


x"! n! 
(n+1)! x 


Unt 


= lim 


ndo 


lim 


n--roo 


= TRA NES 
= |x| lim 7 1-70«1 


Un 


We conclude that the given power series is absolutely convergent for all 


values of x. 


EXAMPLE 3: Find the values of 
x for which the power series 


+o 
» nix" 
n=0 


is convergent. 


SOLUTION: For the given series u, = nx" and u,,, = (n + 1)!x"*!. Apply- 
ing the ratio test, we have 


lim |Z2:1| = lim (n t 1) 
n=+ o n n--o nix" 
= lim |(n + 1)x| 
N++ 00 
= |x| lim (n+ 1) 
n++0 
When x =0, |x| lim (1 +1) =0; when x #0, |x| lim (n+ 1) — Fo. It 


N-+n n--to 


follows that the series is divergent for all values of x except 0. 


14.7.2 Theorem 


+% 

If the power series * c,x" is convergent for x = x, (x; # 0), then it is ab- 
n=0 

solutely convergent for all values of x for which |x| < |x,|. 


+00 
PROOF: If BS CX," is convergent, then lim c,x,"= 0. Therefore, if we 
n=0 no 


take e = 1 in Definition 2.7.1, there exists an integer N > 0 such that 
[enx] < 1 whenever n = N 
Now if x is any number such that |x| < |x,|, we have 


x n 


xi 


n n 
le,x"| = C uer = |es"| « whenever n > N (4) 
1 


La 
x 


14.7.3 Theorem 


14.7.4 Theorem 
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The series 


+% n 


(5) 


Xx 
xi 


n-N 
is convergent because it is a geometric series with r = |x/x,| < 1 (because 


+0 
|x| < |x,|). Comparing the series V |c,x"|, where |x| < |x;|, with series 
n=N 


+% 
(5), we see from (4) and the comparison test that V |c,x"| is convergent 
n-N 
for |x| < |x,|. So the given power series is absolutely convergent for all 
values of x for which |x| < |xil. a 


An illustration of the above theorem is given in Example 1. The 
power series is convergent for x = $ and is absolutely convergent for all 


values of x for which |x| « 3. 
A corollary of Theorem 14.7.2 is the following one. 


+% 

If the power series 5 c,X" is divergent for x = x,, it is divergent for all 
n=0 

values of x for which |x| > |x|. 


PROOF: Suppose that the given power series is convergent for some 
number x for which |x| > |x.|. Then by Theorem 14.7.2 the series must 
converge when x = x,. However, this contradicts the hypothesis. There- 
fore, the given power series is divergent for all values of x for which 
|x| > |xəl. a 


To illustrate Theorem 14.7.3 consider again the power series of Ex- 
ample 1. It is divergent for x =— and is also divergent for all values of 
x for which |x| > | 3]. 

From Theorems 14.7.2 and 14.7.3, we can prove the following im- 
portant theorem. 


00 
Let V c,x" be a given power series. Then exactly one of the following 
n-0 
conditions holds: 


(i) the series converges only when x — 0; 
(ii) the series is absolutely convergent for all values of x; 
(iii) there exists a number R > 0 such that the series is absolutely 
convergent for all values of x for which |x| « R and is divergent 
for all values of x for which |x| > R. 


PROOF: If we replace x by zero in the given power series, we have c, + 0 
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series convergent 


for |x| < R 
a —  ——— ee 
-R d R 


series divergent for |x| > R 


Figure 14.7.1 


series convergent 
for |x — al < R 


CAD nr 
a — Y E 
Ta-R p a+R Î 


series divergent for |x — a| > R) 


Figure 14,7,2 


+0+ >+- , which is obviously convergent. Therefore, every power 


+% 

series of the form Y cx" is convergent when x — 0. If this is the only 
n=0 

value of x for which the series converges, then condition (i) holds. 

Suppose that the given series is convergent for x = x, where x, # 0. 
Then it follows from Theorem 14.7.2 that the series is absolutely con- 
vergent for all values of x for which |x| « |x,|. Now if in addition there 
is no value of x for which the given series is divergent, we can conclude 
that the series is absolutely convergent for all values of x. This is con- 
dition (ii). 

If the given series is convergent for x = x,, where x, # 0, and is di- 
vergent for x = x,, where |x,| > |x,|, it follows from Theorem 14.7.3 that 
the series is divergent for all values of x for which |x| > |x,|. Hence, |x| 
is an upper bound of the set of values of |x| for which the series is abso- 
lutely convergent. Therefore, by the axiom of completeness (14.2.5), this 
set of numbers has a least upper bound, which is the number R of condi- 
tion (iii). This proves that exactly one of the three conditions holds. & 


Theorem 14.7.4(iii) can be illustrated on the number line. See 
Fig. 14.7.1. 


+00 +0 
If instead of the power series 5 c„x” we have the series M c, (x — a)", 
n-0 n=0 
in conditions (i) and (iii) of Theorem 14.7.4, x is replaced by x — a. The 
conditions become 


(i) the series converges only when x = a; 

(iii) there exists a number R > 0 such that the series is absolutely 
convergent for all values of x for which |x — a| < R and is di- 
vergent for all values of x for which |x — a| > R. (See Fig. 14.7.2 
for an illustration of this on the number line.) 


The set of all values of x for which a given power series is convergent 
is called the ínterval of convergence of the power series. The number R of 
condition (iii) of Theorem 14.7.4 is called the radius of convergence of the 
power series. If condition (i) holds, we take R — 0; if condition (ii) holds, 
we write R = 4o. 

For the power series of Example 1, R — $ and the interval of conver- 
gence is (—#, 3]. In Example 2, R = 4c, and we write the interval of con- 
vergence as (—%, 4-o). 


4o 
If R is the radius of convergence of the power series 5 c,X^, the in- 
n=0 
terval of convergence is one of the following intervals: (—R, R), [—R, R], 
+00 
(—R, R], or [—R, R). For the more general power series p» Cn(x — a)", 
n=0 


the interval of convergence is one of the following: (a—R, a+R), 
[a—R,a+R], (a- R, a - R], or [a — R, a +R). 
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A given power series defines a function having the interval of con- 
vergence as its domain. The most useful method at our disposal for de- 
termining the interval of convergence of a power series is the ratio test. 
However, the ratio test will not reveal anything about the convergence 
or divergence of the power series at the endpoints of the interval of 
convergence. At an endpoint, a power series may be either absolutely 
convergent, conditionally convergent, or divergent. If a power series con- 
verges absolutely at one endpoint, it follows from the definition of abso- 
lute convergence that the series is absolutely convergent at each endpoint 
(see Exercise 21). If a power series converges at one endpoint and diverges 
at the other, the series is conditionally convergent at the endpoint at 
which it converges (see Exercise 22). There are cases for which the con- 
vergence or divergence of a power series at the endpoints cannot be 
determined by the methods of elementary calculus. 


EXAMPLE 4: Determine the inter- 
val of convergence of the power 
series 


y n(x — 2)" 


n=1 


SOLUTION: The given series is 
(x—2)+2(x—2)} +: -` +n(x— 2 OUT DOCS oc 
Applying the ratio test, we have 


(n+1)(x—2)"*} 
n(x— 2)” 


The given series then will be absolutely convergent if |x — 2| < 1 or, 
equivalently, —1 < x — 2 < 1 or, equivalently, 1 < x < 3. 


n+ 


Uni lees 
n 


= lim 
n--o 


lim 


n--oo 


= [x —2| lim 
n no 


+% 
When x= 1, the series is Y (—1)"n, which is divergent because 


n=1 


-+0 
lim u, Æ 0. When x = 3, the series is 5 n, which is also divergent be- 
nog n=l 
cause lim u, # 0. Therefore, the interval of convergence is (1, 3). So the 
noo 


given power series defines a function having the interval (1, 3) as its 
domain. 


EXAMPLE 5: Determine the inter- 
val of convergence of the power 
series 


£elrnm 


SOLUTION: The given series is 


x x x x Xe . 
Per? Ars Be rT Ipaa 
Applying the ratio test, we have 
lim Until _ lim roe n ; 2+n? = |x| lim saa es oro |x| 
usas Uy nopo [2+ (nt+1)? x nso 2tn?+2n+1 


So the given series will be absolutely convergent if |x| < 1 or, equiv- 
alently, —1 < x < 1. When x = 1, we have the series 
1 1 1 1 


21ip*24i2'24339' UU Tote 


+--+. 
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+0 

Because 1/(2 + n?) < 1/1? for all positive integers n, and because * 1/72 
€ 

is a convergent p series, it follows from the comparison test that the given 

power series is convergent when x — 1. When x — —1, we have the series 


+% 

* (—1)"/ (2 +n’), which is convergent because we have just seen that 
n=1 

it is absolutely convergent. Hence, the interval of convergence of the 
given power series is [—1, 1]. 


Exercises 14.7 


In Exercises 1 through 20, find the interval of convergence of the given power series. 


MODI uos xo! Tc x" +0 2"x" 
h E "Qn I) 5 ul SE 
4y E ud 5. Y nix" 6 
; > (—1) (an)! ; 2 n!x : 26 ge m 
niis xn {ane 
= | za te ntl 
7 Z CW Gaye & > co" 
(muy te (x +2)" 
9, (—1)*! 2——— 10. ————— 
> Ltr 
1. V (sinh 2n)x" yen 
; » (sinh 2n)x 12. p» nnti 
+æ x” i To (x+5)""! 
13. > CD Flin wt 14. X Mem 
n-2 nel 
iU nix” wn. 
15. » PT 16. È ni 
i In n(x — 5)” Och n 
17. 2 nti 18. p n"(x— 3) 
uad 1:3:5 : (2n— 1) &(-1"1-:3-:5-...- 2n—-1) 
19. c] ys 2nl i n 
2 Ca on 2 24:67... 2h * 


n-i n=1 


21. Prove that if a power series converges absolutely at one endpoint of its interval of convergence, then the power series 
is absolutely convergent at each endpoint. 


22. Prove that if a power series converges at one endpoint of its interval of convergence and diverges at the other end- 
point, then the power series is conditionally convergent at the endpoint at which it converges. 


ET 
23. Prove that if the radius of convergence of the power series 5 Unx” is r, then the radius of convergence of the series 


+00 
Sun" is vr. 


n=1 


n=1 


H H x 
24. Prove that if lim V|u,| — L (L 7 0), then the radius of convergence of the power series Y oux" is 1/L. 
n= oo 


n=1 


14.8 DIFFERENTIATION 
OF POWER SERIES 


14.8.1 Theorem 
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a 

A power series V cx" defines a function whose domain is the interval 
n=0 

of convergence of the series. For example, consider the geometric series 


+0 
with a = 1 and r — x, which is V x". By Theorem 14.3.6 this series con- 
n=0 


+00 
verges to the sum 1/(1— x) if |x| < 1. Therefore, the power series V x” 

n=0 
defines the function f for which f(x) = 1/(1 — x) and |x| < 1. Hence, we 
can write 


Dxxcaitkxtbe kate mui if |x| <1 (1) 


The series in (1) can be used to form other power series whose sums 
can be determined. For example, if in (1) we replace x by —x, we have 


1 . 
= — y3 gairi ——1 X} nyn se aS a 
LT—-x+x-— x84 + (—1)%"+ Iu iflxX| «1 (2) 


Letting x — x? in (1), we get 


Dextbxtbug oo anto if |x| <1 (3) 
If x is replaced by —x’ in (1) we obtain 
1 
— y2 4 Mw ss -——1 yny?” e. m———— 1 
1—x?-x5— x5 + (—1)"x?" + Ipa if |x| <1 (4) 


In this section and the next we learn that other interesting series can 
be obtained from those like the above by differentiation and integration. 
We prove that if R # 0 is the radius of convergence of a power series 
which defines a function f, then f is differentiable on the open interval 
(—R, R} and the derivative of f can be obtained by differentiating the 
power series term by term. Furthermore, we show that f is integrable on 
every closed subinterval of (—R, R), and the integral of f is evaluated by 
integrating the power series term by term. We first need some preliminary 
theorems. 


+% 

If > C,x" is a power series having a radius of convergence of R > 0, then 
n=0 +00 

the series by nc,X"* ! also has R as its radius of convergence. 


n=1 


This theorem states that the series, obtained by differentiating term 
by term each term of a given power series, will have the same radius of 
convergence as the given series. 


PROOr: Let x be any number in the open interval (—R, R). Then |x| < R. 
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+00 
Choose a number x, so that |x| < |x,| < R. Because |x,| < R, V cx," is 


n=0 


convergent. Hence, lim c,x," = 0. So if we take e = 1 in Definition 2.7.1, 


n--o 


there exists a number N > 0 such that 
lex; [d whenever n > N 


Let M be the largest of the numbers |c,x,|, |cox,?|, |c3x1°|, 


Then 
Icpx."| = M — for all positive integers n 
Now 
xn Ic x "| xui 
n-1| — ; sau B. mu A t 
[nc,x"7!| = Inc, PORE lel de 


From (5) and the above equation, we get 


n-—1 


X 
xi 


- M 
Inc,x"^!| sni] 


Applying the ratio test to the series 


M +00 x n-1 
CMS n |— 
lxi n-1 x 
we have 
: Until — (n + 1) |x|" t 
lim -=| = IHm-|-— ae 
N= +O Un n- +00 EA n|x| 
_ {xX}. nt+1 
= |>] lim 
Xil n-+0 
—-L <1 
xi 


zac a obs os 


(5) 


(6) 


(7) 


Therefore, series (7) is absolutely convergent; so from (6) and the com- 


+% 


parison test, the series Y nc,x”™' is also absolutely convergent. Because 


n=1 


x is any number in (—R, R), it follows that if the radius of convergence of 


+0 
5 nc,x®™ ! is R', then R' =R. 


n=1 


To complete the proof we must show that R' cannot be greater than 
R. Assume that R' >R and let x, be a number such that R < |x,| < R'. 


Because |x;| > R, it follows that 


+% 
Ss CyXq" is divergent 
n=0 


(8) 


EXAMPLE 1: Verify Theorem 
14.8.1 for the power series 


To 


ey (n+ 1)? 
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+00 
Because |x,| < R', it follows that » nc,x;" ! is absolutely convergent. 
n=1 


Furthermore, 
+00 To 
[xo] Y, Inest] = M nex” 
n=1 n=1 


and so from Theorem 14.3.8 we may conclude that 
+00 
Y Inex,| is convergent (9) 


If 1 is any positive integer 
[csxa"| s n|euxs"] = [ncsxe"| (10) 
From statement (9), inequality (10), and the comparison test it follows that 


y [c,x,"| is convergent. Therefore, the series y CrX” is convergent, which 
n=1 n=0 

contradicts statement (8). Hence, the assumption that R’ > R is false. 
Therefore, R' cannot be greater than R; and because we showed that 
R’ = R, it follows that R' = R, which proves the theorem. a 


xt 


SOLUTION: The given power series is 


+0 x"! xtti xU? 


ati Eve Pet qp) 


To find the radius of convergence, we apply the ratio test. 


(n + 1)2x"? 


(n 2)e| T T lim 


n-+0 


n?+2n+1 = |x| 
n? +4n+4 


n- +o n=+% 


Hence, the power series is convergent when |x| < 1, and so its radius 
of convergence R = 1. 

The power series obtained from the given series by differentiating 
term by term is 
SEDE GG x x, x 


n 
MED Suri ~1t5tgtat UU dtu 


Applying the ratio test for this power series, we have 


n + 1)x"! n+1 
(n 1)x" |= |x| 


n2)» 


Un+1 


lim = 


n= +0 


= |x| lim EX 


n no 


This power series is convergent when |x| « 1; thus, its radius of con- 
vergence R' — 1. Because R — R', Theorem 14.8.1 is verified. 
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14.8.2 Theorem 


14.8.3 Theorem 


+00 
If the radius of convergence of the power series V c,x" is R > 0, then R 
n=0 


+00 
is also the radius of convergence of the series S n(n — l)c,x"?. 
n=2 


+00 
PROOF: If we apply Theorem 14.8.1 to the series V nc,x"^', we have the 
n=1 


desired result. a 


We are now in a position to prove the theorem regarding term-by- 
term differentiation of a power series. 


doo 
Let S C,X" be a power series whose radius of convergence is R > 0. Then 


n=0 
if f is the function defined by 
f(x) = SF cnx" (11) 
n=0 


f' (x) exists for every x in the open interval (—R, R), and it is given by 


, — < n-—1 
f'(x)-2 ` NCyX 
n=1 


PROOF: Let x and a be two distinct numbers in the open interval (—R, R). 
Taylor’s formula (formula (9) in Sec. 13.5), with n = 1, is 


Eo a) FO a 


f(x) = fla) += (xa) —— 


— ay? 
Using this formula with f(x) = x", we have for every positive integer n 
x" = a” + na*"! (x — a) + dn(n — 1) (é)? (x — a)? (12) 


where £, is between a and x for every positive integer n. From (11) we have 


f(x) — fla) = S can - Y ew 


n=0 


+00 +0 
Cot 5 Ca" — Cy — 5 c,a" 
n=1 n-i 


To 


Da x = a”) 


I 
M 


n=1 


Dividing by x—a (because x # a) and using (12), we have from the 
above equation 
i ees 
fx) fa) =D). aca Y, e nan (x — a) + in(n—1)(&)"?(x — a)?] 


n=1 
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So 


fa) — fe) _ X NCy qr ty 3(x — a) X n(n— 1)ce,(&) d (13) 


x—a 


+% 
Because a is in (—R, R), it follows from Theorem 14.8.1 that S nca"! 
n=1 
is absolutely convergent. 
Because both a and x are in (—R, R), there is some number K > 0 
such that |a| < K < Rand |x| < K < R. It follows from Theorem 14.8.2 that 


+% 
S n(n—1)c, K"? 


n=2 
is absolutely convergent. Then because 

In(n — 1)e,(6,)"*| < In(n — 1)c,K">| (14) 
for each £,, we can conclude from the comparison test that 

"m 

P n(n — 1)c,(&)"? 


is absolutely convergent. 
It follows from (13) that 


fœ) -fa a 


LTR Soa] = i= a) S na- Delea a) 


n=2 


+00 

However, from Theorem 14.6.7 we know that if Y u, is absolutely con- 
n=1 

vergent, then 


DET 


n=1 


s$ us] 


Applying this to the right side of (15), we obtain 


RA - X noun siisca Y n Delle — ae 
From (14) and (16) we get 
f - fe » hot edie a| Y ne - Dele (17) 


where 0 « K « R. Because the series on the right side of (17) is absolutely 
convergent, the limit of the right side, as x approaches a, is zero. There- 
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fore, from (17) and Theorem 2.10.5 it follows that 
= +% 
lim 0 


cx rm N. Hed" 
z-a  X—4 2 k 
or, equivalently, 
+0 
f'(a) = M nca" 
n=1 


and because a may be any number in the open interval (—R, R), the 
theorem is proved. u 


EXAMPLE 2: Let f be the function 
defined by the power series of 
Example 1. (a) Find the domain 
of f; (b) write the power series 
which defines the function f' and 
find the domain of f'. 


i 
| 
| 


SOLUTION: 


ntl 


(a) f(x) = Gri 


The domain of f is the interval of convergence of the power series. 
In Example 1 we showed that the radius of convergence of the power 
series is 1; that is, the series converges when |x| « 1. We now consider 
the power series when |x| = 1. When x= 1, the series is 


jo 1 
1-44 Gage 


which is convergent because it is the p series with p = 2. When x =—1, 


+0 
we have the series > (—1)"*'/ (n + 2)?, which is convergent because it 
n=0 
is absolutely convergent. Hence, the domain of f is the interval [—1, 1]. 
(b) From Theorem 14.8.3 it follows that f' is defined by 


+00 


fa)- Y. (18) 


n=0 


and that f'(x) exists for every x in the open interval (—1, 1). In Example 
1 we showed that the radius of convergence of the power series in (18) 
is 1. We now consider the power series in (18) when x = +1. When x = 1, 
the series is 


Lobo 1 
l*t3t3t4t* POPE tt 
which is the harmonic series and hence is divergent. When x — —1, the 
series is 
—141_1}... 4 (1r +... 
1 2*3 4t + (—1) aii" 


which is a convergent alternating series. Therefore, the domain of f' is 
the interval [—1, 1). 


EXAMPLE 3: Obtain a power- 
series representation of 


pun cm 
x 
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Example 2 illustrates the fact that if a function f is defined by a power 
series and this power series is differentiated term by term, the resulting 
power series, which defines f', has the same radius of convergence but 
not necessarily the same interval of convergence. 


| SOLUTION: From (1) we have 
if |x| « 1 


| 1 ptt ety. 


——— . n er ee 
icy a i ida 


Using Theorem 14.8.3, differentiating on both sides of the above, we get 


351 +2x +32 +: o n+ oeo if [xl «1 


aol 
mo 


EXAMPLE 4: Show that 


+ 
yn 


for all real values of x. 


‘SOLUTION: In Example 2 of Sec. 14.7 we showed that the power series 
+00 
Y, x"/n! is absolutely convergent for all real values of x. Therefore, if f is 
| n=0 


| the function defined by 


To x” 
Je» (19) 
| n=0 0" 
the domain of f is the set of all real numbers; that is, the interval of con- 
vergence is (-~, +). It follows from Theorem 14.8.3 that for all real 
values of x 


, £9 nxn! 
Losy a (20) 
n=1 » 
Because n/n! = 1/(n — 1)!, (20) can be written as 
To n-li 
c y CET 
f Zz (n — 1)! 
or, equivalently, 
R +2 yn 
! f (x)= by ui (21) 
; n=0 ` 


Comparing (19) and (21), we see that f' (x) — f(x) for all real values of x. 
| Therefore, the function f satisfies the differential equation 

dy 

Jx Y 
for which the general solution is y = Ce”. Hence, for some constant C, 
f(x) = Ce”. From (19) we see that f(0) = 1. (Remember that we take x? = 1 
even when x — 0 for convenience in writing the general term.) Therefore, 
| C— 1, and so f(x) = e”, and we have the desired result. 


dss —€— 
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EXAMPLE 5: Use the result of 
Example 4 to find a power-series 
representation of e*. 


SOLUTION: If we replace x by —x in the series for e”, it follows that 


E x x x" 
e z=1-x+5 at eoe (De 


for all real values of x. 


EXAMPLE 6: Use the series of 
Example 5 to find the value of e"! 
correct to five decimal places. 


SOLUTION: Taking x= 1 in the series for e *, we have 


ica dad d dist o. 


ma 31^ 41 Bite 7i^8 Ot 10 
pobe4.. 35-7]. di 1 1 
—1-1*5—$*24 120'720 5,40 40,320 362,880 
1 
*3628,800 


—1-—1-0.5 — 0.166667 + 0.041667 — 0.008333 + 0.001389 
— 0.000198 + 0.000025 — 0.000003 + 0.0000003 — - - > 


We have a convergent alternating series for which |u,.,| < |u,]. So 
if we use the first ten terms to approximate the sum, by Theorem 14.6.4 the 
error is less than the absolute value of the eleventh term. Adding the first 
ten terms, we obtain 0.367880. Rounding off to five decimal places gives 


e^! = 0.36788 


Exercises 14.8 


In computation with infinite series two kinds of errors occur. One is 
the error given by the remainder after the first n terms. The other is the 
round-off error which occurs when each term of the series is approxi- 
mated by a decimal with a finite number of places. In particular, in Exam- 
ple 6 we wanted the result accurate to five decimal places so we rounded 
off each term to six decimal places. After computing the sum, we rounded 
off this result to five decimal places. Of course, the error given by the 
remainder can be reduced by considering additional terms of the series, 
whereas the round-off error can be reduced by using more decimal places. 


In Exercises 1 through 8 a function f is defined by a power series. In each exercise do the following: (a) Find the radius of 
convergence of the given power series and the domain of f; (b) write the power series which defines the function f' and 
find its radius of convergence by using methods of Sec. 14.7 oe verifying Theorem 14.8.1); (c) find the domain of f'. 


L f(x) = 5 s 


n=} 


4. flx) = 5 e2 er 


n-22 


2 a= F y= 3. f= Y 


n-l 


x" 2 


E 2 ch 2)! 


5. fe)e Y CO" ur 


7. fa) = y So" 8. f(x) = > E np g 


9. 
10. 
11. 
12. 
13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


22. 


14.9 INTEGRATION OF POWER SERIES 715 


3)" 
ez 0n 
Use the result of Example 3 to find a power-series representation of 1/(1 — x)’. 
Use the result of Example 4 to find a power-series representation of eV*. 
Obtain a power-series representation of 1/(1 + x)? if |x| < 1 by differentiating series (2) term by term. 
Obtain a power-series representation of x/(1 + x?)? if |x| « 1 by differentiating series (4) term by term. 


Use the result of Example 5 to find the value of 1/ Ve correct to five decimal places. 
To 2n 

If f(x) — > (—1)" a find f'($) correct to four decimal places. 
n=0 


Use the results of Examples 4 and 5 to find a power-series representation of (a) sinh x and (b) cosh x. 


Show that each of the power series in parts (a) and (b) of Exercise 15 can be obtained from the other by term-by-term 
differentiation. 


m 
Use the result of Example 3 to find the sum of the series Y = 
n-i 


(a) Find a power-series representation for (e* — 1)/x. 

+% 
(b) By differentiating term by term the power series in part (a) show that 5 ET =1. 
n=1 E 


(a) Find a power-series representation for x*e~*. (b) By differentiating term by term the power series in part (a) show 


that Y (- -am t2 4, 


oc 
Assume that the constant 0 has a power-series representation Y c,x", where the radius of convergence R > 0. Prove 
n=0 


that c, = 0 for all n. 


+% 

Suppose a function f has the power-series representation > c,x", where the radius of convergence R > 0. If f’ (x) = f(x) 
n=0 

and f(0) = 1, find the power series by using only properties of power series and nothing about the exponential function. 


(a) Using only properties of power series find a power-series representation of the function f for which f(x) > 0 and 
f'(x) = 2xf(x) for all x, and f(0) = 1. (b) Verify your result in part (a) by solving the differential equation D,y = 2xy 
having the boundary condition y = 1 when x= 0. 


149 INTEGRATION The theorem regarding the term-by-term integration of a power series 
OF POWER SERIES is a consequence of Theorem 14.8.3. 


+00 
14.9.1 Theorem Let 5 c,X" be a power series whose radius of convergence is R > 0. Then 
n=0 
if f is the function defined by 


f(x) = > Ca” 
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f is integrable on every closed subinterval of (—R, R), and we evaluate the 
integral of f by integrating the given power series term by term; that is, 
if x is in (—R, R), then 


" f(t) dts S LE yn 
>: = Dati 


Furthermore, R is the radius of convergence of the resulting series. 


PROOF: Let g be the function defined by 


+90 
Cn 


8) = X xl 


n=0 


xt 1 


Because the terms of the power-series representation of f(x) are the de- 
rivatives of the terms of the power-series representation of g(x), the 
two series have, by Theorem 14.8.1, the same radius of convergence. By 
Theorem 14.8.3 it follows that 


g' (x) = f(x) for every x in (—R, R) 


By Theorem 14.8.2, it follows that f'(x) = g'' (x) for every x in (—R, R). 
Because f is differentiable on (—R, R), f is continuous there; consequently, 
f is continuous on every closed subinterval of (—R, R). From Theorem 
6.6.2 it follows that if x is in (—R, R), then 


[Lio at 860 — 8(0 7 86 


or, equivalently, 
Toc 


i — Cn n+ 
[10 4=S 5% 1 a 


Theorem 14.9.1 often is used to compute a definite integral which 
cannot be evaluated directly by finding an antiderivative of the inte- 
grand. Examples 1 and 2 illustrate the technique. The definite integral 
JE e? dt appearing in these two examples represents the measure of the 
area of a region under the "normal probability curve." 


EXAMPLE 1: Find a power-series | soLuTION: In Example 5 of Sec. 14.8 we showed that 


representation of mM 
P EN t (—1 Ryn 
x 2 n! 
Í e? dt n 


? for all values of x. Replacing x by £?, we get 


ft t$ pn 
i ae eam t E id arr nd pa for all values of t 
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Applying Theorem 14.9.1, we integrate term by term and obtain 


x ajs t E QE. 
E eo, (—1)"— at 


E x? x x? 
ai Sa i mE 3-7 


xt 


eee s (7D" nion 4 1) zm 


The power series represents the integral for all values of x. 


EXAMPLE 2: Using the result of 
Example 1, compute accurate to 
three decimal places the value of 


1/2 
Í e? dt 
0 


| sotution: Replacing x by i in the power series obtained in Example 2, 


we have 
iu i; 
Í dt=1— zi + zzo — saret ots 
0 


= 1 — 0.0417 + 0.0031 — 0.0002 + : : : 


We have a convergent alternating series with |u,4| < |unl|. Thus, 
if we use the first three terms to approximate the sum, by Theorem 14.6,4 
the error is less than the absolute value of the fourth term. From the first 
three terms we get 


1/2 
Í e`? dt ~ 0.961 
0 


EXAMPLE 3: Obtain a power- 


series representation of In (1 + x). 


| soLution: Consider the function f defined by f(t) = 1/(1 + t). A power- 


series representation of this function is given by series (2) in Sec. 14.8, 
which is 


1 


— — 1 — 2 — {3 E —19)ngn cte 1 
meodqedpy9eg. + (—1)" + if |i <1 


Applying Theorem 14.9.1, we integrate term by term and obtain 


+0 
[in 2 * (—1)"P dt if |x| <1 


and so 
3 4 nl 
In(1-- x) 2 x— TeR-Ee uec c eres cibus 
or, equivalently, 
Ss E d : 
hn(1+x)= (-1)" m if |x| « 1 (1) 


Note that because |x| <1, |1 + x| ^ (1 +x). Thus, the absolute-value 
bars are not needed when writing In(1 + x). 
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In Example 3, Theorem 14.9.1 allows us to conclude that the power 
series in (1) represents the function only for values of x in the open in- 
terval (—1, 1). However, the power series is convergent at the right end- 
point 1, as was shown in Example 1 of Sec. 14.6. When x — —1, the power 
series becomes the harmonic series, which is divergent. Hence, the in- 
terval of convergence of the power series in (1) is (—1, 1]. 

The following example shows that the power series represents 
In(1-- x) at x ^ 1. 


EXAMPLE 4: Show that the 
power series in (1) represents 
ln(x +1) at x= 1 by proving that 
the sum of the series 


To —1]1)"-1! 
25 D 


is In 2 


+% 
SOLUTION: For the infinite series 5 (—1)""1/n, the nth partial sum is 


n=1 


ee ee ee oe ee 
Na Coe ee eer a ch Bac (2) 


It follows from Definition 14.3.2 that if we show lim s, = ln 2, we will 
n^ 
have proved that the sum of the series is In 2. 
From algebra we have the following formula for the sum of a geo- 


metric progression: 


— n 
a+ar+ar dp dro arti m I 
Using this formula with a = 1 and r — —t, we have 
EE iac ci 2 
a — #3 "P —f£)n-illI.s--. 
1—-t-P—P- + (-t) t+? 
which we can write as 
1 
— — £3 e.‘ —19)nm-i,n-1-— ntl. 7 
1—t-P—P- (0104 12:5 52 Du 
Integrating from 0 to 1, we get 
1 1 
Í [It &£—84  (71)mm]dt- | —-C ye [s prd 
0 em 
which gives 
i-i-d-iessecaomliocmaiecavye[ uta @) 
2 3 4 o l+t 


Referring to Eq. (2), we see that the left side of Eq. (3) is s,. Letting 


1 
—(—1»m1] —L. 
R, = (—1) [che 


Eq. (3) may be written as 
S,=In2+R, (4) 
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Because #”/(1+#) x f" for all t in [0, 1] it follows from Theorem 
6.4.8 that 


1 1 
(=e ae 


Hence, 


x |R| = epee gr 
ee oltt — fo nti 


Because lim 1/(n +1) — 0, it follows from the above inequality and the 
n--o 


squeeze theorem (2.10.5) that lim R, = 0. So from Eq. (4), we get 
N+ 


lim s,=In2+ lim Rẹ, 


n=1 


n+ no 
=In2 
Therefore, 
1,1 1 
a "n—1 = fe es pias ii, sima. . = 
»E 1) 1 1 rie In 2 (5) 


The solution of Example 3 showed that the power series in (1) repre- 
sents ln(x +1) if |x| < 1. Hence, with the result of Example 4 we can 
conclude that the power series in (1) represents In(x + 1) for all x in its 
interval of convergence (—1, 1]. 

Although it is interesting that the sum of the series in (5) is In 2, this 
series converges too slowly to use it to calculate In 2. We now proceed to 
obtain a power series for computation of natural logarithms. 

From (1) we have 


Xe xt ix : 
In(1+x)=x-57 +3: (reperio. eoe forxin (—1,1] (6) 


Replacing x by —x in this series, we get 


nhl — x) =—-x—- 5534 noo cce forxin [~1,1) (7) 


Subtracting term by term (7) from ©, we obtain 
Vitro aS p XE A EU oe 
nitt- tmi ) fle] t (8) 


The series in (8) can be used to compute the value of the natural 
logarithm of any positive number. If y is any positive number, let 


and then x—Z and |x| <1 


y—1 
y t1 


1+x 
AE 


720 


INFINITE SERIES 


For example, if y= 2, then x = 3. We have from (8) 


t Mie ns fl 1 1 1 e. 
In2=2 (54+ dis »'z.3'9.5*11.35* ) 

NT re ee 1 1 1 "E 

=2(6+a+ ist uec uas ) 


= 2(0.333333 + 0.012346 + 0.000823 + 0.000065 + 0.000006 
+ 0.000001 + - : -) 


Using the first six terms in parentheses, multiplying by 2, and rounding 
off to five decimal places, we get 


In 2 = 0.69315 
EXAMPLE 5: Obtain a power- SOLUTION: From series (4) in Sec. 14.8 we have 
series representation of tan! x. 1 
—1— 42 4— y6 uus —1)n"y2n EON 1 
Te 1—x?+x4— x64 - + (—1) "x?" + if |x| <1 
Applying Theorem 14.9.1 and integrating term by term, we get 
x 1 = Eu x) mn ee xen ntl 
Spee Coq sg uu orn 
Therefore, 


tan! x= Y (Dt adt if |x| < 1 (9) 
Ss 2n+1 


Although Theorem 14.9.1 allows us to conclude that the power series 
in (9) represents tan"! x only for values of x such that |x| < 1, it can be 
shown that the interval of convergence of the power series is [—1, 1] and 
that the power series is a representation of tan"! x for all x in its interval 
of convergence. (You are asked to do this in Exercise 16.) We therefore 
have 


du ao) 


Taking x=lin (10), we get 


T 1... 1..1 x 
4 1^753*5 7+ -+(-1) 


ae 


This series is not suitable for computing 7 because it converges too slowly. 
The following example gives a better method. 
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EXAMPLE 6: Prove that 
r = tan™! $ + tan™! $ 


Use this formula and the power 
series for tan"! x of Example 5 to 
compute the value of 7 accurate 
to four decimal places. 


SOLUTION: Let a= tan ! $ and 8 = tan! $. Then 


tan(a + B) = tan a + tan B 


1— tan a tan £ 


ETT 
i-i 
4,9372 
6—1 \ 
= tania 
Therefore, 
tr =a + B= tan™! 4 + tan'4 (11) 
From formula (10) with x = 4 we get 
1 1 1/7" ,1/fy_1/f1 1/4? 1 /1!,1 /1\8 
mp o vu A I CoS ros Sp Se Bars Sx pa 
lE a. 3G) +36) : «5 7G) +5) 


15 
-80"« 
MEOS NEC NUES EXON TERN ERE 
2 241 160 896 4,608 22,528 ` 106,492 491,520 
0.5 — 0.04167 + 0.00625 — 0.00112 + 0.00022 — 0.00004 
+ 0.00001 — 0.000002 + > - - 


Because the series is alternating and |u,.,| < |u,|, we know by Theorem 
14.6.4 that if the first seven terms are used to approximate the sum of 
the series, the error is less than the absolute value of the eighth term. 
Therefore, 


tan"! 4 ~ 0.46365 (12) 


Using formula (10) with x = 4, we have 


1.1 1A% 1/1% 1/yY,1/1 1/19 
Spi c RE Aft Afi ifi) idi 
mos vs AGI +3(5) soo +9 G) 1 (3) T 
wl oe OE PEE ME IE S 
73-81'12i5 15,309 177,47 1,948,617 ' 
= 0.33333 — 0.01235 + 0.00082 — 0.00007 + 0.00001 
— 0.000001 + + - - 


Using the first five terms to approximate the sum, we get 


tan! 4 =~ 0.32174 (13) 
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Substituting from (12) and (13) into (11), we get 
dar ~ 0.46365 + 0.32174 = 0.78539 
Multiplying by 4 and rounding off to four decimal places gives 7 ~ 3.1416. 


Exercises 14.9 


In Exercises 1 through 7, compute the value of the given integral, accurate to four decimal places by using series. 


1/2 dx 1/3 dx 1 Mos 

1. ff une 2 f Tax » fe dx 
In(1 +x) , tanix , 

1/2 intra Sade eet A 1/4 f 0 
4. Í f(x) dx, where f(x) = IERD 5. Í g(x) dx, where g(x) = Wr 

9 1 ifx =0 x 1 ifx = 0 

i sinh x , : e'—1 . 
6. | h(x) dx, where h(x) — por 7. Í f(x) dx, where f(x) = x ifx #0 

9 1 ifx=0 9 1 ifx-0 


8. Use the power series in Eq. (8) to compute In 3 accurate to four decimal places. 
9. Use the power series in Eq. (9) to compute tan"! 4 accurate to four decimal places. 


10. Integrate term by term from 0 to x a power-series representation for (1 — 1?)! to obtain the power series in Eq. (8) 
for In[ (1 + x)/(1 — x)]. 


11. Find a power-series representation for tanh”! x by integrating term by term from 0 to x a power-series representation 
for (1— 2). 


12. Find a power series for xe” by multiplying the series for e” by x, and then integrate the resulting series term by term 


1 " 


+% 
from 0 to 1 and show that — = 
2 ni(n + 2) 


13. By integrating term by term from 0 to x a power-series representation for In(1 — t), show that 


Y Gi pcr (1 — x) In(1 — x) 


14. By integrating term by term from 0 to x a power-series representation for f tan™! t, show that 


xml 


y (—1)* Qu-nDOs 41) HC +1) tan x— x] 


15. Find the power series in x of f(x) if f” (x) =—f(x), f(0) =0, and f'(0) = 1. Also, find the radius of convergence of 
the resulting series. 


16. Show that the interval of convergence of the power series in Eq. (9) is [—1, 1] and that the power series is a represen- 
tation of tan"! x for all x in its interval of convergence. 


14.10 TAYLOR SERIES  Iffisthe function defined by 


+0 
f(x) V Cet = Co + cix F er erts H en he (1) 


n=0 
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whose radius of convergence is R > 0, it follows from successive appli- 
cations of Theorem 14.8.3 that f has derivatives of all orders on (—R, R). 
We say that such a function is infinitely differentiable on (—R, R). Succes- 
sive differentiations of the function in (1) give 


f'(x) = c, + 2Cox + 3c4x?  Ac,x? + $689 + nc,x™ 1 + es ee (2) 
f'(x) = 2cg +2 + Begx + 3+ 4e Ht + + ++ (n—-1)neyx™ 2? +--+: (3) 


f (x) S 2+ Beg +2: 3- 4ext > * 4+ (mn —2)(n—1)negx™ o (4) 


FUMES 2 +3 4ce, t `+ Hane eZ ee oR es (5) 
etc. Letting x = 0 in (1), we get 
f(0) = Co 


For x = 0 in (2) we see that 


f'(0) —c, 
If in (3) we take x — 0, we have 
f'(0)—2c andso c= o 
From (4), taking x = 0, we get 


gee 0 
f'"'(0)—2-:3c, and so i x 


In a similar manner from (5), if x = 0, we obtain 


iv e» (0) 
f™(0)=2:3- 4c, andso =F 
In general, we have 
fexo) 2s 
EET for every positive integer n (6) 


Formula (6) also holds when n = 0 if we take f'9(0) to be f(0) and 0! = 1. 
So from (1) and (6) we can write the power series of f in x as 


(7) 


In a more general sense, consider the function f as a power series in 
(x — a); that is, 


fl) = S eG — a)" 
—cyctoa(x-a)49cs(x—a)-Hc--:--cec(x—aprcb scs (8) 


If the radius of convergence of this series is R, then f is infinitely differ- 
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entiable on (a — R, a + R). Successive differentiations of the function 
in (8) give 


f'(x) = cı + 2e(x-— a) + 3c3(x — a)? + 4c,(x — a)? + 
nee a)™! + 
f” (x) =2c +2 : 3c3(x— a) 34x ate 
+ (n— 1)nca(x = a) t> 
f'(x) =2:3c3 +2: 3 452) T 
+ (n—2)(n—1)nc,(x— a)? +: 


etc. Letting x — a in the power-series representations of f and its deriv- 
atives, we get 


co = f(a) c, — f' (a) ast w gal Xe) 
and in general 
(n) 
Cn xl X2) (9) 


From (8) and (9) we can write the power series of f in (x — a) as 
(10) 


SES tx (xao fla) + f'(a) a) +E cay 


n=O mp 
1 (n x 
s 2 +e sE X5 a s — a)" + See 


The series in (10) is called the Taylor series of f at a. The special case 
of (10), when a = 0, is Eq. (7), which is called the Maclaurin series. 


EXAMPLE 1: Find the Maclaurin 
series for e*. 


SOLUTION: If f(x) = e”, f(x) = e" for all x; therefore, f™(0) = 1 for all n. 
So from (7) we have the Maclaurin series for e*: 


xoa? 
ox E Ra dr a CR (11) 


Note that series (11) is the same as the series for e* obtained in Ex- 
ample 4 of Sec. 14.8. 


EXAMPLE 2: Find the Taylor 
series for sin x at a. 


SOLUTION: If f(x) — sin x, f'(x) = cos x, f'' (x) =—sin x, f'"' (x) =—cos x, 
fe? (x) = sin x, and so forth. Thus, from formula (9) we have c, = sin a, 
€, = COS a, Co = (—sin a)/2!, c4 = (—cos a)/3!, c, = (sin a)/4!, and so on. 
The required Taylor series is obtained from (10), and it is 


; ; x—a)? x— a) 
sin a + cos a(x — a) and ze = cos a BSA 


(x 


pan 4 
+sina e s udo 
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We can deduce that a power-series representation of a function is 
unique. That is, if two functions have the same function values in some 
interval containing the number a, and if both functions have a power- 
series representation in (x — a), then these series must be the same be- 
cause the coefficients in the series are obtained from the values of the 
functions and their derivatives at a. Therefore, if a function has a power- 
series representation in (x — a), this series must be its Taylor series at a. 
Hence, the Taylor series for a given function does not have to be obtained 
by using formula (10). Any method that gives a power series in (x — a) 
representing the function will be the Taylor series of the function at a. 
For example, to find the Taylor series for e” at a, we can write e? = e'e*^* 
and then use series (11), where x is replaced by (x — a). We then have 


pius] 


2 E. 3 
a. : 


ume 
er= er |14 (e= a) + €2* 3i 


We can use the series for In(1 + x) found in Example 3 of Sec. 14.9 to find 
the Taylor series for In x at a (a > 0) by writing 


In x= In[a + (x —a4)] — In a + In (1-825) 


Then because 
+00 n 
n + x)= Ep if -1<x<1 


we have 


_ — 4)? — 7)3 
Inx=Ina +2—4_ Ea , Gay See 


and the series represents In x if —1 < (x—a)/a x 1 or, equivalently, 
0 « x x 2a. 

A natural question that arises is: If a function has a Taylor series in 
(x — 4) having radius of convergence R > 0, does this series represent 
the function for all values of x in the interval (a — R, a+ R)? For most 
elementary functions the answer is yes. However, in general the answer 
is no. The following example shows this. 


EXAMPLE 3: Let f be the function 
defined by 


ev 


fe = T 


Find the Maclaurin series for f 
and show that it converges for all 
values of x but that it represents 
f(x) only when x = 0. 


ifx #0 
ifx =0 


SOLUTION: To find f'(0) we use the definition of a derivative. We have 
1 
RS ugs ES. sr. ox 
f'(0) rn x0 x gii 
Because lim (1/x) = +œ and lim e!* = +œ, we use L'Hópital's rule and 
x0 xr-0 


get 


x 
'(0) = lim ————-— siz” 
f ( ) EU m z 2) NE. 2el/v 
x 
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By a similar method, using the definition of a derivative and L'Hópital's 
rule, we get 0 for every derivative. So f((0) = 0 for all n. Therefore, the 
Maclaurin series for the given functionisO+O+0O+-:::+0+°°:: 
This series converges to 0 for all x; however, if x # 0, f(x) = e !** # 0. 


14.10.1 Theorem 


A theorem that gives a test for determining whether a function is 
represented by its Taylor series is the following. 


Let f be a function such that f and all of its derivatives exist in some in- 
terval (a — r, a + r). Then the function is represented by its Taylor series 


+œ f(n) 
Du pens 


for all x such that |x — a] < r if and only if 


i zd fr) cae att — 
BOIS gare a 


where each é, is between x and a. 


PROOF: In the interval (a — r, a + r), the function f satisfies the hypoth- 
esis of Theorem 13.5.1 for which 


f(x) = P, (x) F Ra (x) (13) 


where P,(x) is the nth-degree Taylor polynomial of f at a and R,,(x) is 
the remainder, given by 


R, (x) EPEn) (x— aq)" 


(n 1)! ic) 


where each £, is between x and a. 
Now P,,(x) is the nth partial sum of the Taylor series of f at a. So if we 
show that lim P,(x) exists and equals f(x) if and only if lim R,(x) — 0, 
nate 


ndo 


the theorem will be proved. From Eq. (13) we have 
P,(x) = f(x) — Ra (x) (15) 
If lim R,(x) — 0, it follows from Eq. (15) that 
n- o 


lim P,(x) = f(x) — lim R,(x) 


= f(x) —0 

= f(x) 
Now under the hypothesis that lim P,(x) = f(x) we wish to show that 
lim R,(x) =0. From Eq. (13) We have 


fo 


R,(x) = f(x) — P, (x) 
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and so 
lim R,(x) = f(x) — lim P,(x) 
noto nto 
= f(z) ~ f(x) 
=0 
This proves the theorem. " 


Theorem 14.10.1 also holds for other forms of the remainder R, (x) 
besides the Lagrange form. 

It is often difficult to apply Theorem 14.10.1 in practice because the 
values of £, are arbitrary. However, sometimes an upper bound for R,(x) 
can be found, and we may be able to prove that the limit of the upper 
bound is zero as n — +. The following limit is helpful in some cases: 

x” 


lim |= =0 for all x (16) 
nto M: 


This follows from Example 2 of Sec. 14.7, where we showed that the power 


+0 
series Y x"/n! is convergent for all values of x and hence the limit of its 
n=0 


+% 
nth term must be zero. In a similar manner, because by (x — a)"[n! is 


n-0 
convergent for all values of x, we have 
lim uu —0 for all x (17) 
n- 4o n: 


EXAMPLE 4: Use Theorem 14.10.1 
to show that the Maclaurin series 
for e”, found in Example 1, repre- 
sents the function for all values 
of x. 


SOLUTION: The Maclaurin series for e” is series (11) and 


et NT 
Be) PEDE 
where each é, is between 0 and x. 


We must show that lim R, — 0 for all x. We distinguish three cases: 
n~+0 


x >0,x<0,andx=0. 
If x > 0, then 0 < £, < x; hence, e? < e*. So 
Be eee ey eee ae 
m+ SE (+d! 
From (16) it follows that lim x”+t/(n + 1)! = 0, and so 


n--o0 


0 « (18) 


lim e? —————9 
ELE GET 


Therefore, from (18) and the squeeze theorem (2.10.5) we can conclude 
that lim R,(x) — 0. 


no 
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If x < 0, then x < £, < 0 and 0 < e** < 1. Therefore, if x"*! > 0, 
x" 


0 E 
5 (n * G1! 


E” nti 
Tp 
and if x"*! < 0, 


x" gin x 
(n+1)!~ (+1)! 


In either case, because lim x"*'/(m + 1)!=0, it follows that lim R, = 0. 
nto n0 
Finally, if x = 0, the series has the sum of 1 which is e°. Hence, we 


can conclude that the series (11) represents e* for all values of x. 


1<0 


From the results of the above example we can write 
for all x (19) 


and this agrees with Example 4 of Sec. 14.8. 


EXAMPLE 5: Show that the 
Taylor series for sin x at a, found 
in Example 2, represents the 
function for all values of x. 


SOLUTION: We use Theorem 14.10.1; so we must show that 


fP (En) 
(n+1)! 


Because f(x) = sin x, f*(€,) will be one of the following numbers: 
cos £,, sin Én, —cos £,, or —sin én. In any case, |f**?(£,)| = 1. Hence, 


lim R,(x) = lim 
N++0 nao 


(x—a)-0 


Ix — a |" 
(n 4- 1)! 
From (17) we know that lim |x — a|"*!/(n + 1)! = 0. Thus, by the squeeze 

nod 
theorem (2.10.5) and (20) it follows that lim R,(x) — 0. 


n-.-o9 


0 < IR,(x)| < (20) 


EXAMPLE 6: Compute the value 
of sin 47? accurate to four decimal 
places. 


SOLUTION: [n Examples 2 and 5 we obtained the Taylor series for sin x 
at a which represents the function for all values of x. It is 
(x —ay (x 


S 3 
ep C cos a Uis RE ES 


sin x= sin a + cos a(x — a) — sin a 3i 


To make (x — a) small we choose a value of a near the value of x for which 
we are computing the function value. We also need to know the sine and 
cosine of a. We therefore choose a = t7 and have 
ii 
sin x = sin įr + cos įr (x — ir) — sin įr (x= 3a)’ 
2! (21) 


Because 47° is equivalent to fso radians = (47 + s7) radians, from Eq. 


i 
| 
| 
l 
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(21) we have 
sin or =} V2 + 4V2. sya —tv2: l(sbm)?—i1V2-i(gm)-— OG 
= iv2(1 + 0.03490 — 0.00061 — 0.000002 + - - -) 


Taking V2 — 1.41421 and using the first three terms of the series, we get 


sin yom - (0.70711) (1.03429) = 0.73136 
Rounding off to four decimal places gives sin 47° ~ 0.7314. The error in- 


troduced by using the first three terms is R, (+077), and from (20) we have 


ue result, then, is accurate to four decimal places. 


The following: Maclaüriri series apnea the function for all values 


of x: 
r +% —1 nx2ntl x3 xs x? * 

sits E EDI SU at 7 E. i 
+00 =] nx2n zog. xt 

cos X= cu =1-> a (23) 
2, Qn) ta a 

. oo dp ya x x? 

sith re 2 On F DI Qn Di --E-E. E. (24) 
> H% 2n. 

cosh x= Y Gayl pa uu (25) 


Series (22) is a direct result of Examples 2 and 3 with a — 0. You are 
asked to verify series (23), (24), and (25) in Exercises 1, 2, and 3. 


EXAMPLE 7: Evaluate 


ion 

sin x 
f 23a. 
us X 


accurate to six decimal places. 


j 


l 
| 
| 
I 


SOLUTION: We cannot find an antiderivative of the integrand in terms 
of elementary functions. However, using series (22) we have 


sinx 1. . 
——=-' sinx 
x x 
a an sg ee Sas es ae 
=i (x a ) 
X" xt xxt 
SE eee arc 
which is true for all x # 0. Using term-by-term integration we get 
t sinx gy eg n gl, ii 
is p. VU Geel 729b. 99! i 
= (1 — 0.0555555 + 0.0016667 — 0.0000283 + 0.0000003 — * - -) 


— (0.5 — 0.0069444 + 0.0000521 — 0.0000002 + - - -) 
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In each set of parentheses we have a convergent alternating series with 
|unsi] < |u,|. In the first set of parentheses we use the first four terms 
because the error obtained is less than 0.0000003. In the second set of 
parentheses we use the first three terms where the error obtained is less 
than 0.0000002. Doing the arithmetic and rounding off to six decimal 
places, we get 


- 
i Sin X ax ~ 0.452975 
u2 X 


Exercises 14.10 


1. Prove that the series 2. Prove that the series 3. Prove that the series 
ud (—1) "x?" 5 m +x x?» 
2 (2n)! a (2n+1)! a Qn) 
represents cos x for all values of x. represents sinh x for all values of x. represents cosh x for all values of x. 


4. Obtain the Maclaurin series for the cosine function by differentiating the Maclaurin series for the sine function. Also 
obtain the Maclaurin series for the sine function by differentiating the one for the cosine function. 


5. Obtain the Maclaurin series for the hyperbolic sine function by differentiating the Maclaurin series for the hyperbolic 
cosine function. Also differentiate the Maclaurin series for the hyperbolic sine function to obtain the one for the hy- 
perbolic cosine function. 


6. Find the Taylor series for e* at 3 by using the Maclaurin series for e". 
7. Use the Maclaurin series for In(1 + x) to find the Taylor series for In x at 2. 
8. Given In 2 — 0.6931, use the series obtained in Exercise 7 to find In 3 accurate to four decimal places. 


In Exercises 9 through 14, find a power-series representation for the given function at the number a and determine its 
radius of convergence. 


L a=1 11. f(x) = Vx;a=4 


9. f(x) 2 1n(1- x); 4-1 10. f(x) — 
12. f(x) 2252-0 13. f(x) = cos x; a— dm 14. f(x) =1n |x|; a =—1 
15. Find the Maclaurin series for sin? x. (HINT: Use sin? x = à(1 — cos 2x).) 

16. Find the Maclaurin series for cos? x. (HINT: Use cos? x = 4(1 + cos 2x).) 


17. (a) Find the first three nonzero terms of the Maclaurin series for tan x. (b) Use the result of part (a) and term-by-term 
differentiation to find the first three nonzero terms of the Maclaurin series for sec? x. (c) Use the result of part (a) and 
term-by-term integration to find the first three nonzero terms of the Maclaurin series for In cos x. 


In Exercises 18 through 23, use a power series to compute the value of the given quantity to the indicated accuracy. 


18. sinh £; five decimal places. 19. cos 58°; four decimal places. 20. Ve; four decimal places. 
21. V/30; five decimal places. 22. N/29; three decimal places. 23. 1n(0.8); four decimal places. 


24. Compute the value of e correct to seven decimal places, and prove that your answer has the required accuracy. 


In Exercises 25 through 29, compute the value of the definite integral accurate to four decimal places. 


UJ 1 0.1 
25. í sin x? dx 26. | cos Vx dx 27. | In(1 + sin x) dx 
( 0 


) 0 
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T sin x fx ¥0 i 1 — cos x 
28. Í f(x) dx, where f(x) =} x 29. | g(x) dx, where g(x) = x 
0 1 if x =0 ? 0 


30. The function E defined by 


MET 
0 


is called the error function, and itis important in mathematical statistics. Find the Maclaurin series for the error function. 


ifx#0 


ifx=0 


31. Determine a, (n — 0, 1, 2, 3, 4) so that the polynomial 
f(x) = 3x* — 173? + 35x? — 32x + 17 
is written in the form 


f(x) = ag(x — 1)* + ag(x ~ 1)? + as (x— 1)? + a, (x—1) + ag 


14.11 THE BINOMIAL SERIES In elementary algebra you learned that the binomial theorem expresses 
(a + b)" as a sum of powers of a and b, where m is a positive integer, as 
follows: 

(a + b)" = a" + ma"^!b + sue 


4 mini — 1) +3 = .(m—k+1 


qn p? terres 
gn puso po 


We now take a — 1 and b — x, and apply the binomial theorem to the ex- 
pression (1 + x)", where m is not a positive integer. We obtain the power 
series 


mon D ye mon Dé 2) xiu 
: (1) 
(mon Dm-2 mn FD ey. 


Series (1) is the Maclaurin series for (1 x)". It is called a binomial series. 
To find the radius of convergence of series (1), we apply the ratio test 


and get 
lim AH 
noto | Un 
m(m—1):...- (m—n-c1)(m—n) nn 
x 
NEN (n 4- 1)! 
CE m(m—1):...-(m—n+1) , 
n! a 
ae —n 
ied ntl Ix 
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2 d 
= lim |x| 
d 
n 
= |x| 


So the series is convergent if |x] < 1. We now prove that series (1) rep- 
resents (1 + x)" for all real numbers m if x is in the open interval (—1, 1). 
We do not do this by calculating R,(x) and showing that its limit is zero 
because this is quite difficult, as you will soon see if you attempt to do so. 
Instead, we use the following method. Let 


fx) c 14 S mer D ont D ya x| <1 Q) 


We wish to show that f(x) = (1 + x)", where |x| < 1. By Theorem 14.8.3 
we have 


am(m—1):... -(m—n-t1) a 


Fx) oe (n — 1)! 


n-i 


|x} « 1 (3) 


Multiplying on both sides of Eq. (3) by x, we get from Theorem 14.3.8 


oy 5 m(m—1) - s ipu Ed. (a) 


Rewriting the right side of (3), we have 


1): ...° (m—n+1) 


f'G) e m S man (ni)! yi (5) 


Rewriting the summation in (5) by decreasing the lower limit by 1 and 

replacing n by n + 1, we get 

ER" ; : (m— n t 1) p 
n! 


fi(xyam+ (ag) un D (6) 


If in (4) we multiply the numerator and the denominator by n, we get 


1):...-(m—n-^1 
) E (m-n ) yn 


+% Z 
xf'(x) = y ín (7) 
n=1 
Because the series in (6) and (7) are absolutely convergent for |x| < 1, 
then by Theorem 14.3.9 we can add them term by term, and the resulting 
series will be absolutely convergent for |x| < 1. When we add we get 


a &3f'G) m [1 S mm —1) ADS enin, 
n=1 ni 


Because by (2) the expression in brackets is f(x), we have 
(1 + 3)f' (x) = mf(x) 


or, equivalently, 


14.11.1 Theorem 


Binomial Theorem 
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EO). om 
f(x) 1+x 


The left side of the above equation is D,[In f(x)]; so we can write 


m 
1+x 


D,[In f(x)] = 


However, we also know that 


m 
1+x 


D,[In(1 + x)"] = 
Because In f(x) and In(1 + x)™ have the same derivative, they differ by a 
constant. Hence, 

In f(x) = In(1 + x)” + C 
We see from (2) that f(0) = 1. Therefore, C = 0 and we get 

f(x) 2 (14 x)" 


We have proved the general binomial theorem, which we now state. 


If m is any real number, then 


üdxedpytm Dou-cacaucs (om Da (8) 


n! 


for all values of x such that |x| < 1. 


If m is a positive integer, the binomial series will terminate after a 
finite number of terms. ) 


EXAMPLE 1: Express 


1 
vi+x 


as a power series in x. 


SOLUTION: From Theorem 14.11.1 we have, when |x| < 1, 


ü37921-1:4 COCIAD py COCI-DCIE-2 ya 


2 
Fi ss condenda es. 
E dur dm c E 
pep LEs i gay 


EXAMPLE 2: From the result of 
Example 1 obtain a binomial 
series for (1 — x?) '? and use it 
to find a power series for sin ! x. 


SOLUTION: Replacing x by —x? in the series for (1 +x)", we get for 


| |x| <1 
(1— x? “Malthe eS tt ES w+ E 
PE e ete Ond ue sia 


2"! 
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Applying Theorem 14.9.1, we integrate term by term and obtain 


Posh. die quy ue pup Nl 
o V1—£ 2.3." 2* «2L Bor -2349l- 7 
41 1369 i. c pony um 
2"n! 2n+1 
and so 
c 1:35:45 (271). x 
lem " 
sin™! x= x+ PS Jul oq for |x| <1 
EXAMPLE 3: Compute the value SOLUTION: From Eq. (8) we have 
of V/25 accurate to three decimal 1 Wi Ne. NS DN 52 
places by using the binomial (14 x)/3—1 +3 x+ Hn 3) S: + G) (- 2c 3) a press (9) 
series for (1 + x)", : ` 
if |x| <1 


We can write 
W25 = W27 VR = 3V1 — 4 =3(1 — Ar)" (10) 
Using Eq. (9) with x = —z*, we get 
2 sae E ee, eee O ooo f. us 
(1 2) =1+3( 7) ma 2) toa | 2) 
= 1 — 0.0247 — 0.0006 — 0.00003 — > > - (11) 


If the first three terms of the above series are used, we see from Eq. (14) 
of Sec. 14.10 that the remainder is 


^ (C3)- C39 Cj 


-GC3C36) c e Cz) 


where —z; < é < 0. Therefore, 


2X /2:5 a+ a) (2) 
Ra ( 5) ($ ; x) (+ &)* 7 (12) 
Because —34 < é < 0, it follows that 
1 1 
Ua 3 — EN CEN ee ee 
(1+ &) 3 <1 1 and ETAL < diy (13) 
Furthermore, 
2.5 T EE P 
3-3l 3.323-1-2-3 3 6 9 ^9 (14) 


and so using inequalities (13) and (14) in (12) we see that 
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24.1, 1 ./2v. 8 
le ( 5j 9' d$ (3) -agea ee 


Using, then, the first three terms of series (11) gives 


2 NU8 
(1 z) = 0.9747 


with an error less than 0.00006. From (10) we obtain 
W25 ~ 3(0.9747) = 2.9241 


with an error less than 3(0.00006) = 0.00018. Rounding off to three deci- 
mal places gives V/25 ~ 2.924. 


Exercises 14.11 


In Exercises 1 through 6, use a binomial series to find the Maclaurin series for the given function. Determine the radius of 
convergence of the resulting series. 


1. fix) = VET x 2. f(x) = (9 + x2 3. f(x) = (4+ x)! 
NE = x2 x 
4. f(x) = WBF x 5. f(x) = 6. fl) = os 


7. Integrate term by term from 0 to x the binomial series for (1 + 1?) ? to obtain the Maclaurin series for sinh"! x. Deter- 
mine the radius of convergence. 
8. Use a method similar to that of Exercise 7 to find the Maclaurin series for tanh ^! x.Determine the radius of convergence. 


In Exercises 9 through 12 compute the value of the given quantity accurate to three decimal places by using a binomial series. 


9. V24 10. V/66 11. V/630 
1 
12. == 
V31 
In Exercises 13 through 16 compute the value of the definite integral accurate to four decimal places. 
1/3 dx 1 = io 
13. | z 14. f VIz i 5 { 
Í dn d 0 v1 — x? 
12 sin"! if 
16. f f(x) dx, where f(x) = if x #0 
j 1 ifx=0 


Review Exercises (Chapter 14) 


In Exercises 1 through 6, write the first four numbers of the sequence and find the limit of the sequence, if it exists. 


1. {ars} 2. ex 3. ul 4. {per 5. {2 + (-1)"} 6. bz 
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In Exercises 7 through 11, determine if the series is convergent or divergent. If the series is convergent, find its sum. 


f? (3X8 +% I9 Q4— = 
7. S (9) & yen 255 
n=1 4 n=1 p 
a +% +% 
10. X DEDE CD] 11. sin” $7 12. Y cos” im 
n=0 n=0 n=0 
13. 5 1 To find th first find th f partial 
; ea ; 5 t t t $ 
2 Gn — 1) Gn 4 2) (HINT: To find the sum, first fin e sequence of partial sums.) 
In Exercises 14 through 25, determine if the series is convergent or divergent. 
= 1 en 9D +7 3 + sin n 
14. 2 Qn +1) 15. 2 Gh 16. » x 
+0 +2 n x (n1)? 
17. Şc ( T ) 18. Y ———— 19. ys 
» 05 n —1 = V3n +2 2 (2n)! 
oc (—1)"* +% 1 +o In n 
20. ———— 21. —1)"In — 22. — 
z 14 Vn > MUS x n? 
ates 1 T9 1 1 
23. —— —3 E Us SET ent 
> tin n) 24, =, 10” 23: DEDE 


In Exercises 26 through 33, determine if the given series is absolutely convergent, conditionally convergent, or divergent. 
Prove your answer. 


52n+1 ae 6” 
{een al a REN "y an n-1 
26. Ie 1)" Gadd)! 27. X (71) 28. > Dt e 
2 1 vaci & 
p n-1 n Re n n! 
29, 2 (71) (niim 30. > (-1) 31. > —1) s 
d: onn i 
i A if in is an integer 
32. Cn, Where c, = 
à 1 if in is not an integer 
n? 
"m m if n is a perfect square 


33. Y cn, where c, = 
if n is not a perfect square 


In Exercises 34 through 42, find the interval of convergence of the given power series. 


To x" To x? +æ (x — 2)” 
34. = 35. 36. E 
2 an e vn » n 
To xn +20 , +00 n! 7 
37. PESCE nF n) 38. p n(2x — 1) 39. x 2 (x — 3) 
+2 (—1)1x?n-t +a n? n +% P 
40. Y Qn! 41, Le (x+1) 42. d 


n=1 
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In Exercises 43 through 50, use a power series to compute the value of the given quantity accurate to four decimal places. 


43. tan! i 44. sin 0.3 45. N/130 
46. sin"! 1 47. cos 3° 48. We 
1/4 1 
49. f Vx sin x dx 50. f cos x? dx 
0 0 
In Exercises 51 through 53, find the Maclaurin series for the given function and find its interval of convergence. 
51. f(x) =a*(a > 0) 52. f(x) 7 2 x E 53. f(x) = sin? x 


In Exercises 54 through 56, find the Taylor series for the given function at the given number. 
54. f(x) = e"; at 2 55. f(x) = sin 3x; at —3v 56. f(x) — L at2 


Exercises 57 through 61 pertain to the functions J) and J, defined by power series as follows: 


ent 


WO = SD pe AG-YCD'unÓgge: 


The functions J, and J, are called Bessel functions of the first kind of orders zero and one, respectively. 


57. Show that both J, and J, converge for all real values of x. 


58. Show that Jo’ (x) =—J,(x). 59. Show that D,(xJ,(x)) = xJo(x). 
60. Show that y = Jo(x) is a solution of the differential equation 
dy | dy 
x de + di +xy=0 
61. Show that y = J,(x) is a solution of the differential equation 
dy dy 
2 ——-— —— — = 
x dix (3à—1)y 20 


4 


i 


i 
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PQ = R$ 


Figure 15.1.1 


5. 
Vectors 

t the Plane 

and Parametric 


Equations 


In the application of mathematics to physics and engineering, we are often 
concerned with quantities that possess both magnitude and direction; ex- 
amples of these are force, velocity, acceleration, and displacement. Such 
quantities may be represented geometrically by a directed line segment. 
Physicists and engineers refer to a directed line segment as a vector, and 
the quantities that have both magnitude and direction are called vector 
quantities. The study of vectors is called vector analysis. 

The approach to vector analysis can be on either a geometric or an 
analytic basis. If the geometric approach is taken, we first define a directed 
line segment as a line segment from a point P toa point Q and denote this 

e 


directed line segment by PQ. The point P is called the initial point, and the 
point Q is called the terminal point. Then two directed line segments PO 
and R$ are said to be equal if they have the same length and direction, and 


we write PQ = RS (see Fig. 15.1.1). The directed line segment P is called 
the vector from P to Q. A vector is denoted by a single letter, set in boldface 
type, such as A. In some books, a letter in lightface type, with an arrow 
above it, is used to indicate a vector, for example, A. 

Continuing with the geometric approach to vector analysis, we note 
that if the directed line segment PQ is the vector A, and PO = RS, the 
directed line segment RS is also the vector A. Then a vector is considered 
to be remaining unchanged if it is moved parallel to itself. With this in- 


terpretation of a vector, we can assume for convenience that every vector 
has its initial point at some fixed reference point. By taking this point as 


>< 


T 


15.1.1 Definition 


(2, 3) 
(h + 2,k + 3) 


LI pe l sx 


(h, k) 


Figure 15.1.2 


15.1.2 Definition 


15.1.3 Theorem 
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the origin of a rectangular cartesian-coordinate system, a vector can be 
defined analytically in terms of real numbers. Such a definition enables us 
to study vector analysis from a purely mathematical viewpoint. 

In this book, we use the analytic approach; however, the geometric in- 
terpretation is used for illustrative purposes. We denote a vector in the 
plane by an ordered pair of real numbers and use the notation (x, y) in- 
stead of (x, y) to avoid confusing the notation for a vector with the nota- 
tion for a point. We let V, be the set of all such ordered pairs. Following is 
the formal definition. 


A vector in the plane is an ordered pair of real numbers (x, y). The 
numbers x and y are called the components of the vector (x, y). 


There is a one-to-one correspondence between the vectors (x, y) in 
the plane and the points (x, y) in the plane. Let the vector A be the or- 
dered pair of real numbers (4,, 4,). If we let A denote the point (a, 25), 
then the vector A may be represented geometrically by the directed line 
segment OA. Such a directed line segment is called a representation of 


vector A. Any directed line segment which is equal to OA is also a repre- 
sentation of vector A. The particular representation of a vector which has 
its initial point at the origin is called the position representation of the 
vector. For example, the vector (2, 3) has as its position representation the 
directed line segment from the origin to the point (2, 3). The represen- 
tation of the vector (2, 3) whose initial point is (A, k) has as its terminal 
point (h + 2, 3 + k); refer to Fig. 15.1.2. 

The vector (0, 0) is called the zero vector, and we denote it by 0; 
that is, 


0= (0,0) 


Any point is a representation of the zero vector. The zero vector has no 
direction. 


The magnitude of a vector is the length of any of its representations, and 
the direction of a vector is the direction of any of its representations. 


The magnitude of the vector A is denoted by |A]. 
If A is the vector (4,, a2), then |A| = Va,? + a? 


PROOF: Because by Definition 15.1.2, |A| is the length of any of the repre- 
sentations of A, then [A] will be the length of the position representation 
of A, which is the distance from the origin to the point (a,, a2). So from the 
formula for the distance between two points, we have 


|A| = V(a, — 0)? + (a, — 0)? = Va? + a? u 


It should be noted that |A| is a nonnegative number and not a vector. 
From Theorem 15.1.3 it follows that |0| = 0. 
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EXAMPLE 1: Find the magnitude | so.urion: |A|= V(—3)? c5? = v34. 
of the vector A = (—3, 5). 


The direction of any nonzero vector is given by the radian measure 6 
of the angle from the positive x axis counterclockwise to the position rep- 
resentation of the vector: 0 « 0 < 27. So if A= (4,, a,), then tan 0— a,/a, 
if a, # 0. If 2, — 0, and a, > 0, then 0 — àv. If a — 0 and a, < 0, then 
0 = $T. Figures 15.1.3, 15.1.4, and 15.1.5 show the angle of radian measure 
0 for specific vectors (2,, 4;) whose position representations are drawn. 


y 


> 
>< 


(eis) (an aa) 


6 (0) 


(0) 


Figure 15.1.3 Figure 15.1.4 Figure 15.1.5 (a1, 42) 


EXAMPLE 2: Find the radian mea- SOLUTION: The position representation of each of the vectors. in (a), (b), 
sure of the angle giving the direc- | and (c) is shown in Figures 15.1.6, 15.1.7, and 15.1.8, respectively. 


1 


tion of each of the following (a) tan 0 = —1; so 0 = t7; (b) tan 0 does not exist and a, < 0; 0 = $m; 
vectors: (a) (—1, 1); (D) (0, 5); | (c) tan 0 =—2; 0 = tan"! (-2) + 2m. 
(c) (1, —2). 
y y 
: 6 = tan71(-2) + 22 T] 
27, 
* DUX: 
Figure 15.1.7 
Figure 15.1.6 
aa (L —2) 
| (0, —5) Figure 15.1.8 


If the vector A = (4, 45), then the representation of A whose initial 
point is (x, y) has as its endpoint (x + a,,y + ax). In this way a vector may 
be thought of as a translation of the plane into itself. Figure 15.1.9 illus- 
trates five representations of the vector A = (4,, a3). In each case, A 
translates the point (x;, y;) into the point (x; + a,, y; + a2). A two-dimen- 
sional vector, then, can be considered as a function whose domain and 
range are the set of points in the plane. If A is the vector which translates 
the point P into the point Q, we write A (P) = Q. So if P is the point (x, y) 
and A — (4,, 45), then 


A(P) = (x+ a, y+ @) =Q 
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(41,42) 


+ + 
(x1 tayı t 42) (xa arya e 


A A 
X 
O (xs + a, ys + a2) 
+ + 
(1,41) ag tee Sa) Pca, ys) 
1:41 

A 
(xs, y3) 


(xa, V2) Figure 15.1.9 


EXAMPLE3: GivenA- (3, —4); | sotution: A(P;) = (3, —4); A(P2) = (4,0); A(P3) = (—3, 1). 
p,— (0, 0); P, = (1, 4); P= 

(76, 5), find A(P,); A(P2); 

A(P3). 


It should be noted that A(P) = P if and only if A= (0, 0). Also, if 
P= (x,, yi) and Q = (x, y;), there exists a unique vector B for which 
B(P) = Q; and B = (x; — xi, ya — Y1). 


Exercises 15.1 

In Exercises 1 through 6, draw the position representation of the given vector A and also the particular representation 
through the given point P; find the magnitude of A. 

1. A= (3, 4; P= (2, 1) 2. A= (2,5); P= (3,—4) 3. A= (0, 2); P= (—3, 4) 

4. A= (4,0); P= (2, 6) 5. A = (3, V2); P= (4, —V2) 6. A= (e, —}); P= (-2, —e) 


In Exercises 7 through 12, find A(P) for the given A and P. If Q= A(P), draw PO. 
7. A= (2,6); P= (1,3) 8. A= (—4,1); P= (—2, —3) 9. A= (0, 4);P = (3, —4) 
10. A= (—3, 0); P= (-1, —6) 11. A= (4,4); P= (-3,-4 12. A= (-3, -7; P= (3, 7) 


— — 
In Exercises 13 through 18, find the vector A having PQ as a representation. Draw PQ and the position representation of A. 


13. P= (3,7; Q= (5, 4) 14. P= (5,4); Q= (2,7) 15. P= (—3, 5); Q = (5, —2) 
16. P= (0, V3); Q = (2, 3 V3) 17. P= (—5, —3); Q = (0, 3) 18. P= (—V2, 0); Q = (0, 0) 
In Exercises 19 through 22, find the point S so that PO and RS are each representations of the same vector. 

19, P= (2,5); Q = (1,6); R= (-3, 2) 20. P= (—1, 4); Q = (2,—3); R= (—5, —2) 

21. P= (0,3); Q= (5,—2); R= (7, 0) 22. P= (—2,0); Q = (-3,—4); R= (4, 2) 


15.2 VECTOR ADDITION, The following definition gives the method for adding two vectors. 
SUBTRACTION, AND 
SCALAR MULTIPLICATION 
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15.2.1 Definition 


The sum of two vectors A = (4,, a4) and B= (b,, ba) is the vector A + B, 
defined by 


A+ B= (a, + by, a + by) 


EXAMPLE 1: Given A= (3,—1), 
B= (-4, 5), find A+ B. 


SOLUTION: A+ B= (3+ (—4),—14- 5) = (—1, 4). 


y 
^ (x + (a1 bı) y + (a2 + b2)) 
R 
B 
Q(x + ai, y + a2) 
P(x, y) 
ol xm 
Figure 15.2.1 
15.2.2 Definition 
Q 
A 
—A 
P 
Figure 15.2.2 


15.2.3 Definition 


The geometric interpretation of the sum of two vectors is shown in 
Fig. 15.2.1. Let A= (4,, a.) and B= (b,, b;) and P be the point (x, y). Then 
A(P) = (x+ 4,,y + a) =Q 
B(Q) = ((x + a,) + by, (y + a) + bs) 
= (x+ (a, bi), y + (a + b,)) 
=R 
But 
A+ B= (a, + by, ay + by) 
So 
(A + B)(P) = (x+ (a, bi), y + (a2 + b;)) 
=R 
Thus, in Fig. 15.2.1 PO is a representation of the vector A, OR is a repre- 


sentation of the vector B, and PR is a representation of the vector A + B. 
The representations of the vectors A and B are adjacent sides of a parallelo- 
gram, and the representation of the vector A + B is a diagonal of the paral- 
lelogram. Thus, the rule for the addition of vectors is sometimes referred to 
as the parallelogram law. 


If A= (a,, a), then the vector (—a,, —45) is defined to be the negative of 
A, denoted by —A. 


If the directed line segment PQ is a representation of the vector A, 
then the directed line segment QP is a representation of — A. Any directed 
line segment which is parallel to PQ, has the same length as PQ, and has a 


— 
direction opposite to that of PQ is also a representation of —A (see Fig. 
15.2.2). We now define subtraction of two vectors. 


The difference of the two vectors A and B, denoted by A— B, is the vector 
obtained by adding A to the negative of B; that is, 


A—B-—A- (—B) 
So if A= (a,, a) and B= (b,, b,), then —B = (—b,, —b,), and so 
A—B- (a, — by, a5 — be) 
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EXAMPLE 2: Given A= (4, —2), 
B — (6, —3), find A — B. 


SOLUTION: 
A—B-(4,—2) —(6,—3) 


= (4, 2) + (—6, 3) 


Figure 15.2.3 


15.2.4 Definition 


To interpret the difference of two vectors geometrically, let the repre- 
sentations of the vectors A and B have the same initial point. Then the 
directed line segment from the endpoint of the representation of B to the 
endpoint of the representation of A is a representation of the vector A — B. 
This obeys the parallelogram law B + (A — B) = A (see Fig. 15.2.3). 

Another operation with vectors is scalar multiplication. A scalar is a 
real number. Following is the definition of the multiplication of a vector 
by a scalar. 


If c is a scalar and A is the vector (a,, 245), then the product of c and A, 
denoted by cA, is a vector and is given by 


cA = c(4,, Aa) = (ca,, cas) 


EXAMPLE 3: Given A= (4, —5), 
find 3A. 


SOLUTION: 3A =3(4,—5) = (12, —15). 


EXAMPLE 4: If A is any vector and 
c is any scalar, show that 0(A) = 0 
and c(0) — 0. 


soLUTION: From Definition 15.2.4 it follows that 


0(A) = 0(2,, a2) = (0,0) — 0 
and 
c(0) = c(0, 0) = (0,0) =0 


3A 


P d 


Figure 15.2.4 


Figure 15.2.5 


We compute the magnitude of the vector cA as follows. 
cA = V(ca,)? + (ca)? 
= |cl| Al 


Therefore, the magnitude of cA is the absolute value of c times the magni- 
tude of A. 

The geometric interpretation of the vector cA is given in Figs. 15.2.4 
and 15.2.5. If c > 0, then cA is a vector whose representation has a length c 
times the magnitude of A and the same direction as A; an example of this 
is shown in Fig. 15.2.4, where c — 3. If c « 0, then cA is a vector whose 
representation has a length which is |c| times the magnitude of A and a 
direction opposite to that of A. This is shown in Fig. 15.2.5, where c = —3. 

The following theorem gives laws satisfied by the operations of vector 
addition and scalar multiplication of any vectors in Vs. 
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15.2.5 Theorem IfA, B, and C are any vectors in V,, and c and d are any scalars, then vector 
addition and scalar multiplication satisfy the following properties: 


(i) A+B=Bt+A (commutative law) 
(ii) A+ (B+C)=(A+B)+C (associative law) 
(iii) There is a vector 0 in V, for which 
A+0=A (existence of additive identity) 
(iv) There is a vector —A in V; such that 
A+ (CA) =0 (existence of negative) 
(v) (cd)A=c(dA) (associative law) 
(vi) c(A+ B) =cA+ cB (distributive law) 
(vii) (c - d)A — cA + dA (distributive law) 
(viii) 1(A) =A (existence of scalar multiplicative identity) 


PRooF: We give the proofs of (i), (iv), and (vi) and leave the others for 
the reader (see Exercises 13 through 16). Let A= (a,, a.) and B= 


(by, be). 


PROOF OF (i): By the commutative law for real numbers, a, + b, = b, + a, 
and a, + b, = b, + ay, and so we have 


A + B= (a, a) + (bi, by) 
= (a, + by, as + be) 
= (b, + a, bo + a3) 
= (b, by) + (ay, a5) 
=BtA 


PROOF OF (iv): The vector —A is given by Definition 15.2.2, and we have 
A + (—A) = (a, a5) + (—4,, —45) 
= (a + (7a), as + (~a2)) 
= (0,0) 
=0 
PROOF OF (vi): 
c(A + B) — c((a,, a) + (by, b,)) 
= c( (a, + by, a + by)) 
= (c(a, + by), c(a + b,)) 
= (ca, + cb,, ca, + cbs) 
= (Cay, Ca) + (cb,, cba) 
= c(a,, Ay) + c(by, bo) 
— cA t cB 
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EXAMPLE5: Verify(ii), (iii), (v), 
(vii), and (viii) of Theorem 15.2.5 
if A= (3, 4), B= (—2, 1), 

C= (5,—3),c=2, and d = —6. 


SOLUTION: 


A+ (B +C) = (3,4) + ((72, 1) + (5, —3)) 
= (3, 4) + (3, 2) 
— (6,2) 

(A+ B) + C= ((3, 4) + (-2, 1)) + (5, —3) 
= (1,5) (5,-3) 
= 6,2) 


Therefore, A + (B + C) = (A+ B) + C, and so (ii) holds. 


A+0= (3,4) + 0,0) 2 (3,4) 2 A 
Hence, (iii) holds. 
(cd)A = [(2) 76)] (3, 4) 
= (—12) (3, 4) 
— (—36, —48) 
c(dA) = 2(—6(3, 4)) 
= 2(—18, —24) 
= (—36, —48) 
Thus, (cd) A = c(dA), and so (v) holds. 
(c+ d)A = [2 + (—6)](3, 4) = (—4) (3, 4) = (—12, —16) 


cA + dA = 2(3, 4) + (—6) (3, 4) = (6, 8) + (—18, —24) = (—12, —16) 


Therefore, (c + d)A = cA + dA, and (vii) holds. 
1A = 1(3, 4) = ((1) (3), (1) (4)) = (3,4) =A 


and so (viii) holds. 


15.2.6 Definition 


Theorem 15.2.5 is very important because every algebraic law for the 
operations of vector addition and scalar multiplication of vectors in V; can 
be derived from the eight properties stated in the theorem. These laws are 
similar to the laws of arithmetic of real numbers. Furthermore, in linear 
algebra, a vector space is defined as a set of vectors together with a set of 
scalars and the two operations of vector addition and scalar multiplication 
which satisfy the eight properties given in Theorem 15.2.5. Following is 


the formal definition. 


A vector space V is a set of elements, called vectors, together with a set of 
elements, called scalars, with two operations called vector addition and 
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Figure 15.2.6 


scalar multiplication such that for every pair of vectors A and B in V and for 
every scalar c, a vector A + B and a vector cA are defined so that properties 
(i)- (viii) of Theorem 15.2.5 are satisfied. 


From Definition 15.2.6 and Theorem 15.2.5 it follows that V, is a set of 
vectors in a vector space. We denote this vector space by V,. The use of the 
same symbol V, to name both the set of vectors and the vector space 
having these vectors as its vector elements should not cause confusion 
because the context makes the meaning clear. 

We now take an arbitrary vector in V, and write it in a special form. 


A= (a1, a5) = (4,,0) + (0, a) = a,(1, 0) + a4 (0, 1) 


Because the magnitude of each of the two vectors (1, 0) and (0, 1) is one 
unit, they are called unit vectors. We introduce the following notations for 
these two unit vectors: 


i— (1,0) and j- (0,1) 


The position representation of each of these unit vectors is shown in Fig. 
15.2.6. Because 


(ai, 45) = a,(1,0) + a4(0,1) = ai + Aaj 


it follows that any vector in V, can be written as a linear combination of 
the two vectors i and j. Because of this the vectors i and j are said to form a 
basis for the vector space V2. The number of elements in the basis of a 
vector space is called the dimension of the vector space. Hence, V, is a two- 
dimensional vector space. 


EXAMPLEÓ: Express the vector 
(3, —4) in terms of i and j. 


SOLUTION:  (3,—4) = 3(1, 0) + (4) (0, 1) = 3i— 4j. 


y 

(4, a) ^ 

BN 

| 
aal d 

| 

| 

ay O Ee 
Figure 15.2.7 


Let A be the vector (4,, 42) and 0 be the radian measure of the angle 
giving the direction of A (see Fig. 15.2.7 where (a1, a) is in the second 
quadrant). a, = |A| cos 0 and a, = |A| sin 6. Because A = aji + aj, we can 
write 


A = |A| cos 6i+ |A] sin 6j 
or, equivalently, 
A = |A|(cos 6i + sin 6j) (1) 


Equation (1) expresses the vector A in terms of its magnitude, the 
cosine and sine of the radian measure of the angle giving the direction of 
A, and the unit vectors i and j. 


EXAMPLEZ7: Express the vector 
(—5, —2) in the form of Eq. (1). 


SOLUTION: Refer to Fig. 15.2.8, which shows the position representation 
of the vector (—5, —2). 
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^ |(-5, -2)| = V5)? + C27 = V5 +4 = V29 
8 ee and cos c. 
v29 v29 
5 x So from (1) we have 
M. L (-5,—2)- vB (- Js i-z- 1) 
Figure 15.2.8 


15.2.7 Theorem If the nonzero vector A = ai + aj, then the unit vector U having the same 
direction as A is given by 


U = (2) 


A 


PROOF: From (2), 
— zl. 1 1) = pl. 
U= |A| (ai F aj) |A| (A) 
Therefore, U is a positive scalar times the vector A, and so the direction of 
U is the same as the direction of A. Furthermore, 


o |(ay (a) 
[UI VG) EY 
Va’ + as 

JA] 


=1 
Therefore, U is the unit vector having the same direction as A, and the 
theorem is proved. a 


EXAMPLE 8: Given A= (3, 1) and | SOLUTION: A — B= (3,1) — (—2,4) = (5, —3). So we may write 


B= (—2, 4), find the unit vector oe aa te ees 
having the same direction as A— B=5i-— 3j 
A — B. Then 


[A — B| = V5? + (—3)? = V34 


By Theorem 15.2.7, the desired unit vector is given by 


ee ee 
v4 vA) 
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Exercises 15.2 


In Exercises 1 through 6, find the sum of the given pairs of vectors and illustrate geometrically. 


1. (2,4); (3,5) 2. (0,3); (2, 3) 3. (—3, 0); (4, —5) 

4. (2,3); (- V2, —1) 5. (0,0); (72,2) 6. (2,5); (2,5) 
In Exercises 7 through 12, subtract the second vector from the first, and illustrate geometrically. 

7, (4,5); (—3, 2) 8. (0,5); (2, 8) 9. (—3, —4); (6, 0) 

10. (1, e); (—3, 2e) 11. (0, V3); (—vV2, 0) 12. (3, 7); (3, 7) 

13. Prove Theorem 15.2.5(ii). 14. Prove Theorem 15.2.5(v). 15. Prove Theorem 15.2.5(vii). 
16. Prove Theorem 15.2.5(iii) and (viii). 


17. 


Given A = (2, —5); B = (3, 1); C= (—4, 2). (a) Find A+ (B+ C) and illustrate geometrically. (b) Find (A + B) + C 
and illustrate geometrically. 


In Exercises 18 through 23, let A = (2, 4), B= (4, 3), and C = (—-3, 2). 


18. Find A+B 19. Find A — B 20. Find |C| 

21. Find |C — B| 22. Find 2A + 3B 23. Find |7A — B| 
In Exercises 26 through 31, let A = 2i + 3j and B= 4i — j. 

24. Find A+B 25. Find A — B 26. Find 5A — 6B 
27. Find |A||B| 28. Find |A + B| 29. Find |A] + |B] 
30. Find |3A — 2B| 31. Find |3A| — |2B| 

32. Given A = (3, 2); C= (8, 8; A+ B = C; find |B]. 


33. 
34. 
35. 
36. 


37. 


38. 


39. 
40. 


41. 


Given A = 8i + 5j and B = 3i — j; find a unit vector having the same direction as A + B. 
Given A = —8i + 7j; B = 6i — 9j; C= —i — j; find [2A — 3B — CJ. 


Given A = —2i + j; B = 3i — 2j; C = 5i — 4j; find scalars h and k such that C= hA + KB. 


Write each of the following vectors in the form r(cos 6i + sin 6j), where r is the magnitude of the vector and 0 is the 
radian measure of the angle giving the direction of the vector: (a) A —3i — 3j; (b) B= —4i + 4 V3j; (c) C = —16i; 
(d) D = 3j. 


For each of the vectors in Exercise 36, find a unit vector having the same direction. 

Let PQ be a representation of vector A, QR be a representation of vector B, and RS bea representation of vector C. 
Prove that if PQ, QR, and RS are sides of a triangle, then A + B + C=0. 

Prove analytically the triangle inequality for vectors |A + B| < |A| + |B]. 


Two vectors are said to be independent if and only if their position representations are not collinear. Furthermore, two 
vectors A and B are said to form a basis for the vector space V, if and only if any vector in V, can be written as a linear 
combination of A and B. A theorem can be proved which states that two vectors form a basis for the vector space V, if 
they are independent. Show that this theorem holds for the two vectors (2, 5) and (3, —1) by doing the following: 
(a) Verify that the vectors are independent by showing that their position representations are not collinear; (b) verify 
that the vectors form a basis by showing that any vector a,i + a,j can be written as c(2i + 5j) + d(3i — j), where c and 
d are scalars. (HINT: Find c and d in terms of a, and az.) 


Refer to the first two sentences of Exercise 40. A theorem can be proved which states that two vectors form a basis for 
the vector space V, only if they are independent. Show that this theorem holds for the two vectors (3, —2) and (—6, 4) 
by doing the following: (a) Verify that the vectors are dependent (not independent) by showing that their position rep- 
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resentations are collinear; (b) verify that the vectors do not form a basis by taking a particular vector and showing that 
it cannot be written as c(3i + 2j) + d(—6i + 4j) , where c and d are scalars. 


15.33 DOT PRODUCT 


15.3.1 Definition 


In Sec. 15.2 we defined addition and subtraction of vectors and multiplica- 
tion of a vector by a scalar. However, we did not consider the multiplica- 
tion of two vectors. We now define a multiplication operation on two 
vectors which gives what is called the dot product. 


If A = (ay, a) and B = (b,, b,) are two vectors in V,, then the dot product of 
A and B, denoted by A - B, is given by 
A+B= (4, a2) * (by, b) = abi + azb 


The dot product of two vectors is a real number (or scalar) and not a 
vector. It is sometimes called the scalar product or inner product. 


EXAMPLE 1: Given A= (2, —3) 
and B = (—3, 4), find A- B. 


“soLution: A+ B= (2,—3) + (-$,4) = (2) C) + (-3) (4) =—13. 


15.3.2 Theorem 


15.3.3 Theorem 


The following dot products are useful and are easily verified (see Ex- 
ercise 5). 


i-i=1 (1) 
j:j=l (2) 
i-j=0 (3) 


The following theorem states that dot multiplication is commutative 
and distributive with respect to vector addition. 


If A, B, and C are any vectors in V2, then 


(i) A- B-B-A (commutative law) 
(ii) A: (B-C) A: Bc A: C (distributive law) 


The proofs of (i) and (ii) are left for the reader (see Exercises 6 
and 7). 

Note that because A * B is a scalar, the expression (A * B) : C is 
meaningless. Hence, we do not consider associativity of dot multiplica- 
tion. 

Some other laws of dot multiplication are given in the following 
theorem. 


If A and B are any vectors in V, and c is any scalar, then 
(i) c(A* B) = (cA) > B; 
(ii) 0- A —0; 
(iii) A * A= |A}. 
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15.3.4 Definition 


Figure 15.3.1 


15.3.5 Theorem 


y 
^ Q(bi, bz) 
P(a1,22) 
O —x 
Figure 15.3.2 
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The proofs are left for the reader (see Exercises 8 through 10). 
We now consider what is meant by the angle between two vectors, 
and this leads to another expression for the dot product of two vectors. 


Let A and B be two nonzero vectors such that A is not a scalar multiple of 


B. If OP is the position representation of A and OQ is the position repre- 
sentation of B, then the angle between the vectors A and B is defined to be 


the angle of positive measure between OP and OQ interior to the triangle 
POQ. If A — cB, where c is a scalar, then if c > 0 the angle between the 
vectors has radian measure 0; if c « 0, the angle between the vectors has 
radian measure r. 


It follows from Definition 15.3.4 that if a is the radian measure of the 
angle between two vectors, then 0 < a = s. Figure 15.3.1 shows the angle 
between two vectors if A is not a scalar multiple of B. 

The following theorem is perhaps the most important fact about the 
dot product of two vectors. 


If a is the radian measure of the angle between the two nonzero vectors A 
and B, then 


A - B=|A||B| cos a (4) 
PROOF: LetA=4,i+ aj and B = b,i + b,j. Let OP be the position repre- 
sentation of A and OQ be the position representation of B. Then the angle 
between the vectors A and B is the angle at the origin in triangle POQ (see 
Fig. 15.3.2); P is the point (a,, à) and Q is the point (b,, b2). In triangle 
OPQ, |A| is the length of the side OP and |B] is the length of the side OQ. 
So from the law of cosines we obtain 


|A|? + |B|? — [POP 


cos a= 
2|A||B| 
_ (a t ag?) + (b? + bp?) — [ (a, — b)? + (a — by)? ] 
i 2|A|[B| 
— 2a,b, + 2asb; 
2|A||B| 
— bı + mb: 
|A||B| 
Hence, 
cosa = AB 
|A||B| 


from which we obtain 


A* B = |A||B]| cos a a 
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Theorem 15.3.5 states that the dot product of two vectors is the prod- 
uct of the magnitudes of the vectors and the cosine of the radian measure 
of the angle between them. 


EXAMPLE 2: Given A= 3i— 2j 
and B = 2i + j, find cos a if a is 
the radian measure of the angle 
between A and B. 


SOLUTION: From Theorem 15.3.5, we have 


domu ACE 
|A||B| 


— (3) (2) + C20) 
Vo+4 V4+i 


+ 

EE iunt MN 
M13 V5 

ENEE 
5 


1 
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15.3.6 Definition 


15.3.7 Definition 


15.3.8 Theorem 


Two nonzero vectors are said to be parallel if and only if the radian 
measure of the angle between them is zero or 7. 


Two nonzero vectors are said to be orthogonal if and only if the radian 
measure of the angle between them is 27. 


The following theorem gives a method for determining if two vectors 
are orthogonal. 


Two nonzero vectors A and B are orthogonal if and only if A: B — 0. 


PROOF: From Definition 15.3.7, if o is the radian measure of the angle 
between the two vectors A and B, A and B are orthogonal if and only if 
a — iv. Because 0 x a x v, it follows that 


A and B are orthogonal if and only if cos a — 0 (5) 
But from Theorem 15.3.5, we have 
A+ B = JAI|[B| cos a (6) 


Because neither A nor B is the zero vector, |A| # 0 and |B| ¥ 0. Therefore, 
from (6) we conclude that 


A-B-—0 ifandonly if cosa=0 (7) 
From (5) and (7) we have the desired result: 


A and B are orthogonal if and only if A: B=0 L| 


EXAMPLE 3: Given A= 3i t 2j 
and B= 2i + kj, where kisa 


SOLUTION: (a) By Theorem 15.3.8, A and B are orthogonal if and only if 


A-B=0 
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scalar, find (a) k so that A and B 
are orthogonal; (b) k so that A and 
B are parallel. 


or 

(3) 2) + 2(k) 20 
So 

k=-3 


(b) If a is the radian measure of the angle between A and B, A and B are 
parallel if and only if either a= 0 or a= 7, that is, if and only if 


cos a=+1 (8) 
Substituting from (8) into (4), we obtain 
A:B—«-lAIIB| 


or 


6+2k=+V13 VAT KP 
Squaring on both sides of this equation gives 
36 + 24k + 4k? = 52 + 13i? 
9k? — 24k + 16=0 
(3k — 4)? =0 


k=4 


Figure 15.3.3 


A geometric interpretation of the dot product is obtained by con- 


sidering the projection of a vector onto another vector. Let OP and OQ be 
representations of the vectors A and B, respectively. See Fig. 15.3.3. The 


projection of OQ in the direction of OP is the directed line segment OR, 
where R is the foot of the perpendicular from Q to the line containing OP. 


Then the vector for which OR isa representation is called the vector projec- 
tion of the vector B onto the vector A. The scalar projection of B onto A is 
defined to be |B| cos o, where « is the radian measure of the angle 
between A and B. Note that |B| cos œ may be either positive or negative 
depending on a. Because A - B= |A||B| cos o, it follows that 


A - B=|A|(|B| cos o) (9) 


Hence, the dot product of A and B is the magnitude of A multiplied by the 
scalar projection of B onto A. See Fig. 15.3.4a and b. Because dot mul- 


B B 


| 
| 
! 
| 


|B| cosa > 0 |B| cos a < 0 
(a) (b) Figure 15.3.4 


15.3 por PRODUCT 753 


tiplication is commutative, A * B is also the magnitude of B multiplied by 
the scalar projection of A onto B. 


EXAMPLE 4; GivenA=—5i + j 
and B= 4i + 2j, find the vector 
projection of B onto A. 


Figure 15.3.5 


SOLUTION: Figure 15.3.5 shows the position representations of vectors A 
and B as well as that of C, which is the vector projection of B onto A. From 
(6) we get 


A-B. (-5)(4) + (1)(2) _ -18 
lal V26 V26 


Therefore, |C| = 18/ V26 . Because cos a < 0,40 < a < r, and so the direc- 
tion of C is opposite that of A. Hence, C = cA, and c < 0. Then we have 


C —-—5d + cj 
Because |C| = 18/ V26, we get 


18 uu 2 2 
VA 25c? + c 


and so c = —$, from which it follows that 


|B| cosa = 


If A= ai + loj, then 

A-i=a, and A:j=% 
Hence, the dot product of A and i gives the component of A in the direc- 
tion of i and the dot product of A and j gives the component of A in 
the direction j. To generalize this result, let U be any unit vector. Then 
from (9) 


A - U= |AJ|([U| cos a) = |A] cos o 


and so A > U is the scalar projection of A onto U, which is called the com- 
ponent of the vector A in the direction of U. More generally, the component 
of a vector A in the direction of a vector B is the scalar projection of A onto 
a unit vector in the direction of B. 

In Sec. 7.5 we stated that if a constant force of F pounds moves an ob- 
ject a distance d feet along a straight line and the force is acting in the 
direction of motion, then if W is the number of foot-pounds in the work 
done by the force, W — Fd. Suppose, however, that the constant force is 
not directed along the line of motion. In this case the physicist defines the 
work done as the product of the component of the force along the line of motion 
times the displacement. If the object moves from the point A to the point B, 
we call the vector, having AB as a representation, the displacement vector 


and denote it by V(AB). So if the magnitude of a constant force vector F is 
expressed in pounds and the distance from A to B is expressed in feet, and 
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EXAMPLE 5: Suppose that a force 
F has a magnitude of 6 lb and ¢7 
is the radian measure of the angle 
giving its direction. Find the 
work done by F in moving an 
object along a straight line from 
the origin to the point P(7, 1), 
where distance is measured 

in feet. 


a is the radian measure of the angle between the vectors F and V(AB), 
then if W is the number of foot-pounds in the work done by the force F in 
moving an object from A to B, 


W = (|F| cos o)|V(AB)] 
= |F||V(AB) | cos « 
=F- V(AB) 


SOLUTION: Figure 15.3.6 shows the position representations of F and 
V(OP). If W ft-lb is the work done, then 

W=F- V(OP) 
F= (6 cos 4m, 6 sin $m) = (3 V3, 3), and V(OP) = (7, 1). So 

W= (3V3,3) - (7,1) =21V3 +3 ~ 39.37 


Therefore, the work done is 39.37 ft-lb. 
y 


F 


P(7,1) 


x 
2 Figure 15.3.6 


Vectors have geometric representations which are independent of the 
coordinate system used. Because of this, vector analysis can be used to 
prove certain theorems of plane geometry. This is illustrated in the follow- 
ing example. 


EXAMPLE 6: Prove by vector anal- 
ysis that the altitudes of a triangle 
meet in a point. 


Figure 15.3.7 


soLuTIon: Let ABC be a triangle having altitudes AP and BQ intersecting 
at point S. Draw a line through C and S intersecting AB at point R. We 
wish to prove that RC is perpendicular to AB (see Fig. 15.3.7). 


Let AB, BC, AC, AS, BS, CS be representations of vectors. Let V(AB ) 
be the vector having directed line segment AB as a representation. In a 
similar manner, let v(BC), V(AC), V(AS), V(B$), and V(CS) be the 
vectors having the directed line segment in parentheses as a represen- 
tation. 

Because AP is an altitude of the triangle, 


V(AS) - V(BC) - 0 (10) 
Also, because BQ is an altitude of the triangle, 
V(BS) - V(AC) =0 (11) 


To prove that RC is perpendicular to AB, we shall show that 
V(CS) - V(AB) =0 
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V(CS) - V(AB) = V(CS) - [V(AC) + V(CB)] 
= V(C$) - V(AC) + V(CS) - V(CB) 
= [V(CB) + V(BS)] - V(AC) 
+ [V(CA) + V(AS)] - V(CB) 
= V(CB) - V(AC) + V(BS5)- V(AC) 
+ V(CA) - V(CB) + V(AS) - V(CB) 
Replacing V(CA) by ~V(AC) and using (10) and (11), we obtain 
V(CS) - V(AB) = V(CB) - V(AC) + 0 + [-V(AC)] - V(CB) +0 
=0 
Therefore, altitudes AP, BQ, and RC meet in a point. 


Exercises 15.3 


In Exercises 1 through 4, find A - B. 


1. A= (-1, 2); B= (—4, 3) 2. A= (; -b; B= (2, 4) 3. A= 2i- j; B=i+ 3j 
4. A=~2i; B=—-it+j 5. Show thati-i=1;j-j=1;i-j=0. 6. Prove Theorem 15.3.2(i). 
7. Prove Theorem 15.3.2(ii). 8. Prove Theorem 15.3.3(i). 9. Prove Theorem 15.3.3(ii). 


10. Prove Theorem 15.3.3(iii). 


In Exercises 11 through 14, if æ is the radian measure of the angle between A and B, find cos a. 


11. 
13. 
15. 
16. 
17. 


18. 
19. 
20. 


21. 


22. 
. If A=—8i + 4j and B = 7i — 6j, find the vector projection of A onto B. 


A= (4,3); B= (1,—1) 12. A= (—2,—3); B = (3, 2) 

A= 5i — 12j; B= 4i + 3j 14. A—2i + 4j; B=—5j 

Find k so that the radian measure of the angle between the vectors in Example 3 of this section is 47. 

Given A = ki — 2j and B = ki + 6j, where k is a scalar. Find k so that A and B are orthogonal. 

Given A = 5i — kj; B = ki + 6j, where k is a scalar. Find (a) k so that A and B are orthogonal; (b) k so that A and B 
are parallel. 

Find k so that the vectors given in Exercise 16 have opposite directions. 

Given A = 5i + 12j; B = i + kj, where k is a scalar. Find k so that the radian measure of the angle between A and B is $77. 
Find two unit vectors each having a representation whose initial point is (2, 4) and which is tangent to the parabola 
y = x? there. 

Find two unit vectors each having a representation whose initial point is (2, 4) and which is normal to the parabola 


y = X? there. 
If A is the vector ai + a,j, find the unit vectors that are orthogonal to A. 


. Find the vector projection of B onto A for the vectors of Exercise 23. 


. Find the component of the vector A = 5i — 6j in the direction of the vector B = 7i + j. 
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For the vectors A and B of Exercise 25, find the component of the vector B in the direction of vector A. 


27. A vector F represents a force which has a magnitude of 8 Ib and iz as the radian measure of the angle giving its direc- 


tion. Find the work done by the force in moving an object (a) along the x axis from the origin to the point (6, 0) and 
(b) along the y axis from the origin to the point (0, 6). Distance is measured in feet. 


28. Two forces represented by the vectors F, and F, act on a particle and cause it to move along a straight line from the 
point (2, 5) to the point (7, 3). If F, = 3i — j and F, = —4i + 5j, the magnitudes of the forces are measured in pounds, 
and distance is measured in feet, find the work done by the two forces acting together. 

29. If A and B are vectors, prove that 

(A-B)* (A-B)—A*A-*2A* Bc B:B 

30. Prove by vector analysis that the medians of a triangle meet in a point. 

31. Prove by vector analysis that the line segment joining the midpoints of two sides of a triangle is parallel to the third 
side and its length is one-half the length of the third side. 

32. Prove by vector analysis that the line segment joining the midpoints of the nonparallel sides of a trapezoid is parallel 
to the parallel sides and its length is one-half the sum of the lengths of the parallel sides. 

15.4 VECTOR-VALUED We now consider a function whose domain is a set of real numbers and 
FUNCTIONS AND whose range is a set of vectors. Such a function is called a vector-valued 
PARAMETRIC EQUATIONS function. Following is the precise definition. 
15.4.1 Definition Let f and g be two real-valued functions of a real variable t. Then for every 
number f in the domain common to f and g, there is a vector R defined by 
R(t) = f(t)it (0j (1) 
and R is called a vector-valued function. 

EXAMPLE 1: Given SOLUTION: f(t) = Vt—2 and g(t) = (t—3) . 

R(t) = Vt-2i+ (t —3) 1j The domain of R is the set of values of t for which both f(t) and g(t) 
find the domain of R. are defined. The function value f(t) is defined for t = 2 and g(t) is defined 


for all real numbers except 3. Therefore, the domain of R is given by t = 2, 
t #3, 


If R is the vector-valued function defined by (1), as t assumes all val- 
ues in the domain of R, the endpoint of the position representation of the 
vector R(t) traces a curve C. For each such value of t, we obtain a point 
(x, y) on C for which 


x=f(t) and y-g(t) (2) 


The curve C may be defined by Eq. (1) or Eqs. (2). Equation (1) is called a 
vector equation of C, and Eqs. (2) are called parametric equations of C. The 
variable t is a parameter. The curve C is also called a graph; that is, the set of 
all points (x, y) satisfying Eqs. (2) is the graph of the vector-valued func- 
tion R. 
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A vector equation of a curve, as well as parametric equations of a 
curve, gives the curve a direction at each point. That is, if we think of the 
curve as being traced by a particle, we can consider the positive direction 
along a curve as the direction in which the particle moves as the parameter 
t increases. In such a case as this, t may be taken to be the measure of the 
time, and the vector R(t) is called the position vector. Sometimes R(t) is 
referred to as the radius vector. 

If the parameter t is eliminated from the pair of Eqs. (2), we obtain 
one equation in x and y, which is called a cartesian equation of C. It may 
happen that elimination of the parameter leads to a cartesian equation 
whose graph contains more points than the graph defined by either the 
vector equation or the parametric equations. This situation occurs in Ex- 
ample 5. 


EXAMPLE2: Given the vector 
equation 
R(t) — 2 cos ti 2 sin tj 


(a) draw a sketch of the graph of 
this equation, and (b) find a car- 
tesian equation of the graph. 


72 Figure 15.4.1 


SOLUTION: The domain of R is the set of all real numbers. We could tabu- 
late values of x and y for particular values of t. However, if we find the 
magnitude of the position vector, we have for every t 


|R(t)| = V4 cos? t + 4 sin? t = 2V cos? t + sin? t —2 


Therefore, the endpoint of the position representation of each vector R(t) 
is two units from the origin. By letting t take on all numbers in the closed 
interval [0, 27], we obtain a circle having its center at the origin and radius 
2. This is the entire graph because any value of t will give a point on this 
circle. A sketch of the circle is shown in Fig. 15.4.1. Parametric equations of 
the graph are 


x=2cost and y=2sint 


A cartesian equation of the graph can be found by eliminating t from the 
two parametric equations, which when squaring on both sides of each 
equation and adding gives 


P+y=4 


As previously stated, upon eliminating t from parametric equations 
(2) we obtain a cartesian equation. The cartesian equation either implic- 
itly or explicitly defines y as one or more functions of x. That is, if x= f(t) 
and y = g(t), then y = h(x). If h is a differentiable function of x and f is a 
differentiable function of t, it follows from the chain rule that 


Dıy = (Dry) (Dix) 
or 
g' (t) = (h'(x)) (F (0) 
or, by using differential notation, 


dy _ dy dx 
dt dx dt 
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If dx/dt # 0, we can divide on both sides of the above equation by dx[dt 
and obtain 


dt 


Equation (3) enables us to find the derivative of y with respect to x 
directly from the parametric equations. 


EXAMPLE 3: Given x = 3t? and 
y = 4t, find dy/dx and d?y/dx? 
without eliminating t. 


SOLUTION: Applying (3), we have 


dy 
dy dt 1278 _ 
dx dx 6t ais 
dt 
d(y') 
dy d(y) | dt 
dx? dx dx 
dt 
Because y'= 2t, d(y')/dt = 2; thus, we have from the above equation 
Pu» Lk 
d? 6t 3t 


EXAMPLE 4: (a) Draw a sketch of 
the graph of the curve defined by 
the parametric equations of Ex- 
ample 3, and (b) find a cartesian 
equation of the graph in (a). 


Table 15.4.1 
t x y 
0 0 0 
1 3 1 
2 4 2 
1 3 4 
2 12 32 
+ a -i 
=1 3 —4 
—2 12 —32 


SOLUTION: Because x= 3f?, we conclude that x is never negative. Table 
15.4.1 gives values of x and y for particular values of t. Because D,y = 2t, 
we see that when t= 0, Dzy = 0; hence, the tangent line is horizontal at 
the point (0, 0). A sketch of the graph is shown in Fig. 15.42. 


Figure 15.4.2 
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From the two parametric equations x = 38? and y = 4#°, we get x? = 2719 
and y? = 16t$. Therefore, 


xt. cyt 
27 16 
or, equivalently, 
16x33 = 274? (4) 


which is the cartesian equation desired. 


Differentiating implicitly in Eq. (4), we have 


48x? = 54y M 


and solving for dy/dx, we get 


dy 8x 
dx 9y 


Substituting for x and y in terms of t from the given parametric equations, 
we obtain 


dy  8(89? _ 
dx — 9(4P) 


which agrees with the value of dy/dx found in Example 3. 


EXAMPLE5: Draw a sketch of the 
graph of the curve defined by the 


parametric equations 


x=cosht and y=sinht 


(5) 


Also find a cartesian equation of 


the graph. 


4 
— x 


Figure 15.4.3 


SOLUTION: Squaring on both sides of the given equations and sub- 
tracting, we have 


x? — y? = cosh? t — sinh? t 
From the identity cosh? t — sinh? t — 1, this equation becomes 
Ll— y= (6) 


Equation (6) is an equation of an equilateral hyperbola. Note that for t any 


| real number, cosh ¢ is never less than 1. Thus, the curve defined by 


parametric equations (5) consists of only the points on the right branch of 
the hyperbola. A sketch of this curve is shown in Fig. 15.4.3. A cartesian 
equation is x? — y? = 1, where x = 1. 
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Figure 15.4.4 


y 
^ 


P(cosh t, sinh t) 


Figure 15.4.5 


The results of Example 5 can be used to show how the function values 
of the hyperbolic sine and hyperbolic cosine functions have the same rela- 
tionship to the equilateral hyperbola as the trigonometric sine and cosine 
functions have to the circle. The equations 


x=cost and y=sint (7) 


are a set of parametric equations of the unit circle because if t is eliminated 
from them by squaring on both sides of each and adding, we obtain 

xX + y = cos? t+ sin?t—1 
The parameter t in Eqs. (7) can be interpreted as the number of radians in 
the measure of the angle between the x axis and a line from the origin to 
P(cos t,.sin t) on the unit circle. See Fig. 15.4.4. Because the area of a 
circular sector of radius r units and a central angle of radian measure t is 
given by 2r*t square units, the area of the circular sector in Fig. 15.4.4 is 3f 
square units because r — 1. 

In Example 5 we showed that parametric equations (5) are a set of 
parametric equations of the right branch of the equilateral hyperbola x? 
— y*— 1. This hyperbola is called the unit hyperbola. Let P(cosh t, sinh t) be 
a point on this curve, and let us calculate the area of the sector AOP shown 
in Fig. 15.4.5. The sector AOP is the region bounded by the x axis, the line 
OP, and the arc AP of the unit hyperbola. If A, square units is the area of 


sector AOP, A; square units is the area of triangle OBP, and A; square 
units is the area of region ABP, we have 


A; = As; — Aa (8) 
Using the formula for determining the area of a triangle, we get 

A, = à cosh t sinh t (9) 
We find A; by integration: 


t 
As =| sinh u d(cosh u) 
0 


t 
= Í sinh? u du 
0 


t 
i | (cosh 2u — 1) du 
0 


and so 
A; = $ cosh t sinh t — 4t (10) 
Substituting from (9) and (10) into (8), we have 


A, =4 cosh t sinh t — (4 cosh t sinh t — 4t) 
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So we see that the number of square units in the area of circular sector 
AOP of Fig. 15.4.4 and the number of square units in the area of sector 
AOP of Fig. 15.4.5 is, in each case, one-half the value of the parameter as- 
sociated with the point P. For the unit circle, the parameter t is the radian 
measure of the angle AOP. The parameter t for the unit hyperbola is not 
interpreted as the measure of an angle; however, sometimes the term 
hyperbolic radian is used in connection with t. 

In Sec. 13.1, where Cauchy's mean-value theorem (13.1.3) was stated 
and proved, we indicated that a geometric interpretation would be given 
in this section because parametric equations are needed. Recall that the 
theorem states that if f and g are two functions such that (i) f and g are 
continuous on [a, b], (ii) f and g are differentiable on (a, b), and (iii) for 
all x in (a, b) g'(x) # 0, then there exists a number z in the open interval 
(a, b) such that 


f(b) — fla) f'( 
g(b —g(a) g'(z) 
y 


g(b) — g(a ——— 


(g(a), fla) ASF = ; 


Figure 15.4.6 


Figure 15.4.6 shows a curve having the parametric equations x = g(t) and 
y = f(t), where a = t < b. The slope of the curve in the figure at a particu- 
lar point is given by 


dy _ f'(t) 


dx  g'(t) 
and the slope of the line segment through the points A(g(a), f(a)) and 
B(g(b), f(b)) is given by 

f(b) — f(a) 

g(b) — g(a) 


Cauchy’s mean-value theorem states that the slopes are equal for at least 
one value of t between a and b. For the curve shown in Fig. 15.4.6, there are 
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Figure 15.4.7 


——> X 


four values of t satisfying the conclusion of the theorem: t= z,, t= Zo, 
t= z, and t = z4 

We now show how parametric equations can be used to define a 
curve which is described by a physical motion. The curve we consider is a 
cycloid, which is the curve traced by a point on the circumference of a 
circle as the circle rolls along a straight line. Suppose the circle has radius 
a. Let the fixed straight line on which the circle rolls be the x axis, and let 
the origin be one of the points at which the given point P comes in contact 
with the x axis. See Fig. 15.4.7, which shows the circle after it has rolled 
through an angle of t radians. 

We see from Fig. 15.4.7 that 


V(OT) + V(TA) + V(AP) = V (OP) (11) 


IV(OT )| = length of the arc PT = at. Because the direction of V(OT ) 
is along the positive x axis, we conclude that 


V(OT) — gti (12) 


Also, IV(TA)| =a — a cos t. And because the direction of V(TA) is 
the same as the direction of j, we have 


V(TA) = a(1 — cos t)j (13) 


IV(AP) | = asin t, and the direction of V(AP) is the same as the direc- 
tion of —i; thus, 


V(AP) — —a sin ti (14) 
Substituting from (12), (13), and (14) into (11), we obtain 

ati + a(1— cos t); — a sin ti = V(OP) 
or, equivalently, 

V(OP) = a(t — sin thit a(1— cos t)j (15) 


Equation (15) is a vector equation of the cycloid. So parametric equa- 
tions of the cycloid are 


x-— a(t— sint) and y--a(1-— cos f) (16) 


where t is any real number. A sketch of a portion of the cycloid is shown in 
Fig. 15.4.8. 


Figure 15.4.8 
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Exercises 15.4 


In Exercises 1 through 6, find the domain of the vector-valued function R. 


1. R(t) = (1/t)i + V4— tj 2. R(t) = (P +3)i+ (t—1)j 3. R(t) = (sin! t)i + (cos^! t)j 
4. R(t) 2 In(t - 1)i + (tan! t)j 5. R(t) = VE —9i + VE + 2t — 8j 6. R(t) = Vt —4i-* V4-— tj 
In Exercises 7 through 12, find dy/dx and d?y/dx? without eliminating the parameter. 
7. x2 8t, y — 2 8 x-1—P,y-1-t 9. x2 Pe',y— tlnt 
10. x« e*t, y 2 1- cost 11. x acost, y =b sint 12. x= a cosh t, y = b sinh t 
In Exercises 13 through 16, draw a sketch of the graph of the given vector equation and find a cartesian equation of the 
graph. 
13. R(t) = Pi * (t 1)j 14. R()-ii-ij 15. R(t) —3 cosh ti + 5 sinh tj 
16. R(t) = cos ti + cos tj; t in (0, $7] 


In Exercises 17 and 18, find equations of the horizontal tangent lines by finding the values of t for which dy/dt — 0, and 
find equations of the vertical tangent lines by finding the values of t for which dx/dt — 0. Then draw a sketch of the graph 
of the given pair of parameteric equations. 


17. 


19. 
20. 


21. 


22. 


23. 


24. 


25. 


26. 


3at 3at? 
—_ a =1— 2 = = = 
x-—4P8—4t,y —1— 4t 18. x 14B9p^14B 


Find an equation of the tangent line to the curve, y = 5 cos 6, x = 2 sin 6, at the point where 0 = 37. 


A projectile moves so that the coordinates of its position at any time t are given by the equations x= 60t and 
y = 80t — 16#?. Draw a sketch of the path of the projectile. 

Find dy/dx, d’y/dx?, and d*y/dx? at the point on the cycloid having Eqs. (16) for which y has its largest value when x is 
in the closed interval [0, 27a]. 

Show that the slope of the tangent line at t = t, to the cycloid having Eqs. (16) is cot żt,. Deduce then that the tangent 
line is vertical when t = 2r, where n is any integer. 

A hypocycloid is the curve traced by a point P on a circle of radius b which is rolling inside a fixed circle of radius a, 
a > b. If the origin is at the center of the fixed circle, A(a, 0) is one of the points at which the point P comes in con- 
tact with the fixed circle, B is the moving point of tangency of the two circles, and the parameter t is the number of 
radians in the angle AOB, prove that parametric equations of the hypocycloid are 


x= (a—b) cos t+ b cos 2 
and 
y= (a — b) sin t~ b sin, i 


If a — 4b in Exercise 23, we have a hypocycloid of four cusps. Show that parametric equations of this curve are x = 
à cos? t and y = a sir? t. 

Use the parametric equations of Exercise 24 to find a cartesian equation of the hypocycloid of four cusps, and draw a 
sketch of the graph of the resulting equation. 


Parametric equations for the tractrix are 


t t 
x-—-t—atanh- y=asech— 
a a 
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Draw a sketch of the curve for a — 4. 


27. Prove that the parameter t in the parametric equations of a tractrix (see Exercise 26) is the x intercept of the tangent line. 


28. Show that the tractrix of Exercise 26 is a curve such that the length of the segment of every tangent line from the point 
of tangency to the point of intersection with the x axis is constant and equal to a. 


29. Find the area of the region bounded by the x axis and one arch of the cycloid, having Eqs. (16). 


30. Find the centroid of the region of Exercise 30. 


15.5 CALCULUS OF 
VECTOR-VALUED 
FUNCTIONS 

15.5.1 Definition 


Let R be a vector-valued function whose function values are given by 
R(t) = f(t)i * g(0j 

Then the limit of R(t) as t approaches t, is defined by 

lim R(t) = fim f) i+ flim «(6j 


t-tü ^ti 


if lim f(t) and lim g(t) both exist. 
oti 


t-t t 


EXAMPLE 1; Given 
R(t) = cos ti + 2elj 


find lim R(t) if it exists. 
+0 


SOLUTION: 


lim R(t) = (lim cos t)i + (lim 2e')j = i+ 2j 
t-0 t-0 t-0 


15.5.2 Definition 


The vector-valued function R is continuous at t, if and only if the following 
three conditions are satisfied: 


(i) R(t;) exists; 
(ii) lim R(t) exists; 


toh 


(iii) lim R(t) =R(t,). 


From Definitions 15.5.1 and 15.5.2, it follows that the vector-valued 
function R, defined by R(t) = f(t)i + g(t)j, is continuous at t, if and only 
if f and g are continuous there. 

In the following definition the expression 


R(t + At) — R(t) 
At 


is used. This is the division of a vector by a scalar which has not yet been 
defined. By this expression we mean 


1 
UAE [R(t + At) — R(t)] 
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15.5.3 Definition If R is a vector-valued function, then the derivative of R is another vector- 
valued function, denoted by R' and defined by 


R'(t) = lim 


At—0 


R(t + At) — R(t) 
At 


if this limit exists. 


The notation D,R(t) is sometimes used in place of R’ (t). 
The following theorem follows from Definition 15.5.3 and the defini- 
tion of the derivative of a real-valued function. 


15.5.4 Theorem If R is a vector-valued function defined by 
R(t) = f(t)i + g(0j (1) 
then 
R'(t) =f’ (t)i +g (tj 
if f' (t) and g' (t) exist. 
PROOF: From Definition 15.5.3 


R(t + At) — R(t) 


Eum At 
= lim [f(t + At)it g(t + At) j] — [f(t)it g(t)jl 
At^ At 
= fn HEHAD - 01 5 y im BEHAD - 8] 


The direction of R'(t) is given by 0 (0 = 0 < 27r), where 


From the above equation, we see that the direction of R'(t) is along 
the tangent line to the curve having vector equation (1) at the point 
(f(t), g (0). 

A geometric interpretation of Definition 15.5.3 is obtained by con- 
sidering representations of the vectors R(t), R(t + At), and R’ (t). Refer to 
Fig. 15.5.1. The curve C is traced by the endpoint of the position represen- 


Figure 15.5.1 tation of R(t) as t assumes all values in the domain of R. Let OP be the 
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position representation of R(t) and OQ be the position representation of 


R(t + AT). Then R(t + At) — R(t) is a vector for which PO is a represen- 
tation. If the vector R(t + At) — R(t) is multiplied by the scalar 1/At, we 
obtain a vector having the same direction and whose magnitude is 1/|At| 
times the magnitude of R(t+ At) — R(t). As At approaches zero, the 
vector [R(t + At) — R(t)]/At approaches a vector having one of its repre- 
sentations tangent to the curve C at the point P. 


EXAMPLE2: Given 


R(t) = (2 + sin t)i + cos tj 


find R'(t). 


SOLUTION: R'(f) = cos fi — sin tj. 


Higher-order derivatives of vector-valued functions are defined as for 
higher-order derivatives of real-valued functions. So if R is a vector- 
valued function defined by R(t) = f(t)i + 2(t)j, the second derivative of 
R, denoted by R''(t), is given by 


R” (t) = D[R'(t)] 


We also have the notation D?R(t) in place of R''(t). By applying 
Theorem 15.5.4 to R’ (t), we obtain 


R” (t) =f" (t)i +g" (t)j 
if f'' (t) and g”' (t) exist. 


EXAMPLE 3: Given 


R(t) = (In t)i + G) j 


find R” (t). 


SOLUTION: 


EF 1 Li 2 * 
R (t) —— iti] 


15.5.5 Definition 


15.5.6 Theorem 


A vector-valued function R is said to be differentiable on an interval if R' (t) 
exists for all values of t in the interval. 


The following theorems give differentiation formulas for vector- 
valued functions. The proofs are based on Theorem 15.5.4 and theorems 
on differentiation of real-valued functions. 


If R and Q are differentiable vector-valued functions on an interval, then 
R + Q is differentiable on the interval, and 


D,[R(t) + Q(t)] 2 DAR(O + D,Q(t) 


The proof of this theorem is left for the reader (see Exercise 17). 
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EXAMPLE 4: If E 
R(t) = i+ (t— 1)j 
and 
Q(t) = sin ti + cos tj 
verify Theorem 15.5.6. 


15.5.7 Theorem 


EXAMPLE 5: Verify Theorem 
15.5.7 for the vectors given in Ex- 
ample 4. 


Pence DRIO QOS DROS VOW c cs 


i SOLUTION: R(t): Q(t) = Psin t + G = 1) cos t. 


SOLUTION: — 
| | DR(t) + Q(5] 2 D(I£i + (t —1)j] + [sin fi + cos tj]) 
= D,[(t? + sin t)i + (t— 1 + cos £j] 
= (2t+ cos t)i + (1 — sin t)j 
D R(t) + D,Q(t) = D,[t?7i + (t— 1)j] + Di(sin ti + cos tj) 
= (2ti+ j) + (cos ti — sin tj) 
= (2t + cost)i+ (1— sint)j 


If R and Q are differentiable vector-valued functions on an interval, then 
R - Q is differentiable on the interval, and 


D,[R(t) > Q(t)] = [D,R(t)] - Q(t) + R(t) : [DQ(t)] 
PROOF: Let R(t) =f,(f)it g;(t)) and Q(t) = fa(t)i + g;(t)j. Then by 
Theorem 15.5.4 

DR(t) —f'(ti-$g,(tj and D,Q(t) = f: (t)i +8: (0j 

R(t) - Q(t) = [AM ILA(t)] + Lg. CO Lgs (0 ] 
So 

D,[R(t) - Q(t)] 
= [f (010650)] + IAM ] E ()] + Lai’ CO 30Eg2(01 + g(t 1122 (0] 
= {fA MILA) + ig (011820013 + CROCO ]E&S' (OO ] + E (03g (OH 
= [DR(t)] - Q(t) + R(t) : [DQ(t)] n 


| 
: Therefore, 


D,[R(t) - Q(t)] —2t sin t+ £? cos t + cos t + (t — 1) (—sin t) 
| or 
|J DAR) - Q()] = (4 1) sin t+ (2 +1) cos t (2) 
Because 
DR(t) 2 D[£i 4 (t —1)j] 2285 9 j 
[DAR(t)] - Q(t) = Qt + j) - (sin ti + cos tj) 


=2t sin t + cost 
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Because 
DAQ(t) =D,{sin fi + cos tj] = cos ti — sin tj 
R(t) - [D,Q(t)] = [Pit (t — 1)j] * (cos fi — sin tj) 
— cos t — (t — 1) sint 
Therefore, 
[DR(t)] - Q(t) + R(t) - [D,Q(t)] = (2t sin t + cos t) 


+ [#2 cos t — (t — 1) sin t] 
or 


[DR(t)] Q(t) + R(t) - [DjQ(t)] = (t9 1) sin t + (t+ 1) cost (3) 
Comparing Eqs. (2) and (3), we see that Theorem 15.5.7 holds. 


15.5.8 Theorem 


15.5.9 Definition 


If R is a differentiable vector-valued function on an interval and f is a dif- 
ferentiable real-valued function on the interval, then 


D-{L f(t) ][RCOT) = ED4f(t) IR(t) + f(t) DRC) 


The proof is left for the reader (see Exercise 18). 
We now define an indefinite integral (or antiderivative) of a vector- 
valued function. 


If Q is the vector-valued function given by 
Q(t) = f(t)it g(t)j 
then the indefinite integral of Q(t) is defined by 


[eo ar=i | fo ar+j [ s(t) dt (4) 


This definition is consistent with the definition of an indefinite inte- 
gral of a real-valued function because if we take the derivative on both 
sides of (4) with respect to t, we have 


D= | Qt dt — iD, | f(t) dt + joi | g(t) dt 
which gives us 
p, f o dt = if(t) + jg(t) 


For each of the indefinite integrals on the right side of (4) there occurs 
an arbitrary scalar constant. When each of these scalars is multiplied by 
either i or j, there occurs an arbitrary constant vector in the sum. So we 
have 


[eo dt — R(t) - C 


where D,R(t) = Q(t) and C is an arbitrary constant vector. 
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EXAMPLE 6: Find the most gen- 
eral vector-valued function whose 
derivative is 


Q(t) = sin ti — 3 cos tj 


SOLUTION: If D,R(t) = Q(t), then R(t) = fQ(t) dt, or 
R(t) =i f sin tdt—3j l cos t dt 


= i(—cos t + Cj) — 3j(sin t + C2) 
=— cos ti — 3 sin tj + (Cii — 3C,j) 


— —cos ti — 3 sin tj + C 


EXAMPLE7: Find the vector R(t) 
for which 


D, R(t) = et ej 
and for which R(0) =i + j. 


15.5.10 Theorem 


!SOLUTION: R(t) ife dt+j Í e dt 


So 
R(t) = i(—~e™ + C) + j(ef + C) 
Because R(0) — i + j, we have 
itj-i(-1-4Cj)-j(1-4 C) 
So 
C,—1-71 and C,+1=1 
. Therefore, 
C,—2 and C,=0 
So 


R(t) = (-e*'- 2)5i * ef 


The following theorem will be useful later. 


If R is a differentiable vector-valued function on an interval and R(t) is a 
nonzero vector of constant magnitude and variable direction for all t in the 
interval, then the vectors R(t) and D,R(t) are orthogonal. 


PROOF: Let the magnitude of R(t) be k, a constant. Then by Theorem 
15.3.3(iii) 

R(t): R(t) =P 
Differentiating on both sides with respect to t and using Theorem 15.5.7, 
we obtain 

[D,R(t)] - R(t) + R(t) * [DR(t)] = 0 
So 

2R(t) + DR(t) =0 


Because the dot product of R(t) and DjR(t) is zero, either R(t) and 
D,R(t) are orthogonal, or one of the vectors, R(t) or DR(t), is the zero 
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vector. By hypothesis, R(t) is not the zero vector. If D,R(t) is the zero 
vector, then 


nt) =i fot j [o dt = Ci + Cj 
that is, R(t) is constant. But R(t) is not constant because its direction 
changes even though its magnitude is constant. Therefore, R(t) and 


D,R(t) are orthogonal. [| 


The geometric interpretation of Theorem 15.5.10 is evident. If the 


vector R(t) has constant magnitude, then the position representation OP 
Figure 15.5.2 of R(t) has its terminal point P on the circle with its center at the origin 
and radius k. So the graph of R is this circle. Because D,R(t) and R(t) are 


orthogonal, OP is perpendicular to a representation of D,R(t). Figure 


15.5.2 shows a sketch of a quarter circle, the position representation OP of 
R(t), and the representation PB of D,R(t). 
Exercises 15.5 


In Exercises 1 through 4, find the indicated limit, if it exists. 


1 RO= G-2i€ Sj lim R() 2. RG) = ei [E+ 1j; lim R(t) 

3. R(#) = 2 sin ti + cos tj; lim R(#) 4. R(t) = CPI i+ E j; lim R(#) 
In Exercises 5 through 10, find R’ (t) and R''(t). 

5. R(t) = (&—3)i + QE 1)j 6. R() lit 7. R(t) = ei In ij 

8. R(t) = cos 2ti + tan tj 9. R(t) = tan"! ti + 24 10. R(t) = V2t + li + (t- 5j 
In Exercises 11 and 12, find D,|R(t) |. 

11. R(t) = (t—- Di * 2— 0j 12. R(t) = (ef + 1)i t (ef — 1)j 
In Exercises 13 through 16, find R’ (t) + R” (t). 

13. R(t) = (28 — 1)i + (P -3)j 14. R(t) =—cos 2ti + sin 2tj 15. R(t) =—cos 2ti + cos 2tj 
16. R(t) = e?*i + e? 17. Prove Theorem 15.5.6. 18. Prove Theorem 15.5.8. 
In Exercises 19 through 22, find the most general vector whose derivative has the given function value. 

2 ds dy = 3 4 

19. tan ti —, j 20. zpi e] 21. In ti + £j 22. 35i — 24 


23. If R' (t) = sin? ti + 2 cos? tj, and R(T) = 0, find R(t). 
24. If R'(t) =e! sin ti + e' cos tj, and R(0) — i— j, find R(t). 


25. Given the vector equation R(t) = cos ti + sin tj. Find a cartesian equation of the curve which is traced by the endpoint 
of the position representation of R’ (t). Find R(t) - R'(t). Interpret the result geometrically. 


26. Given R(t) —2ti + (? —1)j and Q(t) =3ti. If a(t) is the radian measure of the angle between R(t) and Q(t), 
find D,a(t). 


27. 


28. 


. If the vector-valued function R and the real-valued function f are both differentiable on an interval and f(t) # 0 on 
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Suppose R and R' are vector-valued functions defined on an interval and R’ is differentiable on the interval. Prove 
D,[R'(#)  R()] = [R (t)? + R(t) * R” (t) 
If [R(2)| = A(t), prove that R(t) - R'(t) = [h(t) ][n' (t) ]. 


the interval, prove that R/f is also differentiable on the interval and 


B [RON IOR (H) — f'(CÓR() 


f(t) (f(t) J? 


. Prove that if A and B are constant vectors and f and g are integrable functions, then 


f tare + Bg(t)] a= A f fo dt + B f0) dt 


(HINT: Express A and B in terms of i and j.) 


15.6 LENGTH OF ARC 


In Sec. 7.10 we obtained a formula for finding the length of arc of a curve 
having an equation of the form y = f(x). This is a special kind of curve 
because the graph of a function f cannot be intersected by a vertical line in 
more than one point. 

We now develop a method for finding the length of arc of some other 
kinds of curves. Let C be the curve having parametric equations 


x=f(t) and y=g(t) (1) 


and suppose that f and g are continuous on the closed interval [a, b]. We 
wish to assign a number L to represent the number of units in the length 
of arc of C from t= a to t= b. We proceed as in Sec. 7.10. 

Let A be a partition of the closed interval [a, b] formed by dividing the 
interval into n subintervals by choosing n — 1 numbers between a and b. 
Let fj = a and t, = b, and let t,, 5, . . . , t,., be intermediate numbers: 


ip types xm LX 


The ith subinterval is [t;,, #;] and the number of units in its length, 
denoted by Aft, is t; — tjj, wherei—1,2, .. . , n. Let |A| be the norm of 
the partition; so each At x ||All. 

Associated with each number t; is a point P;(f(tj), g(t;)) on C. From 
each point P;_, draw a line segment to the next point P, (see Fig. 15.6.1). 

y 

^ PEDE 
P.(f(b), g(b)) 


O Figure 15.6.1 
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15.6.1 Definition 


The number of units in the length of the line segment from P, , to P; is 
denoted by |P, ,P; |. From the distance formula we have 


IPP; | = VEFE) — f(t) 7 + fg(t) — 8(5-)T (2) 
The sum of the numbers of units of lengths of the n line segments is 
Y PP (3) 


1—1 


Our intuitive notion of the length of the arc from t = a to t = b leads us 
to define the number of units of the length of arcas the limit of the sum in 
(3) as |A|| approaches zero. 


Let the curve C have parametric equations x — f(t) and y — g(t). Then if 
there exists a number L having the property that for any e > 0 there is a 
ô > 0 such that 


5 [Pi-:P:|— L «e 
i-1 


for every partition A of the interval [a, b] for which ||Al] < 8, we write 


L= lim Y [EE (4) 
allo i=1 
and L units is called the length of arc of the curve C from the point 
(f(a), g(a)) to the point (f(b), g(b)). 


The arc of the curve is rectifiable if the limit in (4) exists. 

If f' and g’ are continuous on [a, b], we can find a formula for 
evaluating the limit in (4). We proceed as follows. 

Because f' and g’ are continuous on [a, b], they are continuous on each 
subinterval of the partition A. So the hypothesis of the mean-value 
theorem (Theorem 4.5.2) is satisfied by f and g on each [t,_,, ti]; therefore, 
there are numbers z; and w; in the open interval (t,, fj) such that 

f(t) — f(t) —f'(z) Ait (5) 
and 

g(ti) — g (ti) = g' (w;) Ait (6) 

Substituting from (5) and (6) into (2), we obtain 

|P Pi] = VIF e) Ait}? + [g' (w) Ait]? 
or, equivalently, 


Pi- Pi] = VI (2) P + [g' (wa ]? At (7) 


where z; and w; are in the open interval (f; ,, t;). Then from (4) and (7), if 
the limit exists, 


L= lim Y V[F GF * Ig wF Ad (8) 


llai] ^0 i—1 


15.6.2 Theorem 


15.6.3 Theorem 
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The sum in (8) is not a Riemann sum because z; and w; are not neces- 
sarily the same numbers. So we cannot apply the definition of a definite 
integral to evaluate the limit in (8). However, there is a theorem which we 
can apply to evaluate this limit. We state the theorem, but a proof is not 
given because it is beyond the scope of this book. You can find a proof in 
most advanced calculus texts. 


If the functions F and G are continuous on the closed interval [a, b], then 
the function VF? + G? is also continuous on [a, b], and if A is a partition 
of the interval [g,b](A: a — tg « € * * «t «c: «tQ b), 
and z; and w; are any numbers in (tı, fj), then 


lim Y VIF P * I6()T at= | VEROT FICE d 0) 


llAll ^o $1 


Applying (9) to (8), where F is f' and G is g', we have 


L= [ FT TTE OF at 


We state this result as a theorem. 


Let the curve C have parametric equations x = f(t) and y = g(t), and sup- 
pose that f' and g’ are continuous on the closed interval [a, b]. Then the 
length of arc L units of the curve C from the point (f(a), 2(a)) to the point 
(f(b), g(b)) is determined by 


b : 
Ps Í VIF ORs Tg P. dt (10) 


EXAMPLE 1: Find the length of 
the arc of the curve having para- 
metric equations x = t? and 

y = 2#? in each of the following 
cases: (a) from t —0tot- 1; 
(b) from t 2 —2 to t — 0. 


Figure 15.6.2 


SOLUTION: A sketch of the curve is shown in Fig. 15.6.2. (a) Letting 
x= f(t), f' (t) = Dx = 3£; and letting y = g(t), 9’ (t) = Dy = 4t. So from 
Theorem 15.6.3, if L units is the length of the arc of the curve from t = 0 to 
t=1, 


1 
L =f V9t* + 168? dt 
0 


1 
=| tv9 +16 dt 
0 


1 


=e (OP + 16)*"] 


(25)32 — (16)3!2] 
125 — 64) 


I 
+ 
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(b) If L units is the length of the arc of the curve from t = —2 to t — 0, 
we have from Theorem 15.6.3 


0 
t= |’ VOR X 168 a= f VE VIP + 16 dt 
222 —2 
Because —2 < t x 0, V? — —t. So we have 


0 
L- | —t V9£ + 16 dt 
—2 


0 


—4 (98 + 16] 


2 —J3 [(16)?? n (50)32] 
(250 V2 — 64) 


The curve C has parametric equations (1). Let s units be the length of 
arc of C from the point (f(to), g(to)) to the point (f(t), g(t)), and let s 
increase as t increases. Then s is a function of t and is given by 


s= | VPP EI WF du a1) 
From Theorem 6.6.1, we have 
£=- VFO OP (12) 


A vector equation of C is 


R(t) = f(it+ gj (13) 
Because 

R'(t) =f' (Hite (bj 
we have 

IR'(] = VIF (DT +’ OP (14) 


Substituting from (14) into (12), we obtain 
IR'(5]— z (15) 


From (15) we conclude that if s units is the length of arc of curve C 
having vector equation (13) measured from some fixed point to the point 
(f(t), g(t)) where s increases as t increases, then the derivative of s with 
respect to t is the magnitude of the derivative of the position vector at the 
point (f(t), g(#)). 

If we substitute from (14) into (10), we obtain L= f?|R'(t)| dt. So 


15.6.4 Theorem 
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Theorem 15.6.3 can be stated in terms of vectors in the following way. 


Let the curve C have the vector equation R(t) = f(t)i +g(t)j, and suppose 
that f' and g’ are continuous on the closed interval [a, b]. Then the length 
of arc of C, traced by the terminal point of the position representation of 
R(t) as t increases from a to b, is determined by 


L- T IR'(Ð| dt (16) 


EXAMPLE 2: Find the length of 
the arc traced by the terminal 
point of the position represen- 
tation of R(t) as t increases from 
1 to 4 if 


R(t) = æ sin ti  e' cos tj 


SOLUTION: R'(t) = (e'sin t+ e cos t)i + (ef cos t — æ sin t)j. 
Therefore, 


[R' (£) | = e Vsin? t+ 2 sin t cos t + cos? t + cos? t — 2 sin t cost + sin? t 
-e v2 
From (16) we have 
4 
1 


L= |" Vie dt = Vie] = V (e^ — e) 


An alternate form of formula (10) for the length of an arc of a curve C, 
having parametric equations x= f(t) and y — g(t), is obtained by re- 
placing f'(t) by dx/dt and g'(t) by dy/dt. We have 


Ls [ G6 + (4) dt (17) 


Now suppose that we wish to find the length of arc of a curve C whose 
polar equation is r= F(0). If (x, y) is the cartesian representation of a 
point P on C and (r, 6) is a polar representation of P, then 


=rcos@ and y-rsin6 (18) 
Replacing r by F(@) in Eqs. (18), we have 
x= cos 6F(@) and y=sin 6F(0) (19) 


Equations (19) can be considered as parametric equations of C where 
8 is the parameter instead of t. Therefore, if F’ is continuous on the closed 
interval [o, 8], the formula for the length of arc of the curve C whose polar 
equation is r= F(0) is obtained from (17) by taking t= 0. So we have 


TORO : 


776 | VECTORS IN THE PLANE AND PARAMETRIC EQUATIONS 


From (18) we have 


dx /— dr ; dy — |. at 
dp ^ 95975 rsin@ and de iN 8 gg + 1 cos 6 
Therefore, 


z 2 2 : 
Re eee eo nrbs 


2 2 
= [cos o (2) — 2r sin 0 cos 0 2 +r? sin? @ + sin? 0 (2) + 2r sin d cos 0 rer 


d6 do, d6 


2 
= v (cos? 6+ sin? 0) (55) + (sin? 0 + cos? 0)r? 
e (ety uus 
= (45) TY 


Substituting this into (20), we obtain 


ZI Ey se 
L= | FT +7? dé (21) 


EXAMPLE 3: Find the length of 
the cardioid r = 2(1 + cos 6). 


Figure 15.6.3 


(| SOLUTION: A sketch of the curve is shown in Fig. 15.6.3. To obtain the 


length of the entire curve, we can let 0 take on values from 0 to 27 or we 
can make use of the symmetry of the curve and find half the length by let- 
ting 0 take on values from 0 to 7. 

Because r = 2(1 + cos 6), dr/d@ = —2 sin 0. Substituting into (21), in- 
tegrating from 0 to 7, and multiplying by 2, we have 


peo jh Va sin 0)? + 4(14 cos 0)? dé 
0 


-4[ Vsin? 0 +1 +2 cos 0 + cos? 0. dé 
0 


= vi f" VIF cos 6 dó 
0 

To evaluate this integral, we use the identity cos? $0 — $ (1 + cos 6), 
which gives V1 + cos 0 = V2 |cos 30|. Because 0 x 0 7,0 x$0 xim; 
thus, cos 10 = 0. Therefore, VI + cos 0 = V2 cos $6. So we have 


L=4v2 | V2 cos 40 d6 = 16 sin w[- 16 
0 0 


Exercises 15.6 


Find the length of arc in each of the following exercises. 


l.x-iP8B-ty-—ij—t;fromt-—-0tot-—1. 


Dn ew 


. x= Ë, y = 3; from t=—2 tot=0. 
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R(t) = 2fi + 26; from t= 1 to t= 2. 
R(t) = a(cos t + t sin t)i + a(sin t — t cos t)j; from t=0 tot = $a. 


. The entire hypocycloid of four cusps: x = a cos? t, y= a sir? t. 


x=e'cost,y=e'sint; froomt=0tot=7. 


t t 
. The tractrix x = t — a tanh p ao sech 7 from t — —a to t — 2a. 


. One arch of the cycloid: x = a(t — sin t), y = a(1 — cos t). 


The circumference of the circle: R(t) = a cos ti + a sin tj. 


. The entire curve: r — 1 — sin 6. 

. The entire curve: r — 3 cos? $6. 

. r = ab; from 0 = 0 to 06 — 2m. 

. r= a sin? $6; from 6 = 0 to 0 = 6,. 


. r=aé"; from 0 — 0 to 0 — m. 


15.7 PLANE MOTION 


15.7.1 Definition 


. The circumference of the circle: r = a sin 6. 


. The circumference of the circle: r — a. 


The previous discussion of the motion of a particle was confined to 
straight-line motion. In this connection, we defined the velocity and accel- 
eration of a particle moving along a straight line. We now consider the mo- 
tion of a particle along a curve in the plane. 

Suppose that C is the plane curve having parametric equations 
x= f(t), y 7 g(t), where t units denotes time. Then 


R(t) = f(t)i- (0j 

is a vector equation of C. As t varies, the endpoint P(f(t), g(t)) of OP 
moves along the curve C. The position at time t units of a particle moving 
along C is the point P(f(t), g(t)). The velocity vector of the particle at time 
t units is defined to be R' (t). We denote the velocity vector by the symbol 
V (t) instead of R'(t). 
Let C be the curve having parametric equations x = f(t) and y = g(t). If a 
particle is moving along C so that its position at any time t units is the 
point (x, y), then the instantaneous velocity of the particle at time t units is 
determined by the velocity vector 


Vit) - f (Di g'(j 
if f' (t) and g'(t) exist. 


In Sec. 15.5 we saw that the direction of R'(f) at the point 


778 VECTORS IN THE PLANE AND PARAMETRIC EQUATIONS 


15.7.2 Definition 


P(f(t), 2(t)) is along the tangent line to the curve C at P. Therefore, the 
velocity vector V(t) has this direction at P. 

The magnitude of the velocity vector is a measure of the speed of the 
particle at time t and is given by 


MOILSVFZUGIEESMIAGIE (1) 


Note that the velocity is a vector and the speed is a scalar. As shown in Sec. 
15.6, the expression on the right side of (1) is ds/dt. So the speed is the rate 
of change of s with respect to t, and we write 


-. ds 
Ivo (2) 
The acceleration vector of the particle at time t units is defined to be 
the derivative of the velocity vector or, equivalently, the second derivative 


of the position vector. The acceleration vector is denoted by A(t). 


The instantaneous acceleration at time t units of a particle moving along a 


7 curve C, having parametric equations x = f(t) and y = g(t), is determined 

Vit) by the acceleration vector 

i A(t) = V' (H) - R''(0) 

where R(t) = f(t)i + g(t)j and R''(t) exists. 
R(f) Figure 15.7.1 shows the representations of the velocity vector and the 
acceleration vector whose initial point is the point P on C. 
i >x 
a Figure 15.7.1 
EXAMPLE 1: A particle is moving | SOLUTION: A vector equation of C is 


along the curve having parametric 
equations x = 4 cos 3t and y= 

4 sin $t. If t is the number of sec- 
onds in the time and x and y rep- 
resent number of feet, find the 
speed and magnitude of the par- 
ticle's acceleration vector at time t 
sec. Draw a sketch of the particle's 
path, and also draw the represen- 
tations of the velocity and accel- 
eration vectors having initial 
point where t= 37. 


R(t) — 4 cos $ti + 4 sin itj 
V(t) = R'(t) =—2 sin&ti + 2 cos żtj 
A(t) = V'(t) = —cos$ti — sin $fj 
[V(£| = V(—2 sin 3t)? + (2 cos 1t)? 
= V4 sin? 1t + 4 cos? dt 
=2 
|A(t)| = V(—cos 1t)? + (—sin 4t)? =1 


Therefore, the speed of the particle is constant and is 2 ft/sec. The 
magnitude of the acceleration vector is also constant and is 1 ft/sec’. 

Eliminating t between the parametric equations of C, we obtain the 
cartesian equation x^ + y? = 16, which is a circle with its center at 0 and 
radius 4. 
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i When f = $r, the direction of V(t) is given by 
L Ri tan g=- SST — cot jg =- V3 
H X P(2V3, 2) 


and the direction of A(t) is given by 


Figure 15.7.2 shows the representations of the velocity and acceleration 
vectors having initial point where t = įr. 


Figure 15.7.2 


EXAMPLE2: The position of a | SOLUTION: 

moving particle at time t units is EEES T eee adds ts 

given by the vector equation MADRID QR 
A(t) = V'(t) = 4e? + 3efj 


R(t) = e? + 3ej 
Find V(t), A(t), V|, lA (0. [V(t)| = VA4e^* + 9e” 


Draw a sketch of the path of |A(t)| = V16e~* + 9e” 
the particle and the represen- 22 ATXCEOL us 
tations of the velocity and accel- MOL SOT aa 
eration vectors having initial lAQ)| = Vi6e? X 9e ~= 5.15 


point where t= 3. 


Parametric equations of the path of the particle are x= e" and 
y = 3e'. Eliminating t between these two equations, we obtain 


xy’ =9 
Because x > 0 and y > 0, the path of the particle is the portion of the 
curve xy? = 9 in the first quadrant. Figure 15.7.3 shows the path of the par- 


ticle and the velocity and acceleration vectors when t = 3. The slope of V (3) 
is —£e?? ~ —6.7, and the slope of A ($) is fe?” — 3.4. 


Longo rs ugy 


Figure 15.7.3 


We now derive the equations of motion of a projectile by assuming 
that the projectile is moving in a vertical plane. We also assume that the 
only force acting on the projectile is its weight, which has a downward 
direction and a magnitude of mg lb, where m slugs is its mass and g ft/sec? 
is the constant of acceleration caused by gravity. We are neglecting the 
force attributed to air resistance (which for heavy bodies traveling at small 
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Figure 15.7.4 


speeds has no noticeable effect). The positive direction is taken as ver- 
tically upward and horizontally to the right. 

Suppose, then, that a projectile is shot from a gun having an angle of 
elevation of radian measure o. Let the number of feet per second in the 
initial speed, or muzzle speed, be denoted by vp. We set up the coordinate 
axes so that the gun is located at the origin. Refer to Fig. 15.7.4. The initial 
velocity vector, Vo, of the projectile is given by 


Vo = v, cos ai + v, sin aj (3) 


Let t — the number of seconds in the time that has elapsed since the 
gun was fired; 
x — the number of feet in the horizontal distance of the projectile 
from the starting point at t sec; 
y = the number of feet in the vertical distance of the projectile 
from the starting point at f sec; 
R(t) = the position vector of the projectile at t sec; 
V(t) = the velocity vector of the projectile at t sec; 
A(t) — acceleration vector of the projectile at t sec. 
x is a function of t; so we write x(t). Similarly, y is a function of t; so 
we write y(t). Then 


R(t) = x(t)i + y(0j (4) 
V(t) — R'(t) (5) 
A(t) = V' (t) (6) 


Because the only force acting on the projectile has a magnitude of mg 
Ib and is in the downward direction, then if F denotes this force we have 


-- —mgj (7) 


Newton's second law of motion states that the net force which is 
acting on a body is its "mass times acceleration." So 


F-— mA (8) 
From (7) and (8) we obtain 

mA — —mgj 
Dividing by m, we have 

A -—-$8j (9) 
Because A(t) — V'(t), we have from (9) 

v'(t) --8j (10) 
Integrating on both sides of Eq. (10) with respect to t, we obtain 

V(t) 7 —gtj + C, (11) 


where C, is a vector constant of integration. 
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When t = 0, V = Vp. So C, = Vo. Therefore, from (11) we have 
V(t) ^ —gtj + Vo 
or, because V(t) = R'(t), we have 
R'(t) =—gtj + Vo (12) 
Integrating on both sides of the vector equation (12) with respect to 
t, we obtain 
R(t) = —żgt’j + Vot + C: 


where C; is a vector constant of integration. 
When t = 0, R = 0 because the projectile is at the origin at the start. So 
C, = 0. Therefore, 


R(t) = —3gt?j + Vot (13) 
Substituting the value of V, from Eq. (3) into (13), we obtain 
R(t) =—3gt?j + (v, cos ai + v, sin aj)t 
or, equivalently, 
R(t) = to, cos ai + (tv, sin a — $at?)j (14) 


Equation (14) gives the position vector of the projectile at time f sec. 
From this equation, we can discuss the motion of the projectile. We are 
usually concerned with the following questions: 


1. What is the range of the projectile? The range is the distance |OA| 
along the x axis (see Fig. 15.7.4). 

2. What is the total time of flight, that is, the time it takes the projec- 
tile to go from O to A? 

3. What is the maximum height of the projectile? 

4. What is a cartesian equation of the curve traveled by the projectile? 

5. What is the velocity vector of the projectile at impact? 


These questions are answered in the following example. 


EXAMPLE 3: A projectile is shot 
from a gun at an angle of elevation 
of radian measure 47. Its muzzle 
speed is 480 ft/sec. Find (a) the 
position vector of the projectile at 
any time; (b) the time of flight; 
(c) the range; (d) the maximum 
height; (e) the velocity vector 

of the projectile at impact; 

(f) the position vector and the 


SOLUTION: Vo — 480 and a= im. So 
Vo = 480 cos mi + 480 sin ij 
— 240 V3i 4- 240j 
(a) The position vector at time t is given by Eq. (14), which in this 


case is 
R(t) = 240 V3ti + (240t — $g£)j (15) 
So if (x, y) is the position of the projectile at time t, x — 240 V3t and 
y = 240t — igt?. 
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velocity vector at 2 sec; (g) the 
speed at 2 sec; (h) a cartesian 
equation of the curve traveled 
by the projectile. 


(b) To find the time of flight, we find t when y — 0. From part (a), we 
get y — 0 and have 


240t — 4g? — 0 
t(240 — àgt) =0 


t=0 and t=— 


The value t = 0 is when the projectile is fired because then y = 0. If we 
take g = 32, the time of flight is determined by t = 480/g = 480/32 = 15. So 
the time of flight is 15 sec. 

(c) To find the range, we must find x when t — 15. From part (a), 
x = 240 V3t. So when t= 15, x = 3600 V3. Therefore, the range is 6235 ft 
(approximately). 

(d) The maximum height is attained when D,y = 0, that is, when the 
vertical component of the velocity vector is 0. Because 


y = 240t — $gP? 
D,y = 240 — gt 


So D,y = 0 when t = 240/g. If we take g = 32, the maximum height is 
attained when t = 73, which is half the total time of flight. When t = 73, 
y = 900. So the maximum height attained is 900 ft. 

(e) Because the time of flight is 15 sec, the velocity vector at impact is 
V(15). Finding V(t) by using (15), we have 


V(t) = D,R(t) = 240 V3i + (240 — gt)j 
Taking g = 32, we get 
V(15) = 240 V3i — 480j 
(f) Taking t = 2 in Eq. (15), we obtain 
R(2) = 480 V3i + 416j 
Because V(t) = R'(t), we have 


V(t) = 240 V3i + (240 — gt)j 
So 
V(2) = 240 V3i + 176j 


(g) The speed when t= 2 is determined by 
[V(2)| = V(240 V3)? + (176)? 
— 16 V166 


So at 2 sec the speed is approximately 12.9 ft/sec. 


(h) To find a cartesian equation, we eliminate t between the paramet- 
ric equations 
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x = 240 VBt 
y = 240t — igf? 


| Solving the first equation fort and substituting into the second equa- 
tion, we obtain 


"e PE = 
y= A* 21,600 


which is an equation of a parabola. 


x 


Exercises 15.7 

In Exercises 1 through 6, a particle is moving along the curve having the given parametric equations, where f sec is the 
time. Find: (a) the velocity vector V(t); (b) the acceleration vector A(t); (c) the speed at t = t,; (d) the magnitude of the 
acceleration vector at t = t,. Draw a sketch of the path of the particle and the representations of the velocity vector and 
the acceleration vector at t = t,. 


1. x= +4, y=t-2; t =3 2. x= 2 cos t, y = 3 sin t; t — $m 3. x=t, y = In sec t; f, = im 
4. x — 2/t, y ^ hit t= 4 5. x= sin t, y = tan t; fj— ám 6. x= e”, y= e; t =0 


In Exercises 7 through 12, the position of a moving particle at t sec is determined from a vector equation. Find: (a) V(t,); 
(b) A(t); (o) IV(t)l; (d) |[A(t4)|. Draw a sketch of a portion of the path of the particle containing the position of the par- 
ticle at t = t,, and draw the representations of V(t,) and A(f;) having initial point where t = t. 


7. R(t) = Qt - Di * (P+ 1); t =3 8. R(t) = (£ +3t)i + (1-38); t=} 
9. R(t) = cos 2ti — 3 sin fj; t, = 7 10. R(t) = eti + e; t, 2 1n2 
11. R(t) =2(1 — cos t)i +2(1 — sin fj; tı — $7 12. R(t) = In(t-2)3i t 1j; t —1 


13. Find the position vector R(t) if the velocity vector 


V(t) = —(t+1)j and R(0)=3i+2j 


1 ! 
(1)? 
14. Find the position vector R(t) if the acceleration vector 

A(t) = 2 cos 2ti + 2 sin 2tj 
and V(0) =i + j, and R(0) = 4i— ij. 


15. A projectile is shot from a gun at an angle of elevation of 45° with a muzzle speed of 2500 ft/sec. Find (a) the range of 
the projectile, (b) the maximum height reached, and (c) the velocity at impact. 


16. A projectile is shot from a gun at an angle of elevation of 60°. The muzzle speed is 160 ft/sec. Find (a) the position vec- 
tor of the projectile at t sec; (b) the time of flight; (c) the range; (d) the maximum height reached; (e) the velocity at 
impact; (f) the speed at 4 sec. 


17. A projectile is shot from the top of a building 96 ft high from a gun at an angle of 30? with the horizontal. If the muzzle 
speed is 1600 ft/sec, find the time of flight and the distance from the base of the building to the point where the pro- 
jectile lands. 


18. A boy throws a ball horizontally from the top of a cliff 256 ft high with an initial speed of 50 ft/sec. Find the time of 
flight of the ball and the distance from the base of the cliff to the point where the ball lands. 
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19. A boy throws a ball with an initial speed of 60 ft/sec at an angle of elevation of 60° toward a tall building which is 25 
ft from the boy. If the boy's hand is 5 ft from the ground, show that the ball hits the building, and find the direction 
of the ball when it hits the building. 


20. The muzzle speed of a gun is 160 ft/sec. At what angle of elevation should the gun be fired so that a projectile will 
hit an object on the same level as the gun and a distance of 400 ft from it? 


21. What is the muzzle speed of a gun if a projectile fired from it has a range of 2000 ft and reaches a maximum height of 


1000 ft? 


15.8 THE UNIT TANGENT 
AND UNIT NORMAL 
VECTORS AND ARC LENGTH 
AS A PARAMETER 


15.8.1 Definition 


15.8.2 Definition 


We previously noted that a unit vector is a vector having a magnitude of 1, 
examples of which are the two unit vectors i and j. With each point on a 
curve in the plane we now associate two other unit vectors, the unit 
tangent vector and the unit normal vector. 


If R(t) is the position vector of curve C at a point P on C, then the unit 
tangent vector of C at P, denoted by T(t), is the unit vector in the direction 
of D,R(t) if D,R(t) # 0. 


The unit vector in the direction of D,R (t) is given by D,R(t)/|D,R(t)|; 
so we may write 


DR( 
DRG) (1) 


Because T(t) is a unit vector, it follows from Theorem 15.5.10 that 
D,T(t) must be orthogonal to T(t). D,T(t) is not necessarily a unit vector. 
However, the vector D,T(t)/|D,T(t)| is of unit magnitude and has the 
same direction as D,T(t). Therefore, D,T(t)/|D;T(t)| is a unit vector which 
is orthogonal to T(t), and it is called the unit normal vector. 


T(t) = 


If T(t) is the unit tangent vector of curve C at a point P on C, then the unit 
normal vector, denoted by N(t), is the unit vector in the direction of 
DjT(t). 


From Definition 15.8.2 and the previous discussion, we conclude that 


NO = DTC @ 


EXAMPLE 1: Given the curve 
having parametric equations 

x= B — 3t and y = 3?’, find T(t) 
and N(t). Draw a sketch of a por- 
tion of the curve at t — 2 and 
draw the representations of 

T(2) and N(2) having their 
initial point at t= 2. 


SOLUTION: A vector equation of the curve is 
R(t) = (t? —3t)i + 3tj 
So 
D,R(t) = (3? — 3)i + 6tj 
Then 
[D,R()| = VBE —3)? + 36? = VIG +2P +1) —3(£ +1) 
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Applying (1), we get 

2—1,. eoa 

Bx1l*tg.1) 

Differentiating T(t) with respect to t, we obtain 
D eM. n 

(t? + 1)? J 


T(t)= 


4t ; 
D;T(t) =I i+ 


Therefore, 


cor Oe 4 — 81? + At 
[DT(t)| — (aD (12 +1) 
E + 88 + 4t4 
V (+1)! 
_ [APIF 
Ne 1) 4 
= 2 
|. B«1 
Applying (2), we have 


202b 11-8, 
NOSA I pei] 


Finding R(t), T(t), and N(t), when t = 2, we obtain 
R(2) = 2i + 12j T(2)-ii-í£j N(2) = #i-— ij 
The required sketch is shown in Fig. 15.8.1. 
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From Eq. (1) we obtain 


D,R(t) = |D.R(t) [T(£ 


(3) 


The right side of (3) is the product of a scalar and a vector. To dif- 


ferentiate this product, we apply Theorem 15.5.8, and we have 
D/R(t) = [DID R(t) |]T()) + IDRO) |[[D/TCO ] 
From (2) we obtain 
D,T(t) = |D,T(t)|N() 
Substituting from (5) into (4), we get 


D?R(t) = [D,|D.R(t)|JT(t)  [DR(O ||DT (£) IN(@) 


(4) 


(5) 


(6) 


Equation (3) expresses the vector D,R(t) as a scalar times the unit 
tangent vector, and Eq. (6) expresses the vector D?R(t) as a scalar times 


786 


>% 


[DROIDTOINE 


VECTORS IN THE PLANE AND PARAMETRIC EQUATIONS 


[D DRANT 


$ 
E 


" 


Figure 15.8.2 


15.8.3 Theorem 


the unit tangent vector plus a scalar times the unit normal vector. The coef- 
ficient of T(t) on the right side of (6) is the component of the vector 
D/R(#) in the direction of the unit tangent vector. The coefficient of N (t) 
on the right side of (6) is the component of D7R(t) in the direction of the 
unit normal vector. Figure 15.8.2 shows a portion of a curve C with the 
position representation of R(t) and the representations of T(t), N(t), 
D,R(t), D?R(t), [D,D;R(t) |]T (4), and |D,R(t)||D;T(t) |N(t), all of whose 
initial points are at the point P on C. Note that the representation of the 
unit normal vector N is on the concave side of the curve. This is proved in 
general in Sec. 15.9. 

Sometimes instead of a parameter t, we wish to use as a parameter the 
number of units of arc length s from an arbitrarily chosen point Po (xo Yo) 
on curve C to the point P(x, y) on C. Let s increase as t increases so that s is 
positive if the length of arc is measured in the direction of increasing t and 
s is negative if the length of arc is measured in the opposite direction. 
Therefore, s units is a directed distance. Also, D,s > 0. To each value of s 
there corresponds a unique point P on the curve C. Consequently, the 
coordinates of P are functions of s, and s is a function of t. In Sec. 15.6 we 
showed that 


ID:R(t)| — Dis (7) 
Substituting from (7) into (1), we get 


- DR) 
TO=- Ds. 


So 

D,R(t) = DssT(t) 

If the parameter is s instead of t, we have from the above equation, by 
taking t = s and noting that Dis — 1, 

D,R(s) = T(s) 


This result is stated as a theorem. 


If the vector equation of a curve C is R(s) = f(s)i + g(s)j, where s units is 
the length of arc measured from a particular point P, on C to the point P, 
then the unit tangent vector of C at P is given by 


T(s) = D,R(s) 


Now suppose that the parametric equations of a curve C involve a 
parameter t, and we wish to find parametric equations of C, with s, the 
number of units of arc length measured from some fixed point, as the 
parameter. Often the operations involved are quite complicated. However, 
the method used is illustrated in the following example. 
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EXAMPLE2: Suppose that para- 
metric equations of the curve C 
are x = f? and y = t?, where t = 0. 
Find parametric equations of C 
having s as a parameter, where s is 
the number of units of arc length 
measured from the point where 
t=0. 


SOLUTION: If Pois the point where t = 0, P, is the origin. The vector equa- 
tion of C is 


R(t) = £i 4 Pj 

Because D,S = |D,R(t)|, we differentiate the above vector and obtain 
D,R(t) —3P1 + 2tj 

So 


ID,R(t)| = Vott+ 42 = VP VIE +4 
Because t = 0, Vi? = t. Thus, we have 
|D.R(t)| =tVOP +4 


Therefore, 
D,s — tv9t? 4- 4 
and so 


t 
s=f u V9u? +4 du 
0 


t 
=» f 18u V9u? + 4 du 
0 


zr (Qu? + ae] 


t 
0 


We obtain 
s = dr (GE c4) — A (8) 


Solving Eq. (8) for t in terms of s, we have 
(9P + 4)*? — 275 +8 
9f + 4 = (275 + 8)? 
Because t — 0, we get 
t= $V(27s 4-8) 85—4 


Substituting this value of t into the given parametric equations for C, 
we obtain 


x= gy[(27s + 8)78—4]?? and y-—4[Q7s +8)? — 4] (9) 


Now because D,R(s) = T(s), it follows that if R(s) = x(s)i + y(s)j, 
then T(s) = (D,x)i+ (D,y)j. And because T(s) is a unit vector, we have 


(D.x)? + (Dy)? =1 (10) 


Equation (10) can be used to check Eqs. (9). This check is left for the 
reader (see Exercise 11). 
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Exercises 15.8 


In Exercises 1 through 8, for the given curve, find T(t) and N(t), and at t = t, draw a sketch of a portion of the curve and 
draw the representations of T(t,) and N(f;) having initial point at t = f. 


10. 


11. 


. R(t) 2 ei + e$; t, =0 


R(t) 23 cos ti - 3 sin t; (— $v 


. x= cos kt, y = sin kt, k 0; t, = nik 


x=t~sint,y=1—cost;t,=7 


R(t) = In cos ti + In sin tj, 0 < t < iv; h — im 


. R(t) =t cos ti + t sin tj; t =0 


. If the vector equation of curve C is R(t) = 3fi+ (£ — 3t)j, find the cosine of the measure of the angle between the 


vectors R(2) and T(2). 


If the vector equation of curve C is R(t) = (4 —38)i + (P — 3t)j, find the radian measure of the angle between the 
vectors N(1) and D/?R(1). 


Check Eqs. (9) of the solution of Example 2 by using Eq. (10). 


In Exercises 12 through 15, find parametric equations of the curve having arc length s as a parameter, where s is measured 
from the point where f — 0. Check your result by using Eq. (10). 


12. 
13. 
14. 
15. 
16. 


17. 


x=acost,y=asint 

x=2+cost,y=3+sint 

x= 2(cos t + t sin t), y=2(sin t— t cos t) 

One cusp of the hypocycloid of four cusps: R(t) = a cos? ti + a sin? tj, 0 = t x $m. 


Given the cycloid x = 2(t — sin t), y = 2(1 — cos t), express the arc length s as a function of t, where s is measured 
from the point where f — 0. 


Prove that parametric equations of the caternary y = a cosh(x/a) where the parameter s is the number of units in the 
length of the arc from the point (0, a) to the point (x, y), and s = 0 when x = 0 and s < 0 when x < 0, are 


x=a sinh” = and y= Vg + sè? 


15.9 CURVATURE Let ó be the radian measure of the angle giving the direction of the unit 
tangent vector associated with a curve C. Therefore, $ is the radian 
measure of the angle from the direction of the positive x axis coun- 
terclockwise to the direction of the unit tangent vector T(t). See Fig. 15.9.1. 

Because |T(t)| = 1, it follows from Eq. (1) in Sec. 152 that 


T(t) = cos Qi + sin dj (1) 
Differentiating with respect to $, we obtain 


D,T(t) — —sin $i + cos oj (2) 


>< 


Figure 15.9.1 


y 
^ 
of D, >0 DsT =N 
(a) 
y 
^ 
O| D4$»0 D4T =N 


Figure 15.9.2 
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Because |D,T(t)| = V(—sin $)? + (cos 6)? — 1, D,T(t) is a unit vector. 
Because T(t) has constant magnitude it follows from Theorem 15.5.10 that 
D4T(t) is orthogonal to T(t). 

Replacing —sin $ by cos(iv +) and cos ¢ by sin(im +), we 
write (2) as 


D4T(t) = cos(àv + $)i + sina + $)j (3) 


From (3) and the previous discussion, the vector DgT(t) is a unit vector 
orthogonal to T(t) in the direction $a counterclockwise from the direction 
of T(t). The unit normal vector N(t) is also orthogonal to T(t). By the 
chain rule (which is valid for vector-valued functions, although we won't 
prove it here), we have 


DT(t) = [D;T() ]D.b (4) 


Because the direction of N(t) is the same as the direction of D,T(t), we see 
from (4) that the direction of N(t) is the same as the direction of D4T(t) if 
Do > 0 (i.e., if T(t) turns counterclockwise as t increases), and the direc- 
tion of N(t) is opposite that of D4T(t) if Diẹ < 0 (i.e., if T(t) turns 
clockwise as t increases). Because both D4T(t) and N(t) are unit vectors, 
we conclude that 


_f NG) if D, > 0 
DeT6t) s- EN if Did <0 Š 


In Fig. 15.9.2a, b, c, and d various cases are illustrated; in a and b, 
D,$ > 0, and in c and d, D, < 0. The positive direction along the curve C 
is indicated by the tip of the arrow on C. In each figure are shown the 
angle of radian measure $ and representations of the vectors T(t), D4T(t), 
and N(t). The representation of the unit normal vector N(t) is always on the 
concave side of the curve. 


->X 


oj 
or 
E 


Di$d«0 DeT=—-N Did <0 D4T = —N 
(o) (d) 
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y 
ii $ T 
T. —As 
$t ^uo 
M" 

of P, Poe 

Ao >0 As <0 
(b) 


Figure 15.9.3 


Consider now D,T(t), where s units is the arc length measured from 
an arbitrarily chosen point on C to point P and s increases as t increases. 
By the chain rule 


D,T(t) = D,T(t)D,$ 

Hence, 
|D.T(t)| = [DsT(t)D,0| = |DsT(t) IDs 

But because D4,T(f) is a unit vector, |D4T(t)| = 1; thus, we have 
ID.T(t)| = |Deo| (6) 


The number |D,@| is the absolute value of the rate of change of the 
measure of the angle giving the direction of the unit tangent vector T(t) at 
a point on a curve with respect to the measure of arc length along the 
curve. This number is called the curvature of the curve at the point. Before 
giving the formal definition of curvature, let us see that taking it as this 
number is consistent with what we intuitively think of as the curvature. 
For example, at point P on C, ¢ is the radian measure of the angle giving 
the direction of the vector T(t), and s units is the arc length from a point P, 
on C to P. Let Q be a point on C for which the radian measure of the angle 
giving the direction of T(t + At) at Q is $ + Ad and (s + As) units is the 
arc length from P, to Q. Then the arc length from P to Q is As units, and the 
ratio A$/As seems like a good measure of what we would intuitively think 
of as the average curvature along arc PQ. See Fig. 15.9.3a, b, c, and d: In a, 
Ad > 0 and As > 0; in b, Ad > 0 and As < 0; inc, Ad < 0 and As > 0; and 
in d, Ad < 0 and As < 0. 


y 
^ 
y 
^ 
O O 


A$ «0 As>0 
(9 


15.9.1 Definition 
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If T(t) is the unit tangent vector to a curve C at a point P, s is the arc length 
measured from an arbitrarily chosen point on C to P, and s increases as t 
increases, then the curvature vector of C at P, denoted by K(t), is given by 


K() = D,T(#) (7) 


The curvature of C at P, denoted by K(t), is the magnitude of the curvature 
vector. 


To find the curvature vector and the curvature for a particular curve it 
is convenient to have a formula expressing the curvature vector in terms of 
derivatives with respect to t. By the chain rule 


DT (t) = [D;T(t) ]Dss 


Replacing D,s by |D;R(t)| and dividing by this, we obtain D,T(t) = 
D,T(t)/]D;R(t) |. So from (7) we have for the curvature vector 


_ DA) 
KO = DRO! i: 
Because K(t) = |K(t)|, the curvature is given by 
_ | DTH) 
KO = HERD i 


EXAMPLE 1: Given the circle 
x=acosty=asint a0 


find the curvature vector and the 
curvature at any f. 


| 


SOLUTION: The vector equation of the circle is 
R(t) =a cos ti t a sin tj 

So 
D:R (t) =—a sin ti + a cos tj 
IDR(t)| = V(—a sin t)? + (a cos t? =a 


So 
EX DR) ET . 
T(t) =TpR()) 5m tit cos tj 
D;T(t) =—cos ti — sin tj 
D,T(t) —. cost, sint, 
|D:R(¢)| a i a J 


So the curvature vector 
1 "E Ep 
K(t) — — 7 cos ti —3 sin tj 


and the curvature 


K) = IK =4 
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15.9.2 Definition 


The result of Example 1 states that the curvature of a circle is constant 
and is the reciprocal of the radius. 

Suppose that we are given a curve C and at a particular point P the 
curvature exists and is K(t), where K(t) # 0. Furthermore, suppose that 
we wish to find the circle which is tangent to curve C at P and has curva- 
ture K(t) at P. From Example 1, we know that the radius of this circle is 
1/K(t) and that its center is on a line perpendicular to the tangent line in 
the direction of N(t). This circle is called the circle of curvature, and its 
radius is the radius of curvature of C at P. The circle of curvature is some- 
times referred to as the osculating circle. 


If K(t) is the curvature of a curve C at point P and K(t) # 0, then the 
radius of curvature of C at P, denoted by p(t), is defined by 


p(t) =x 


EXAMPLE 2: Given that a vector 
equation of a curve C is 


R(t) =2H + (—1)j 


find the curvature and the radius 
of curvature at t = 1. Draw a 
sketch of a portion of the curve, 
the unit tangent vector, and the 
circle of curvature at t= 1. 


SOLUTION: 


R(t) 228 + (? — 1) 
DjR(t) = 2i + 2tj 
IDR(G)| -2VE + P 


_ DR(t) bs 1 . t , 
Ty DRO] Vite!’ Vive? 
D,T(t) T al Tam i+ (1 Tay j 
DIT —— t : t , 
IDRO|  2ü-c-8»!'2ü-c8») 
hp reel B 1 
A DROI = Vac BN 7 4(1 + #?)4 
1 
KO = oq 4 gyse 
So 
uc sk E 
K1) = 5 p(1)=4V2 
and 
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Figure 15.9.4 shows the required sketch. The accompanying Table 15.9.1 
gives corresponding values of x and y for t — —2, —1, 0, 1, and 2. 


y 


Table 15.9.1 
t x y 
T2 —4 3 
—1 —2 0 
0 0 —1 
1 2 0 
2 4 3 


Figure 15.9.4 


We now find a formula for computing the curvature directly from 
parametric equations of the curve, x= f(t) and y ^ g(t). From Eq. (6) 
[D,T (t) | = |D], and so 


K(t) — ID,4| 
Assuming that s and t increase together, we have 
ab ad 
Db = do dt 
"o ds ds — VIf'(OP + [g (0? 
dt 
So 
ao 
dt 
D,$ = ———7———3 (10) 


dx | (dyvV 
(a) + (æ) 
To find dó/dt, we observe that because 9 is the radian measure of the angle 
giving the direction of the unit tangent vector, 


dy 
d dt 
uu m Pe 
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Differentiating implicitly with respect to t the left and right members of 
(11), we obtain 


ao Cara) - Car) ca) 


2 = 
ec? ob dt E) 
dt 
So 
Cir) Ca) - (Cae) 
2 2 
do  Vdt/Adt dt dt (12) 
UR 
sec di 
But 
r3] 
sec? $—1-tan?ó-—1- ot 
(2) 
dt 
Substituting this expression for sec? $ in (12), we get 
(Ca) ae) - Cia) 
2 2 
ab _ \at/\dt dt /\ dt (13) 


a de? (dy 
GE) 

Substituting from (13) into (10), and because K(t) = |D,$|, we have 

inrcr ti 

vdt/XdP?] \ dt /\ dB 

[fa a) 

a 3 E e 


(14) 


K(t) = 


EXAMPLE 3: Findthecurvatureof | soLUTION: Parametric equations of C are x= 2t and y= t? — 1. Hence, 
ds nud vp 2 by using dx j duo f dy _ " dy zà 
a i d ^ d dt dt? 
From (14) we have, then, 
K(t) = [2(2) —2t(0| _ 4 = 1 
[(2)2 + QD'P^ (at 4P yt? 20s Py 


Suppose that we are given a cartesian equation of a curve, either in 
the form y = F(x) or x = G(y). Special cases of formula (14) can be used to 
find the curvature of a curve in such situations. 

If y = F(x) is an equation of a curve C, a set of parametric equations of 
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C is x — t and y= F(t). Then dx/dt — 1, d?x|d? = 0, dy/dt = dy/dx, and 
d’y/dt? = d*y/dx*. Substituting into (14), we obtain 


(15) 


Similarly, if an equation of a curve C is x — G(y), we obtain 


(16) 


EXAMPLE4: If the curve C has an 
equation xy — 1, find the radius of 
curvature of C at the point (1, 1) 2 
and draw a sketch of the curve and P" 2 ox 
the circle of curvature at (1,1). = x x 


em ey a Wee 
x^ 


SOLUTION: Solving for y, we obtain y=1/x. So dy/dx=—1/x* and 
dy/dx = 2[x?. Applying formula (15), we have 


Because p = 1/K, we have 


Pee oet 1)? 
p 2x4 


So at (1, 1), p= V2. The required sketch is shown in Fig. 15.9.5. 


Figure 15.9.5 


Exercises 15.9 


In Exercises 1 through 4, find the curvature K and the radius of curvature p at the point where t = t,. Use formula (9) to 
find K. Draw a sketch showing a portion of the curve, the unit tangent vector, and the circle of curvature at f = f, 


1. R(t) 228ü + (—1)j;t& =1 


2. R(t) = (£ —2t)i + (P—1)j; t =1 
3. R(t) 22e + 2e-4; t, = 0 


4. R(t) = sin tit sin 2tj; t; = iv 
In Exercises 5 and 6, find the curvature K by using formula (14). Then find K and p at the point where t = t, and drawa 
sketch showing a portion of the curve, the unit tangent vector, and the circle of curvature at t = f, 

1 1 


bey pap ha 


=etety=et—etpta= 
1-41 Zy t 6. x 2ette',y-et—ett-0 
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In Exercises 7 through 12, find the curvature K and the radius of curvature p at the given point. Draw a sketch showing a 
portion of the curve, a piece of the tangent line, and the circle of curvature at the given point. 


7. y 2 2 Vx; (0,0) 8. y= x3; (4,4) 9. y — e*; (0,1) 
10. 4x? + 9y? = 36; (0,2) 11. x ^ sin y; (4, $7) 12. x= tan y; (1,47) 
In Exercises 13 through 18, find the radius of curvature at any point on the given curve. 
13. y = sin! x 14. y 2 In sec x 
15. xt? + y"? = gi? 16. R(t) = æ sin ti + ef cos tj 
17. The cycloid x = a(t — sin t), y= a(1 — cos t) 18. The tractrix x = t — a tanh t y=a sech £ 


19. Show that the curvature of the catenary y = a cosh (x/a) at any point (x, y) on the curve is a/y?. Draw the circle of 
curvature at (0, a). Show that the curvature K is an absolute maximum at the point (0, a) without referring to K' (x). 


In Exercises 20 through 23, find a point on the given curve at which the curvature is an absolute maximum. 


20. y = e” 21. y 26x — x? 


22. y= sin x 23. R(t) = 2t — 3i + (& — 1)j 
24. If a polar equation of a curve is r= F(0), prove that the curvature K is given by the formula 
|r? + 2(dr/d0)? — r(d?r[d0?)| 
Kee E 
[r? + (dr/do)? ]3” 


In Exercises 25 through 28, find the curvature K and the radius of curvature p at the indicated point. Use the formula of 
Exercise 24 to find K. 
25. r=4 cos 26; 0 = a7 26. r21— sin 6; 9=0 
27. r2 a sec? 106; 0 2m 28. r=a0;0=1 
29. The center of the circle of curvature of a curve C at a point P is called the center of curvature at P. Prove that the coordi- 
nates of the center of curvature of a curve at P(x, y) are given by 
_ (dy/dx) [1 + (dyJdx)*] Lu uU (4y/dx)? +1 


X.— X dyd y.—yt dy /dx 


In Exercises 30 through 32, find the curvature K, the radius of curvature p, and the center of curvature at the given point. 
Draw a sketch of the curve and the circle of curvature. 


30. y= cos x; (477, 1) 31. y= x! — x*; (0, 0) 32. y — In x; (1, 0) 
In Exercises 33 through 36 find the coordinates of the center of curvature at any point. 

33. y? = 4px 34. y? — a?x 

35. R(t) — a cos tit b sin tj 36. R(t) =a cos’ tit a sir? tj 


15.10 TANGENTIAL AND [Ifa particle is moving along a curve C having the vector equation 
NORMAL COMPONENTS = : 2; 
OF ACCELERATION B= FEET Ee) (1) 
from Definition 15.7.1, the velocity vector at P is given by 


V(t) =D, R(t) (2) 
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From Sec. 15.8, if T(t) is the unit tangent vector at P, s is the length of 
arc of C from a fixed point P, to P, and s increases as t increases, we have 


D,R(t) = Ds[T(t)] (3) 
Substituting from (3) into (2), we have 
V(t) = Ds[T(t)] | (4) 


Equation (4) expresses the velocity vector at a point as a scalar times 
the unit tangent vector at the point. We now proceed to express the accel- 
eration vector at a point in terms of the unit tangent and unit normal 
vectors at the point. From Definition 15.7.2 the acceleration vector at P is 
given by 


A(t) = D?R(t) (5) 

From Eq. (6) in Sec. 15.8 we have 

D?R(t) = [DID R(t) |JT (4)  |D;RG) ||DD/ITC) |N (4) (6) 
Because 

D,s = |D;R(t)| (7) 
if we differentiate with respect to t, we obtain 

D?s = D,|D;R(t)| (8) 
Furthermore, 

ID-RCIIDITCO| = DRO! HRB (9) 


Applying (7) above and Eq. (9) of Sec. 15.9 to the right side of (9), we 
have 


|D,R(t)||D,T(t)| = (Dys)?K(#) (10) 
Substituting from (5), (8), and (10) into (6), we obtain 
A(t) = (D?s)T(t) + (Dys)?K(t)N(t) (11) 


Equation (11) expresses the acceleration vector as the sum of a scalar 
times the unit tangent vector and a scalar times the unit normal vector. The 
coefficient of T(t) is called the tangential component of the acceleration 
vector and is denoted by A;(t), whereas the coefficient of N(t) is called 
the normal component of the acceleration vector and is denoted by Ay (t). 


So 
Ar(t) = Djs (12) 


and 
Ay(t) = (Dys)?K(t) (13) 
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or, equivalently, 


A0 = Det 


Because the number of units in the speed of the particle at time t units 
is |V(t) = Djs, A;(t) is the derivative of the measure of the speed of the 
particle and Ay(t) is the square of the measure of the speed divided by 
the radius of curvature. 

From Newton's second law of motion 

F=mA 
where F is the force vector applied to the moving object, m is the measure 
of the mass of the object, and A is the acceleration vector of the object. In 
curvilinear motion, the normal component of F is the force normal to the 
curve necessary to keep the object on the curve. For example, if an au- 
tomobile is going around a curve at a high speed, then the normal force 
must have a large magnitude to keep the car on the road. Also, if the curve 
is sharp, the radius of curvature is a small number, and so the magnitude 
of the normal force must be a large number. 

Equation (4) indicates that the tangential component of the velocity 
vector is D;s and that the normal component of the velocity vector is zero. 

Substituting from (12) and (13) into (11), we have 


A(t) = Ar(t)T(t) + Ay(t)N(#) 
from which it follows that 

|A(t)| = VAH + TAN)? 
Solving for A(t), noting from (13) that Ay(t) is nonnegative, we have 


Ay(t) = VIA®P— [4 F 


(14) 


(15) 


(16) 


EXAMPLE 1: A particle is moving 
along the curve having the vector 
equation 

R(t) = (# —1)i+ ($86 — 0j 
Find each of the following vectors: 
V(t), A(t), T(t), and N(t). Also, 
find the following scalars: |V (t) |, 
Ar(t), Ay(t), and K(t). Find the 
particular values when t = 2. 
Draw a sketch showing a portion 
of the curve at the point where 
t — 2, and representations of 
V(2), A(2), Ar(2)T(2), and 
Ay(2)N(2), having their initial 
point at t= 2. 


SOLUTION: 
V(t) = DiR(t) = 2H + (£? — 1)j 
A(t) = DN (t) = 2i + 2tj 
V| = V + — 2741 — VP -28 0-1 =P 4+1 
|A(t)| = V44+4P =2V1+ #° 
Ds =|V(t)| =f +1 
Ar(t) = Des = 2t 


From (16) 
Ay(t) = VIA(OE — [Ar (f) 2? = V4 + 42 — 42 =2 
V(t) 2t jo 
T(t) = IVa] P+ ritpeTi 
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To find N(t), we use the following formula which comes from (11): 


NO = HERG [AW — ODés)T(] a) 
A(t) — (D?s)T(t) = 2i + 2tj — 2t Gest i+ fot j 
A(t) — (Dés)T() = eq L1 — £i  28j] (18) 


From (17) we see that N(t) is a scalar times the vector in (18). 
Because N (t) is a unit vector, N (t) can be obtained by dividing the vector 
in (18) by its magnitude. Thus, we have 


1- 231 1 — 1,2 
N(1) = 1—-fr2g — 1—P., 2t j 
VOD Bye ne T4 eg 


K(t) is found from (13), and we have 


— Ay(t) _ 2 
KO) =p 5)? 7 (1) 
When t—2, we obtain V(2)=4i+3j, A(2) 22i * 4j, |V(2)|=5, 
| Ar(2) = 4, Ay(2) 22, T2) = di $j, NO) =—8i+ £j, K(2) = X The 
Figure 15.10.1 required sketch is shown in Fig. 15.10.1. 


Exercises 15.10 


In Exercises 1 through 6, a particle is moving along the curve having the given vector equation. In each problem, find the 
vectors V (t), A(t), T(t), and N(t), and the following scalars for an arbitrary value of t: |V(t)|, Ar, Ay, K(t). Also find the 
particular values when t= t,. At t= t;, draw a sketch of a portion of the curve and representations of the vectors V (t), 
A(t), ArT (t,), and AyN(#,). 


1. R(t) = (28+ 3)i+ (P—Dj;t=2 2 R()—(t-1)i-cfPjt-1 3. R(t) =5 cos 3ti + 5 sin 3tj; t, = $7 
4. R(t) = cos Pi+ sin fj; t, = £V 5. R(t) = ei + ej; t, =0 6. R(t) 23Pi + 2j; h=1 


7. A particle is moving along the parabola y? = 8x and its speed is constant. Find each of the following when the particle 
is at (2, 4): the position vector, the velocity vector, the acceleration vector, the unit tangent vector, the unit normal 
vector, Ar, and Ay. 


8. A particle is moving along the top branch of the hyperbola y? — x? = 9, such that Dyx is a positive constant. Find each 
of the following when the particle is at (4, 5): the position vector, the velocity vector, the acceleration vector, the unit 
tangent vector, the unit normal vector, Ar, and Ay. 


Review Exercises (Chapter 15) 

In Exercises 1 through 12, let A — 4i — 6j, B =i+7j, and C = 9i — 5j. 
1. Find 3B — 7A 2. Find 4A + B— 6C 3. Find 5B — 3C 
4. Find [5B| — |3C| 5. Find (A— B): C 6. Find (A+ B)C 


7. Find a unit vector having the same direction as 2A + B. 
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8. Find the unit vectors that are orthogonal to B. 
9. Find scalars h and k such that A= hB + KC. 
10. Find the vector projection of C onto A. 
11. Find the component of A in the direction of B. 
12. Find cos a if a is the radian measure of the angle between A and C. 


In Exercises 13 and 14, for the vector-valued function defined by the given equation, find (a) the domain of R; (b) lim R(t); 
E 


1 TORRE 14. R(t) = |t ? 1i In fj 


RETI t—1 


In Exercises 15 and 16, find equations of the horizontal and vertical tangent lines, and then draw a sketch of the graph of 
the given pair of parametric equations. 


15. x=12— Ë, y 2 12t - P 


2at? |. 2at? 


16. EU TV YE 


a0 (the cissoid of Diocles) 


17. Find the length of the arc of the curve R(t) = (2— t)i + £j from t= 0 tot=3. 
18. Find the length of the arc of the curve r = 3 sec 0 from 0 = 0 to 0— iz. 


19. (a) Show that the curve defined by the parametric equations, x = a sin t and y= b cos t, is an ellipse. (b) If s is the 
measure of the length of arc of the ellipse of part (a), show that 


12 
saa’ a V1 — k sin’ t dt 
0 
where k? = (a? — b?) /a? < 1. This integral is called an elliptic integral and cannot be evaluated exactly in terms of ele- 
mentary functions. There are tables available that give the value of the integral in terms of k. 


20. Draw a sketch of the graph of the vector equation R(t) = efi + e^'j and find a cartesian equation of the graph. 


21. Show that the curvature of the curve y = In x at any point (x, y) is x/(x? + 1)??. Also show that the absolute maximum 
curvature is 2/3 V3 which occurs at the point (3 V2, —1In 2). 


22. Find the curvature at any point of the branch of the hyperbola defined by x = a cosh t, y = b sinh t. Also show that 
the curvature is an absolute maximum at the vertex. 


23. Find the radius of curvature at any point on the curve x = a(cos t + t sin t), y = a(sin t — t cos t). 
24. Find the curvature, the radius of curvature, and the center of curvature of the curve y = e^* at the point (0, 1). 
25. For the hypocycloid of four cusps, x = a cos? t and y = a sin’ t, find dy/dx and d*y/dx? without eliminating the parameter. 


26. A particle is moving along a curve having the vector equation R(t) = 3ti + (4t — #)j. Find a cartesian equation of the 
path of the particle. Also find the velocity vector and the acceleration vector at t = 1. 


27. Find the tangential and normal components of the acceleration vector for the particle of Exercise 26. 


28. If a particle is moving along a curve under what conditions will the acceleration vector and the unit tangent vector 
have the same or opposite directions? 


In Exercises 29 and 30, for the given curve find T(t) and N(t), and at t= t, draw a sketch of a portion of the curve and 
draw the representations of T(f,) and N(t,) having initial point at f = f,. 


29. R(t) = (et e)it2tj; h =2 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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R(t) —3(cos t + t sin t)i + 3(sint—tcost)j,t > 0; t — $c 


Given the curve having parametric equations x= 4t, y= 4(2t+ 1)??, t > 0, find parametric equations having the 
measure of arc length s as a parameter, where arc length is measured from the point where t = 0. Check your result 
by using Eq. (10) of Sec. 15.8. 


Find the radian measure of the angle of elevation at which a gun should be fired in order to obtain the maximum range 
for a given muzzle speed. 


Find a formula for obtaining the maximum height reached by a projectile fired from a gun having a given muzzle 
speed of v, ft/sec and an angle of elevation of radian measure a. 


Find the position vector R(t) if the acceleration vector 
un Oe 
A(t) = Pi— gi 
and V(1) = j, and R(1) = —1i + $j. 
Prove by vector analysis that the diagonals of a parallelogram bisect each other. 


Given triangle ABC, points D, E, and F are on sides AB, BC, and AC, respectively, and V(AD) = 1V(AB); V(BE) = 
— — — — — — 
4V(BC); V(CF) =4V(CA). Prove V(AE) + V(BF) + V(CD) — 0. 


In Exercises 37 and 38, find the velocity and acceleration vectors, the speed, and the tangential and normal components 
of acceleration. 


37. 
39. 


R(t) = cosh 2ti + sinh 2j 38. R(t) = (2 tan! t — fi + In(1 + £)j 


An epicycloid is the curve traced by a point P on the circumference of a circle of radius b which is rolling externally on 
a fixed circle of radius a. If the origin is at the center of the fixed circle, A(a, 0) is one of the points at which the given 
point P comes in contact with the fixed circle, B is the moving point of tangency of the two circles, and the parameter 
t is the radian measure of the angle AOB, prove that parametric equations of the epicycloid are 


F 


x= (a+b) cos t — b cos 7 


and 
a+b 
b 


y = (a + b) sin t— b sin t 
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16.1 R, THE In Chapter 1 we discussed the number line R, (the one-dimensional 
THREE-DIMENSIONAL number space) and the number plane R, (the two-dimensional number 
NUMBER SPACE space). We identified the real numbers in R, with points on a horizontal 
axis and the real number pairs in R; with points in a geometric plane. In an 
analogous fashion, we now introduce the set of all ordered triples of real 

numbers. 


16.1.1 Definition The set of all ordered triples of real numbers is called the three-dimensional 
number space and is denoted by R;. Each ordered triple (x, y, z) is called a 
point in the three-dimensional number space. 


To represent R in a geometric three-dimensional space we consider 
the directed distances of a point from three mutually perpendicular 
planes. The planes are formed by first considering three mutually perpen- 
dicularlines which intersect at a point that we call the origin and denote by 
the letter O. These lines, called the coordinate axes, are designated as the x 
axis, the y axis, and the z axis. Usually the x axis and the y axis are taken in 
a horizontal plane, and the z axis is vertical. A positive direction is selected 

>y on each axis. If the positive directions are chosen as in Fig. 16.1.1, the coor- 
dinate system is called a right-handed system. This terminology follows 
from the fact that if the right hand is placed so the thumb is pointed in the 
positive direction of the x axis and the index finger is pointed in the posi- 
tive direction of the y axis, then the middle finger is pointed in the posi- 
tive direction of the z axis. If the middle finger is pointed in the negative 
Figure 16.1.1 direction of the z axis, then the coordinate system is called left handed. A 


—>N 


802 


Figure 16.1.2 


(3, 0, 0) 


Figure 16.1.3 


(4, —2, —5) 


Figure 16.1.4 
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left-handed system is shown in Fig. 16.1.2. In general, we use a right- 
handed system. The three axes determine three coordinate planes: the xy 
plane containing the x and y axes, the xz plane containing thex and z axes, 
and the yz plane containing the y and z axes. 

An ordered triple of real numbers (x, y, z) is associated with each 
point P in a geometric three-dimensional space. The directed distance of P 
from the yz plane is called the x coordinate, the directed distance of P from 
the xz plane is called the y coordinate, and the z coordinate is the directed 
distance of P from the xy plane. These three coordinates are called the rec- 
tangular cartesian coordinates of the point, and there is a one-to-one corre- 
spondence (called a rectangular cartesian coordinate system) between all 
such ordered triples of real numbers and the points in a geometric three- 
dimensional space. Hence, we identify R with the geometric three- 
dimensional space, and we call an ordered triple (x, y, z) a point. The 
point (3, 2, 4) is shown in Fig. 16.1.3, and the point (4, —2, —5) is shown 
in Fig. 16.1.4. 

The three coordinate planes divide the space into eight parts, called 
octants. The first octant is the one in which all three coordinates are posi- 
tive. The other octants are usually numbered so the x coordinate is posi- 
tive in the first four octants, with the numbering being in the coun- 
terclockwise direction. The remaining four octants are those for which the 
x coordinate is negative; the fifth octant is the one for which the y and z 
coordinates are positive. So the point (4, —2, —5) shown in Fig. 16.1.4 is in 
the third octant, and the point (—3, —1, 6) is in the sixth octant. The 
point (—2, —4, —7) is in the seventh octant. 

A line is parallel to a plane if and only if the distance from any point 
on the line to the plane is the same. A line parallel to the yz plane, one par- 
allel to the xz plane, and one parallel to the xy plane are shown in Fig. 
16.1.5a, b, and c, respectively. We consider all lines lying in a given plane 
as being parallel to the plane, in which case the distance from any point on 
the line to the plane is zero. The following theorem follows immediately. 


>N 
>N 

>N 
‘ 


(b) 
Figure 16.1.5 
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16.1.2 Theorem (i) A line is parallel to the yz plane if and only if all points on the 
line have equal x coordinates. 

(ii) A line is parallel to the xz plane if and only if all points on the 
line have equal y coordinates. 

(ii) A line is parallel to the xy plane if and only if all points on the 
line have equal z coordinates. 


In three-dimensional space, if a line is parallel to each of two inter- 
secting planes, it is parallel to the line of intersection of the two planes. 
Also, if a given line is parallel to a second line, then the given line is paral- 
lel to any plane containing the second line. Theorem 16.1.3 follows from 
these two facts from solid geometry and from Theorem 16.1.2. 


16.1.3 Theorem (i) A line is parallel to the x axis if and only if all points on the line 
have equal y coordinates and equal z coordinates. 

(ii) A line is parallel to the y axis if and only if all points on the line 
have equal x coordinates and equal z coordinates. 

(iii) A line is parallel to the z axis if and only if all points on the line 
have equal x coordinates and equal y coordinates. 


A line parallel to the x axis, a line parallel to the y axis, and a line par- 
allel to the z axis are shown in Fig. 16.1.6a, b, and c, respectively. 


> 
>N 
>N 


>y 


(a) 


Figure 16.1.6 


The formulas for finding the directed distance from one point to 
another on a line parallel to a coordinate axis follow from the definition of 
directed distance given in Sec. 1.4 and are stated in the following theorem. 


16.1.4 Theorem (i) If A(x, y, z) and B(x;, y, z) are two points on a line parallel to 
the x axis, then the directed distance from A to B, denoted by AB, 
is given by 


AB-—x,—2x 


EXAMPLE]: Find the directed 
distance from the point 

P(2, —5, —4) to the point 
QQ, —3, —4). 


“SOLUTION: From Theorem 16.1.4(ii), we have _ 
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(ii) If C(x, yı z) and D(x, ye, z) are two points on a line parallel to 
the y axis, then the directed distance from C to D, denoted by 
CD, is given by 
CD = Yo Yı 

(iii) If E(x, y, zi) and F(x, y, z;) are two points on a line parallel to the 
z axis, then the directed distance from E to F, denoted by EF, is 
given by 


EF=z,—2 


PQ = (—3) — (-5) 22 


16.1.5 Theorem 


B(x2, Y1, Z1) 
Pi (Xyz) 00 


i 
“4 
we A(xa, Y2, zi). cre 

M " : 


»4 P2(X2,y2, Z2) 


ean 
| 
I 


Figure 16.1.7 


The following theorem gives a formula for finding the undirected dis- 
tance between any two points in three-dimensional space. 


The undirected distance between the two points P,(x, y, zi) and 
P, (Xp, Y2, Z2) is given by 


[P:P] = V(x, — x)? + (ya— y)* + Ga — 23)? 


PROOF: Construct a rectangular parallelepiped having P, and P, as op- 
posite vertices and faces parallel to the coordinate planes (see Fig. 16.1.7). 
By the Pythagorean theorem we have 


P,P?| = |P,A|? + |AP,|? (1) 
Because 
P,A|? = |P,B|? + [BA]? (2) 


we obtain, by substituting from (2) into (1), 
P,P.|? = |P,B|? + [BA|? + |AP,|? (3) 


Applying Theorem 16.1.4(i), (ii), and (iii) to the right side of (3), we 
obtain 


|P Pa|? = (x — x,)? + (ya — y)? Tue e 
So 
|P Pa| = V(x — x)* + (ys — y1)? + (z—z)? 


and the theorem is proved. 


EXAMPLE2: Findtheundirected 
distance between the points 
P(—3, 4, —1) and QQ2, 5, —4). 


SOLUTION: From Theorem 16.1.5, we have 


[PQ| = V(2+3)? + (5-4) * C441)? = V25* 1t 9— V35 
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16.1.6 Theorem 


16.1.7 Definition 


16.1.8 Definition 


16.1.9 Theorem 


>N 


C(h, k, 1) 


Oo P(x, y, ZR 


Figure 16.1.8 


Note that the formula for the distance between two points in Rg is 
merely an extension of the corresponding formula for the distance 
between two points in R; given in Theorem 1.4.1. It is also noteworthy that 
the undirected distance between two points x, and x, in R, is given by 


|X2 — xl = V(x — x)? 


The formulas for the coordinates of the midpoint of a line segment are 
derived by forming congruent triangles and proceeding in a manner anal- 
ogous to the two-dimensional case. These formulas are given in Theorem 
16.1.6, and the proof is left for the reader (see Exercise 15). 


The coordinates of the midpoint of the line segment having endpoints 
Pi(xi, Yi, z) and P(x, Yz, Z2) are given by 


we: Xr Xs zu Yr tY i ERI 
x 2 V 5 Z 7 


The graph of an equation in R; is the set of all points (x, y, z) whose coor- 
dinates are numbers satisfying the equation. 


The graph of an equation in R is called a surface. One particular sur- 
face is the sphere, which is now defined. 


A sphere is the set of all points in three-dimensional space equidistant 
from a fixed point. The fixed point is called the center of the sphere and the 
measure of the constant distance is called the radius of the sphere. 
An equation of the sphere of radius r and center at (h, k, 1) is 

(x—- hY + Yk eH le (4) 
PROOF: Let the point (h, k, 1) be denoted by C (see Fig. 16.1.8). The point 
P(x, y, z) is a point on the sphere if and only if 

IcP|- r 
or, equivalently, 


V(x —h)? + (y—k)? + (2-1? =r 


Squaring on both sides of the above equation, we obtain the desired 
result. n 


If the center of the sphere is at the origin, then h =k = 1 = 0, and so an 
equation of this sphere is 

P+yt2=r? 

If we expand the terms of Eq. (4) and regroup the terms, we have 


X+ y? be hx = 2hy —2lz + ee 27) 0 


16.1.10 Theorem 


ExAMPLE3: Draw a sketch of the 
graph of the equation 
ety? + 2 — 6x —4y + 2z=2 


Figure 16.1.9 


TEN ae 
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This equation is of the form 
P+y+24+G6x+Hyt+k+jJ=0 (5) 


where G, H, I, and J are constants. Equation (5) is called the general form of 
an equation of a sphere, whereas Eq. (4) is called the center-radius form. 
Because every sphere has a center and a radius, its equation can be put in 
the center-radius form and hence the general form. 

It can be shown that any equation of the form (5) can be put in the 
form 


(x — h? + (y — k)? + (—D?—-K (6) 
where 
h=-3G  k--4H l=}  K-A(G Hi I:—4J) 


It is left as an exercise for the reader to show this (see Exercise 16). 

If K > 0, then Eq. (6) is of the form of Eq. (4), and so the graph of the 
equation is a sphere having its center at (h, k, 1) and radius VK.If K— 0, 
the graph of the equation is the point (h, k, I). This is called a point-sphere. 
If K < 0, there is no real locus because the sum of the squares of three real 
numbers is nonnegative. We state this result as a theorem. 


The graph of any second-degree equation in x, y, and z, of the form 
P+y+2+G6x+Hyt+iz+J=0 


is either a sphere, a point-sphere, or no real locus. 


SOLUTION: Regrouping terms and completing the squares, we have 


P—6x4+9+yY—4yt+4+24+224+1=24+94+441 


or 
(x — 3)? + (y —2)? + (z+ 1)? — 16 


So the graph is a sphere having its center at (3,2, —1) and radius 4. A 
sketch of the graph is shown in Fig. 16.1.9. 


EXAMPLE 4: Find an equation of 
the sphere having the points 
A(—5,6,—2) and B(9,—4,0) as 
endpoints of a diameter. 


SOLUTION: The center of the sphere will be the midpoint of the line seg- 
ment AB. Let this point be C(x, y, z). By Theorem 16.1.6, we get 


zo )9 r5. - —4+6_ nodum t 
x= =2 J= =1 z= 1 


So C is the point (2, 1, —1). The radius of the sphere is given by 
r=|CB| = V9-2)** C4-1* + Q*1* =V75 
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Therefore, from Theorem 16.1.9, an equation of the sphere is 
| (x— 2)? + (y - 1? + (z 1? —75 
| or, equivalently, 


x +y? +z? — 4x — 2y *t22—69—0 


Exercises 16.1 


In Exercises 1 through 4, the given points A and B are opposite vertices of a rectangular parallelepiped, having its faces 
parallel to the coordinate planes. In each problem (a) draw a sketch of the figure, (b) find the coordinates of the other six 
vertices, (c) find the length of the diagonal AB. 


1. A(0, 0, 0); B(7, 2,3) 2. A(1,1,1); B(3, 4, 2) 
3. A(—1,1, 2); B(2, 3,5) 4. AQ, —1, —3); B(4, 0, —1) 


5. The vertex opposite one corner of a room is 18 ft east, 15 ft south, and 12 ft up from the first corner. (a) Draw a sketch 
of the figure, (b) determine the length of the diagonal joining two opposite vertices, (c) find the coordinates of all eight 
vertices of the room. 


In Exercises 6 through 9, find (a) the undirected distance between the points A and B, and (b) the midpoint of the line 
segment joining A and B. 


6. A(3,4, 2); B(1, 6,3) 7. A(2, 4, 1); BG, 2, 3) 
8. A(4, —3, 2); B(—2, 3, —5) 9. A(—2, —$, 5); B(5, 1, —4) 
10. Prove that the three points (1, —1, 3), (2, 1, 7), and (4, 2, 6) are the vertices of a right triangle, and find its area. 


11. A line is drawn through the point (6, 4, 2) perpendicular to the yz plane. Find the coordinates of the points on this 
line at a distance of 10 units from the point (0, 4, 0). 


12. Solve Exercise 11 if the line is drawn perpendicular to the xy plane. 

13. Prove that the three points (—3, 2, 4), (6, 1, 2), and (—12, 3, 6) are collinear by using the distance formula. 
14. Find the vertices of the triangle whose sides have midpoints at (3, 2, 3), (—1, 1, 5), and (0, 3, 4). 

15. Prove Theorem 16.1.6. 


16. Show that any equation of the form x? + y? + z2? + Gx + Hy + Iz + ] - 0 can be put in the form (x — h)? + (y — k)? 
+ (z-D?=K. 


In Exercises 17 through 21, determine the graph of the given equation. 

17. xX + y? +2? — 8x + 4y +2z—4=0 18. xX + y? + z2? — 8y +6z—25=0 19. xicd- y +z —62z+9=0 
20. 2 +y +z — x—y—3z+2=0 21. x! +y? + z2 — 6x + 2y— 4z +19=0 

In Exercises 22 through 24, find an equation of the sphere satisfying the given conditions. 

22. A diameter is the line segment having endpoints at (6, 2, —5) and (—4, 0, 7). 

23. It is concentric with the sphere having equation x? + y? + z? — 2y + 8z —9 — 0. 

24. It contains the points (0, 0, 4), (2, 1, 3), and (0, 2, 6) and has its center in the yz plane. 

25. Prove analytically that the four diagonals joining opposite vertices of a rectangular parallelepiped bisect each other. 


26. If P, Q, R, and S are four points in three-dimensional space and A, B, C, and D are the midpoints of PQ, QR, RS, and 
SP, respectively, prove analytically that ABCD is a parallelogram. 


16.2 VECTORS IN 
THREE-DIMENSIONAL SPACE 


16.2.1 Definition 


A (x + ai, y + az2,z + a3) 


(a1, 42,43) 


EE 


E 

| 

| 

| 
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V 


Figure 16.2.1 


16.2.2 Definition 


Figure 16.2.2 
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The presentation of topics in solid analytic geometry is simplified by the 
use of vectors in three-dimensional space. The definitions and theorems 
given in Secs. 15.1 and 15.2 for vectors in the plane are easily extended. 


A vector in three-dimensional space is an ordered triple of real numbers 
(x, y, z}. The numbers x, y, and z are called the components of the vector 


(x, y, Z}. 


Welet V; be the set of all ordered triples (x, y, z) for which x, y, andz 
are real numbers. In this chapter, a vector is always in V3 unless otherwise 
stated. 

Just as for vectors in V2, a vector in V; can be represented by a directed 
line segment. If A = (4,, dz, a3), then the directed line segment having its 
initial point at the origin and its terminal point at the point (4, az, a3) is 
called the position representation of A. A directed line segment having its 
initial point at (x, y, z) and its terminal point at (x + a,, y + az, z + ag) is 
also a representation of the vector A. See Fig. 16.2.1. 

The zero vector is the vector (0, 0, 0) and is denoted by 0. Any point is 
a representation of the zero vector. 

The magnitude of a vector is the length of any of its representations. If 
the vector A= (4,, 45, a3), the magnitude of A is denoted by |A|, and it 
follows that 


|A| Vatt ag ag 


The direction of a nonzero vector in V; is given by three angles, called 
the direction angles of the vector. 


The direction angles of a nonzero vector are the three angles that have the 
smallest nonnegative radian measures o, B, and y measured from the posi- 
tive x, y, and z axes, respectively, to the position representation of the 
vector. 


The radian measure of each direction angle of a vector is greater than 
or equal to 0 and less than or equal to 7. The direction angles having radían 
measures a, 8, and y of the vector A = (4,, 45, a3) are shown in Fig. 16.2.2. 
In this figure the components of A are all positive numbers, and the direc- 
tion angles of this vector all have positive radian measure less than $77. 
From the figure we see that triangle POR is a right triangle and 


IOR| ay 
OSs: Q = -=s 5 
IOP| |A] 


It can be shown that the same formula holds if $7 = a = m. Similar 
formulas can be found for cos 8 and cos y, and we have 


(1) 
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The three numbers cos a, cos B, and cos y are called the direction cosines of 


vector A. The zero vector has no direction angles and hence no direction 
cosines. 


EXAMPLEl: Given A = (3,2,—6), 
find the magnitude and direction 
cosines of A. 


SOLUTION: 
|A| = VOT EF (CO = V9T4T36 = VIO =7 
From Eqs. (1) we get 
cosa=# 


cosB=# cosy=—# 


16.2.3 Theorem 


If we are given the magnitude of a vector and its direction cosines, the 
vector is uniquely determined because from (1) it follows that 


4,—|A| cosa a,=|A|cosB a,=|A| cos y (2) 


The three direction cosines of a vector are not independent of each 
other, as we see by the following theorem. 


If cos a, cos B, and cos y are the direction cosines of a vector, then 


cos? a + cos? B + cos? y= 1 


PROOF: If A= (a, 45, a3), then the direction cosines of A are given by (1) 
and we have 


a? 
cos? a + cos? B + cos? y = 44; 


EXAMPLE2: Verify Theorem 


16.2.3 for the vector of Example 1. | 


| SOLUTION: From the solution of Example 1 we have 


Vecos? a + cos? B + cos? y =V (3)? + (3)? + (—8)? 
= Vd$crdciü 


The vector A = (4,, 45, 43) is a unit vector if |A| = 1, and from Eqs. (1) 
we see that the components of a unit vector are its direction cosines. 
The operations of addition, subtraction, and scalar multiplication of 


vectors in V; are given definitions analogous to the corresponding defini- 
tions for vectors in V,. 
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16.2.4 Definition If A = (a, 4, 43) and B = (bi, bz, bs), then the sum of these vectors is given 
by 
A+ B= (a, t by, a, + bz, a3 + b3) 


EXAMPLE 3: Given A = (5, —2, 6) | SOLUTION: A+B= (5+8, (—2) + (—5), 6 + (-4)) = (13, —7, 2). 
and B= (8, —5, —4), find A+ B. 


z The geometric interpretation of the sum of two vectors in V; is similar 
R to that for vectors in V,. See Fig. 16.2.3. If P is the point (x, y, z), A= 
— 


(Ai, Az, 43) and PQ is a representation of A, then Q is the point 

A+B (x + a, Y + ds, z + 43). Let B= (b,, be, b3) and let OR be a representation 
Q of B. Then R is the point (x+ (a, +b), y + (a5 + ba), z+ (ag + b3)). 

A Therefore, PR isa representation of the vector A + B, and the parallel- 


5 >y Ogram law holds. 
a Figure 16.2.3 


x 


16.2.5 Definition If A = (4,, 4;, az), then the vector (—a,, —45, — 43) is defined to be the nega- 
tive of A, denoted by —A. 


16.2.6 Definition The difference of the two vectors A and B, denoted by A — B, is defined by 
A—B-— A + (-B) 


From Definitions 16.2.5 and 16.2.6 it follows that if A = (2,, Az, 43) and 
B= (by, bz, bs), then —B- (—h,, —bs, —bs) and 


A — B= (a, — by, a — bz, a3 — bz) 


EXAMPLE 4: For the vectors A and | SOLUTION: 


B of Example 3, find A — B. | A— B= (5, —2, 6) — (8, —5, —4) 
| = (5, —2, 6) + (—8, 5, 4) 
= (—3, 3, 10) 


The difference of two vectors in V; is also interpreted geometrically as 
it is in Vs. See Fig. 16.2.4. A representation of the vector A — B is obtained 
by choosing representations of A and B having the same initial point. 
Then a representation of the vector A — B is the directed line segment 
from the terminal point of the representation of B to the terminal point of 

^V the representation of A. 


x Figure 16.2.4 
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EXAMPLE5: Given the points | SOLUTION: Figure 16.2.5 shows PO as well as OP and OQ. We see from 
P(1,3,5) andQ(2,—1,4),show | the figure that V(PQ) = V(OQ) — V(OP). Hence, 


the directed line segment PQ in a =) PONE = EC PM 
figure and find v(PQ). V(PQ) = Q,—L 4) — (1,3,5) = 0, 1) 


P(1, 3, 5) 


i Q(2,-1,4) 


x Figure 16.2.5 


16.2.7 Definition If cis a scalar and A is the vector (4,, a, 44), then the product of c and A, 
denoted by cA, is a vector and is given by 


cA = clai, ds, A3) = (CA4, CA2, CA3) 


EXAMPLE 6: Given A — SOLUTION: 
(—4, 7, —2), find 3A and —5A. 3A —3(—4,7,—2) = (-12, 21, —6) 
| and 
| -5A = (—5)(~4, 7, —2) = Q0, 35, 10) ——— 
Suppose that A= (4,, a, a3) is a nonzero vector having direction 
cosines cos a, cos B, and cos y, and c is any nonzero scalar. Then cA = 


(Cay, Cag, Caz); and if cos œ, cos B,, and cos y; are the direction cosines of 
cA, we have from Eqs. (1) 


Cay Cay ca 
or, equivalently, 
a aC Oy = 6f 
SENSIA ATA eel TA 
from which we get 
COS à 5 cos « cos f, = Ta cos B COS y, — In COS y (3) 


So if c > 0, it follows from Eqs. (3) that the direction cosines of vector cA 
are the same as the direction cosines of A. And if c < 0, the direction 
cosines of cA are the negatives of the direction cosines of A. Therefore, we 
conclude that if c is a nonzero scalar, then the vector cA is a vector whose 


16.2.8 Theorem 
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magnitude is |c| times the magnitude of A. If c > 0, cA has the same direc- 
tion as A, whereas if c < 0, the direction of cA is opposite that of A. 

The operations of vector addition and scalar multiplication of any 
vectors in V; satisfy properties identical with those given in Theorem 
15.2.5. These are given in the following theorem, and the proofs are left for 
the reader (see Exercises 1 through 6). 


If A, B, and C are any vectors in V; and c and d are any scalars, then vector 
addition and scalar multiplication satisfy the following properties: 


(i) A+B=B+A (commutative law) 
(ii) A+ (B-C) = (A-B) -C (associative law) 
(iii) There is a vector 0 in V; for which 


A+0=A (existence of additive identity) 
(iv) There is a vector —A in V3 such that 
A+ (—A) =0 (existence of negative) 


(v) (cd)A=c(dA) (associative law) 
(vi) c(A+B)=cA+ cB (distributive law) 
(vii) (c 4- d)A — cA - dA (distributive law) 
(vii) 1(A)=A (existence of scalar multiplicative identity) 


From Definition 15.2.6 and Theorem 16.2.8 it follows that V; is a set of 
vectors in a vector space. We use the same symbol, Vz, to denote this vector 
space. Furthermore, the three unit vectors 


i=(1,0,0) j=(0,1,0)  k-(0,0,1) 


form a basis for the vector space V; because any vector (4,, 45, 43) can be 
written in terms of them as follows: 


(81, A2, a3) = a,(1, 0, 0) + a,(0, 1, 0) + a4(0, 0, 1) 
Hence, if A = (4,, 45, a3), we also can write 
A = aii + aj + ask (4) 


Because there are three elements in a basis, V4 is a three-dimensional 
vector space. 


Substituting from Eqs. (2) into Eq. (4), we have 
A= |A] cos oi + |A] cos 8j + |A| cos yk 
or, equivalently, 
A = |A| (cos ai + cos Bj + cos yk) (5) 


Equation (5) enables us to express any nonzero vector in terms of its 
magnitude and direction cosines. 
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EXAMPLE7: Express the vector of 
Example 1 in terms of its magni- 
tude and direction cosines. 


| SOLUTION: ‘In Example 1, A = (3, 2, —6), |A| = 75 cos a= 2, cos B= 27 


and cos y = —#. Hence, from Eq. (5) we have 
A=7(4i +3) — $k) 


16.2.9 Theorem 


If the nonzero vector A = 4,i+ a,j + ask, then the unit vector U having the 
same direction as A is given by 


The proof of Theorem 16.2.9 is analogous to the proof of Theorem 
15.2.7 for a vector in V, and is left for the reader (see Exercise 30). 


EXAMPLE 8: Given the points 
R(2,—1,3) and S(3,4,6), find the 
unit vector having the same direc- 


tion as V(RS). 


Exercises 16.2 
1. Prove Theorem 16.2.8(i). 


So 


SOLUTION: 
V(RS) = (3, 4, 6) — (2, —1, 3) = (1, 5, 3) 
=i+5j+3k 


IV(RS)| = VE +52 +3 = V35 


| Therefore, by Theorem 16.2.9 the desired unit vector is 


5 , 3 
AM k 


"HX oe 
avast ts v35 


2. Prove Theorem 16.2.8(ii). 


3. Prove Theorem 16.2.8(iii), (iv), and (viii). 4. Prove Theorem 16.2.8(v). 


5. Prove Theorem 16.2.8(vi). 


6. Prove Theorem 16.2.8(vii). 


In Exercises 7 through 18, let A = (1, 2, 3), B = (4,-3, -1), C = (—5, —3, 5), D = C2,1,6). 


7. Find A + 5B 
10. Find 4B + 6C — 2D 
13. Find C+ 3D — 8A 
16. Find |A|C — |B|D 


8. Find2A— C 9. Find 7C — 5D 
11. Find |7C| — |5D| 12. Find |4B| + [éC| — |2D| 
14. Find 3A — 2B + C — 12D 15. Find |A||B|(C— D) 


17. Find scalars a and b such that a(A + B) + b(C - D) =0. 
18. Find scalars a, b, and c such that aA + bB + cC = D. 


— 
In Exercises 19 through 22, find the direction cosines of the vector V (P,P,) and check the answers by verifying that the 


sum of their squares is 1. 


19. P,(3, 71, 4); P.(7, 2, 4) 


20. P,(1, 3, 5); P,(2, 71, 4) 
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21. P,(4, 3, 1); Po( 2, 4, 8) 22. P,(-2, 6,5); P,(2,4, 1) 


23. Using the points P, and P, of Exercise 19, find the point Q such that V(P,Ps) = 3V (P,Q). 
24. Using the points P, and P, of Exercise 20, find the point R such that V(P,R) = —2V (PR). 
In Exercises 25 through 28, express the given vector in terms of its magnitude and direction cosines. 
25. —6i + 2j + 3k 26. 21— 2j +k 
27. —2i  j — 3k 28. 3i + 4j — 5k 
29. If the radian measure of each direction angle of a vector is the same, what is it? 
30. Prove Theorem 16.2.9. 
= 
In Exercises 31 and 32 find the unit vector having the same direction as V(P,P,). 
31. P,(4, 71, —6); P,(5,7, —2) 32. P,(-8, —5,2); P,(—3, —9, 4) 


33. Three vectors in V; are said to be independent if and only if their position representations do not lie in a plane, and 
three vectors E,, E,, and E; are said to form a basis for the vector space V; if and only if any vector in V; can be written 
as a linear combination of E,, E;, and E;. A theorem can be proved which states that three vectors form a basis for the 
vector space V; if they are independent. Show that this theorem holds for the three vectors (1, 0, 0), (1, 1, 0), and 
(1, 1, 1) by doing the following: (a) Verify that the vectors are independent by showing that their position represen- 
tations are not coplanar; (b) verify that the vectors form a basis by showing that any vector A can be written 


A= r(1,0,0) + s(1, 1, 0) + #1, 1, 1) (6) 
where r, s, and t are scalars. (c) If A= (6, —2,5), find the particular values of r, s, and t so that equation (6) holds. 


34. Refer to the first sentence of Exercise 33. A theorem can be proved which states that three vectors form a basis for the 
vector space V; only if they are independent. Show that this theorem holds for the three vectors F, = (1, 0, 1), k= 
(1, 1, 1), and F; = (2, 1, 2) by doing the following: (a) Verify that F,, F;, and F; are not independent by showing that 
their position representations are coplanar; (b) verify that the vectors do not form a basis by showing that every vec- 
tor in V4 cannot be written as a linear combination of F,, F,, and Fs. 


16.3 THE DOT The definition of the dot product of two vectors in V; is an extension of the 
PRODUCT IN V, definition for vectors in V,. 


16.3.1 Definition If A= (a,, a, a3) and B= (by, bz, bs), then the dot product of A and B, 
denoted by A : B, is given by 
A -B= (ay, üz, as) E (bi; be, bs) Pri ab; + azb; F asb 


" - ER 
EXAMPLE 1: Given A = (4,2,—6) | SOLUTION: 


and B= (—5, 3, —2), find A +B. | A -B= (4,2,—6) : (-5,3,—2) 
| -4C5)- (2)(3) + (C C2) 
— —20 -- 6 - 12 
: E 


xit nte Roue desunt De E soi fs, he 


For the unit vectors i, j, and k, we have 


i-i=j-j=k-k=1 
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16.3.2 Theorem 


16.3.3 Definition 


Figure 16.3.1 


16.3.4 Theorem 


and 


i-j=i-k=j-k=0 


Laws of dot multiplication that are given in Theorem 16.3.2 are the 
same as those in Theorems 15.3.2 and 15.3.3 for vectors in V2. The proofs 
are left for the reader (see Exercises 1 through 4). 


If A, B, and C are any vectors in V, and c is a scalar, then 


G) A-B=B-A (commutative law) 
Gi) A- (B+C)=A-B+A°-C (distributive law) 
(iii) c(A - B) = (cA) - B 
(iv) 0-A=0 
(v) A-A=|A/? 


Before giving a geometric representation of the dot product for vectors 
in V3, we do as we did with vectors in V}. We define the angle between two 
vectors and then express the dot product in terms of the cosine of the 
radian measure of this angle. 


Let A and B be two nonzero vectors in V; such that A is not a scalar mul- 


tiple of B. If OP is the position representation of A and OQ is the position 
representation of B, then the angle between the vectors A and B is defined 


to be the angle of positive measure between OP and OQ interior to the tri- 
angle POQ. If A= cB, where c is a scalar, then if c > 0, the angle between 
the vectors has radian measure 0, and if c « 0, the angle between the 
vectors has radian measure 77. 


Figure 16.3.1 shows the angle of radian measure 0 between the two 
vectors if A is not a scalar multiple of B. 


If 0 is the radian measure of the angle between the two nonzero vectors A 
and B in V,, then 


(1) 


The proof of Theorem 16.3.4 is analogous to the proof of Theorem 
15.3.5 for vectors in V, and is left for the reader (see Exercise 15). 
If U is a unit vector in the direction of A, we have from (1) 


U- B = |U||B| cos 9 = |B| cos 6 


As with vectors in V,, |B] cos 6 is the scalar projection of B on A and the 
component of B in the direction of A. It follows from Theorem 16.3.4 that 
the dot product of two vectors A and B is the product of the magnitude, 
|A|, of one vector by the scalar projection, |B| cos 6, of the second vector 
on the first. 
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EXAMPLE 2: Given the vectors 

A —6i— 3j+ 2k and B =2i 

+ j — 3k, find (a) the component 
of B in the direction of A, (b) the 
vector projection of B onto A; and 
(c) cos @if 0 is the radian measure 
of the angle between A and B. 


| sovution: |A| = V6 + (3)? + 2 = V36 -9--4 —7. Hence, a unit 


vector in the direction of A is 
U=#i—#j+7k 

Because U : B= |B| cos 6, the component of B in the direction of A is 
U -B= ($i—3j +#k) + Qi * j — 3k) 


=f mb 
7 7 


ako E 


The vector projection of B onto A is therefore 
3U = 3i — 3j + fk 


| From Eq. (1) 


cos 0 = ; aS 
5"  TAUBI TB] 


EXAMPLE 3: Find the distance 
from the point P(4,1,6) to the 
line through the points A(8, 3, 2) 
and B(2, —3, 5). 


t 


B(2, —3,5) 
P(416)| 


Figure 16.3.2 


| SOLUTION: Figure 16.3.2 shows the point P and a sketch of the line 
_ through A and B. The point M is the foot of the perpendicular line from P 
to the line through A and B. Let d units be the distance |PM |. To find d we 


| find [AM] and |AP| and use the Pythagorean theorem. |AP| is the magni- 
tude of the vector V(AP). 


V(AP) = V(OP) — V(OA) 
= (4,1, 6) — (8,3, 2) 
| = (4, —2, 4) 
| Hence, 
P| = VCOTT COPE - V5 - 6 
| To find |AM| we find the scalar projection of V(AP) on V(AB) 
V(AB) = V(OB) — V(OÀ) 
= (2, —3, 5) — (8, 3,2) 
= (—6, —6,3) 
| The scalar projection of V(AP) on V(AB ) is then 


V(AP) + V(AB) _ (—4,—2,4) : (-6,—6,3 
[V(AB)| V36 + 36 +9 
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16.3.5 Definition 


16.3.6 Definition 


16.3.7 Theorem 


EXAMPLE 4: Prove by using 
vectors that the points A (4,9,1), 
B(—2,6,3), and C(6,3,—2) are 
the vertices of a right triangle. 


(6, 3, — 2) 


Figure 16.3.3 


B(—2,6,3): 


| angle CAB is a right angle. 


224-1212 
vel 

= 48 

— 9 


. Thus, JAM] = 48 and so 


a= VRBE AM 
=V 
=6V1— F 
=4 V17 


Two nonzero vectors in V; are said to be parallel if and only if the radian 
measure of the angle between them is zero or 77. 


Two nonzero vectors in V; are said to be orthogonal if and only if the radian 
measure of the angle between them is 37. 


The following theorem can be proved by using Definition 16.3.6 and 
Theorem 16.3.4. The proof is similar to the proof of Theorem 15.3.8 and is 
left for the reader (see Exercise 16). 


If A and B are two nonzero vectors in V;, A and B are orthogonal if and 
only if A > B — 0. 

SOLUTION: Triangle CAB is shown in Fig. 16.3.3. From the figure it looks 
as if the angle at A is the one that may be a right angle. We shall find 


| V(AB) and V (AC), and if the dot product of these two vectors is zero, the 


angle will be a right angle. 
V(AB) = V(OB) — V(OA) 
= (—2, 6,3) — (4,9,1) 
= (—6, —3, 2) 
V(AC) = V(OC) — V(OÀ) 
= (6,3, —2) — (4,9, 1) 


m (2, —6, —3) 
V(AB) - V(AC) = (-6, -3, 2) - (2, —6, 3) - —12 + 18-6 =0 
= — 
Therefore, V(AB) and V(AC) are orthogonal, and so the angle at A in tri- 
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Exercises 16.3 


1. Prove Theorem 16.3.2(i). 2. Prove Theorem 16.3.2(ii). 

3. Prove Theorem 16.3.2 (iii). 4. Prove Theorem 16.3.2(iv) and (v). 
In Exercises 5 through 14, let A= (—4, 2,4), B= (2,7, - 15, C= (6, —3, 0), and D = (5,4, —3). 

5. Find A - (B 4 C) 6. FindA- B-A-C ^ 7. Find (A - B)(C- D) 

8. FindA*- D—- B: C 9. Find (B - D)A — (D- A)B 10. Find (2A + 3B) + (4C— D) 
11. Find the cosine of the measure of the angle between A and B. 


12. 
13. 
14. 
15. 
17. 
18. 
19. 
20. 
21. 
22. 


23. 


24. 
25. 


26. 


27. 
28. 


Find the cosine of the measure of the angle between C and D. 


Find (a) the component of C in the direction of A and (b) the vector projection of C onto A. 

Find (a) the component of B in the direction of D and (b) the vector projection of B onto D. 

Prove Theorem 16.3.4. 16. Prove Theorem 16.3.7. 

Prove by using vectors that the points (2, 2, 2), (2, 0, 1), (4, 1, —1), and (4,3, 0) are the vertices of a rectangle. 
Prove by using vectors that the points (2, 2, 2), (0, 1, 2), (—1,3, 3), and (3, 0, 1) are the vertices of a parallelogram. 
Find the distance from the point (2, —1, —4) to the line through the points (3, —2, 2) and (—9, —6, 6). 


Find the distance from the point (3, 2, 1) to the line through the points (1,2, 9) and (—3,—6, —3). 
Find the area of the triangle having vertices at (—2, 3, 1), (1, 2, 3), and (3, —1, 2). 


If a force has the vector representation F — 5i — 3k, find the work done by the force in moving an object from the point 
P,(4, 1, 3) along a straight line to the point P,(—5, 6, 2). The magnitude of the force is measured in pounds and dis- 
tance is measured in feet. (HINT: Review Sec. 15.3.) 

A force is represented by the vector F, has a magnitude of 10 Ib, and direction cosines of F are cos a = $ V6 and 
cos B — 1 V6. If the force moves an object from the origin along a straight line to the point (7, —4, 2), find the work 
done. Distance is measured in feet. (See hint for Exercise 22.) 


If A and B are nonzero vectors, prove that the vector A — cB is orthogonal to B if c= A * B/|B|’. 

If A= 12i + 9j — 5k and B = 4i + 3j — 5k, use the result of Exercise 24 to find the value of the scalar c so that the vec- 
tor B — cA is orthogonal to A. 

For the vectors of Exercise 25, use the result of Exercise 24 to find the value of the scalar d so that the vector A — dB 
is orthogonal to B. 

Prove that if A and B are any nonzero vectors, then the vectors |B|A + |A|B and |B|A — |A|B are orthogonal. 


Prove that if A and B are any nonzero vectors and C = |B|A + |A|B then the angle between A and C has the same 
measure as the angle between B and C. 


16.4 PLANES The graph of an equation in two variables, x and y, is a curve in the xy 
plane. The simplest kind of curve in two-dimensional space is a straight 
line, and the general equation of a straight line is of the form Ax + By 
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16.4.1 Definition 


z 
NEP 
[oe J 
P(x, y, z) ol f 
I 
a 
| Ryo, Vos Zo) 
pn E —y 
P Figure 16.4.1 
AI 
y 
7 
ut E 
x 16.4.2 Theorem 


Tt C —0, which is an equation of the first degree. In three-dimensional 
space, the graph of an equation in three variables, x, y, and z, is a surface. 
The simplest kind of surface is a plane, and we shall see that an equation of 
a plane is an equation of the first degree in three variables. 

If N is a given nonzero vector and P, is a given point, then the set of all 
points P for which V(P,P) and N are orthogonal is defined to be a plane 
through P, having N as a normal vector. 


Figure 16.4.1 shows a portion of a plane through the point 
Po(xo, Vo, Zo) and the representation of the normal vector N having its 
initial point at Pp. 

In plane analytic geometry we can obtain an equation of a line if we 
are given a point on the line and its direction (slope). In an analogous 
manner, in solid analytic geometry an equation of a plane can be deter- 
mined by knowing a point in the plane and the direction of a normal 
vector. 


If P (xo, yo, Zo) is a point ina plane and a normal vector to the plane is N = 
(a, b, c), then an equation of the plane is 

a(x— Xo) + b(y — yo) t c(z—29) =0 (1) 
PROOF: Refer to Fig. 16.4.1. Let P(x, y, z) be any point in the plane. 
V (PaP) is the vector having P,P as a representation, and so 

V (P,P) = (x — Xo, Y — Yo, Z — Zo) (2) 
From Definition 16.4.1 and Theorem 16.3.7, it follows that 

V(P,P) -N=0 
Because N = (a, b, c), from (2) and the above equation we obtain 

a(x— xy) + b(y — yo) + c(z—z) =0 (3) 


which is the desired equation. a 


EXAMPLE 1: Find an equation of 
the plane containing the point 
(2, 1, 3)and having 3i — 4j + k 
as a normal vector. 


soLuTion: Using (1) with the point (xo, yo, Zo) = (2, 1, 3) and the vector 
(a, b, c) = (3, —4, 1), we have as an equation of the required plane 


3(x— 2) —4(y—1) + (z-3) -0 
or, equivalently, 


3x— 4y +z—-5=0 


16.4.3 Theorem 


If a, b, and c are not all zero, the graph of an equation of the form 
ax + by +cz+d=0 (4) 


is a plane and (a, b, c) is a normal vector to the plane. 
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PROOF: Suppose that b # 0. Then the point (0, —4/b, 0) is on the graph of 
the equation because its coordinates satisfy the equation. The given equa- 
tion can be written as 
a(x—0) tb (v+) * «e - 0 =0 

which from Theorem 16.4.2 is an equation of a plane through the point 
(0,—d/b,0) and for which (a, b, c) is a normal vector. This proves the the- 
orem if b # 0. A similar argument holds if b = 0 and either a # 0 or 
c#0. L| 


Equations (1) and (4) are called cartesian equations of a plane. Equa- 
tion (1) is analogous to the point-slope form of an equation of a line in 
two dimensions. Equation (4) is the general first-degree equation in three 
variables and it is called a linear equation. 

A plane is determined by three noncollinear points, by a line and a 
point not on the line, by two intersecting lines, or by two parallel lines. To 
draw a sketch of a plane from its equation, it is convenient to find the 
points at which the plane intersects each of the coordinate axes. The x 
coordinate of the point at which the plane intersects the x axis is called the 
x intercept of the plane; the y coordinate of the point at which the plane in- 
tersects the y axis is called the y intercept of the plane; and the z intercept of 
the plane is the z coordinate of the point at which the plane intersects the z 
axis. 


EXAMPLE2: Draw a sketch of the 
plane having the equation 


2x + 4y + 3z = 8 
zZ 


Figure 16.4.2 


' SOLUTION: By substituting zero for y and z, we obtain x — 4; so the x in- 


tercept of the plane is 4. In a similar manner we obtain the y intercept and 
the z intercept, which are 2 and $, respectively. Plotting the points corre- 
sponding to these intercepts and connecting them with lines, we have the 
sketch of the plane shown in Fig. 16.4.2. Note that only a portion of the 


| plane is shown in the figure. 
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EXAMPLE 3: Draw a sketch of the 
plane having the equation 


3x + 2y —6z—0 


Figure 16.4.3 


SOLUTION: Because the equation is satisfied when x, y, and z are all zero, 
the plane intersects each of the axes at the origin. If we set x = 0 in the 
given equation, we obtain y — 3z— 0, which isa line in the yz plane; this is 
the line of intersection of the yz plane with the given plane. Similarly, the 
line of intersection of the xz plane with the given plane is obtained by set- 
ting y — 0, and we get x — 2z — 0. Drawing a sketch of each of these two 
lines and drawing a line segment from a point on one of the lines to a 
point on the other line, we obtain Fig. 16.4.3. 


Figure 16.4.4 


In Example 3 the line in the yz plane and theline in the xz plane used 
to draw the sketch of the plane are called the traces of the given plane in 
the yz plane and the xz plane, respectively. The equation x — 0 is an equa- 
tion of the yz plane because the point (x, y, z) isin the yz plane if and only 
if x = 0. Similarly, the equations y = 0 and z = 0 are equations of the xz 
plane and the xy plane, respectively. 

A plane parallel to the yz plane has an equation of the form x= k, 
where k is a constant. Figure 16.4.4 shows a sketch of the plane having the 
equation x — 3. A plane parallel to the xz plane has an equation of the form 
y — k, and a plane parallel to the xy plane has an equation of the form 
z — k. Figures 16.4.5 and 16.4.6 show sketches of the planes having the 
equations y — —5 and z — 6, respectively. 


zZ 


——————————— >y 


Figure 16.4.5 Figure 16.4.6 


16.4.4 Definition 
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The angle between two planes is defined to be the angle between the normal 
vectors of the two planes. 


EXAMPLE4: Find the radian mea- 
sure of the angle between the two 
planes 5x — 2y + 5z — 12 = 0 and 
2x + y —7z +11=0. 


SOLUTION: Let N, be a normal vector to the first plane and N, — 5i — 2j 
t 5k. Let N, be a normal vector to the second plane and N; = 2i + j — 7k. 

By Definition 16.4.4 the angle between the two planes is the angle 
between N, and N,, and so by Theorem 16.3.4 if 0 is the radian measure of 
this angle 


N,° Ne (5i — 2j 45k): (2i + j— 7k)  —27 1 
cos Q0 = —————— —————— 


INi{|Nol V25+4+25 V4+1+4+49 54 2 
Therefore, 


6= 30 


16.4.5 Definition 


n ah À 
EU PA Hn 
1 [ : 


Figure 16.4.7 
16.4.6 Definition 


Two planes are parallel if and only if their normal vectors are parallel. 


From Definitions 16.4.4 and 16.4.5, it follows that two planes are paral- 
lel if and only if the angle between their normal vectors has radian 
measure 0 or 7 or, equivalently, if and only if their normal vectors have the 
same or opposite direction. So if we have two planes with equations 

axdtbyctoaztd-0 (5) 
and 

ax + boy + coz + d, =0 (6) 
and normal vectors N, = (41, b,, c,) and N, = (az, bz, c;), respectively, then 
the two planes are parallel if and only if 

N, = kN, where k is a constant 


Figure 16.4.7 shows sketches of two parallel planes and representations of 
some of their normal vectors. 


Two planes are perpendicular if and only if their normal vectors are 
orthogonal. 


From Definition 16.4.6 and Theorem 16.3.7 it follows that two planes 
having normal vectors N, and N, are perpendicular if and only if 


N,:N,—0 (7) 


EXAMPLE5: Find an equation of 
the plane perpendicular to each of 
the planes x — y+ z=Oand2x+ y 
— 4z — 5— 0 and containing the 
point (4, 0, —2). 


SOLUTION: Let M be the required plane and (a, b, c) bea normal vector of 
M. Let M, be the plane having equation x— y+ z = 0. By Theorem 16.4.3 a 
normal vector of M, is (1, —1, 1). Because M and M, are perpendicular, it 
follows from Eq. (7) that 


(a,b,c) - (1, —1,1) -0 
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or, equivalently, 
a—b+c=0 (8) 


Let M, be the plane having the equation 2x + y — 4z — 5 = 0. A normal 
vector of M, is (2, 1, —4). Because M and M, are perpendicular, we have 


(a,b, c) * (2,1, 4) =0 
or, equivalently, 
2a+b—4c=0 (9) 


Solving Eqs. (8) and (9) simultaneously for b and c in terms of a, we get 
b — 2a and c — a. Therefore, a normal vector of M is (a, 2a, a). Because 
(4, 0, —2) is a point in M, it follows from Theorem 16.4.2 that an equation 
of M is 


a(x—4) + 2a(y—0) + a(z+2) =0 
or, equivalently, 


x+2y+z—2=0 


Figure 16.4.8 


Consider now the plane having the equation ax + by + d = 0 and the 
xy plane whose equation is z= 0. Normal vectors to these planes are 
(a, b, 0) and (0, 0, 1), respectively. Because (a, b, 0) + (0, 0, 1) — 0, 
the two planes are perpendicular. This means that a plane having an 
equation with no z term is perpendicular to the xy plane. Figure 16.4.8 
illustrates this. In a similar manner, we can conclude that a plane having 
an equation with no x term is perpendicular to the yz plane (see Fig. 
16.4.9), and a plane having an equation with no y term is perpendicular 
to the xz plane (see Fig. 16.4.10). 

An important application of the use of vectors is in finding the un- 
directed distance from a plane to a point. The following example illustrates 
this. 


Figure 16.4.9 Figure 16.4.10 


16.4 PLANES 825 


EXAMPLEÓ: Find the distance | soLuTIon: Let P be the point (1, 4, 6) and choose any point Q in the 
from the plane 2x — y + 2z + 10 plane. For simplicity, choose the point Q as the point where the plane in- 
— 0 to the point (1, 4, 6). tersects the x axis, that is, the point (—5, 0, 0). The vector having QP asa 


representation is given by 
V(QP) = 6i + 4j + 6k 

P(1, 4, 6) A normal vector to the given plane is 

N= 2i—j+2k 

The negative of N is also a normal vector to the given plane and 
—N--2i-j-—2k 

We are not certain which of the two vectors, N or - N, makes the smaller 

angle with vector V(QP). Let N' be the one of the two vectors N or -N 


| which makes an angle of radian measure 0 < bz with V(QP). In Fig. 
uuu ! 16.4.11 we show a portion of the given plane containing the point 
Figure 16.4.11 Q(—5, 0, 0), the representation of the vector N' having its initial point 
at Q, the point P(1, 4, 6), the directed line segment QP, and the point 
R, which is the foot of the perpendicular from P to the plane. For sim- 
plicity, we did not include the coordinate axes in this figure. The dis- 


tance |RP| is the required distance, which we call d. We see from Fig. 


! 16.4.11 that 
d=|V(QP)| cos 6 (10) 
Because 0 is the radian measure of the angle between N' and V(QP), 
we have 
cos 0 — N' : V(QP) (11) 


| IN'IIV CQP)| 
| Substituting from (11) into (10) and replacing |N'| by |N 
d- VRBI" - V(QP)) | N' + V(QP) 
INIIV(QP)] IN] 

Because d is an undirected distance, it is nonnegative; hence, we can 
replace the numerator in the above expression by the absolute value of the 
; dot product of N and V(QP). Therefore, 

| — IN: V(QP)| _ |(2i—j + 2k) + (6i+ 4j +6k)| _ 20 
INI V4+1+4 3 


, we obtain 


d 


Exercises 16.4 


In Exercises 1 through 4, find an equation of the plane containing the given point P and having the given vector N as a 
normal vector. 
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1. P8, 1,2; N = (1, 2, -3) 2, P(—1, 8,3); N = (—7, —1, 1) 
3. P(2,1,—1); N — —i + 3j + 4k 4. P(1,0,0; N=it+k 
In Exercises 5 and 6, find an equation of the plane containing the given three points. 
5. (3,4, 1), (1,7, 1), (71, 72, 5) 6. (0,0, 2), (2, 4,1), (—2, 3, 3) 
In Exercises 7 through 12, draw a sketch of the given plane and find two unit vectors which are normal to the plane. 
7. 2X —y * 226 —0 8. Ax — 4y —22 —9—0 9. 4x + 3y — 122 0 
10. y -22—4—0 11. 3xt22—6-0 12. 25 


In Exercises 13 through 17, find an equation of the plane satisfying the given conditions. 

13. Perpendicular to the line through the points (2, 2, —4) and (7, —1, 3) and containing the point (—5, 1, 2). 
14. Parallel to the plane 4x — 2y + z — 1 = 0 and containing the point (2, 6, —1). 

15. Perpendicular to the plane x + 3y — z — 7 = 0 and containing the points (2, 0, 5) and (0, 2, —1). 

16. Perpendicular to each of the planes x — y + z = 0 and 2x + y — 4z — 5 = 0 and containing the point (4, 0, —2). 


17. Perpendicular to the yz plane, containing the point (2, 1, 1), and making an angle of radian measure cos"! ($) with the 
plane 2x — y + 22 - 3 Q. 


18. Find the cosine of the measure of the angle between the planes 2x — y — 2z — 5 = 0 and 6x — 2y + 32 + 8 — Q0. 
19. Find the cosine of the measure of the angle between the planes 3x + 4y = 0 and 4x — 7y + 4z — 6 = 0. 
20. Find the distance from the plane 2x + 2y — z — 6 = 0 to the point (2, 2, —4). 
21. Find the distance from the plane 5x + 11y + 2z — 30 = 0 to the point (—2, 6, 3). 
22. Find the perpendicular distance between the parallel planes 
4x —8y —zt9-—0 and 4x—8y—z—6-0 
23. Find the perpendicular distance between the parallel planes 
4y —32— 6-0 and 8y—6z—27-0 
24. Prove that the undirected distance from the plane ax + by + cz + d = 0 to the point (xo, Yo, zo) is given by 


laxo + byo + czo + dl 
Vetere 
25. Prove that the perpendicular distance between the two parallel planes ax + by + cz + d, = 0 and ax + by+cz+d,=0 
is given by 
|d T d| 
VELET 
26. If a, b, and c are nonzero and are the x intercept, y intercept, and z intercept, respectively, of a plane, prove that an 
equation of the plane is 


x zZ 
Epig a 
ü c 


> 


This is called the intercept form of an equation of a plane. 


16.5 LINES IN R, 


^ L 


(Xo, Yo, Zo) Po 


>y 


Figure 16.5.1 
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Let L be a line in R, such that it contains a given point Po (xo, yo, Zo) and is 
parallel to the representations of a given vector R = (a, b, c). Figure 16.5.1 
shows a sketch of line L and the position representation of vector R. Line L 
is the set of points P (x, y, z) such that V(B,P) is parallel to the vector R. So 
P is on the line L if and only if there is a nonzero scalar t such that 


V(B,P) =R (1) 
Because V(B,P) = (x — xo, V — Yo, Z — zo) we obtain from (1) 
(x — Xo, V — Yo, Z — zo) = t(a, b, c) 
from which it follows that 
x— x= ta y — yo tb z— %= tc 


or, equivalently, 


(2) 


Letting the parameter t be any real number (i.e., t takes on all values 
in the interval (—9, +%)), the point P may be any point on the line L. 
Therefore, Eqs. (2) represent the line L, and we call these equations 
parametric equations of the line. 


EXAMPLE 1: Find parametric 
equations of the line that is paral- 
lel to the representations of the 
vector R = (11, 8, 10) and con- 
tains the point (8, 12, 6). Draw a 
sketch of the line and the position 
representation of R. 


SOLUTION: From Eqs. (2) we have as parametric equations of the line 
x=8+ 11t y=12+8t z=6+ 10t 
Figure 16.5.2 shows the required sketch. 


(11,8,10) 


m 12, 6) 


> ese A a oa 


SDT TT 


N 


x Figure 16.5.2 


If none of the numbers a, b, or c is zero, we can eliminate t from Eqs. 
(2) and obtain 


(3) 
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These equations are called symmetric equations of the line. 

The vector R — (a, b, c) determines the direction of the line, and the 
numbers a, b, and c are called direction numbers of the line. Any vector par- 
allel to R has either the same or the opposite direction as R; hence, such a 
vector can be used in place of R in the above discussion. Because the com- 
ponents of any vector parallel to R are proportional to the components of 
R, we can conclude that any set of three numbers proportional to a, b, and 
c also can serve as a set of direction numbers of the line. So a line has an 
unlimited number of sets of direction numbers. We write a set of direction 
numbers of a line in brackets as [a, b, c]. In particular, if [2, 3, 4] repre- 
sents a set of direction numbers of a line, other sets of direction num- 
bers of the same line can be represented as [4, 6, —8], [1, $, —2], and 


[2/ V29, 3/ V29, —4/ V29 ]. 


EXAMPLE2: Find symmetric 
equations of the line of Example 1. 


SOLUTION: A set of direction numbers of the line is [11, 8, 10]. Therefore, 
from (3) we have as symmetric equations of the line 
x—8 y-—12 z-—6 
u = 8 — 10 


EXAMPLE 3: Find two sets of sym- 
metric equations of the line 
through the two points (—3, 2, 4) 
and (6, 1, 2). 


SOLUTION: Let P, be the point (—3, 2, 4) and P, be the point (6, 1, 2). 
Then the required line is parallel to the representations of the vector 


—— 
V (P,P,), and so the components of this vector constitute a set of direction 


numbers of the line. V(P,P2) = (9,—1,—2). Taking P, as the point 
(—3, 2, 4), we have from (3) the equations 


9 Fl =2 


x+3 y—2 z—4 


Another set of symmetric equations of this line is obtained by taking P, as 
the point (6, 1, 2), and we have 
x—6 _ y-1_z-2 


9 —1 —2 


Equations (3) are equivalent to the system of three equations 
b(x— xo) =aly—Yo)  c(x—3x)-—a(z—z)  c(y— Yo) = b(z— zo) (4) 


Actually, the three equations in (4) are not independent because any one 
of them can be derived from the other two. Each of the equations in (4) is 
an equation of a plane containing the line L represented by Eqs. (3). Any 
two of these planes have as their intersection the line L; hence, any two of 
the Eqs. (4) define the line. However, there is an unlimited number of 
planes which contain a given line and because any two of them will deter- 
mine the line, we conclude that there is an unlimited number of pairs of 
equations which represent a line. 


Figure 16.5.3 
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If one of the numbers a, b, or c is zero, we do not use symmetric equa- 
tions (3). However, suppose for example that b — 0 and neither a nor c is 
zero. Then we can write as equations of the line 


X= NX .Z—2y 
c 


p and yy, 


(5) 


A line having symmetric equations (5) lies in the plane y = y, and 
hence is parallel to the xz plane. Figure 16.5.3 shows such a line. 


EXAMPLE 4: Given the two planes 
xt3y—z—9-0 
and 
2x —3y t 4z t 3-0 
For the line of intersection of these 
two planes, find (a) a set of sym- 


metric equations and (b) a set of 
parametric equations. 


SOLUTION: If we solve the two given equations for x and y in terms of z, 
we obtain 
x—-—zt2 y=§zt 4 


from which we get 


x—2 ER m. _z—0 

=A 3 1 
or, equivalently, 

rco. qc cz 

=3 2 3 


| which is a set of symmetric equations of the line. A set of parametric equa- 


tions can be obtained by setting each of the above ratios equal to t, and we 
have 
x=2—3t 


y—$--20 z=3t 


EXAMPLES: Find the direction 
cosines of a vector whose repre- 
sentations are parallel to the line 
of Example 4. 


SOLUTION: From the symmetric equations of the line in Example 4, we see 
that a set of direction numbers of the line is [-3, 2, 3]. Therefore, the vector 
(—3, 2, 8) is a vector whose representations are parallel to the line. The 
direction cosines of this vector are as follows: cos «— —3/ V22, 


cos 8 =|2/ V22 , cos y = 3/ V22. 
EXAMPLE 6: Find equations of the i SOLUTION: Let Ia, b, d be a set of direction numbers of the required line. 


line through the point (1, —1, 1), 


perpendicular to the line 


3x = 2y =z 


and parallel to the plane 
x+ty—z=0 


The equations 3x = 2y = z can be written as 


x-0 y—0 z-0 
bo ow 4 
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which are symmetric equations of a line. A set of direction numbers of this 
line is [5, 4, 1]. Because the required line is perpendicular to this line, it 
follows that the vectors (a, b, c) and (4,4, 1) are orthogonal. So 
(a, b, c) ($$ 1) =0 
or, equivalently, 
dactibtc-0 (6) 
A normal vector to the plane x + y — z —0 is (1, 1, —1). Because the 
required line is parallel to this plane, it is perpendicular to representations 


of the normal vector. Hence, the vectors (a,b,c) and (1,1,—1) are 
orthogonal, and so 


(a,b,c) + (1, 1,1) =0 
or, equivalently, 

at+b—c=0 (7) 
Solving Eqs. (6) and (7) simultaneously for a and b in terms of c we get 
a=9c and b=~8c. The required line then has the set of direction 


numbers [9c, —8c, c] and contains the point (1, —1, 1). Therefore, sym- 
metric equations of the line are 


x-1 ytl z-1 
9c —8c c 


or, equivalently, 


x—1 y+1 z-1 
9 —8 1 


EXAMPLE 7: [f4 is the line 
through A (1, 2, 7) and 

B(—2,3, —4) and l, is the line 
through C (2, —1, 4) and 
D(5,7,—3), prove that l and l, 
are skew lines (i.e., they do not lie 
in one plane). 


SOLUTION: To show that two lines do not lie in one plane we demonstrate 
that they do not intersect and are not parallel. Parametric equations of a 
line are 


x — xo ta y =Y t tb z= zZz + tc 


where [a, b, c] is a set of direction numbers of the line and (xo, Yo, Zo) is any 


| point on the line. Because V(AB) = (—3, 1, —11), a set of direction 
| numbers of I, is [-3, 1, —11]. Taking A as the point Po, we have as para- 
: metric equations of l, 


x=1-3t y=2+t z—7-—11t (8) 


| Because v(CD) = (3, 8, —7), and l, contains the point C, we have as 


parametric equations of l, 
x=2+3s y ——1- 8s z-—4-— 7s (9) 


Because the sets of direction numbers are not proportional, l, and l, are not 
parallel. For the lines to intersect, there have to be a value of t and a value 
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| of s which give the same point (xi, y,, z;) in both sets of Eqs. (8) and (9). 
Therefore, we equate the right sides of the respective equations and ob- 
. tain 
1—3t=2+3s 
| 2+t=-1+8s 
7 — llt — 4 — 7s 


| Solving the first two equations simultaneously, we obtain s= y and 
| t— —4. This set of values does not satisfy the third equation; hence, the 
| 


two lines do not intersect. Thus, n and l are. skew lines. 


Exercises 16.5 


In Exercises 1 through 6, find parametric and symmetric equations for the line satisfying the given conditions. 
1. Through the two points (1, 2, 1) and (5, —1, 1). 

2. Through the point (5,3, 2) with direction numbers [4, 1, —1]. 

3. Through the point (4, —5, 20) and perpendicular to the plane x + 3y — 6z — 8 = 0. 

4. Through the origin and perpendicular to the lines having direction numbers [4, 2, 1] and [—3, —2, 1]. 

5. Through the origin and perpendicular to the line 1(x — 10) = 3y = 4z at their intersection. 

6. Through the point (2, 0, —4) and parallel to each of the planes 2x + y — z = 0 and x + 3y + 5z — 0. 

7. Show that the lines 

x+1 yt4 2-2 x-3 y+14 z—8 
rr "^ i 8  -38 


are coincident. 


8. Prove that the line x + 1 = —$(y — 6) =z lies in the plane 3x + y —z = 3. 


The planes through a line which are perpendicular to the coordinate planes are called the projecting planes of the line. In 
Exercises 9 through 12, find equations of the projecting planes of the given line and draw a sketch of the line. 


9. 3x —2y + 5z —30—0 10. x +y—3z+1=0 11. x— 2y —3z+6=0 12. 2x— y +z—7=0 
2x + 3y —10z—6=0 2x—y—3z+14=0 x+y+z-1=0 4x —y + 3z—-13=0 


13. Find the cosine of the measure of the smallest angle between the two lines x= 2y+4,z=—y+4, and x= y +7, 
2z=yt2. 


14. Find an equation of the plane containing the point (6, 2, 4) and the line $(x—1) =@(y + 2) =#(z—3). 


In Exercises 15 and 16 find an equation of the plane containing the given intersecting lines. 


x-2 yt3 z+2 3x+2y+z+2=0 x y-2 z-1 x y-2 z-1 
POLI pco Locus eis Wego ede c eq AO Ep 
17. Show that the lines 


3x-y—z-0 and EE 
8x — 2y —3z+1=0 3x—y—-z+5=0 


are parallel and find an equation of the plane determined by these lines. 
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18. Find equations of the line through the point (1,—1, 1), perpendicular to the line 3x = 2y = z, and parallel to the plane 
xty—z=0. 


19. Find equations of the line through the point (3, 6, 4), intersecting the z axis, and parallel to the plane x — 3y + 5z — 6 — 0. 


20. Find equations of the line through the origin, perpendicular to the line x = y — 5, z = 2y — 3, and intersecting the line 
y=2x+1,z=x+2. 


21. Find the perpendicular distance from the point (—1, 3, —1) to the line x — 2z =7, y=1. 


22. Find the perpendicular distance from the origin to the line 


X=—-2+9t y=7—-łt z=4+łt 

23. Prove that the lines 
x-1 y-2 z+1 x-2 ytl- 2+3 
Bc o age Aa a 


are skew lines. 


24. Find equations of the line through the point (3, —4, —5) which intersects each of the skew lines of Exercise 23. 


16.6 CROSS PRODUCT Let A and B be two nonparallel vectors. Representations of these two 
vectors having the same initial point determine a plane as shown in Fig. 
16.6.1. We show that a vector whose representations are perpendicular to 
this plane is given by the vector operation called the cross product of the 
two vectors A and B. The cross product is a vector operation for vectors in 
V; that we did not have for vectors in V,. We first define this operation and 
then consider its algebraic and geometric properties. 


Figure 16.6.1 
16.6.1 Definition If A= (a,, as, a3) and B = (b,, b,, bs), then the cross product of A and B, 
denoted by A X B, is given by 
A X B= (jb; — agba, aab, — a5bs, aba — asbi) (1) 
Because the cross product of two vectors is a vector, the cross product 


also is called the vector product. The operation of obtaining the cross prod- 
uct is called vector multiplication. 


EXAMPLE 1: Given A = (2,1, —3); SOLUTION: Using Definition 16.6.1, we have 
and B — (3, —1, 4), find A X B. AX B= Q,1,—3) X 3, —1, 4) 

= ((1) (4) — (C3)(-1), (—3)(3) — (2) (4), (2) 71) — (1) (3)) 
—(4—3,—9—8,—2—3) | 

= (1,—17, —5) 

| =i-—17j —5k 


EXAMPLE2: Use the mnemonic 
device employing determinant 
notation to find the cross product 
of the vectors of Example 1. 
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There is a mnenomic device for remembering formula (1) that makes 
use of determinant notation. A second-order determinant is defined by 
the equation 


a b 


q|^ 44 — be 


where a, b, and c are real numbers. For example, 


à $-39-(06c2-7 


Therefore, formula (1) can be written as 


E a3|._ | ay az). | As 
xc ME LM ME M 
The right side of the above expression can be written symbolically as 
i j k 
ay Ay a3 
b b b 


which is the notation for a third-order determinant. However, observe 
that the first row contains vectors and not real numbers as is customary 
with determinant notation. 


SOLUTION: 


i j k 
AxB-p 1 —3 
| 3 ep 4 
NEUEN UNE ME 
=|) 4! 5 415+ [3 EL 


=[(1) (4) — (73) (701i — [(2) (4) — (—3) (3) ]j 
+ [Q) C71) — (1) (3) Jk 


-i—17j—5k 


16.6.2 Theorem 


If A is any vector in V;, then 


(i) AXA=0 
(ii) 0X A=0 
(iii) AX 0-0 


PROOF OF (i): If A= (a, do, a3), then by Definition 16.6.1 we have 
A X A= (A43 — Agha, A3Aı — 103, 105 — 0504) 
— (0, 0, 0) 
=0 
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Figure 16.6.2 
16.6.3 Theorem 


16.6.4 Theorem 


The proofs of (ii) and (iii) are left for the reader (see Exercise 13). a 

By applying Definition 16.6.1 to pairs of unit vectors i, j, and k, we ob- 
tain the following: 

ixi=jxj=kxk=0 

ixj=k jxk=i kxi=j 

jxi=-k kXj--i ixk=-j 

As an aid in remembering the above cross products, we first notice 
that the cross product of any one of the unit vectors i, j, or k with itself is 
the zero vector. The other six cross products can be obtained from Fig. 
16.6.2 by applying the following rule: The cross product of two consecutive 
vectors, in the clockwise direction, is the next vector; and the cross product 


of two consecutive vectors, in the counterclockwise direction, is the nega- 
tive of the next vector. 

It can be easily seen that cross multiplication of two vectors is not 
commutative because in particular i X j # j X i. However, i X j= kand 
jXi—--—k and so iXj-—-(jXi). It is true in general that 
AXB —-—(B X A), which we state and prove as a theorem. 


If A and B are any vectors in V;, 
AXB-—-—(BXA) 


PROOF: IfA = (a, az, a3) and B = (b, bz, bs), then by Definition 16.6.1 we 
have 


A X B = (dsbs — a3b2, azbı — a,b5, a,b, — asbi) 
= —1(asb, — abg, a,b4 — abi, ab, — a,by) 
=—(BXA) E 
Cross multiplication of vectors is not associative. This is shown by the 
following example: 
ix (ixj)=ixk=-j 
(ixi)Xj=O0xj=0 
So 
ix (ixj) # GXi) Xj 


Cross multiplication of vectors is distributive with respect to vector 
addition, as given by the following theorem. 


If A, B, and C are any vectors in V3, then 


AX (B+C)=AXB+AXC (2) 


16.6.5 Theorem 


EXAMPLE 3: Find the cross prod- 
uct of the vectors in Example 1 by 
applying Theorems 16.6.4 and 
16.6.5. 


SOLUTION: 


16.6 CROSS PRODUCT 835 


Theorem 16.6.4 can be proved by letting A= (a,, a, a), B= 
(bi, bo, bs), and C= (6, cs, C3), and then showing that the components of 
the vector on the left side of (2) are the same as the components of the 
vector on the right side of (2). The details are left for the reader (see Exer- 
cise 14). 


If A and B are any two vectors in V, and c is a scalar, then 


(i) (cA) XB— A X (cB); 
(ii) (cA) X B— c(A X B). 


The proof of Theorem 16.6.5 is left for the reader (see Exercises 15 
and 16). 

Repeated applications of Theorems 16.6.4 and 16.6.5 enable us to com- 
pute the cross product of two vectors by using laws of algebra, provided 
we do not change the order of the vectors in cross multiplication, which is 
prohibited by Theorem 16.6.3. The following example illustrates this. 


A X B= (i-j—3k) x (3i —j + 4k) 
—6(ixi)—2(1Xj) -8( x k) + 3(j X i) -1( xj) 
+ 4(j X k) — 9(k X i) - 3(k x j) — 12(k x k) 
6(0) — 2(k) + 8(—j) + 3(-k) — 1(0) 
+ 4(i) — 9(j) + 3(-i) — 12(0) 
=—2k — 8j — 3k + 4i — 9j — 3i 
= i— 17j— 5k 


The method used in the solution of Example 3 gives a way of finding 
the cross product without having to remember formula (1) or to use deter- 
minant notation. Actually all the steps shown in the solution need not be 
included because the various cross products of the unit vectors can be ob- 
tained immediately by using Fig. 16.6.2 and the corresponding rule. 


EXAMPLE 4: Prove that if A and B | 
are any two vectors in V3, 
|A x B|? = |AF]BI* —(A - B)? 


‘SOLUTION: Let A = (81, Az, as) and B= (bi, bs, bs). Then 
JA x B|? = (aba — a3b5)? + (ab, — a,b3)? + (a,b — ab)? 
= ab? — 2ajasbsbs + as? bs? + as? b,? — 2a,a3b1b3 
+ a,2b3? + a,?b? — 2a,asb,b, + agb)? 
|AP|B|? — (A + B)? = (a? + as? + a3?) (bj? + b? + b3?) 
— (ab, + azb, + azb)? 
= aj b, + a,b? + ab? + abg? agb? 


+ ab? = 24,43b,b, FS 2a5a3bsbs CIS 2a,05b,b, 
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16.6.6 Theorem 


Figure 16.6.3 


EXAMPLE 5: Show that the quad- 
rilateral having vertices at 

P(1, 2, 3), Q(4, 3, 71), 

R(2, 2, 1), and S(5, 7, —3) isa 
parallelogram and find its area. 


' 


| 


Comparing the two expressions, we conclude that 
| |AX BP = lAPIBE — (A - B)? 


The formula proved in Example 4 is iseka to us in proving ET fallu 
ing theorem from which we can obtain a geometric interpretation of the 
cross product. 


If A and B are two vectors in V; and 0 is the radian measure of the angle 
between A and B, then 


|A x B| = |A||B| sin 6 (3) 


PROOF: From Example 4 we have 
|A X B|? = |A|?|B)? — (A = B)? (4) 


From Theorem 16.3.4, if 0 is the radian measure of the angle between A 
and B, we have 


A: B= |A||B| cos 0 (5) 
Substituting from (5) into (4) we get 
|A x B|? = |AP?|B? — |A]?|B]? cos? 6 
= |A|?|B]?(1 — cos? 0) 


So 
|A X B|? = |A/?|B/? sin? @ (6) 
Because 0 < 0 < 77, sin 0 = 0. Therefore, from Eq. (6), we get 
|A x B| = |A|B] sin 6 a 


We consider now a geometric interpretation of |A X B|. Let PR bea 


representation of A and let PQ bea representation of B. Then the angle 
between the vectors A and B is the angle at P in triangle RPQ (see Fig. 
16.6.3). Let the radian measure of this angle be 6. Therefore, the number of 


square units in the area of the parallelogram having PR and PQ as adjacent 
sides is |A||B| sin 0 because the altitude of the parallelogram has length 
|B| sin 0 units and the length of the base is |A| units. So from Eq. (3) it 
follows that |A X B| square units is the area of this perdlelogram. 


| SOLUTION: Figure 16.6.4 shows the quadrilateral PQSR. 


V(PQ) = (4—1,3— (—2), (-1) 23) = (3, 5, —4) 
V(PR) = (2—1,2— (—2),1—3) = (1,4, —2) 
V(RS) = (5—2,7—2,—3— 1) = (3,5,—4) 
V(QS) = (5-4,7 - 3, —3 — (-1)) = (1, 4, 2) 


Figure 16.6.4 
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Because V(PQ) = V (RŠ) and V(PR) = V (Q5), it follows that PQ is paral- 
lel to RS and PR is parallel to QS. Therefore, PQSR is a parallelogram. 
Let A= V(PR) and B= V(PO), then 
A X B= (i+ 4j — 2k) x (3i + 5j — 4k) 
=3(iX i) +5(i x j) —4(i X k) +12(j X i) + 20( Xj) 
— 16(j X k) — 6(k X i) — 10(k x j) + 8(k X k) 
= 3(0) + 5(k) — 4(—j) + 12(—k) + 20(0) — 16(i) 
— 6(j) — 10-1) + 8(0) 
= —6i — 2j — 7k 


Hence, 


[A x B| = V36+4+49 = V89 


The area of the parallelogram is therefore V89 square units. 


16.6.7 Theorem 


16.6.8 Theorem 


The following theorem, which gives a method for determining if two 
vectors in V; are parallel, follows from Theorem 16.6.6. 


If A and B are two nonzero vectors in V3, A and B are parallel if and only if 
AXB=0. 


proor: Because neither A nor B is the zero vector, |A| # 0 and |B] # 0. 
Therefore, from Eq. (3), |A X B| = 0 if and only if sin 0 — 0. Because 
[A x B| = 0 if and only i£ A X B = 0 and sin 0 = 0 (0 = 0 x 7) if and only 
if 0 — 0 or z, we can conclude that 


AXB=0 ifandonly if 0=0 orm 


However, from Definition 16.3.5 two vectors are parallel if and only if the 
radian measure of the angle between the two vectors is 0 or 7, and so the 
theorem follows. a 


The product A > (B X C) is called the triple scalar product of the 
vectors A, B, and C. Actually, the parentheses are not needed because 
A * B is a scalar, and therefore A - B X C can be interpreted only in one 
way. 


If A, B, and C are vectors in V3, then 
A:BXC-AXB-C (7) 


Theorem 16.6.8 can be proved by letting A= (aj, Az, 43), 
B= (b,, by, b), and C= (ci, cs c3) and then by showing that the number 
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EXAMPLE 6: Verify Theorem 
16.6.8 if A= (1, —1, 2), B= 
(3, 4, —2), and C = 


(—5, 1, —4). 


on the left side of (7) is the same as the number on the right. The details 
are left for the reader (see Exercise 17). 


SOLUTION: 
B x C= (3i + 4j —2k) x (—5i + j — 4k) 
= 3k — 12(—j) — 20(—k) — 16i + 10j — 2(—i) 
= —14i + 22j + 23k 


A (BX C) = (1, —1, 2) + (14, 2,23) =—14 — 22 + 46 
= 10 
AX B= (i—j + 2k) X (3i + 4j — 2k) 
= 4k — 2(—j) — 3(-k) + 2i + 6j + 8 (—i) 
— —6i + 8j + 7k 
(A x B): C= (6, 8,7) * (-5,1, —4) 
= 30 + 8 — 28 
= 10 


This verifies the theorem for these three vectors. 


— 


16.6.9 Theorem 


If A and B are two nonzero and nonparallel vectors in V;, then the vector 
A X B is orthogonal to both A and B. 
PROOF: From Theorem 16.6.8 we have 

A'AXB—AXA-B 


From Theorem 16.6.2(i), A X A — 0. Therefore, from the above equation 
we have 


A'AXB-—0-B-—0 
Because the dot product of A and A X B is zero and neither A nor A X B is 
the zero vector, it follows from Theorem 16.3.7 that A and A X B are 


orthogonal. f 
We also have from Theorem 16.6.8 that 


AXB:B=A:BXB 

Again applying Theorem 16.6.2 (i), we get B X B = 0, and so from 
the above equation we have 

AXB: B=A:0=0 
Therefore, since the dot product of A X B and B is zero and neither A nor 
A X B is 0, A X B and B are orthogonal and the theorem is proved. W 
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From Theorem 16.6.9 we can conclude that if representations of the 
vectors A, B, and A X B, have the same initial point, then the represen- 
tation of A X B is perpendicular to the plane formed by the representa- 
tions of A and B. 


EXAMPLE7: Given the points 
P(—1, —2, —3), Q(-2, 1, 0), and 
R(0, 5, 1), find a unit vector 
whose representations are per- 
pendicular to the plane through 
the points P, Q, and R. 


SOLUTION: Let A= V(PQ) and B= V(PR). Then 


A= (—2- (—1), = (—2), 0 — (—3)) = (1, 3, 3) 

B—(0—(-1,5—(-2)5,1— C73) = (1,7, 4) 

The plane through P, Q, and R is the plane formed by PÒ and PR, 
which are, respectively, representations of vectors A and B. Therefore, any 
representation of the vector A X B is perpendicular to this plane. 

A X B= (—i+ 3j + 3k) x (i+ 7j + 4k) =—9i + 7j — 10k 


The desired vector is a unit vector parallel to A X B. To find this unit 
vector we apply Theorem 16.2.9 and divide A X B by |A X B|, and we ob- 
tain 

AXB_ 9 i+ 7 ,. . 10 k 

lA X B| v230 v530 ! v530 


EXAMPLE 8: Find an equation of 
the plane through the points 
P(1, 3, 2),Q(3, —2, 2), and 
R(2, 1,3). 


SOLUTION: V(QR) =—i+3j+k and V(PR) =i- 2j+k. A normal 
vector to the required plane is the cross product V( QR) x V(PR), which 


| is 


(—i+3j+ k) X (i— 2j +k) = 5i+2j—k 
So if P, = (1,3,2) and N = (5,2,—1), from Theorem 16.4.2 we have as an 
equation of the required plane 

5(x—1)4*2(y —3)—(2—2) 20 
or, equivalently, 

5x +2y—z—9=0 


Figure 16.6.5 


A geometric interpretation of the triple scalar product is obtained by 
considering a parallelepiped having edges PQ, PR, and PS, and letting A— 
V(PQ), B= V(PR), and C = V (P$). See Fig. 16.6.5. The vector A X B is 
a normal vector to the plane of PO and PR. The vector — (A X B) is also a 
normal vector to this plane. We are not certain which of the two vectors, 
(A X B) or — (A X B), makes the smaller angle with C. Let N be the one of 
the two vectors (A X B) or —(A X B) that makes an angle of radian 
measure 9 < 37 with C. Then the representations of N and C having their 
initial points at P are on the same side of the plane of PQ and PR as shown 
in Fig. 16.6.5. The area of the base of the parallelepiped is |A X B| square 
units. If h units is the length of the altitude of the parallelepiped, and if V 
cubic units is the volume of the parallelepiped, 


V— |A x Blk (8) 
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Consider now the dot product N° C. By Theorem 16.3.4, N : C= 
|N||C| cos 8. But h = |C] cos 6, and so N *: C= |N|h. Because N is either 
(A X B) or —(A XB), it follows that |N| = |A x B|. Hence, we have 


N-C=|AX Blh (9) 
Comparing Eqs. (8) and (9) we have 

N:C=V 
It follows that the measure of the volume of the parallelepiped is either 


(A X B) -C or —(A X B) - C; that is, the measure of the volume of the 
parallelepiped is the absolute value of the triple scalar product A X B - C. 


EXAMPLE9: Findthe volume of 
the parallelepiped having vertices 
P(5, 4, 5), Q(4, 10, 6), R(1, 8,7), 


and S(2, 6, 9) and edges PQ, PR, 
and P$. 


S (2, 6,9) 


i aC iS 


Q(4, 10, 6) 


| IN I 
P X 4, 5) 


x 


Figure 16.6.6 


LELrrrriririlus, | 


SOLUTION: Figure 16.6.6 shows the parallelepiped. Let A— V(PQ) = 
(-1, 6, 1), B= V(PR) = (—4 4, 2), and C= V(PS) = (—3, 2, 4). Then 
Ax B= (—i + 6j + k) X (—4i + 4j + 2k) = 8i — 2j + 20k 
Therefore, 
(A x B) - C= (8, —2, 20) + (—3, 2, 4) =—24 — 4 + 80 = 52 


Thus, the volume is 52 cubic units. 


EXAMPLE 10: Find the distance 
between the two skew lines, /, and 
l», of Example 7 in Sec. 16.5. 


` SOLUTION: 


Because l, and l, are skew lines, there are parallel planes P, 
and P, containing the lines /, and L, respectively. See Fig. 16.6.7. Let d 
units be the distance between planes P, and P,. The distance between I, 


and l, is also d units. A normal vector to the two planes is N = V(AB) 
x V(CD). Let U be a unit normal vector in the direction of N Then 
_ _V(AB) x V(CB) 
IV(AB) x v(CD)| 
Now we take two points, one in each plane (e.g., B and C). Then the scalar 
projection of V(CB) on N is V(CB) - U, and 
V(AB) x V(CD) 


d= |V(CÀ) - U| = |v(CB) - —— > 
IV(AB) x V(CD)| 
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Performing the computations required, we have 


v(AB) -—3i-j—11k — V(CD) =3i+ 8j — 7k 


E bse >. J k 
N-V(AB)xV(CD-2-3 1 —11| =27(3i- 27 k) 
3 8 -7 


t 27(3i—2j-k) _3i—2j-k 
V27? (33 + 22 + 17) V14 


Finally, V(CB) — —4i + 4j — 8k, and so 


d= |v(CB) -U| =fr -2-8 + 8| - Je = É vie 


Figure 16.6.7 


Exercises 16.6 
In Exercises 1 through 12, let A= (1,2,3), B = (4, 3, 1), C= (-5,-3,5), D— (-2,1,6), E— (4,0,—7), and F = (0,2,1). 
1. Find A X B 2. FindD XE 
3. Find (C X D) + (EX F) '4. Find (CX E) - (DX F) 
5. Verify Theorem 16.6.3 for vectors A and B. 
6. Verify Theorem 16.6.4 for vectors A, B, and C. 
7. Verify Theorem 16.6.5(i) for vectors A and B and c = 3. 
8. Verify Theorem 16.6.5(ii) for vectors A and B and c = 3. 
9. Verify Theorem 16.6.8 for vectors A, B, and C. 
10. Find (A X B) X C and A X (B X C). 
11. Find (A+B) X (C— D) and (D — C) X (A+ B) and verify they are equal. 
12. Find |A X B|]C X DJ. 
13. Prove Theorem 16.6.2(ii) and (iii). 14. Prove Theorem 16.6.4. 
15. Prove Theorem 16.6.5(i). 16. Prove Theorem 16.6.5(ii). 
17. Prove Theorem 16.6.8. 
18. Given the two unit vectors 
A=#i+4j—#k and B=—#i+4j+4k 
If 0 is the radian measure of the angle between A and B, find sin 0 in two ways: (a) by using the cross product (formula 
(3) of this section); (b) by using the dot product and a trigonometric identity. 


19. Follow the instructions of Exercise 18 for the two unit vectors: 


=i Abk and B= 


1 5 1 
A —= i+ — j+-—— 
3v3 it aval tak 


842 VECTORS IN THREE-DIMENSIONAL SPACE AND SOLID ANALYTIC GEOMETRY 


20. Show that the quadrilateral having vertices at (1, 1, 3), (—2, 1, —1), (—5, 4,0), and (—8, 4, —4) is a parallelogram and 
find its area. 


21. Show that the quadrilateral having vertices at (1, —2, 3), (4, 3, —1), (2, 2, 1), and (5, 7, —3) is a parallelogram and 
find its area. 


22. Find the area of the parallelogram PQRS if V(PQ) — 3i — 2j and V(P$) = 3j + 4k. 

23. Find the area of the triangle having vertices at (0, 2, 2), (8, 8, 2), and (9, 12,6). 

24. Find the area of the triangle having vertices at (4, 5, 6), (4, 4, 5), and (3, 5, 5). 

25. Let OP be the position representation of vector A, (eye) be the position representation of vector B, and OR be the posi- 
tion representation of vector C. Prove that the area of triangle POR is 3|(B — A) X (C— A)|. 

26. Find a unit vector whose representations are perpendicular to the plane containing PQ and PR if PQ is a representa- 
tion of the vector i + 3j — 2k and PR isa representation of the vector 2i — j — k. 


27. Given the points P(5, 2, —1), Q(2, 4, —2), and R(11, 1, 4). Find a unit vector whose representations are perpendicular 
to the plane through points P, Q, and R. 


28. Find the volume of the parallelepiped having edges PQ, PR, and P$ if the points P, Q, R, and S are, respectively, 
(1, 3, 4), (3, 5, 3), (2, 1, 6), and (2, 2, 5). 


29. Find the volume of the parallelepiped PQRS if the vectors v(PO), V(PR), and V(PS) are, respectively, i + 3j + 2k, 
2i+j—k,andi—2j+k. 


30. If A and B are any two vectors in V;, prove that (A — B) X (A+ B) = 2(A x B). 

In Exercises 31 and 32, use the cross product to find an equation of the plane containing the given three points. 
31. (—2, 2, 2), (-8,1, 6), (3, 4, —1) 32. (a, b, O), (a, 0, c), (0, b, c) 

In Exercises 33 and 34, find the perpendicular distance between the two given skew lines. 


33 x-1 y—2 z+1 d xt2 ytl z—3 xtl yt2 z-1 x-1 y—1 z-*l1 
"5 3 "A 4 2 3 ane cu 8 5 a. 


35. Let P, Q, and R be three noncollinear points in R; and OP, oO, and OR be the position representations of vectors A, 
B, and C, respectively. Prove that the representations of the vector A X B+ B X C+ C X A are perpendicular to the 
plane containing the points P, Q, and R. 


16.7 CYLINDERS AND As mentioned previously, the graph of an equation in three variables is a 
SURFACES OF REVOLUTION surface. A surface is represented by an equation if the coordinates of every 
point on the surface satisfy the equation and if every point whose coordi- 
nates satisfy the equation lies on the surface. We have already discussed 
two kinds of surfaces, a plane and a sphere. Another kind of surface that is 
fairly simple is a cylinder. You are probably familiar with right-circular 
cylinders from previous experience. We now consider a more general 
cylindrical surface. 


16.7.1 Definition A cylinder is a surface that is generated by a line moving along a given 
plane curve in such a way that it always remains parallel to a fixed line not 
lying in the plane of the given curve. The moving line is called a generator 


x 
Figure 16.7.1 


Zz 


Figure 16.7.2 


Z 


Figure 16.7.3 
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of the cylinder and the given plane curve is called a directrix of the cylin- 
der. Any position of a generator is called a ruling of the cylinder. 


We confine ourselves to cylinders having a directrix in a coordinate 
plane and rulings perpendicular to that plane. If the rulings of a cylinder 
are perpendicular to the plane of a directrix, the cylinder is said to be per- 
pendicular to the plane. 

The familiar right-circular cylinder is one for which a directrix is a 
circle in a plane perpendicular to the cylinder. In Fig. 16.7.1, we show a 
cylinder whose directrix is the parabola y? = 8x in the xy plane and whose 
rulings are parallel to the z axis. This cylinder is called a parabolic cylinder. 
An elliptic cylinder is shown in Fig. 16.7.2; its directrix is the ellipse 9x? 
+ 164? = 144 in the xy plane and its rulings are parallel to the z axis. Fig- 
ure 16.7.3 shows a hyperbolic cylinder having as a directrix the hyper- 
bola 25x? — 4y? = 100 in the xy plane and rulings parallel to the z axis. 

Let us consider the problem of finding an equation of a cylinder 
having a directrix in a coordinate plane and rulings parallel to the coordi- 
nate axis not in that plane. To be specific, we take the directrix in the xy 
plane and the rulings parallel to the z axis. Refer to Fig. 16.7.4. Suppose 
that an equation of the directrix in the xy plane is y — f(x). If the point 
(Xo, Yo, 0) in the xy plane satisfies this equation, any point (xo, yo, z) in 
three-dimensional space, where z is any real number, will satisfy the same 
equation because z does not appear in the equation. The points having 
representations (xo, Yo, Z) all lie on the line parallel to the z axis through 
the point (xo, yo, 0). This line is a ruling of the cylinder. Hence, any point 
whose x and y coordinates satisfy the equation y — f(x) lies on the cylin- 
der. Conversely, if the point P(x, y, z) lies on the cylinder (see Fig. 
16.7.5), then the point (x, y, 0) lies on the directrix of the cylinder in 
the xy plane, and hence the x and y coordinates of P satisfy the equation 
y — f(x). Therefore, if y — f(x) is considered as an equation of a graph in 


z z 


(xo, yo, O) y = f(x) (x, y, 0) 


Figure 16.7.4 x Figure 16.7.5 
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three-dimensional space, the graph is a cylinder whose rulings are parallel 
to the z axis and which has as a directrix the curve y — f(x) in the plane 
z — 0. A similar discussion pertains when the directrix is in either of the 
other coordinate planes. The results are summarized in the following 
theorem. 


16.7.2 Theorem In three-dimensional space, the graph of an equation in two of the three 
variables x, y, and z is a cylinder whose rulings are parallel to the axis as- 
sociated with the missing variable and whose directrix is a curve in the 
plane associated with the two variables appearing in the equation. 


It follows from Theorem 16.7.2 that an equation of the parabolic cylin- 
der of Fig. 16.7.1 is y? = 8x, considered as an equation in Rj. Similarly, 
equations of the elliptic cylinder of Fig. 16.7.2 and the hyperbolic cylinder 
of Fig. 16.7.3 are, respectively, 9x? + 16y? = 144 and 25x? — 4y? = 100, both 
considered as equations in R4. 

A cross section of a surface in a plane is the set of all points of the sur- 
face which lie in the given plane. If a plane is parallel to the plane of the 
directrix of a cylinder, the cross section of the cylinder is the same as the 
directrix. For example, the cross section of the elliptic cylinder of Fig. 
16.7.2 in any plane parallel to the xy plane is an ellipse. 


EXAMPLE 1: Draw a sketch of the | SOLUTION: (a) The graph is a cylinder whose directrix in the yz plane is 


graph of each of the following the curve y = In z and whose rulings are parallel to the x axis. A sketch of 
equations: (a) y — In z; the graph is shown in Fig. 16.7.6. 
(b) 2 = æ. (b) The graph is a cylinder whose directrix is in the xz plane and 


whose rulings are parallel to the y axis. An equation of the directrix is the 
curve 2? = x? in the xz plane. A sketch of the graph is shown in Fig. 16.7.7. 


pA Z 


Figure 16.7.6 Figure 16.7.7 


16.7.3 Definition 


Figure 16.7.8 


Zz 


Figure 16.7.9 


>n 


Figure 16.7.10 
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If a plane curve is revolved about a fixed line lying in the plane of the 
curve, the surface generated is called a surface of revolution. The fixed line 
is called the axis of the surface of revolution, and the plane curve is called 
the generating curve. 


Figure 16.7.8 shows a surface of revolution whose generating curve is 
the curve C in the yz plane and whose axis is the z axis. A sphere is a par- 
ticular example of a surface of revolution because a sphere can be gen- 
erated by revolving a semicircle about a diameter. Figure 16.7.9 shows a 
sphere which can be generated by revolving the semicircle y? + z? = 7?, 
z = 0, about the y axis. Another example is a right-circular cylinder for 
which the generating curve and the axis are parallel straight lines. If the 
generating curve is the line z — k in the xz plane and the axis is the x axis, 
we obtain the right-circular cylinder shown in Fig. 16.7.10. 

We now find an equation of the surface generated by revolving about 
the y axis the curve in the yz plane having the two-dimensional equation 


z= f(y) (1) 


Refer to Fig. 16.7.11. Let P(x, y, z) beany point on the surface of revo- 
lution. Through P, pass a plane perpendicular to the y axis. Denote the 
point of intersection of this plane with the y axis by Q(0, y, 0), and let 
P,(0, y, z) be the point of intersection of the plane with the generating 
curve. Because the cross section of the surface with the plane through P is 
a circle, P is on the surface if and only if 


[QP]? = |QP,|? (2) 
Because |QP| = Vx? + z? and |QP,| = zy, we obtain from (2) 
+27 = 2,2 (3) 


The point P, is on the generating curve, and so its coordinates must 
satisfy Eq. (1). Therefore, we have 


zo — f(y) (4) 


P(x, y, 2) bo 


x 


Q(0,y, 0) 


Figure 16.7.11 
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From Eqs. (3) and (4), we conclude that the point P is on thesurface of rev- 
olution if and only if 


P+2=([fly)]? (5) 


Equation (5) is the desired equation of the surface of revolution. Because 
(5) is equivalent to 


XV + 27 = fly) 


we can obtain (5) by replacing z in (1) by + Vx? + 2?. 
In a similar manner we can show that if the curve in the yz plane 
having the two-dimensional equation 


y = g(z) (6) 


is revolved about the z axis, an equation of the surface of revolution 
generated is obtained by replacing y in (6) by +Vx*+y’. 
Analogous remarks hold when a curve in any coordinate plane is revolved 
about either one of the coordinate axes in that plane. In summary, the 
graphs of any of the following equations are surfaces of revolution having 
the indicated axis: x? + y? = [F(z) ]—z axis; x + z = [F(y) —yv axis; 
y? + 2? = [ F(x)]?—-x axis. In each case, cross sections of the surface in 
planes perpendicular to the axis are circles having centers on the axis. 


EXAMPLE2: Find an equation of 
the surface of revolution gen- 
erated by revolving the parabola 
V? — 4x in the xy plane about the x 
axis. Draw a sketch of the graph of 
the surface. 


SOLUTION: In the equation of the parabola, we replace y by + Vy? + z? 
and obtain 


yY + 2 = 4x 


A sketch of the graph is shown in Fig. 16.7.12. Note that the same surface 
is generated if the parabola z? = 4x in the xz plane is revolved about the x 
axis. 


Figure 16.7.12 


The surface obtained in Example 2 is called a paraboloid of revolution. If 
an ellipse is revolved about one of its axes, the surface obtained is called 
an ellipsoid of revolution. A hyperboloid of revolution is obtained when a 
hyperbola is revolved about an axis. 


EXAMPLE 3: Draw a sketch of the 
surface 3? + z? — 4y? — 0. 


SOLUTION: The given equation is of the form x? + z2 = [ F(y) ]?, and so its 
graph is a surface of revolution having the y axis as axis. If we solve the 
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A given equation for y, we obtain 
oy =+ VAFA 


Hence, the generating curve can be either the straight line 2y = x in the xy 
| plane or the straight line 2y = z in the yz plane. By drawing sketches of the 
| two possible generating curves and using the fact that cross sections of the 
Y surface in planes perpendicular to the y axis are circles having centers on 
the y axis, we obtain the surface shown in Fig. 16.7.13. 


x Figure 16.7.13 


The surface obtained in Example 3 is called a right-circular cone. 


Exercises 16.7 

In Exercises 1 through 8, draw a sketch of the cylinder having the given equation. 
1. 4x? + 9y? = 36 2, ó)— 2 —4 3. y= |z] 4.z=siny 
5. z= 2x? 6. P= 7. y=coshx 8. z? = 4y? 


In Exercises 9 through 14, find an equation of the surface of revolution generated by revolving the given plane curve about 
the indicated axis. Draw a sketch of the surface. 


9. x? = 4y in the xy plane, about the y axis. 
10. x? = 4y in the xy plane, about the x axis. 
11. x? + 4z? = 16 in the xz plane, about the x axis. 
12. x? + Az? = 16 in the xz plane, about the z axis. 
13. y — sin x in the xy plane, about the x axis. 
14. y? = z’ in the yz plane, about the z axis. 
In Exercises 15 through 18, find the generating curve and the axis for the given surface of revolution. Draw a sketch of 


the surface. 
15. 334- y? —z3—4 16. y 4- 2? =e 17. 34 27 = |y| 18. 4x? + 9y? + 42? = 36 


19. The tractrix 
t t 
x-t—atanh-  y-asech- 
a a 


from x — —a to x = 2a is revolved about the x axis. Draw a sketch of the surface of revolution. 


16.8 QUADRIC SURFACES The graph of a second-degree equation in three variables x, y, and z is 
called a quadric surface. These surfaces correspond to the conics in the 


plane. 
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Figure 16.8.1 


Figure 16.8.2 


The simplest type of quadric surfaces are the parabolic, elliptic, and 
hyperbolic cylinders, which were discussed in the preceding section. 
There are six other types of quadric surfaces, which we now consider. We 
choose the coordinate axes so the equations are in their simplest form. In 
our discussion of each of these surfaces, we refer to the cross sections of 
the surfaces in planes parallel to the coordinate planes. These cross sec- 
tions help to visualize the surface. 


The ellipsoid 


x y z2 e: 

a? Y p j e f (1) 
where a, b, and c are positive (see Fig. 16.8.1). 

If in Eq. (1) we replace z by zero, we obtain the cross section of the 
ellipsoid in the xy plane, which is the ellipse x?/a? + y?/b? = 1. To obtain 
the cross sections of the surface with the planes z — k, we replace z by k in 
the equation of the ellipsoid and get 


If |k| < c, the cross section is an ellipse and the lengths of the semiaxes 
decrease to zero as |k] increases to the value c. If |k| = c, the intersection of 
a plane z = k with the ellipsoid is the single point (0,0, k). If |k| > c, there 
is no intersection. We may have a similar discussion if we consider cross 
sections formed by planes parallel to either of the other coordinate planes. 

The numbers a, b, and c are the lengths of the semiaxes of the ellip- 
soid. If any two of these three numbers are equal, we have an ellipsoid of 
revolution, which is also called a spheroid. If we have a spheroid and the 
third number is greater than the two equal numbers, the spheroid is said 
to be prolate. A prolate spheroid is shaped like a football. An oblate 
spheroid is obtained if the third number is less than the two equal 
numbers. If all three numbers a, b, and c in the equation of an ellipsoid are 
equal, the ellipsoid is a sphere. 


The elliptic hyperboloid of one sheet 


x y? z2 


where a, b, and c are positive (see Fig. 16.8.2). 

The cross sections in the planes z = k are ellipses x?/a? + y?/b? = 1 
+ k?/c?, When k = 0, the lengths of the semiaxes of the ellipse are smallest, 
and these lengths increase as |k| increases. The cross sections in the planes 
x= k are hyperbolas y?/b? — z?/c? = 1 — K?[a?. If |k| < a, the transverse axis 
of the hyperbola is parallel to the y axis, and if |k| > a, the transverse axis 
is parallel to the z axis. If k — 4, the hyperbola degenerates into two 


Figure 16.8.3 
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straight lines: y/b — z/c = 0 and y/b + z/c = 0. In an analogous manner, the 
cross sections in the planes y — k are also hyperbolas. The axis of this 
hyperboloid is the z axis. 

If a — b, the surface is a hyperboloid of revolution for which the axis is 
the line containing the conjugate axis. 


The elliptic hyperboloid of two sheets 
xt oy" d (3) 


where a, b, and c are positive (see Fig. 16.8.3). 

Replacing z by k in Eq, (3), we obtain x7/a? + y?/b? = K?/c? — 1. If 
|k] < c, there is no intersection of the plane z = k with the surface; hence, 
there are no points of the surface between the planes z = —c and z = c. If 
|k] = c, the intersection of the plane z = k with the surface is the single 
point (0, 0, k). When |k] > c, the cross section of the surface in the plane 
z —kisan ellipse and the lengths of the semiaxes of the ellipse increase as 
|k| increases. 

The cross sections of the surface in the planes x = k are the hyperbolas 
z?jc? — y?/b? = 1 + k/a? whose transverse axes are parallel to the z axis. Ina 
similar fashion, the cross sections in the planes y = k are the hyperbolas 
given by 2?/c? — x?|a? = 1 + k/b? for which the transverse axes are also par- 
allel to the z axis. 

If a = b, the surface is a hyperboloid of revolution in which the axis is 
the line containing the transverse axis of the hyperbola. 

Each of the above three quadric surfaces is symmetric with respect to 
each of the coordinate planes and symmetric with respect to the origin. 
Their graphs are called central quadrics and their center is at the origin. The 
graph of any equation of the form 

2 
pee aie 


a ib e 


where 4, b, and c are positive, is a central quadric. 


EXAMPLE 1: Draw a sketch of the 
graph of the equation 


4x? — y? + 252? = 100 


and name the surface. 


SOLUTION: The given equation can be written as 
x? y? za 
25 100 4 


which is of the form of Eq. (2) with y and z interchanged. Hence, the sur- 
face is an elliptic hyperboloid of one sheet whose axis is the y axis. The 
cross sections in the planes y = k are the ellipses x?/25 + z?/4 = 1 + k?/100. 
The cross sections in the planes x — k are the hyperbolas z?/4 — y?/100 — 
1— K3/25, and the cross sections in the planes z = k are the hyperbolas 
x?/25 — y?/100 = 1 — K?/4. A sketch of the surface is shown in Fig. 16.8.4. 
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Figure 16.8.4 


EXAMPLE 2: Draw a sketch of the 
graph of the equation 


4x? — 25y? — z? = 100 


and name the surface. 


which is of the form of Eq. (3) with x and z interchanged; thus, the surface 
is an elliptic hyperboloid of two sheets whose axis is the x axis. The cross 
sections in the planes x=k, where |k| » 5, are the ellipses y?/4 
+ z?/100 = k?/25 — 1. The planes x = k, where |k| < 5, do not intersect the 
surface. The cross sections in the planes y= k are the hyperbolas x?/25 
— 27/100 = 1 + K?/4, and the cross sections in the planes z= k are the 
hyperbolas x?/25 — y?/4 = 1 + k?/100. The required sketch is shown in Fig. 
16.8.5. 


Figure 16.8.5 


Figure 16.8.7 
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The following two quadrics are called noncentral quadrics. 
The elliptic paraboloid 
2 
zu Wm (4) 
c 


where a and b are positive and c # 0. Figure 16.8.6 shows the surface if 
c 0. 

Substituting k for z in Eq. (4), we obtain x?/a? + y?/b? = k/c. When 
k — 0, this equation becomes x*/a + y?/b? = 0, which represents a single 
point, the origin. If k # 0 and k and c have the same sign, the equation is 
that of an ellipse. So we conclude that cross sections of the surface in the 
planesz — k, where k and c have the same sign, are ellipses and the lengths 
of the semiaxes increase as |k| increases. If k and c have opposite signs, the 
planes z — k do not intersect the surface. The cross sections of the surface 
with the planes x= k and y = k are parabolas. When c > 0, the parabolas 
open upward, as shown in Fig. 16.8.6; when c < 0, the parabolas open 
downward. 

If a — b, the surface is a paraboloid of revolution. 


The hyperbolic paraboloid 
S ROTG: Sted (5) 


where a and b are positive and c # 0. The surface is shown in Fig. 16.8.7 
for c > 0. 

The cross sections of the surface in the planes z = k, where k » 0, are 
hyperbolas having their transverse axes parallel to the y axis if k and c 
have the same sign and parallel to the x axis if k and c have opposite signs. 
The cross section of the surface in the plane z — 0 consists of two straight 
lines through the origin. The cross sections in the planes x — k are parab- 
olas opening upward if c > 0 and opening downward if c « 0. The cross 
sections in the planes y = k are parabolas opening downward if c > 0 and 
opening upward if c « 0. 


EXAMPLE 3: Draw a sketch of the 
graph of the equation 


3y? + 122? = 16x 


and name the surface. 


i SOLUTION: The given equation can be written as 


yY z2 x 


16 4 3 
which is of the form of Eq. (4) with x and z interchanged. Hence, the 
graph of the equation is an elliptic paraboloid whose axis is the x axis. The 
cross sections in the planes x= k > 0 are the ellipses y?/16 + 2?/4= k/3, and 
the planes x= k < 0 do not intersect the surface. The cross sections in the 
planes y = k are the parabolas 12z? = 16x — 3K?, and the cross sections in 


* 
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| the planes z = k are the parabolas 3y? = 16x — 12K?. A sketch of the elliptic 
paraboloid is shown in Fig. 16.8.8. 


Figure 16.8.8 


graph of the equation 
3y? — 122? = 16x 


and name the surface. 


Z 


EXAMPLE 4: Draw a sketch of the 


SOLUTION: Writing the given equation as 


we see it is of the form of Eq. (5) with x and z interchanged. The surface is 
therefore a hyperbolic paraboloid. The cross sections in the planes x= 
k # 0 are the hyperbolas y?/16 — z?/4 = k/3. The cross section in the yz 
plane (x — 0) consists of the two lines y = 2z and y = —2z. In the planes 
z= k, the cross sections are the parabolas 3y? = 16x + 12K?; in the planes 
y — k, the cross sections are the parabolas 127? — 3k? — 16x. Figure 16.8.9 
shows a sketch of the hyperbolic paraboloid. 


Figure 16.8.10 


The elliptic cone 


dw d (6) 


where a, b, and c are positive (see Fig. 16.8.10). 

The intersection of the plane z = 0 with the surface is a single point, 
the origin. The cross sections of the surface in the planes z = k, where 
k 7 0, are ellipses, and the lengths of the semiaxes increase as k increases. 
Cross sections in the planes x = 0 and y = 0 are pairs of intersecting lines. 


In the planes x = k and y = k, where k # 0, the cross sections are hyper- 
bolas. 
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EXAMPLE5: Draw a sketch of the 
graph of the equation 


Ax? — y? + 2522 —0 


and name the surface. 


, SOLUTION: The given equation can be written as 


x2 y z2 B 
25 100 4 
which is of the form of Eq. (6) with y and z interchanged. Therefore, the 


surface is an elliptic cone having the y axis as its axis. The surface inter- 
sects the xz plane (y — 0) at the origin only. The intersection of the surface 


| with the yz plane (x = 0) is the pair of intersecting lines y = +5z, and the 


intersection with the xy plane (z —0) is the pair of intersecting lines 
y — X2x. The cross sections in the planes y= k #0 are the ellipses 
x?/25 + z?/4 = k?/100. In the planes x = k 0 and z = k # 0, the cross sec- 
tions are, respectively, the hyperbolas y?/100 — z?/4 = K?/25 and y?/100 


| — x°/25 = K?/4. A sketch of the surface is shown in Fig. 16.8.11. 


Figure 16.8.11 


The general equation of the second degree in x, y, and z is of the form 
ax? + by? + cz? + dxy + exz + fyz + gx + hy +iz+j=0 


where a, b, . . . ,j are constants. It can be shown that by translation and 
rotation of the three-dimensional coordinate axes (the study of which is 
beyond the scope of this book) this equation can be reduced to one of 
the following two forms: 


Ax + By? + C2?+J=0 (7) 
or 
Ax? + By? + Iz=0 (8) 


Graphs of the equations of the second degree will either be one of the 
above six types of quadrics or else will degenerate into a cylinder, plane, 
line, point, or no real locus. 

The nondegenerate curves associated with equations of the form (7) 
are the central quadrics and the elliptic cone, whereas those associated 
with equations of the form (8) are the noncentral quadrics. Following are 
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examples of some degenerate cases: 
x? — y? — 0; two planes, x— y - 0and x c y — 0 
z? = 0; one plane, the xy plane 
X + y? — 0; one line, the z axis 
xX +4? t z? — 0; a single point, the origin 


x? +y? + 2?+ 1=0; no real locus 


Exercises 16.8 


In Exercises 1 through 12 draw a sketch of the graph of the given equation and name the surface. 


1. 
4. 


7. 


10. 
13. 


14. 


15. 


16. 


17. 


4x? + Oy? + z? = 36 2. 4x? — 9y? — z? = 36 3. 4x? + 9y? — z” = 36 

4x? — 9y? + z? = 36 5. P= y?— 2? 6. P= y? +2? 

x? z y? x? x zi 

36 258 4 8. 55 +3674 9. 36 258 = FY 

x? = 2y + 4z 11. x? + 162? = 4y? — 16 12. 9y? — 4z? + 18x =0 

Find the values of k for which the intersection of the plane x + ky — 1 and the elliptic hyperboloid of two sheets 


y? — x! — z = 1 is (a) an ellipse and (b) a hyperbola. 
Find the vertex and focus of the parabola which is the intersection of the plane y — 2 with the hyperbolic paraboloid 


Show that the intersection of the hyperbolic paraboloid y?/b? — x?/a? = z/c and the plane z= bx + ay consists of two 
intersecting straight lines and hence that a hyperbolic paraboloid may be thought of as being "composed entirely of 
straight lines." 


Use the method of parallel plane sections to find the volume of the solid bounded by the ellipsoid x?/a? + y?/D? + 2/c? = 1. 
(The measure of the area of the region enclosed by the ellipse having semiaxes a and b is mab.) 


16.9 CURVES IN R, Let f,, fz, and f; be three real-valued functions of a real variable t. Then for 
16.9.1 Definition every number t in the domain common to fi, fo, and f; there is a vector R 
defined by 


R(t) = fi(t)i + fs(t)j + falf)k (1) 


and R is called a vector-valued function. 


The graph of a vector-valued function in three-dimensional space is 
obtained analogously to the way we obtained the graph of a vector-valued 
function in two dimensions in Sec. 15.4. As ¢ assumes all values in the 
domain of R, the terminal point of the position representation of the 


EXAMPLE 1: Draw a sketch of the || 


curve having the vector equation 


R(t) =a cos ti + b sin tj + tk 


b, 0) 
> 


(a, 0, 0) 


Figure 16.9.1 
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vector R(t) traces a curve C, and this curve is called the graph of (1). A 
point on the curve C has the cartesian representation (x, y, z), where 


x= f(t) y = f(t) z= f(t) (2) 


Equations (2) are called parametric equations of C, whereas Eq. (1) is 
called a vector equation of C. By eliminating t from Eqs. (2) we obtain two 
equations in x, y, and z. These equations are called cartesian equations of C. 
Each cartesian equation is an equation of a surface, and curve C is the in- 
tersection of the two surfaces. The equations of any two surfaces con- 
taining C may be taken as the cartesian equations defining C. 


SOLUTION: Parametric equations of the given curve are . 


x=acost y=b sint z=t 
To eliminate t from the first two equations, we write them as 


xX =g co?t and y?= B sin? t 


| from which we get 


2 
Z= sint 


x 
ae cos?t and 


| Adding corresponding members of these two equations, we obtain 


| Therefore, the curve lies entirely on the elliptical cylinder whose directrix 
` is an ellipse in the xy plane and whose rulings are parallel to the z axis. 
Table 16.9.1 gives sets of values of x, y, and z for specific values of t. A 


sketch of the curve is shown in Fig. 16.9.1. 


| Table 16.9.1 
t x y Zz 
0 a 0 0 
T a b T 
4 v2 v2 4 
| 70 b 1. 
2 1 2 
3v -4 b 3v 
4 v2 V2 4 
| T —a 0 T 
3T 3a 
RR —b = 
2 ° 2 


i 
l 
j 
| 
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The curve of Example 1 is called a helix. If a — b, the helix is called a 
circular helix and it lies on the right-circular cylinder x? + y* = a’. 


EXAMPLE2: Thecurve having the 
vector equation 


R(t) = tit £j + £k 


is called a twisted cubic. Show that 
this curve lies on the cylinder 

y = x? and draw a sketch of the 
portion of the curve from t — 0 to 
t — 2. 


SOLUTION: Parametric equations of the twisted cubic are 


x=t y= z=ť 


| Eliminating t from the first two of these equations yields y = x”, which is a 


cylinder whose directrix in the xy plane is a parabola. Figure 16.9.2 shows 
a sketch of the cylinder and the portion of the twisted cubic from t = 0 to 


| t= 2. 


Z 


i 
l 
[i 
[i 
Í 
j 
i 


Figure 16.9.2 


16.9.2 Definition 


16.9.3 Definition 


Many of the definitions and theorems pertaining to vector-valued 
functions in two dimensions can be extended to vector-valued functions 
in three dimensions. 


IF R(t) = f (Di + f, (0j + fa(t)k, then 


lim R(t) = lim f, (t)i + lim f,(£)j + lim fa(t)k 


t^t t5t 


if lim f,(t), lim f;(£), and lim f,(t) all exist. 
tot 


t-ti th 


The vector-valued function R is continuous at f, if and only if 


(i) R(t;) exists; 
(ii) lim R(t) exists; 


tty 


(iii) lim R(t) = R(t). 


16.9.4 Definition 


16.9.5 Theorem 


; —R(ttA)-—R() 
^ 


Figure 16.9.3 
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The derivative of the vector-valued function R is a vector-valued function, 
denoted by R’ and defined by 


R’ (1) = lim RE+ 4) — R() 
At-0 At 


if this limit exists. 


If R is the vector-valued function defined by 

R(t) = fi(t)i + (bj + fs(t)k 
and R'(t) exists, then 

R'(t) = f(G)i + fa’ (0j + fs’ (t)k 

The proof of Theorem 16.9.5 is left to the reader (see Exercise 9). 

The geometric interpretation for the derivative of R is the same as that 
for the derivative of a vector-valued function in Rz. Figure 16.9.3 shows a 
portion of the curve C, which is the graph of R. In the figure OP is the 
position representation of R(t), 00 is the position representation of 


R(t + At), and so PQ is a representation of the vector R(t + At) — R (t). As 
At approaches zero, the vector [R(t + At) — R(t)]/At has a representation 
approaching a directed line segment tangent to the curve C at P. 

The definition of the unit tangent vector is analogous to Definition 
15.8.1 for vectors in the plane. So if T(t) denotes the unit tangent vector to 
curve C having vector equation (1), then 


— DR) 


EXAMPLE 3: Find the unit tangent 
vector for the twisted cubic of Ex- 
ample 2. Also, find T(1) and show 
its representation at the point 
(1,1,1) on the curve. 


SOLUTION: Because R(t) = ti + tj + tk, 
D,R(t) =i + 2tj + 3k 


and 


[D,R(t)| = V1 + 4£? + 9#4 


| From Eq. (3), we have, then, 


=— |! cd na 


Therefore, 


lodbeeon ee 18 
T0-vwuitvul'wvuk 


Figure 16.9.4 shows the representation of T(1) at the point (1, 1, 1). 
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Figure 16.9.4 


16.9.6 Theorem 


Theorems 15.5.6, 15.5.7, and 15.5.8 regarding derivatives of sums and 
products of two-dimensional vector-valued functions also hold for vectors 
in three dimensions. The following theorem regarding the derivative of 
the cross product of two vector-valued functions is similar to the corre- 
sponding formula for the derivative of the product of real-valued func- 
tions; however, it is important to maintain the correct order of the vector- 
valued functions because the cross product is not commutative. 


If R and Q are vector-valued functions, then 
D,[R(t) x Q(t)] = R(t) x Q'(t) + R' (t) x Q(t) 
for all values of t for which R’ (t) and Q’ (t) exist. 


The proof of Theorem 16.9.6 is left for the reader (see Exercise 10). 

We can define the length of an arc of a curve C in three-dimensional 
space in exactly the same way as we defined thelength of an arc of a curve 
in the plane (see Definition 15.6.1). If C is the curve having parametric 
equations (2), fı’, fz’, fs’ are continuous on the closed interval [a, b], and 
no two values of t give the same point (x, y, z) on C, then we can prove 
(as we did for the plane) a theorem similar to Theorem 15.6.3, which 
states that the length of arc, L units, of the curve C from the point 
(faa), fala), fs(a)) to the point (fi(b), f2(b), fs(b)) is determined by 


(4) 


If s is the measure of the length of arc of C from the fixed point 


16.9 CURVES IN R 859 


(fi(to), fe(to), fa(to)) to the variable point (f,(t), fo(t), fa(t)) and s in- 
creases as f increases, then s is a function of t and is given by 


t 
s- | VIROP D GOT € UA GOT. du 5) 
As we showed in Sec. 15.6 for plane curves, we can show that if (1) isa 
vector equation of C, then 
Dis = |D;R(t)| (6) 


and the length of arc, L units, given by (4), also can be determined by 


Pe Í " IDRO] dt (7) 


EXAMPLE 4; Given the circular 
helix R(t) = a cos ti + a sin tj 


+ tk, where a > 0, find the length 


of arc from t= 0 to t — 2r. 


! Thus, the length of arc is 27 V a? + 1 units. 


| SOLUTION: DjR(t) — —a sin ti + a cos t+k. So from (7) we obtain 
2T 
L =Í V/(—a sin t)? + (a cos t)? +1 dt 
0 
2T 
| -Í Va +1 dt—2m Va? +1 
0 


The definitions of the curvature vector K (t) and the curvature K(t) ata 
point P on a curve C in R; are the same as for plane curves given in Defini- 
tion 15.9.1. Hence, if T(t) is the unit tangent vector to C at P and s is the 
measure of the arc length from an arbitrarily chosen point on C to P, where 
s increases as t increases, then 

K(t) = D,T(t) 


or, equivalently, 
D,T 
K() = 15 t8] (8) 
and 
K(t) = |D,T(t)| 
or, equivalently, 
D T(t) 


KO 7 DROI i 
Taking the dot product of K(t) and T(t) and using (8), we get 
K(0 TO = BRET TO = rogi DT TO (10) 


Theorem 15.5.10 states that if a vector-valued function in a plane has a 
constant magnitude, it is orthogonal to its derivative. This theorem and its 
proof also hold for vectors in three dimensions. Therefore, because 
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>N 


Figure 16.9.5 


hedral and the curvature at any 
point of the circular helix of Ex- 
ample 4. 


EXAMPLE 5: Find the moving tri- 


IT (t)| = 1, we can conclude from (10) that K (t) * T(t) = 0. And so the cur- 
vature vector and the unit tangent vector of a curve at a point are 
orthogonal. 

We define the unit normal vector as the unit vector having the same 
direction as the curvature vector, provided that the curvature vector is not 
the zero vector. So if N(t) denotes the unit normal vector to a curve Cata 
point P, then if K(t) # 0, 


N(t) = Kt (11) 


From (11) and the previous discussion, it follows that the unit normal 
vector and the unit tangent vector are orthogonal. Thus, the angle between 
these two vectors has a radian measure of $77, and we have from Theorem 
16.6.6, 


ITE) X N(| = |T(¢)||N(t)| sin $z = (1) (1) (1) 21 


Therefore, the cross product of T(t) and N(t) is a unit vector. By Theorem 
16.6.9 T(t) X N(t) is orthogonal to both T(t) and N(t); hence, the vector 
B(t), defined by 


B(t) = T(t) X N(t) (12) 


is a unit vector orthogonal to T(t) and N(t) and is called the unit binormal 
vector to the curve C at P. 

The three mutually orthogonal unit vectors, T(t), N(t), and B(t), ofa 
curve C are called the moving trihedral of C (see Fig. 16.9.5). 


SOLUTION: A vector equation of the circular helix is 


R(t) =a cos ti + a sin tj + tk 


| So DR(t) =—a sin ti + a cos tj + k and |D,R(t)| = Va? +1. From (3) we 


get 
T(t) - mu (a sin ti + a cos tj + k) 
So 


D,T(t) =a (—a cos ti — a sin tj) 


| Applying (8), we obtain 


K(t) = (—a cos ti — a sin tj) 


EE 
a+i1 
The curvature, then, is given by 


a 


K() = KO] 9 
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. and so the curvature of the circular helix is constant. From (11) we get 


i 
i 


| 


EXAMPLE 6: A particle is moving 


equations x = 3t, y = #?, and 

z= št’. Find the velocity and 
acceleration vectors and the speed 
of the particle at t = 1. Draw a 
sketch of a portion of the curve at 
t — 1, and draw representations 
of the velocity and acceleration 
vectors there. 


| SOLUTION: A vector equation of the curve is 
along the curve having parametric : 


N(t) = —cos ti — sin tj 
Applying (12), we have 


B(t) Ser (—a sin ti + a cos tj + k) X (—cos ti — sin tj) 


= A (sin ti — cos tj + ak) 


A thorough study of curves and surfaces by means of calculus forms 
the subject of differential geometry. The use of the calculus of vectors further 
enhances this subject. The previous discussion has been but a short in- 
troduction. 

We now consider briefly the motion of a particle along a curve in 
three-dimensional space. If the parameter t in the vector equation (1) 
measures time, then the position at t of a particle moving along the curve 
C, having vector equation (1), is the point P (fı (t), f; (t), fa(t)). The veloc- 
ity vector, V(t), and the acceleration vector, A(t), are defined as in the 
plane. The vector R(t) is called the position vector, and 


V(t) = D R(t) (13) 
and 
A(t) = D,V(t) = D?R(t) (14) 


The speed of the particle at t is the magnitude of the velocity vector. 
By applying (6) we can write 


Iv (t)| = Dis 


R(t) = 3H + £j + $k 
Therefore, 

V(t) = D,R(t) = 3i + 2tj + 2?k 
and 

A(t) = DV (t) = 2j + 4tk 


| Also , 


IV(t)| = V9 + 4¢? + 4t* 


So when t=1, V=3i+ 2j - 2k, A=2j+ 4k, and |V(1)| = V17. The 
required sketch is shown in Fig. 16.9.6. 
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Figure 16.9.6 


Exercises 16.9 


In Exercises 1 through 4, find the unit tangent vector for the curve having the given vector equation. 


1. R(t) = (f+ 1)i- t} + (1 — 2t)k 2. R(t) = sin 2ti + cos 2tj + 28k 
3. R(t) = e' cos tit e' sin tj+ e'k 4. R(t) = Pi + (t+ $8)j + (t  3P)k 
In Exercises 5 through 8, find the length of arc of the curve from f, to t. 
5. The curve of Exercise 1; t, — —1; t, — 2. 6. The curve of Exercise 2; t; = 0; t, = 1. 
7. The curve of Exercise 3; t, = 0; t, = 3. 8. The curve of Exercise 4; t, = 0; t = 1. 
9. Prove Theorem 16.9.5. 10. Prove Theorem 16.9.6. 


11. Write a vector equation of the curve of intersection of the surfaces y = e" and z = xy. 


12. Prove that the unit tangent vector of the circular helix of Example 2 makes an angle of constant radian measure with 
the unit vector k. 


13. Find the moving trihedral and the curvature at the point where t = 1 on the twisted cubic of Example 2. 

14. Find the moving trihedral and the curvature at any point of the curve R(t) = cosh ti + sinh tj + tk. 

In Exercises 15 through 18, find the moving trihedral and the curvature of the given curve at t = f,, if they exist. 
15. The curve of Exercise 1; t, — —1. 16. The curve of Exercise 2; t, = 0. 

17. The curve of Exercise 3; t, = 0. 18. The curve of Exercise 4; t, = 1. 


In Exercises 19 through 22, a particle is moving along the given curve. Find the velocity vector, the acceleration vector, and 
the speed at f= f,. Draw a sketch of a portion of the curve at t = t, and draw the velocity and acceleration vectors there. 


19. The circular helix of Example 4; t, = 37. 20. x2t,y—iP,z—it5un-2. 
21. x= e, y = e”, z — te; t — 1. 22. x=1/2(P +1); y -In(1- Ê), z= tan! £t — 1. 


23. Prove that if the speed of a moving particle is constant, its acceleration vector is always orthogonal to its velocity vector. 
24. Prove that for the twisted cubic of Example 2, if t # 0, no two of the vectors R(t), V(t), and A(t) are orthogonal. 
25. Prove that if R(t) = fi (t)i + (0j + fs(t)kis a vector equation of curve C, and K(t) is the curvature of C, then 


ID;R(t) x D?R(t)| 


KO) — PROF 
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26. Use the formula of Exercise 25 to show that the curvature of the circular helix of Example 4 is a/(a? + 1). 

In Exercises 27 and 28, find the curvature of the given curve at the indicated point. 

27, x=t, y = P, z = Ë; the origin. 28. x= e, y -e',z—- t; t— 0. 

29, Prove that if R(t) = fı (t)i + f; (1)j + fa(t)k is a vector equation of curve C, K(t) is the curvature of C at a point P, and 
s units is the arc length measured from an arbitrarily chosen point on C to P, then 


DR (Et) : DR (t) =—[K(t)]? 


16.10 CYLINDRICAL AND Cylindrical and spherical coordinates are generalizations of polar coordi- 
SPHERICAL COORDINATES nates to three-dimensional space. The cylindrical coordinate represen- 
A tation of a point P is (r, 0, z), where r and 0 are the polar coordinates of the 
(r, 6, z) projection of P on a polar plane and z is the directed distance from this 

polar plane to P. See Fig. 16.10.1. 


x Figure 16.10.1 


EXAMPLE 1; Drawasketchofthe |soLurioN: (a) For a point P(r, 0, z) on the graph of r = c, 0 and z can 


graph of each of the following | have any values and r is a constant. The graph is a right-circular cylinder 
equations where c is a constant: having radius |c| and thez axis as its axis. A sketch of the graph is shown 
(a) r2 c; (D) 0—c; (c) z=c. | in Fig. 16.10.2. 


Zz 


Figure 16.10.2 Figure 16.10.3 
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— 


(b) For all points P(r, 0, z) on the graph of 0 — c, r and z can assume 
any value while 0 remains constant. The graph is a plane through the z 


; axis. See Fig. 16.10.3 for a sketch of the graph. 


(c) The graph of z=c is a plane parallel to the polar plane at a 
directed distance of c units from it. Figure 16.10.4 shows a sketch of the 
graph. 


P(x, y, z) 
(r, 0, z) 


Figure 16.10.5 


EXAMPLE 2: Find an equation in 


cartesian coordinates of the fol- 
lowing surfaces whose equations 
are given in cylindrical coordin- 
ates and identify the surface: 

(a) r=6 sin 6; 


(b) r(3 cos 0+ 2 sin 0) + 6z =0. 


The name "cylindrical coordinates" comes from the fact that the graph 
of r =c is a right-circular cylinder as in Example 1(a). Cylindrical coordi- 
nates are often used in a physical problem when there is an axis of sym- 
metry. 

Suppose that a cartesian-coordinate system and a cylindrical-coor- 
dinate system are placed so the xy plane is the polar plane of the cylin- 
drical-coordinate system and the positive side of the x axis is the polar axis 
as shown in Fig. 16.10.5. Then the point P has (x, y, z) and (r, 0, z) astwo 
sets of coordinates which are related by the equations 


x=reos@ y=rsin@d z=z (1) 
and 


raed y? tnde ifx #0 z=z (2) 


soLUTION: (a) Multiplying on both sides of the equation by r, we get 
r? = 6r sin 0. Because r? = x? + y? and r sin 0 = y, we have x? + y? = 6y. 
This equation can be written in the form x? + (y — 3)? = 9 which shows 
that its graph is a right-circular cylinder whose cross section in the xy 
plane is the circle with its center at (0, 3) and radius 3. 

(b) Replacing r cos 0 by x and r sin 0 by y, we get the equation 3x 
+ 2y + 6z — 0. Hence, the graph is a plane through the origin and has 
(3, 2, 6) as a normal vector. 


EXAMPLE 3: Find an equation in 
cylindrical coordinates for each of 
the following surfaces whose 
equations are given in cartesian 
coordinates and identify the sur- 


SOLUTION: (a) The equation is similar to Eq. (4) of Sec. 16.8, and so the 
graph is an elliptic paraboloid. If x? + y? is replaced by r?, the equation 
becomes 7? = z. 

(b) The equation is similar to Eq. (5) of Sec. 16.8 with x and y in- 


| terchanged. The graph is therefore a hyperbolic paraboloid having the z 


face: (a) P+ y? =z; 
(b) 2 — y =z. 
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| axis as its axis. When we replace x by r cos 0 and y by r sin 6, the equation 
| becomes r? cos? 0 — r? sin? 0 = z; and because cos? 0 — sin? = cos 20, we 
; can write this as z — r? cos 20. 


(p, 0, $) 


Figure 16.10.6 


In a spherical-coordinate system there is a polar plane and an axis per- 
pendicular to the polar plane, with the origin of the z axis at the pole of the 
polar plane. A point is located by three numbers, and the spherical-coor- 
dinate representation of a point P is (p, 0, 6), where p = |OP|, @ is the 
radian measure of the polar angle of the projection of P on the polar plane, 
and ó is the nonnegative radian measure of the smallest angle measured 
from the positive side of the z axis to the line OP. See Fig. 16.10.6. The ori- 
gin has the spherical-coordinate representation (0, 0, p), where 0 and $ 
may have any values. If the point P(p, 0, $) is not the origin, then p > 0 
and 0 < $ x m, where $ — 0 if P is on the positive side of the z axis and 
$= 7 if P is on the negative side of the z axis. 


EXAMPLE4: Draw a sketch of the 
graph of each of the following 
equations where c is a constant: 
(a) p=c, and c > 0; (b) 0 = c; 
(c) =c, and0 «c « m. 


Figure 16.10.7 


SOLUTION: (a) Every point P (p, 6, $) on the graph of p = c has the same 
value of p, 0 may be any number, and 0 x $ < 7. It follows that the graph 
is a sphere of radius c and has its center at the pole. Figure 16.10.7 shows a 
sketch of the sphere. 

(b) For any point P(p, 0, $) on the graph of 0 = c, p may be any non- 
negative number, ġ may be any number in the closed interval [0, 7], and 0 
is constant. The graph is a half plane containing the z axis and is obtained 
by rotating about the z axis through an angle of c radians that half of the xz 
plane for which x z 0. Figure 16.10.8 shows sketches of the half planes for 
0—im,0— $r, 0 = $r, and 0 = —ġr. 

(c) The graph of $ = c contains all the points P (p, 0, $) for which p is 
any nonnegative number, 0 is any number, and 6 is the constant c. The 
| graph is half of a cone having its vertex at the origin and the z axis as its 
| axis. Figure 16.10.9a and b each show a sketch of the half cone for 0 < 
c < 4v and $v < c < m, respectively. 


z 


Figure 16.10.8 
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irca 
(b) 


Figure 16.10.9 


Figure 16.10.10 


Because the graph of p = c is a sphere as seen in Example 4(a), we 
have the name “spherical coordinates.” In a physical problem when there 
is a point that is a center of symmetry, spherical coordinates are often 
used. 

By placing a spherical-coordinate system and a cartesian-coordinate 
system together as shown in Fig. 16.10.10, we obtain relationships be- 
tween the spherical coordinates and the cartesian coordinates of a point 
P from 


x-|OQlesé  y-lOQ|sme z= [QP] 
Because |OQ| = p sin ¢ and ÍQP| = p cos ¢, these equations become 
x-^psinécosÓ y=psindsind z=pcosd (3) 
By squaring each of the equations in (3) and adding, we have 
X coy? + zZ =p? sin? $ cos? 6+ p? sin? $ sin? 0 + p? cos? o 
= p? sin? $ (cos? 0 + sin? 0) + p? cos? $ 
= p? (sin? $ + cos? $) 
= p? 


EXAMPLE 5: Find an equation in 


cartesian coordinates of the fol- 
lowing surfaces whose equations 
are given in spherical coordinates 
and identify the surface: 

(a) p cos 6 = 4; (b) p sin d= 4. 


soLUTION: (a) Because z = p cos 6$, the equation becomes z = 4. Hence, 
the graph is a plane parallel to the xy plane and 4 units above it. 

(b) For spherical coordinates p = 0 and sind = 0 (because 0 = 
$ x 7); therefore, if we square on both sides of the given equation, we ob- 
tain the equivalent equation p? sin? $ = 16, which in turn is equivalent to 


p? (1 — cos? $) = 16 
or 
p? — p? cos? $ = 16 
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Replacing p? by x? + y? + z? and p cos $ by z, we get 
P+y+2—2=16 

or, equivalently, 
xi y? = 16 


Therefore, the graph is the right-circular cylinder having the z axis as its 
axis and radius 4. 


EXAMPLE 6: Find an equation in 
spherical coordinates for: (a) the 
elliptic paraboloid of Example 
3(a); and (b) the plane of Ex- 
ample 2(b). 


SOLUTION: - (a) A cartesian equation of the elliptic paraboloid of Example 
3(a) is x? + y? =z. Replacing x by p sin $ cos 6, y by p sin $ sin 0, and z 
by p cos $, we get 


p? sin? $ cos? 6+ p? sin? $ sin? 0 = p cos $ 
or, equivalently, 


p? sin? $ (cos? 6+ sin? 0) = p cos $ 


which is equivalent to the two equations 


p=0 and psin?$- cos $ 


The origin is the only point whose coordinates satisfy p — 0. Because the 
origin (0, 0, 27) lies on p sin? $ = cos $, we can disregard the equation 
p =O. Furthermore, sin $ # 0 because there is no value of $ for which 
both sin ¢ and cos ¢ are 0. Therefore, the equation p sin? $ = cos $ can be 
written as p = csc? $ cos ¢, or, equivalently, p = csc $ cot . 

(b) A cartesian equation of the plane of Example 2(b) is 3x + 2y 
+ 6z — 0. By using Eqs. (3) this equation becomes 


3p sin $ cos 0 + 2p sin $ sin 0 + 6p cos $ — 0 


Exercises 16.10 


1. Find the cartesian coordinates of the point having the given cylindrical coordinates: 


(a) (3, $m, 5) 


(b) (7, $7, —4) (c) (1,1, 1) 


2. Find a set of cylindrical coordinates of the point having the given cartesian coordinates: 


(a) (4, 4, 2) 


(b) (-3V3, 3, 6) © (1,1,1) 


3. Find the cartesian coordinates of the point having the given spherical coordinates: 


(a) (4, bm, 47) 


(b) (4, 37, $7) (c) (V6, 42, łn) 


4. Find a set of spherical coordinates of the point having the given cartesian. coordinates: 


(a) (1,—1,—V2) 


(b) C1, V3, 2) © (2,2, 2) 
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5. Find a set of cylindrical coordinates of the point having the given spherical coordinates: 
(a) (4, $a, v) (b) (V2, £z, 7) () (2 V8, $m, in) 
6. Find a set of spherical coordinates of the point having the given cylindrical coordinates: 
(a) (3, $7, 3) (b) (3, 37, 2) (c) (2, $7, —4) 
In Exercises 7 through 10, find an equation in cylindrical coordinates of the given surface and identify the surface. 
7. P+ y? Az? = 16 8. L- y= 
9, x3 — y = 32? 10. 2 +y = z 
In Exercises 11 through 14, find an equation in spherical coordinates of the given surface and identify the surface. 
11. 2 +y +z -—9z=0 12. 2 +y = z? 
13. 2 +y = 14. ? + y? = 2z 


In Exercises 15 through 18, find an equation in cartesian coordinates for the surface whose equation is given in cylindrical 
coordinates. In Exercises 15 and 16, identify the surface. 


15. 
17. 


(a) r = 4; (b) 0 = 40 16. r=3 cos 0 


7? cos 20 = 23 18. z? sinë 0 = r? 


In Exercises 19 through 22, find an equation in cartesian coordinates for the surface whose equation is given in spherical 
coordinates. In Exercises 19 and 20 identify the surface. 


19. 
21. 
23. 


24. 


25. 


26. 


(a) p =9; (b) 0 = łr; (c) p = łr 20. p = 9 sec ó 
p=2 tan 0 22. p = 6 sin $ sin 0 + 3 cos ó 
A curve C in R; has the following parametric equations in cylindrical coordinates: 

r= F,(t) 0 = F,(t) z= F(t) 


Use formula (4) of Sec. 16.9 and formulas (1) of this section to prove that if L units is the length of arc of C from the 
point where t = a to the point where t = b, then 


TER f VD tr D0 3 (Day? dt 


A curve C in R; has the following parametric equations in spherical coordinates: 
p=G(t) 0—G(t $= G(t) 


Use formula (4) of Sec. 16.9 and formulas (3) of this section to prove that if L units is the length of arc of C from the 
point where t = a to the point where t = b, then 


b 
L= f V(D,p)? + p sin? 6(D,0)* + p*(D,$)* dt 


(a) Show that parametric equations for the circular helix of Example 4, Sec. 16.9, are 


r=a 0=t z=t 


(b) Use the formula of Exercise 23 to find the length of arc of the circular helix of part (a) from t = 0 to t = 27. Check 
your result with that of Example 4, Sec. 16.9. 


A conical helix winds around a cone in a way similar to that in which a circular helix winds around a cylinder. Use the 
formula of Exercise 24 to find the length of arc from t = 0 tot = 27 of the conical helix having parametric equations 


p=t 6-t  $-im 
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Review Exercises (Chapter 16) 
1. Draw a sketch of the graph of x —3 in R,, Rg, and Rs. 


2. Draw a sketch of the set of points satisfying the simultaneous equations x = 6 and y = 3 in R, and Rg. 


In Exercises 3 through 11, describe in words the set of points in R; satisfying the given equation or the given pair of equa- 
tions. Draw a sketch of the graph. 


y=0 x=z xX +z =4 
« zs -G= MM 
6. 2+2? =4 7. x2 y 8. j?—z-—0 
9. x! + y? = 9z 10. 2 +y =z 11. $—y-z 


In Exercises 12 through 17, let A— —i + 3j + 2k, B= 2i + j— 4k, C= i+ 2j— 2k, D=3j —k, E = 5i — 2j, and find the 
indicated vector or scalar. 


12. A - 2B +C 13. 6C - 4D— E 14. 2B: C-3D- E 
15. D: BX C 16. (AX C) — (D x E) 17. |A x B|[D x E| 


In Exercises 18 through 23 there is only one way that a meaningful expression can be obtained by inserting parentheses. 
Insert the parentheses and find the indicated vector or scalar if A= (3, —2, 4), B= (—5, 7, 2), and C= (4, 6, —1). 


18. B: A- C 19. A- B: C 20. A BC 
21. AB: C 22,2 AX B: CXA 23. AXB* A- B—C 
24. If A is any vector, prove that A= (A * i)i - (A * j)j + (A * k)k. 


25. Find an equation of the sphere concentric with the sphere x? + y? + z? + Ax + 2y — 6z + 10 = 0 and containing the 
point (—4, 2, 5). 


26. Find an equation of the surface of revolution generated by revolving the ellipse 9x? + 4z? = 36 in the xz plane about 
the x axis. Draw a sketch of the surface. 


27. Determine the value of c so that the vectors 3i + cj — 3k and 5i — 4j + k are orthogonal. 


28. Show that there are representations of the three vectors A = 5i + j — 3k, B = i + 3j — 2k, and C = —4i + 2j + k which 
form a triangle. 


29. Find the distance from the origin to the plane through the point (—6,3,—2) and having 5i — 3j + 4k as a normal vector. 
30. Find an equation of the plane containing the points (1, 7, —3) and (3, 1, 2) and which does not intersect the x axis. 


31. Find an equation of the plane through the three points (—1, 2, 1), (1,4, 0), and (1, —1,3) by two methods: (a) using 
the cross product; (b) without using the cross product. 


32. Find two unit vectors orthogonal to i — 3j + 4k and whose representations are parallel to the yz plane. 
33. Find the distance from the point P(4, 6, —4) to the line through the two points A(2, 2, 1) and B(4, 3, —1). 
34. Find the distance from the plane 9x — 2y + 6z + 44 — 0 to the point (—3, 2, 0). 


35. If 8 is the radian measure of the angle between the vectors A = 2i + j + k and B = 4i — 3j + 5k find cos 0 in two ways: 
(a) by using the dot product; (b) by using the cross product and a trigonometric identity. 


36. Prove that the lines 


x-1 yt2 z—2 
I O A2 2773.7 9 


are skew lines and find the distance between them. 
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37. Find symmetric and parametric equations of the line through the origin and perpendicular to each of the lines of 
Exercise 36. 


38. Find the area of the parallelogram two of whose sides are the position representations of the vectors 2j — 3k and 5i + 4k. 
39. Find the volume of the parallelepiped having vertices at (1, 3, 0), (2, —1, 3), (—2, 2, —1), and (—1, 1, 2). 
40. Find the length of the arc of the curve 
x=tcost y=tsint z=t 
from t= 0 to t= im. 


41. A particle is moving along the curve of Exercise 40. Find the velocity vector, the acceleration vector, and the speed at 
t — im. Draw a sketch of a portion of the curve at t = $7 and draw the representations of the velocity and acceleration 
vectors there. 


42. Find the unit tangent vector and the curvature at any point on the curve having the vector equation 
R(t) = ei + ej + 2tk 
43. Find an equation in cylindrical coordinates of the graph of each of the equations: (a) (x + y)? + 1 = z; (b) 25x? + 4y? = 100. 


44. Find an equation in spherical coordinates of the graph of each of the equations: (a) x? + y? + 4z? = 4; (b) 4x? — 4y? 
+ 92? = 36. 


45. If R, Q, and W arethree vector-valued functions whose derivatives with respect to t exist, prove that 


D,[R(t) * Q(t) x W(t)] =D, R(t) * Q(t) X W(t) + R(t) * DQ) x W(t) + R(t) *Q(t) X D,W(t) 


17.1 FUNCTIONS OF MORE 
THAN ONE VARIABLE 


17.1.1 Definition 


gu JJ 
Differential 
Calculus 

of Functions 

of Several 
Variables 


In this section we extend the concept of a function to functions of n vari- 
ables, and in succeeding sections we extend to functions of n variables the 
concepts of the limit of a function, continuity of a function, and deriva- 
tive of a function. A thorough treatment of these topics belongs to a course 
in advanced calculus. In this book we confine most of our discussion of 
functions of more than one variable to those of two and three variables; 
however, we make the definitions for functions of n variables and then 
show the applications of these definitions to functions of two and three 
variables. We also show that when each of these definitions is applied to a 
function of one variable we have the definition previously given. 

To extend the concept of a function to functions of any number of vari- 
ables, we must first consider points in n-dimensional number space. Just 
as we denoted a point in R, by a real number x, a point in R, by an ordered 
pair of real numbers (x, y), and a point in R; by an ordered triple of real 
numbers (x, y, z), we represent a point in n-dimensional number space, 
R,, by an ordered n-tuple of real numbers customarily denoted by P — 
(Xj, Xo, . . . , Xn). In particular, if n = 1, we let P= x; if n = 2, P = (x, y); 
if n —3, P = (x, y, z); if n = 6, P= (xi, X2, Xa, Xa, Xs, X). 


The set of all ordered n-tuples of real numbers is called the n-dimensional 
number space and is denoted by R,. Each ordered n-tuple (xj, xo, . . . Xn) 
is called a point in the n-dimensional number space. 
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17.1.2 Definition 


A function of n variables is a set of ordered pairs of the form (P, w) in which 
no two distinct ordered pairs have the same first element. P is a point in 
n-dimensional number space and w is a real number. The totality of all 
possible values of P is called the domain of the function, and the totality 
of all possible values of w is called the range of the function. 


From this definition, we see that the domain of a function of n vari- 
ables is a set of points in R, and that the range is a set of real numbers or, 
equivalently, a set of points in R,. When n = 1, we have a function of one 
variable; thus, the domain is a set of points in R, or, equivalently, a set of 
real numbers, and the range is a set of real numbers. Hence, we see that 
Definition 2.1.1 is a special case of Definition 17.1.2. If n = 2, we have a 
function of two variables, and the domain is a set of points in R, or, equiv- 
alently, a set of ordered pairs of real numbers (x, y). The range is a set of 
real numbers. 


EXAMPLE 1: Let the function f of 


two variables x and y be the set of 
all ordered pairs of the form (P, z) 
such that 


z= VESTE yr 


Find the domain and range of f 
and draw a sketch showing as a 
shaded region in R, the set of 
points in the domain of f. 


SOLUTION: The domain of f is the set of all ordered pairs (x, y) for which 
25 — x? — y? = 0. This is the set of all points in the xy plane on the circle 
X + y? = 25 and in the interior region bounded by the circle. 

Because z = V25 — (x? + y?) , we see that 0 x z <5; therefore, the 
range of f is the set of all real numbers in the closed interval [0, 5]. The 
required sketch is shown in Fig. 17.1.1. 


"m Figure 17.1.1 


EXAMPLE 2: The function g of 
two variables x and y is the set 
of all ordered pairs of the form 
(P, z) such that 
væ +y? — 25 

y 


SOLUTION: The domain of g consists of all ordered pairs (x, y) for which 
X +4? = 25andy # 0. This is the set of all points, not on the x axis, which 
are either on the circle x? + y? = 25 or in the exterior region bounded by 
the circle. The required sketch is shown in Fig. 17.1.2. 
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Find the domain of g and draw a 
sketch showing as a shaded region 
in R, the set of points in the do- 
main of g. 


Figure 17.1.2 


EXAMPLE 3: The function F of SOLUTION: If y=0, then z=0 regardless of the value of x. However, if 


two variables x and y is the set y ~ 0, then x? + y? — 25 must be nonnegative in order for z to be defined. 
of all ordered pairs of the form Therefore, the domain of F consists of all ordered pairs (x, y) for which 
(P, z) such that either y = 0 or x? + y? — 25 = 0. This is the set of all points on the circle 

z=y vety 28 xX + y? = 25, all points in the exterior region bounded by the circle, and 


all points on the x axis for which —5 « x « 5. The required sketch is 
Find the domain of Fand drawa | shown in Fig. 17.1.3. 

sketch showing as a shaded region 
in R, the set of points in the do- 
main of F. 


Figure 17.1.3 


EXAMPLE 4: ThefunctionG of | so.uTion: If y=0, then z=0 provided that x? + y? — 2540. If y #0, 
two variables x and y is the set of | then x? + y? — 25 must be positive in order for z to be defined. Hence, the 
all ordered pairs of the form (P, z) | domain of G consists of all ordered pairs (x, y) for which x? + y? —25 > 0 


such that and those for which y = 0 and x # +5. These are all the points in the exte- 
rior region bounded by the circle x? + y? = 25 and the points on the x axis 
€— — for which —5 « x « 5. The required sketch is shown in Fig. 17.1.4. 


x? + y? — 25 | 
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Find the domain of G and draw a 
sketch showing as a shaded region 
in R, the set of points in the do- 
main of G. 


EXAMPLE 5: If f is the function 
of Example 1, find (a) f(3, —4); 
(b) f(—2, 1); (©) f(u, 3v). 


| SOLUTION: f(x, y) = V25 — x! — y?, and, therefore, 
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f is a set of ordered pairs of the form (P, w), where P = (xi, x4, . . . , Xn) 
is a point in R, and w is a real number. We denote the particular value of w, 
which corresponds to a point P, by the symbol f(P) or f(xi, xg, . . . , x4). 
In particular, if 1 — 2 and we let P — (x, y), we can denote the function 
value by either f(P) or f(x, y). Similarly, if n —3 and P = (x, y, z), we 
denote the function value by either f(P) or f(x, y, z). Note that if n — 1, 
P — x; hence, if f is a function of one variable, f(P) — f(x). Therefore, this 
notation is consistent with our notation for function values of one variable. 


A function f of n variables can be defined by the equation 
w= f(X, Xar. o r Xn) 


The variables x,, x, . . . , x, are called the independent variables, and w 
is called the dependent variable. 


(a) f(3, —4) = V25 — (3)? — (C4)? = v25 —9—16—0 
(b) f(-2, 1) = V25 — (C2? — (1? = V25—4—1 =2V5 
(c) f(u, 3v) = V25 — u? — (3v)? V25 — u? — 9v? 


EXAMPLE 6: The domain of a 
function g is the set of all ordered 
triples of real numbers (x, y, z) 
such that g(x, y, z) = x? — 5xz 

+ yz". Find (a) g(1, 4, —2); 

(b) Qa, —b, 3c); (c) g G8, y2, 27); 
(d) g(y, z, —x). 


SOLUTION: 
(a) g(1,4,-2) —1*—5(1)(-2) +4(-2)?=1+ 10+ 16— 27 
(b) g(2a, —b, 3c) = (2a)? — 5(2a) (3c) + (—b) (3c)? 
= 4a? — 30ac — 9bc? 
(2)? — 5() (22) + (7) (2)? = xt — 5x?z2 e 
= 4? = 5y (~x) + z(—x)? = + 5xy + x?z 


(c) g(x, y?, 2”) 
l (d) g(y, Zi =x) 
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17.1.3 Definition If f is a function of a single variable and g is a function of two variables, 
then the composite function f » g is the function of two variables defined by 


(f*g) Go y) = f(g(x, v)) 


and the domain of f » g is the set of all points (x, y) in the domain of g 
such that g(x, y) is in the domain of f. 


EXAMPLE 7: Given f(t) =Int SOLUTION: 

ind ge y) — x* + y, find h(x, y) | h(x, y) = (f° g)(x, y) = figi, v) 
if h =f ° g, and find the domain | 

of h. ve RÀ 


| —]n(x*- y) 


The domain of g is the set of all points in R;, and the domain of f is 
| (0, +œ). Therefore, the domain of h is the set of all points (x, y) for which 
ety > 0. 


Definition 17.1.3 can be extended to a composite function of n vari- 
ables as follows. 


17.1.4 Definition If f is a function of a single variable and g is a function of n variables, 
then the composite function f » g is the function of n variables defined by 
(fog)(x, Xor a os r Xn) = f(g(x, Xor: - -s Xn)) 


and the domain of f » g is the set of all points (xı, xo, . . . , Xn) in the 
domain of g such that g(xi, xs, . . . , Xn) is in the domain of f. 


EXAMPLE 8: Given F(x)-— sin ! x SOLUTION: 


and G(x, y, z) 2 Vii y+ 2-4, (F ° G)(x, y, z) = F(G(x, y, z)) 
mee E function F ° G and its — F(VE ty zd) 
= sin! VZ +y +74 
| The domain of G is the set of all points (x, y, z) in Rg such that x? + y? 
| cz? —4 >= 0, and the domain of F is [—1, 1]. So the domain of F ° G is 


the set of all points (x, y, z) in Rg such that 0 < x* + y^ + z2—4 x 10r, 
equivalently, 4 x x? + y? + z? x 5. 


A polynomial function of two variables x and y is a function f such 
that f(x, y) is the sum of terms of the form cx”y”, where c is a real num- 
ber and n and m are nonnegative integers. The degree of the polynomial 
function is determined by the largest sum of the exponents of x and y 
appearing in any one term. Hence, the function f defined by 


f(x,y)-—6xy*—bxy* F7X'y—2x*4 y 


is a polynomial function of degree 5. 
A rational function of two variables is a function h such that h(x, y) = 
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17.1.5 Definition 


EXAMPLE 9: Draw a sketch of 
the graph of the function of 
Example 1. 


Figure 17.1.5 
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f(x, y)/g¢(x, y), where f and g are two polynomial functions. For example, 
the function f defined by 


x 2 


EINE i VEN 
Penn aga 


is a rational function. 

The graph of a function f of a single variable consists of the set of 
points (x, y) in R; for which y = f(x). Similarly, the graph of a function 
of two variables is a set of points in Rs. 


If f is a function of two variables, then the graph of f is the set of all points 
(x, y, Z) in R for which (x, y) isa point in the domain of f and z = f(x, y). 


Hence, the graph of a function f of two variables is a surface which 
is the set of all points in three-dimensional space whose cartesian coordi- 
nates are given by the ordered triples of real numbers (x, y, z). Because 
the domain of f is a set of points in the xy plane, and because for each 
ordered pair (x, y) in the domain of f there corresponds a unique value 
of z, no line perpendicular to the xy plane can intersect the graph of f in 
more than one point. 


SOLUTION: The function of Example 1 is the function f which is the set of 
all ordered pairs of the form (P, z) such that 
z= VB Ty 


So the graph of f is the hemisphere on and above the xy plane having a 
radius of 5 and its center at the origin. A sketch of the graph of this hemi- 
sphere is shown in Fig. 17.1.5. 


EXAMPLE 10: Draw a sketch of 
the graph of the function f having 
function values f(x, y) = x? + y*. 


SOLUTION: ‘The graph of f is the surface having the equation z= x? + y?. 
The trace of the surface in the xy plane is found by using the equation 
z=0 simultaneously with the equation of the surface. We obtain x? 
t y* = 0, which is the origin. The traces in the xz and yz planes are found 
by using the equations y = 0 and x= 0, respectively, with the equation 

= x! + y’. We obtain the parabolas z = x? and z = y?. The cross section of 


| the surface in a plane z — k, parallel to the xy plane, is a circle with its 


Figure 17.1.6 


Figure 17.1.7 
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center on the z axis and radius Vk. With this information we have the 
required sketch shown in Fig. 17.1.6. 


There is another useful method of representing a function of two vari- 
ables geometrically. It is a method similar to that of representing a three- 
dimensional landscape by a two-dimensional topographical map. Suppose 
that the surface z — f(x, y) is intersected by the plane z — k, and the curve 
of intersection is projected onto the xy plane. This projected curve has 
f(x, y) = k as an equation, and the curve is called the level curve (or con- 
tour curve) of the function f at k. Each point on the level curve corresponds 
to the unique point on the surface which is k units above it if k is positive, 
or k units below it if k is negative. By considering different values for the 
constant k, we obtain a set of level curves. This set of curves is called a con- 
tour map. The set of all possible values of k is the range of the function f, 
and each level curve, f(x, y) = k, in the contour map consists of the points 
(x, y) in the domain of f having equal function values of k. For example, 
for the function f of Example 10, the level curves are circles with the center 
at the origin. The particular level curves for z= 1,2, 3,4, 5, and 6 are shown 
in Fig. 17.1.7. 

A contour map shows the variation of z with x and y. The level curves 
are usually shown for values of z at constant intervals, and the values of z 
are changing more rapidly when the level curves are close together than 
when they are far apart; that is, when the level curves are close together, 
the surface is steep, and when the level curves are far apart the elevation of 
the surface is changing slowly. On a two-dimensional topographical map 
of a landscape, a general notion of its steepness is obtained by considering 
the spacing of its level curves. Also on a topographical map if the path ofa 
level curve is followed, the elevation remains constant. 

To illustrate a use of level curves, suppose that the temperature at any 
point of a flat metal plate is given by the function f; that is, if t degrees is 
the temperature, then at the point (x, y), t — f(x, y). Then the curves 
having equations of the form f(x, y) — k, where k is a constant, are curves 
on which the temperature is constant. These are the level curves of f and 
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are called isothermals. Furthermore, if V volts gives the amount of electric 
potential at any point (x, y) of the xy plane, and V— f(x, y), then thelevel 
curves of f are called equipotential curves because the electric potential at 
each point of such a curve is the same. 


EXAMPLE 11: Let f be the func- 
tion for which f(x, y) =8— x? 

— 2y. Draw a sketch of the graph 
of f and a contour map of f 
showing the level curves of f at 
10, 8,6, 4,2, 0, 2, —4, —6, 

and —8. 


SOLUTION: A sketch of the graph of f is shown in Fig. 17.1.8. This is the 


surface z = 8 — x? — 2y. The trace in the xy plane is obtained by setting 
z= 0, which gives the parabola x? = —2(y — 4). Setting y = 0 and x = 0, we 
obtain the traces in the xz and yz planes, which are, respectively, the 
parabola x? = — (z — 8) and the line 2y + z = 8. The cross section of the sur- 
face made by the plane z — k is a parabola having its vertex on the line 2y 
+ z= 8 in the yz plane and opening to the left. The cross sections for z = 8, 
6, 4, 2, —2, —4, —6, and —8 are shown in the figure. 

The level curves of f are the parabolas x? = —2(y — 4 + $k). The con- 
tour map of f with sketches of the required level curves is shown in Fig. 
17.1.9. 


Figure 17.1.8 Figure 17.1.9 


17.1.6 Definition 


Extending the notion of the graph of a function to a function of n vari- 
ables, we have the following definition. 


If f is a function of n variables, then the graph of f is the set of all points 
(Xis X... r Xn, W) in R4 for which (x, X2, . . . , Xa) isa point in the 
domain of f and w = f(xi, xo, . . . , Xn). 
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Analogous to level curves for a function of two variables is a similar 
situation for functions of three variables. If f is a function whose domain is 
a set of points in R;, then if k is a number in the range of f, the graph of the 
equation f(x, y, z) — k is a surface. This surface is called the level surface of 
f at k. Every surface in three-dimensional space can be considered as a 
level surface of some function of three variables. For example, if the func- 
tion g is defined by the equation g(x, y, z) = x? + y? — z, then the surface 
shown in Fig. 17.1.6 is the level surface of g at 0. Similarly, the surface 
having equation z — x? — y? + 5 = 0 is the level surface of g at 5. 


Exercises 17.1 


1. Let the function f of two variables x and y be the set of all ordered pairs of the form (P,z) such that z= (x + y)/ (x — y). 
Find: (a) f(—3, 4); (b) f(x, y); (©) [f(x, 1) 2; (d) f(—x, y) — f(x, —y); (e) the domain of f; (f) the range of f. Draw a 
sketch showing as a shaded region in R, the set of points not in the domain of f., 


2. Let the function g of three variables, x, y, and z, be the set of all ordered pairs of the form (P, w) such that w = 
VA — x? — y* — 2, Find: (a) g(1, —1, —1); (b) g(—a, 2b, $c); (c) gly, —x, —y); (d) the domain of g; (e) the range of g; 
(£) [g(x, y, 2 P — [g(x 2, y +2, z) P. Draw a sketch showing as a shaded solid in R, the set of points in the do- 
main of g. 


In Exercises 3 through 11, find the domain and range of the function f and draw a sketch showing as a shaded region in 
R, the set of points in the domain of f. 


V25 — x? — y? Xx 
3. f(x, yes cae 4. f(x, y) =x V25 — xi — y* 5. f(x, y T Ly 
_ —y Lt _* +y 
6. f(x, y) = EE 7. f(x, y) = rey 8. f(x, y) PoE 
9. f(x, y) EI 10. f(x, y) ^ sin^!(x + y) 11. f(x, y) = In(xy — 1) 
In Exercises 12 through 14, find the domain and range of the function f. 
12. f(x, y, z) = (x -y) Vz—2 l 13. f(x, y, z) = sin! x + cos? y + tan! z 


14. f(x, y, z) = |x|e"'* 
In Exercises 15 through 20, find the domain and range of the function f and draw a sketch of the graph. 


15. f(x, y) = 4x7 + 9y? 16. f(x, y) = Vx t y 17. f(x, y) = 16-2 —? 
18. f(x, y) ^ V100 — 2533 — 4y? 19. f(x, y) = VIO- x — y? 20. f(x, y) = i x a / 


In Exercises 21 through 26, draw a sketch of a contour map of the function f showing the level curves of f at the given 
numbers. 


21. The function of Exercise 15 at 36, 25, 16, 9, 4, 1, and 0. 22. The function of Exercise 16 at 5, 4, 3, 2, 1, and 0. 
23. The function of Exercise 17 at 8, 4, 0, —4, and —8. 24. The function of Exercise 18 at 10, 8, 6, 5, and 0. 
25. The function f for which f(x, y) = 4(x? + y?) at 8, 6, 4, 2, and 0. 

26. The function f for which f(x, y) = (x —3)/(y + 2) at 4, 2, 1,4, 4, 0, -$, —1, —1, -2, and —4. 
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In Exercises 27 and 28, a function f and a function g are defined. Find h(x, y) if h = f ° g, and also find the domain of h. 

27. f(t) = sin! t; g(x,y) = V1—x*— y? 28. f(t) = tan! t; g(x, y) = V£ — y? 

29. Given f(x, y) = x — y,g(t) = Vt, h(s) = $. Find (a) (g ° f) 5,1); (b) f(A(3),8(9)); (© f(g(x), h(y)); (0 g COR © f) (x,y); 
(e) (g ° h) (f(x, v)). 

30. Given f(x, y) = x/y®, g(x) = xX, h(x) = Vx. Find (a) (h » f) (2,1); (D) f(8(2),h(4)); (9 f(8(Vx),h()); (d) h(G ° f) Gy); 
(e) (h ° 8) (f(x, y)). 

31. The electric potential at a point (x, y) of the xy plane is V volts and V = 4/ V9 — x — 4°. Draw the equipotential curves 
for V = 16, 12,8, 4, 1, 4, and +. 

32. The temperature at a point (x, y) of a flat metal plate is t degrees and t = 4x? + 2y?. Draw the isothermals for t = 12, 
8, 4, 1, and 0. 


33. For the production of a certain commodity, if x is the number of machines used and y is the number of man-hours, 
the number of units of the commodity produced is f(x, y) and f(x, y) = 6xy. Such a function f is called a production 
function and the level curves of f are called constant product curves. Draw the constant product curves for this func- 
tion f at 30, 24, 18, 12, 6, and 0. 


In Exercises 34 and 35, draw sketches of the level surfaces of the function f at the given numbers. 


34. f(x, y, z) = x* -- y? +2? at 9, 4, 1, and 0. 35. f(x, y, z) = x! + y? — 4z at 8, 4, 0, —4, and —8. 


17.2 LIMITS OF FUNCTIONS In R, the distance between two points is the absolute value of the differ- 
OF MORE THAN ence of two real numbers. That is, |x — a| is the distance between the 
ONE VARIABLE points x and a. In R, the distance between the two points P(x, y) and 
Po(xo, Yo) is given by V (x — xo)? + (y — yo)”. In R; the distance between 
the two points P(x, y, z) and P (Xo, yo, Zo) is given by 


V (x — x9)? + (y — Yo)? + (z — zo)? 


In R, we define the distance between two points analogously as follows. 


17.24 Definition If P(xi, 35, . . . , Xn) and Á(a,,4,, . . . , An) are two points in R,, then 


(1) 


If in R, we take P = x and A = a, (1) becomes 


x — all = V(x—-—a)?=|x-a (2) 
If in R, we take P = (x, y) and A — (x,, Yo), (1) becomes 
(x, y) — (xo yoll = V(x = x»? + (y — Yo)? (3) 


And, if in R; we take P = (x, y, z) and A= (Xp, Yo, Zo), (1) becomes 
(x, y, Z) — (Xo, Yor Zo) || = V (x — xo)? + (y — Yo)? + (z — 2)? (4) 


IP — All is read as "the distance between P and A.” It is a nonnegative 
number. 


17.2.2 Definition 


17.2.3 Definition 


atr 


open ball B(a; r) in Ry 


Figure 17.2.1 


ar a 


atr 


closed ball B[a; r] in Ri 


Figure 17.2.2 


(0, Vo) 


open ball B((x9, yo); r) in Rz 


Figure 17.2.3 


closed ball B [(xo, yo); r ] in Rz 


Figure 17.2.4 


Figure 17.2.5 
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If A is a point in R, and r is a positive number, then the open ball B(A; r) 
is defined to be the set of all points P in R, such that ||P — All < r. 


If A is a point in R, and r is a positive number, then the closed ball B[A; r] 
is defined to be the set of all points in R, such that ||P — All = r. 


To illustrate these definitions, we show what they mean in R,, Re, 
and Rs. First of all, if a is a point in R,, then the open ball B(a; r) is the set 
of all points x in R, such that 


jx-—al <r | (5) 


The set of all points x satisfying (5) is the set of all points in the open 
interval (a — r, a +r); so the open ball B(a; r) in R, (see Fig. 17.2.1) is 
simply an open interval having its midpoint at a and its endpoints at 
4 — r and a + r. The closed ball B[a; r] in R, (Fig. 17.2.2) is the closed in- 
terval [a — r,a +r]. 

If (xo, yo) is a point in R,, then the open ball B((x,, yo); r) is the set 
of all points (x, y) in R, such that 


I(x, y) — Go Yol <r (6) 
From (3) we see that (6) is equivalent to 
V(x = xo)? + (y — Yo)? <r 


So the open ball B((x,, yo); r) in R, (Fig. 17.2.3) consists of all points 
in the interior region bounded by the circle having its center at (xo, Yo) 
and radius r. An open ball in R, is sometimes called an open disk. The 
closed ball, or closed disk, B[ (Xo, yo); r] in Rə (Fig. 17.2.4) is the set of all 
points in the open ball B( (xo, yo); r) and on the circle having its center at 
(xo, yo) and radius r. 

If (xo, yo, Zo) is a point in R;, then the open ball B( (xo, yo, zo); r) is 
the set of all points (x, y, z) in Rg such that 


(x, y, z) — (xo, yo, zo < r (7) 


From (4) and (7) we see that the open ball B((xo, yo, zo); r) in Rs 
(Fig. 17.2.5) consists of all points in the interior region bounded by 


open ball B((xo, yo, zo); rin R3 Figure 17.2.6 | closed ball B[(xo, yo, zo); rlin. R3 


882 


DIFFERENTIAL CALCULUS OF FUNCTIONS OF SEVERAL VARIABLES 


17.2.4 Definition 


17.2.5 Definition 


the sphere having its center at P, and radius r. Similarly, the closed ball 
BL (xo, yo, zo); r] in Rs (Fig. 17.2.6) consists of all points in the open ball 
B((xo, Yo, Zo); r) and on the sphere having its center at (xo, Yo, Zo) and 
radius r. We are now in a position to define what is meant by the limit 
of a function of n variables. 


Let f be a function of n variables which is defined on some open ball 
B(A; r), except possibly at the point A itself. Then the limit of f(P) as P 
approaches A is L, written as 


lim f(P) =L (8) 
P>A 
if for any e > 0, however small, there exists a 8 > 0 such that 
\f(P) — L| «e whenever 0< IP— Al < 6 (9) 
If f is a function of one variable and if in the above definition we 
take A — a in R, and P — x, then (8) becomes 
lim f(x) = L 
X-a 
and (9) becomes 
\f(x) —L] «e whenever 0 < |x— a| < ô 


So we see that the definition (2.4.1) of the limit of a function of one vari- 
able is a special case of Definition 17.2.4. 

We now state the definition of the limit of a function of two variables. 
It is the special case of Definition 17.2.4, where A is the point (xo, yo) and 
P is the point (x, y). 


Let f be a function of two variables which is defined on some open disk 
B((Xo, yo); r), except possibly at the point (xo, yo) itself. Then 


lim f(x, y) =L 


Qe.)  Gro.uo) 


if for any e > 0, however small, there exists a 6 > 0 such that 


If(x, y) -L| « e whenever 0 < V(x—x)?-(y—y)? <8 (10) 


In words, Definition 17.2.5 states that the function values f(x, y) 
approach a limit L as the point (x, y) approaches the point (xo, yo) if the 
absolute value of the difference between f(x, y) and L can be made arbi- 
trarily small by taking the point (x, y) sufficiently close to (xy, yọ) but 
not equal to (xo, yo). Note that in Definition 17.2.5 nothing is said about 
the function value at the point (xo, Yo); that is, it is not necessary that the 


function be defined at (xo, yo) in order for lim f(x, y) to exist. 
Gr.) - Gro; uo) 


A geometric interpretation of Definition 17.2.5 is illustrated in Fig. 


(Xo. Yo, f(Xo, Yo)) 


(Xo, Vo, O) 


Figure 17.2.7 


17.2 LIMITS OF FUNCTIONS OF MORE THAN ONE VARIABLE 883 


17.2.7. The portion above the open disk B( (xo, Yo); r) of the surface having 
equation z — f(x, y) is shown. We see that f(x, y) on the z axis will lie 
between L — e and L + e whenever the point (x, y) in the xy plane is in 
the open disk B((x,, yo); 8). Another way of stating this is that f(x, y) 
on the z axis can be restricted to lie between L — e and L + e by restrict- 
ing the point (x, y) in the xy plane to be in the open disk B( (xo, yo); 9). 


EXAMPLE 1: Prove that 


lim (2x -3y)7211 


(x,y) (0,3 


by applying Definition 17.2.5. 


SOLUTION: We wish to show that for any e > 0 there exists a ô > 0 such 


| that 


[((2x-3y) - M| « e whenever 0< V(x— 1): + (y—3)} «6 
Applying the triangle inequality, we get 
[2x + 3y — 11| = |2x — 2 + 3y — 9| = 2|x — 1| + 3ly — 3| 


; Because 


Ix- 1| < V(x—1)? + (y 3) and |y—3| x V(x—1)? + (y 3) 
we can conclude that 

21x — 1| 4- 3|y — 3| < 28 + 38 
whenever 

0< V(x—1)?+ (y-3? «6 
So if we take 8 = $e, we have 


\2x + 3y — 11| x2lx — 1| + 3|y—3| < 58 = e 


' whenever 


0< V(x—-1)??-(y—3)? «68 


This proves that lim (2x + 3y) = 11. 


Ge, 0,3. 
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EXAMPLE 2: Prove that 


lim (32 +y)=5 


(1,30 (1.2) 


by applying Definition 17.2.5. 


SOLUTION: We wish to show that for any e > 0 there exists a 6 > 0 such 


that 


|(3x2+ y) —5| «e whenever 0< V(x—1)?+ (y—2)? «6 
Applying the triangle inequality, we get 
Bæ + y — 5| = |3x7-34+ y —2| x3Ix— 1|Ix + 1|] |y — 2| (11) 


If we require the ô, for which we are looking, to be less than or equal to 
1, then |x — 1| < ô x 1 and |y — 2| < 8 = 1 whenever 


0< V(x-1?-(y-2?«8x1 


Furthermore, whenever |x — 1| <1, then —1 < x—1 < 1, and sol< 
x+1 < 3. Hence, 


8lx — 1||x +1] + |y -2| <3-8-34+8=108 (12) 
whenever 
0« V(x-1)?-(y-2? «8x1 
So if for any e > 0 we take 6 — min(1, ise), we have from (11) and (12) 
|3x2 + y—5| « 108 <e whenever 0< V(x—1)?- (y—2) < ô 
, B+ y) 75. 


This proves that lim 
(1,4)- (0,2 


>< 


17.2.6 Definition 


(m,n + 1) 
(m—1,n +1) | (m+ 1,n t 1) 
e 1$ o 


z X 
í m,n) ) 


(m — 1,n) ^ i (m + 1,n) 


EN ^ 


oj 


->X 


Figure 17.2.8 


We now introduce the concept of an accumulation point, which we 
need in order to continue the discussion of limits of functions of two 
variables. 


A point P, is said to be an accumulation point of a set S of points in R, if 
every open ball B(P,; r) contains infinitely many points of S. 


For example, if S is the set of all points in R, on the positive side of 
the x axis, the origin will be an accumulation point of 5 because no matter 
how small we take the value of r, every open disk having its center at the 
origin and radius r will contain infinitely many points of S. This is an 
example of a set having an accumulation point for which the accumula- 
tion point is not a point of the set. Any point of this set 5 also will be an 
accumulation point of S. 

If S is the set of all points in R; for which the cartesian coordinates 
are positive integers, then this set has no accumulation point. This can 
be seen by considering the point (m,n), where m and n are positive in- 
tegers. Then an open disk having its center at (m,n) and radius less than 
1 will contain no points of S other than (m, n); therefore, Definition 17.2.6 
will not be satisfied (see Fig. 17.2.8). 

We now consider the limit of a function of two variables as a point 


17.2.7 Definition 


17.2.8 Theorem 
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(x, y) approaches a point (x,, yo), where (x, y) is restricted to a specific 
set of points. 


Let f be a function defined on a set of points S in Rz, and let (xy, Yo) be 
an accumulation point of S. Then the limit of f(x, y) as (x, y) approaches 
(xo, yo) in S is L, written as 

lim f(x, y) =L (13) 


(x,y)-(20,40) 
(P in S) 


if for any € > 0, however small, there exists a ê > 0 such that 
\f(x, y) - L| « e whenever 0 < (x, y) — (xo, yo)l < 9 


and (x, y) is in S. 


A special case of (13) occurs when S is a set of points on a curve con- 
taining (xy, Yo). In such cases the limit in (13) becomes the limit of a 
function of one variable. For example, consider lim f(x, y). Then if 

(c, (0.0 


S, is the set of all points on the positive side of the x axis, we have 
lim fe y= lim f(x, 0) 


(x,¥)-(0.0 
(P in oC 


If S, is the set of all points on the negative side of the y axis, 
lim f y)= lim f0, y) 


(x,y) (0,0, 
(P in A 


If 5, is the set of all points on the x axis, 
lim fe y) = lim f(x, 0) 


(x.y) (0,0. 
(P in a 


If S, is the set of all points on the parabola y = x?, 
lim f(x, y) = lim f(x, x?) 


(x,y) (0,0) 
(P in S4) 


Suppose that the function f is defined for all points on an open disk 
having its center at (x, Yo), except possibly at (xo, Yo) itself, and 
lim x; —L 
Gr.) Grosuo) f y) 
Then if S is any set of points in R; having (xo, yo) as an accumulation point, 
lim x, 
RUNE f y) 


Pins 


exists and always has the value L. 
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17.2.9 Theorem 


PROOF: Because » lim f(x, y) =L, then by Definition 17.2.5, for any 


y) -Gro;uo) 


€ > 0 there exists a 6 > 0 such that 
\f(x, y) - L| <e whenever 0 « [(x, y) — (xo, yo)l| < 8 


The above will be true if we further restrict (x, y) by the require- 
ment that (x, y) be in a set S, where S is any set of points having (xo, Yo) 
as an accumulation point. Therefore, by Definition 17.2.7 

lim f(x, y) -L 


Ge y) - Grosuo) 
(P in S) 


and L does not depend on the set S through which (x, y) is approaching 
(xo, Yo). This proves the theorem. [| 


The following is an immediate consequence of Theorem 17.2.8. 


If the function f has different limits as (x, y) approaches (xo, yo) through 
two distinct sets of points having (xə, Yo) as an accumulation point, then 


lim f(x, y) does not exist. 
(r9) - Grosyo) 


PROOF: Let S, and S, be two distinct sets of points in R, and let 
lim fe y)=L, and lim f(x, y) =L, 


(Qe, u) Gro; yo) C.) - (x040) 
(P in S1) [ in S2) 


Now assume that lim f(x,y) exists. Then by Theorem 17.2.8 L, must 


Gre y) (xo,yo) 
equal L,, but by hypothesis L, # Lz, and. so we have a contradiction. 
Therefore, lim f(x, y) does not exist. L| 
Ge) ^ Grosuo) 


EXAMPLE 3: Given 


REM, MER 
fy) =a 
find lim f(x, y) if it exists. 
(7,4). (0,0) 


SOLUTION: Let S, be the set of all points on the x axis. Then 


0 
lim x, cUm x,0 lim ——~ = 0 
r: D 20 K y) K x r0 x +0 

P in S1 


Let S, be the set of all SA on the line y — x. Then 


1 1 
Him, fle, y) = lim a s lim 5 = 5 
(P in S2) 
Because 
lim f(x, y) e lim f(x, y) 
(7,5) (0,0) u)—(0.0) 
(P in S1) E in S2) 


it follows from Theorem 17.2.9 that hm ' f(x, y) does not exist. 
2.u)—(0.0 
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In the solution of Example 3, instead of taking 5, to be the set of all 
the points on the x axis, we could just as well have restricted the points 
of S, to be on the positive side of the x axis because the origin is an accu- 
mulation point of this set. 


EXAMPLE 4: Given 


_3xy | 
f(x, y) = L Fy + y? 


find lim f(x, y) if it exists. 
(2,4) - (0,0) 


“SOLUTION: Let S, be the set of all points on the x axis. Then 


0 
l x, li 0 
T umi y) = mao 


(Pins) 
Let 5, be the set of all points on any line through the origin; that is, for 
any point (x, y) in Sa, y= mx. 


3x2(mx) _ ,. 3mx _ 0 
m 


lim x, snm 
gin te y) o X? + mx? azo 1+ 


(P in S2) 
Even though we obtain the same limit of 0, if (x, y) approaches (0, 0) 
through a set of points on any line through the origin, we cannot con- 
clude that lim j f(x, y) exists and is zero (see Example 5). However, 
(Gr) (0,0. 
let us attempt to prove that lim. yim y) = 0. From Definition 17.2.5, 


(x,y) ( 
if we can show that for any e > 0 there exists a 8 > 0 such that 


3x?y 


But «e whenever 0< Vx*c-y*«6 (14) 


| then we have proved that, Het yf y) = 0. 


Because x? < x? + y? d Mis < Vx? + y*, we have 


xy | 3x . 360 0 yD Vx * Y' a vau 
e+ utpeyt — xp COMER 


So if 8 = $e, we can conclude that 


Er «e whenever 0< Vx +y? < è 


which is (14). Hence, we have proved that aaa f(x, y) — 0. 
x.) - (0,0) 


EXAMPLE 5: Given 
2. 


ao 
f(x, v) nc-y 


find lim f(x, y) if it exists. 


(7,3) (0,0) 


| SOLUTION: Let S, be the set of all points on either the x axis or the y axis. 


So if (x, y) is in 5,, xy = 0. Therefore, 
lim f(x, y) 40 


(r,9)— (0,0) 
(P in $1) 
Let S, be the set of all points on any line through the origin; so if (x, y) 


is a point in S,, y — mx. We have, then, 


mx? . mx 
lim f(x, y) = lim -r za = lim = = 0 
(x,)+(0.0) o t+ mx? ig XP 4+Mm 
(P in S2) 
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Let 5; be the set of all points on the parabola y = x’. Then 


„im foe) = lim Sae 75 


(P in S3) 


Because 


lim f(x,y) * lim f(x, y) 
(x,u)—(0,0) Y} (0,0) 
(P in S3) ks in S1) 


it follows that lim f(x, y) does not exist. 
(x,y) (9.0) 


EXAMPLE 6: Given 
(x+y) sinl ifx #0 


(x, y 
f ifx=0 


find lim f(x, y) if it exists. 


(x.y) (0,0) 


| soLution: Let S, be the set of all points on the y axis. Then 


lim fe y) = lim 0=0 
Ge - (0,0. 
(P in ce 


Let S, be the set of all points on any line through the origin except points 
on the y axis; that is, if (x, y) is a point in S,, y = kx, where x # 0. Then 


1 
lim x, = lim x+ kx) sinc 
[s NE ME 


To find the above limit we make use of the fact that lim (x + kx) = 0. 
Because lim sin(1/x) does not exist, we cannot apply the theorem about 
the limit of a product. However, because lim (x + kx) = 0, it follows that 
for any e > 0 there exists a 8 > 0 such that 

|x + kx| « e whenever 0< |x| < 8 


The 8 is, in fact, e/|1 + k|. But 


(x + kx) sin i- [x + kx| 


sin E Ix + kx] - 


Hence, for any e > 0 there exists a ô > 0 such that 


(x + kx) sin i <e whenever 0 < |x| «8 


| Thus, 


lim f(x, y) =0 (15) 
Gr.) - (0,0) 
(P in $2) 


| Let $4 be the set of all points (x, y) for which y — kx", where n is any 
| positive integer and x # 0. Then by an argument similar to that used for 
: proving (15) it follows that 


lim f(x,y) = lim (x + kx") sin Ta 0 
Gc) - (0,0) x 
(Pin S3) 
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We now attempt to find a 6 > 0 for any e > 0 such that 

f(x, y) -0| « e whenever 0 « ||(x, y) — (0,0) < 8 (16) 
which will prove that m ? f(x, y) ^ 0. We distinguish two cases: 
| x=0 and x #0. 


Case 1: If x —0, |f(x, y) — 0| = |0 — 0| — 0, which is less than e for any 
l 
6 > 0. 


Case 2: If x #0, |f(x, y) —0| = |(x+ y) sin(1/x)|. 


Em 
sin — 
x 


(x+y) sind] Ix y 


= |x+yl(1) 
= |x| + lvl 
< V8 + ¥+ VP+Y¥ 
=2Vč+ y 
Then 


(x+ y) sin 3 <2-4e whenever 0< Væ Ty « ie 


So take 8 — $e. 
Therefore, in both cases we have found a 8 > 0 for any e > 0 such 


that (16) holds, and this proves that lim f(x, y) — 0. 
(x,u)= (0,0) 


The limit theorems of Chapter 2 and their proofs, with minor modi- 
fications, apply to functions of several variables. We use these theorems 
without restating them and their proofs. 


EXAMPLE 7: Find 


lim ; (x? + 2x?y — y? + 2). 


(r,)-(72.1 


SOLUTION: By applying the limit theorems on sums and products, we 


have 


im, GP € 2y- y+ 2) = C2 + 220) - (0* 271 
cr,y)-(—2.1 


17.2.10 Theorem 


Analogous to Theorem 2.11.5 for functions of a single variable is the 
following theorem regarding the limit of a composite function of two 
variables. 


If g is a function of two variables and lim g(x, y) — b, and f isa 
(x,y) -(xo0,4o) 


function of a single variable continuous at b, then 


lim  (f°g)(x, y) = f(b) 


(x,y)= (x080) 
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or, equivalently, 
lim f(g(x,y)) = jn lim g y) 


(x,y) ^ Qro; yo) Xy) (2040. 


The proof of this theorem is similar to the proof of Theorem 2.11.5 
and is left for the reader (see Exercise 20). 


EXAMPLE 8: Use Theorem SOLUTION: Let g be the function such that g(x, y) = xy — 1, and f be the 
17.2.10 to find lim In(xy — 1). | function such that f(t) — In t. 
d,y)-(2.1 


lim (xy—1) —1 


(x,y)-+(2,1) 


and because f is continuous at 1, we use Theorem 17.2.10 and get 


lim BOYS ISR lim (xy - 1)) 


G3) (2.1) (7.25 Q2.1) 
=In1 
=0 


Exercises 17.2 


In Exercises 1 through 6, establish the limit by finding a 6 > 0 for any e > 0 so that Definition 17.2.5 holds. 


1. lim (3x—4y)=1 2. lim (5x—3y)2-2 3. lim (22+ y?) =2 
(2,3). (3,2) (xy) (2.4) (x,y) (1,1) 

4 lim (22—3?)——1 5. lim (x?+2x—y)=4 6. lim (2+ y?—4x+2y) =—4 
(asy)— (2,3) (x.y)- (2,4) (253) (3,-1) 


In Exercises 7 through 12, prove that for the given function f, lim f(x, y) does not exist. 


(x,y) (0,0) 
x iy? x? et ys 
Tfey sap PAULI = Gag gs TO ary 
__ xt + 3x?y? + 2xy? xtyt xh? 
10. fiy) - (x? + y?) 11. fla y) = Tey yas 12. fanus 
In Exercises 13 through 16, prove that lim f(x, y) exists. 
(x,y)—(0,0) 
xy e+ a 
13. f(x, y) = ——— 14. y) 
LEE ET fe wy 
x dem T 1. : 
15. fep [on M P if x #0 andy #0 16. fep fe (xy) ifx#0 
0 if either x =0 or y=0 y ifx=0 
In Exercises 17 through 19, evaluate the given limit by the use of limit theorems. 
+e 
17. lim (3x + xy —2y? 18. lim yV3cr2 19... tinis ce s 
G3) (2,3) y y) TT EHE d y (z30-(0,0 COS X + sin y 


20. Prove Theorem 17.2.10 
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In Exercises 21 through 23, show the application of Theorem 17.2.10 to find the indicated limit. 


; ay ‘ ] | 1 
21. lim tan'!- 22. lim 5x + $y? 23. lim 
Gr y) 2,2) x (x.u)+(-2,3) [Sx + 2°] (a)-(42 Y 3x — 4y 
In Exercises 24 through 29 determine if the indicated limit exists. 
xy xy? sin(x + y) ety 
24. lim ——— 25. lim ———; 26. i Oo 27. in  ———— 
(a.v)--(0.0) X* + y* (ew)—(0.0) X? + y? GaG-2 x+y G^ (9,0) X + y? 
xy M a 
—MÀ + se 
28. f(x, y) 2 1x* + y? ysiny nea lim f(x, y) 
0 ifx=0 (x,y)--(0,0) 
eee Sine ifx ~O andy 0 
29. f(x, y) = y r y | lim f(x, y) 
0 if either x= 0 or y —0J 9-00 


30. (a) Give a definition, similar to Definition 17.2.5, of the limit of a function of three variables as a point (x, y, z) ap- 
proaches a point (xo, Yo, zo). (b) Give a definition, similar to Definition 17.2.7, of the limit of a function of three vari- 
ables as a point (x, y, z) approaches a point (xo, yo, zo) in a specific set of points S in Rs. 


31. (a) State and prove a theorem similar to Theorem 17.2.8 for a function f of three variables. (b) State and prove a the- 
orem similar to Theorem 17.2.9 for a function f of three variables. 


In Exercises 32 through 36, use the definitions and theorems of Exercises 30 and 31 to prove that lim f(x,y,z) does 


(20,52). (0,0,0) 

not exist. 

x4 + yx? + 22x? x? + y? — 2? 
32. foy» 2) =a rA 33. fy nr eS 

x8 + yz l xyz 
34. fyc ae 35. Key —wrurs 
In Exercises 36 and 37, use the definition in Exercise 30(a)to prove that lim f(x, y,z) exists. 
(2,42) (0,0,0) 
y tx 

36. f(x, y, z) ETET 


Ld gs lo. 
37. a PREG if x AOandy #0 


if either x =0 or y=0 


17.3 CONTINUITY OF Suppose that f is a function of n variables and A is a point in R,. Then f 
FUNCTIONS OF MORE is said to be continuous at the point A if and only if the following three 
THAN ONE VARIABLE conditions are satisfied: 

17.3.1 Definition (i) f(A) exists; 
(ii) lim f(P) exists; 
PHA 
(iii) lim f(P) = f(A). 
PA 
If one or more of these three conditions fails to hold at the point A, then 
f is said to be discontinuous at A. 


892 


17.3.2 Definition 
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Definition 2.11.1 of continuity of a function of one variable at a num- 
ber a is a special case of Definition 17.3.1. 

If f is a function of two variables, A is the point (xo, yo), and P is a 
point (x, y), then Definition 17.3.1 becomes the following. 


The function f of two variables x and y is said to be continuous at the 
point (x,, yo) if and only if the following three conditions are satisfied: 


(i) f(xo, yo) exists; 


(i) lim fee y) exists; 
Qo 0 ) (ro. yo) 
dis lim — f(x, y) = f(x», yo). 
Ge) - Grosuo) 


EXAMPLE 1: Given 


TH. In if (x, y) »* (0,0) 
0 if (x, y) — (0,0) 


determine if f is continuous at 
(0, 0). 


SOLUTION: We check the three conditions of Definition 17.3.2 at the 
point (0, 0). 
(i) f(0, 0) = 0. Therefore, condition (i) holds. 
eo : y: ; i z 
(ii) (lim " fx, y= pais Pty 0, which was proved in Ex 
ample 4, Sec. 17.2. 
(iii) im f(x, y) = f(0, 0). 
x.) (0,0 


So we conclude that f is continuous at (0, 0). 


EXAMPLE 2: Let the function f 
be defined by 


fx, y) = ZA dp ui aL 
0 if (x, y) = (0,0) 


Determine if f is continuous at 


(0, 0). 


SOLUTION: 
following. 


(i) f(0, 0) — 0 and so condition (i) holds. 
(ii) When (x, y) # (0, 0), f(x, y) = xy/ (X + y?). In Example 3, Sec. 
17.2, we showed that ms xy| (x? + y?) does not exist and so 
(7,9)- (0,0) 


lim f( f(x, y) does not exist. Therefore, condition (ii) fails to hold. 
(x,y) (0,0) 


We conclude that f is discontinuous at (0, 0). 


Checking the conditions of Definition 17.3.2, we have the 


If a function f of two variables is discontinuous at the point (xo, Yo) 


lim , fx, y) exists, then f is said to have a removable disconti- 
Ge) - Grosto 
nuity at (Xo, yo) because if f is redefined at (xo, Yo) so that f(x», yo) = 
lim f(x, y), then f becomes continuous at (xo, yo). If the disconti- 
Ge.) Gro;uo) 


nuity is not removable, it is called an essential discontinuity. 


but 


EXAMPLE 3: For each of the 
following functions, determine 
whether the discontinuity is 


| SOLUTION: 


(a) In Example 4, Sec. 17.2, we showed that 
lim 3xy/ (x2 + y?) 20 


(x,y)--(0,0) 


removable or essential at the 
origin: (a) g(x, y) = 3x7y/ (x? + y?); 
(b) h(x, y) = xyl (x? + y?). 
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Therefore, the discontinuity is removable if g(0, 0) is defined to be 0. 
(Refer to Example 1.) 
(b) In Example 3, Sec. 17.2, we showed that lim i xy/ (x? + y?) does 
2.y)—- (0.0. 


not exist. Therefore, the discontinuity is essential. (Refer to Example 2.) 


17.3.3 Theorem 


17.3.4 Theorem 


17.3.5 Theorem 


The theorems about continuity for functions of a single variable can 
be extended to functions of two variables. 


If f and g are two functions which are continuous at the point (xo, yo), then 


(i) f+ g is continuous at (xo, Yo); 
(ii) f — g is continuous at (Xp, Yo); 
(iii) fg is continuous at (xo, Yo); 
(iv) flg is continuous at (xo, yo), provided that g(x», Yo) # 0. 


The proof of this theorem is analogous to the proof of the correspond- 
ing theorem (2.11.1) for functions of one variable, and hence it is omitted. 


A polynomial function of two variables is continuous at every point in Rg. 


PROOF: Every polynomial function is the sum of products of the func- 
tions defined by f(x, y) =x, g(x, y) ^ y, and h(x, y) ^ c, where c is a 
real number. Because f, g, and h are continuous at every point in R;, the 
theorem follows by repeated applications of Theorem 17.3.3, parts (i) 
and (iii). iu 


A rational function of two variables is continuous at every point in its 
domain. 


PROOF: A rational function is the quotient of two polynomial functions 
f and g which are continuous at every point in R, by Theorem 17.3.4. If 
(xo, Yo) is any point in the domain of f/g, then g(xo, yo) »* 0; so by The- 
orem 17.3.3(iv) f/g is continuous there. 1] 


EXAMPLE 4: Let the function f 
be defined by 

d xt AE X* V yt m 
fle «li ifety 1 


Discuss the continuity of f. What 
is the region of continuity of f? 


SOLUTION: . The function f is defined at all points in R;. Therefore, con- 
dition (i) of Definition 17.3.2 holds for every point (xo, Yo). 
Consider the points (Xo, yo) if xy? + yo? # 1. If xy? + Yo” < 1, then 
lim f(x,y) z lim (x? + y?) = x? + yo? = f(xo, Yo) 


(x,y)=(r0,40) Lu) Groyo) 
If x? + Yo” > 1, then 
f(x,y)= lim 0=0= f(x, Yo) 


(x.y)+(x0,40) Qr.) - Grosyo) 
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17.3.6 Definition 


17.3.7 Theorem 


Thus, f is continuous at all points (xy, Yo) for which x? + y? ¥ 1. 
To determine the continuity of f at points (Xo, yo) for which xy? + yẹ? = 


1, we determine if lim f(x, y) exists and equals 1. 
(x.y) (20,40) 


Let S, be the set of all points (x, y) such that x? + y? < 1. Then 
lim f(x y) lm (#+y)=x"+y?=1 


Qr.) Gro. uo) (Qr) Gro;uo) 
(P in S1) (P in S1) 


Let S, be the set of all points (x, y) such that x? + y? > 1. Then 
lim f(x,y)= lim 0-20 


Ge) Gros vo) (2.9) Gro;uo) 
(P in S2) (P in S2) 


Because 


lim f(x,y) # lim f(x,y) 
Gru) Gro;uo) (ru) ^ Grosto) 
(P in Si) (P in S2) 


we conclude that lim f(x, y) does not exist. Hence, f is discontinu- 
Gra) Gro. vo) 


ous at all points (xo, yo) for which x? + y,? = 1. The region of continuity of 
f consists of all points in the xy plane except those on the circle x? + y? = 


The function f of n variables is said to be continuous on an open ball if it 
is continuous at every point of the open ball. 


-As an illustration of the above definition, the function of Example 3 
is continuous on every open disk that does not contain a point of the 
circle xX? + y? = 

The following theorem states that a continuous function of a con- 
tinuous function is continuous. It is analogous to Theorem 2.11.6. 


Suppose that f is a function of a single variable and g is a function of two 
variables. Suppose further that g is continuous at (xo, yo) and f is con- 
tinuous at g(x», yo). Then the composite function f ° g is continuous at 
(Xo, Vo). 


The proof of this theorem, which makes use of Theorem 17.2.10, is 
similar to the proof of Theorem 2.12.6 and is left for the reader (see Ex- 
ercise 7). 


EXAMPLE 5: Given 
h(x, y) = In(xy — 1) 


discuss the continuity of h. Draw 
a sketch showing as a shaded 
region in R, the region of conti- 
nuity of f. 


SOLUTION: If g is the function defined by g(x,y) = xy — 1, g is continuous 
at all points in R;. The natural logarithmic function is continuous on its 
entire domain, which is the set of all positive numbers. So if f is the func- 
tion defined by f(t) = In t, f is continuous for all t > 0. Then the function 
h is the composite function f ° g and, by Theorem 17.3.7, is continuous at 
all points (x, y) in R, for which xy — 1 > 0 or, equivalently, xy > 1. The 
shaded region of Fig. 17.3.1 is the region of continuity of h. 
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Figure 17.3.1 


EXAMPLE 6: Given that 


CNET MR 
foc) Ver y 5 


discuss the continuity of f and 
draw a sketch showing as a 
shaded region in R, the region of 
continuity of f. 


y 


Figure 17.3.2 


Exercises 17.3 


Sec. 17.1. We saw there that the domain of this function is the set of all 


: points in the exterior region bounded by the circle x? + y? = 25 and the 
| points on the x axis for which —5 < x « 5. 


The function f is the quotient of the functions g and h for which 
g(x, y) ^ y and h(x, y) = Vx? + y? — 25. The function g is a polynomial 


. function and therefore is continuous everywhere. It follows from The- 


orem 17.3.7 that h is continuous at all points in R, for which x? + y? > 25. 
Therefore, by Theorem 17.3.3(iv) we conclude that f is continuous at all 


: points in the exterior region bounded by the circle x? + y? = 25. 


Now consider the points on the x axis for which —5 « x « 5, that is, 
the points (a, 0) where —5 < a < 5. If S, is the set of points on the line 
x — &, (a, 0) is an accumulation point of S,, but 


; : y 
lim f(x, y) = lim —————— 
md E y-0 V a? d y == 25 
(P in S1) 


which does not exist because y/ Va? + y? — 25 is not defined if |y| < 
V25 — a”. Therefore, f is discontinuous at the points on the x axis for 
which —5 « x « 5. The shaded region of Fig. 17.3.2 is the region of con- 


tinuity of f. 


In Exercises 1 through 6, discuss the continuity of f. 


x 


E A 
1. f(x,y) = [yy 
0 


if (x, y) # (0,0) 
if (x, y) = (0,0) 


(HINT: See Exercise 13, Exercises 17.2.) | 
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2 
LL if (x,y) # (0,0) 


2. f(x,y) = E +y? (HINT: See Example 5, Sec. 17.2.) 
0 if (x, y) = (0,0) 


DET PG Se 050) 


x vy? 
3. f(x, y) = n +y 
0 if (x, y) = (0,0) 


4. f(x, y) — n Ty? 
0 


if (x, y) # (0,0) 
if (x, y) = (0,0) 


24,2 


xy ; y 
5. f(x,y) = |z + |y] ìf (x,y) # (0,0) 6. f(x, y) = [m + |y?| 


0 if (x, y) = (0,0) 


if (x, y) # (0,0) 
if (x, y) = (0,0) 
7. Prove Theorem 17.3.7 


In Exercises 8 through 17, determine the region of continuity of f and draw a sketch showing as a shaded region in R: the 
region of continuity of f. 


ct deor NT D APR 
8. f(x, y) Ve- ya 9. f(x, y) Vi6 — 2 —y? 
x2 + y? x 
10. , y) = 11. ,y)= 
T E; f(x,y) De 9y! — 36 
12. f(x, y) = In(x? + y? —9) — In(1 — x? — y?) 13. f(x, y) =x In(xy) 
14. f(x, y) = sin™ (xy) 15. f(x, y) = tan y sec !(xy) 
x — y? sin(x +y) , 
i fep - [7s EIN 17. f(x, y) = xty Mox Sak 
x—y ifx=y 1 ifx+y=0 


In Exercises 18 through 21, prove that the function is discontinuous at the origin. Then determine if the discontinuity is 
removable or essential. If the discontinuity is removable define f(0, 0) so that the discontinuity is removed. 


ps 

18. f(x,y) => z 19. f(x, y) = (x y) sin 
xy (0 xy 

20. fy) y 21. fy) y 


22. (a) Give a definition of continuity at a point for a function of three variables, similar to Definition 17.3.2. (b) State the- 
orems for functions of three variables similar to Theorems 17.3.3 and 17.3.7. (c) Define a polynomial function of three 
variables and a rational function of three variables. 


In Exercises 23 through 26, use the definitions and theorems of Exercise 22 to discuss the continuity of the given function. 


XZ 


23. ,Y, z) = 
PV = a ar ees 


24. f(x, y, z) = In(36 — 4x? — y? — 9z?) 


cal E, » (0,0,0) u HEY ) « (0, 0, 0) 
25. f(x, y, z) - 41x + y? +z if (x, y, z) Ca 26. f(x, y, z) - xà +y? +z if (x,y,z ipi 


0 if (x, y, z) — (0,0,0) 0 if (x,y,z) = (0,0,0) 


17.4 PARTIAL DERIVATIVES 


17.4.1 Definition 
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We now discuss differentiation of real-valued functions of n variables. 
The discussion is reduced to the one-dimensional case by treating a func- 
tion of 7 variables as a function of one variable at a time and holding the 
others fixed. This leads to the concept of a partial derivative. We first define 
the partial derivative of a function of two variables. 


Let f be a function of two variables, x and y. The partial derivative of f 
with respect to x is that function, denoted by D,f, such that its function 
value at any point (x, y) in the domain of f is given by 


Dif(x, y) pos lim f(x + Ax, y) n (x, y) (i) 


Ax 


if this limit exists. Similarly, the partial derivative of f with respect to y is 
that function, denoted by D,f, such that its function value at any point 
(x, y) in the domain of f is given by 


Dj, y) = im [EE op - Fn 2) 


if this limit exists. 


The process of finding a partial derivative is called partial dif- 
ferentiation. 

D,f is read as "D sub 1 of f,” and this denotes the partial-derivative 
function. D,f(x, y) is read as "D sub 1 of f of x and y,” and this denotes 
the partial-derivative function value at the point (x, y). Other notations 
for the partial-derivative function D,f are f,, fy, and 9f/àx. Other notations 
for the partial-derivative function value D,f(x, y) are fi(x, y), f(x, v), 
and óf(x, y)/àx. Similarly, other notations for D;f are fə, fy, and of/ày; 
other notations for D;f(x, y) are fa(x, y), fy(x, y), and of(x, y)/dy. If 
z= f(x, y), we can write dz/dx for D,f(x, y). A partial derivative cannot 
be thought of as a ratio of dz and dx because neither of these symbols has 
a separate meaning. The notation dy/dx can be regarded as the quotient 
of two differentials when y is a function of the single variable x, but there 
is not a similar interpretation for 0z/0x. 


EXAMPLE 1 Given 
f(x, y) = 3x8 — 2xy + y? 


find D,f(x, y) and Def(x, y) by 
applying Definition 17.4.1. 


SOLUTION: 


20 f(x Ax, y) — f(x, v) 
| Df y) = lim EHE — P3) 
Ar—0 
. 3(x+ Ax)? 20 + Ax)y + y? — Or — 2xy + 4?) 
Slim e es it Se 
Ax-0 x 
Bm 3x? + 6x Ax + 3( Ax)? — 2xy — 2y Ax + y? — 3x? + 2xy — y? 
= j1 ee M M————— 
Ax 
Ar-0 


. 6x Ax + 3(Ax)? — 2y Ax 
= lim > 
âx-=0 Ax 
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= lim (6x t 3 Ax — 2y) 


Ar0 
= 6x — 2y 
_ f(x,y + Ay) — f(x, y) 
Daf (x,y) = lim Ê y S fe. y 
.. 3x? — 2x(y + Ay) + (y + Ay)? — (3x? — 2xy + y?) 
= lim 
Au-0 Ay 
- 3x? —2xy — 2x Ay + y? + 2y Ay + (Ay)? — 3x! + 2xy — y? 
E Ay 
— 2 
Sin 2x Ay + 2y Ay + (Ay) 
Ay-0 Ay 
= lim (—2x + 2y + Ay) 
Ay-^0 
=—2x + 2y 


EXAMPLE 2: For the functionf | 
of Example 1, find D,f(3, —2) in | 
three ways: (a) apply (3); (b) apply | 
(5); (c) substitute (3, —2) for | 
(x, y) in the expression for | 
Df (x, y) found in Example 1. | 


—rp- 


If (xo, yo) is a particular point in the domain of f, then 
NET f (Xo t Ax, Yo) on f (Xo, Yo) 
Df (Xo, Yo) lim Ax (3) 


if this limit exists, and 


A +A me ? 
Dif (xy, Yo) = lim [eec Yo FD) f y A 


if this limit exists. 
Alternate formulas to (3) and (4) for D,f(xy, Yo) and Dsf(x,, Yo) are 
given by 


o f(x, Yo) — f, vo) 
Df (Xo, Yo) = lim E e) (5) 
if this limit exists, and 


fo, V) — f (Xo, Yo) 


D 7 & li 
af Xo» Yo) ran Y— yo (6) 


if this limit exists. 


SOLUTION: 


f(3 + Ax, —2) — f(3, —2) 
Ax 


= lim 383 Ae = 264 Ax) (2) + (2)? — Q7 + 12 + 4) 


Ax—0 Ax 


(a) D,f(3, —2) = lim 
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= li 27 + 18 Ax + 3(Ax)? + 12 + A Ax - 4 — 43 
= lim 
Ar-0 Ax 


= lim (18+ 3 Ax + 4) 


Ar^0 


—22 


(b) D,f(3, —2) = lim f(x, =2) =f. —2) 


3x? + 4x + 4 — 43 


"m x—3 
. 23x? + Ax — 39 

= lim ———— — 
r3 x3 

= lim (3x + 13) (x — 3) 
x3 x-—3 


= lim (3x + 13) 
r-3 


—22 
(c) From Example 1, 
D,f(x, y) = 6x — 2y 
Therefore, 


D,f(3, -2) = 18 + 4 = 22 
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To distinguish derivatives of functions of more than one variable 


from derivatives of functions of one variable, we call the latter derivatives 
ordinary derivatives. 


Comparing Definition 17.4.1 with the definition of an ordinary deriv- 


ative (3.3.1), we see that D,f(x, y) is the ordinary derivative of f if f is 
considered as a function of one variable x (i.e., y is held constant), and 
Dsf(x, y) is the ordinary derivative of f if f is considered as a function of 
one variable y (and x is held constant). So the results in Example 1 could 
have been obtained more easily by applying the theorems for ordinary 
differentiation if we consider y constant when finding D,f(x, y) and if 
we consider x constant when finding D;f(x, y). The following example 
illustrates this. 


EXAMPLE 3: Given f(x, y) = 38 
— Ax*y + 3xy? + 7x — 8y, find 
Di f(x, y) and Dof(x, y). 


SOLUTION: 
we have 


Dif (x, y) = 9x* — 8xy + 3y? +7 


Considering f as a function of y and holding x constant, we have 


D;f(x, y) =—4x* + 6xy — 8 


Considering f as a function of x and holding y constant, 
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EXAMPLE 4: Given 


f(x,y) = eG if (x, y) » (0,0) 


0 if (x, y) = (0,0) 


| sotuTion: (a) If y # 0, from (5) we have © 


_ f(x,y) — f(, y) 
fiO, y) = lim EWA y 
xy — y?) 
det 
a0 x 
at ie =a} 
I ety 
y 
oy 
i TC 
If y = 0, we have 
, E 0, ux 
Oat O0 o aO cg 
x-0 x 0 r-0 x 


| Because f,(0, y) — —y if y * 0 and f,(0, 0) — 0, we can conclude that 


fi (0, y) — —y for all y. 
(b) If x # 0, from (6) we have 


v f(x,y) — f(x, 0) 
, 0) = lim —————— —— 
fo(x ) sd y—0 
xyG*- y") _ 
lim pv: 
= 11 
y-0 
NOSE iuam 
Slim- ayy 
x? 
=z 
=x 


| If x= 0, we have 


. f(0,y)—f(0,0 |. 0—0 
2070) cdm 05 A979) a 
joo) cm y —0 E 


| Because f(x, 0) =x, if x #0 and f;(0, 0) — 0, we can conclude that 
fo(x, 0) = x for all x. 


Geometric interpretations of the partial derivatives of a function of 
two variables are similar to those of a function of one variable. The graph 
of a function f of two variables is a surface having equation z — f(x, y). 
If y is held constant (say, y = yo), then z = f(x, yo) is the equation of the 
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trace of this surface in the plane y = yp. The curve can be represented by 
the two equations 


Y=Yy and z= f(x,y) (7) 


because the curve is the intersection of these two surfaces. 

Then D,f(xo, Yo) is the slope of the tangent line to the curve given 
by Eqs. (7) at the point P (xo, yo, f(xo, Yo) ) in the plane y = yo. In an analo- 
gous fashion, D;f(x,, yo) represents the slope of the tangent line to the 
curve having equations 


x—x, and z=f(x, y) 


at the point P, in the plane x = x). Figure 17.4.1a and b shows the por- 
tions of the curves and the tangent lines. 


Figure 17.4.1 


EXAMPLE 5: Find the slope of 
the tangent line to the curve 
of intersection of the surface 

z —$V24 — x? — 2y* with the 
plane y — 2 at the point 

(2, 2, V3). 


SOLUTION: The required slope will be the value of oz/ox at the point 


(2, 2, V3). 


0z =y 


ox 2V24— x! — 24?” 
So at (2, 2, V3), 
oz | —2 1 


ax 2Vi 2V3 


A partial derivative can be interpreted as a rate of change. Actually, 
every derivative is a measure of a rate of change. If f is a function of the 
two variables x and y, the partial derivative of f with respect to x at the 
point P(x, yo) gives the instantaneous rate of change, at Po, of f(x, y) 
per unit change in x (x alone varies and y is held fixed at yo). Similarly, 
the partial derivative of f with respect to y at P, gives the instantaneous 
rate of change, at P,, of f(x, y) per unit change in y. 
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EXAMPLE 6: According to the 
ideal gas law for a confined gas, 

if P pounds per square unit is 
the pressure, V cubic units is the 
volume, and T degrees is the 
temperature, we have the formula 


PV = kT (8) 


where k is a constant of propor- 
tionality. Suppose that the vol- 
ume of gas in a certain container 
is 100 in.? and the temperature is 
90°, and k = 8. 

(a) Find the instantaneous 
rate of change of P per unit 
change in T if V remains fixed at 
100. (b) Use the result of part (a) 
to approximate the change in the 
pressure if the temperature is 
increased to 92°. (c) Find the in- 
stantaneous rate of change of V 
per unit change in P if T remains 
fixed at 90. (d) Suppose that the 
temperature is held constant. Use 
the result of part (c) to find the 
approximate change in the vol- 
ume necessary to produce the 
same change in the pressure as 
obtained in part (b). 
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| SOLUTION: Substituting V — 100, T— 90, and k — 8 in Eq. (8), we obtain 


P = 72. (a) Solving Eq. (8) for P when k = 8, we get 


ABT 


Ss 


Therefore, 


aP_& 

aT V 
When T = 90 and V = 100, aP/dT = 0.08, which is the answer required. 

(b) From the result of part (a) when T is increased by 2 (and V re- 
mains fixed) an approximate increase in P is 2(0.08) = 0.16. We conclude, 
then, that if the temperature is increased from 90° to 92°, the increase in 
the pressure is approximately 0.16 Ib/in.?. 

(c) Solving Eq. (8) for V when k — 8, we obtain 

8T 


Ve 


Therefore, 


: When T= 90 and P = 7.2, 


av _ _ 8(90) _ _ 125 

oP (7.2)? 9 
which is the instantaneous rate of change of V per unit change in P when 
T — 90 and P = 7.2 if T remains fixed at 90. 

(d) If P is to be increased by 0.16 and T is held fixed, then from the 
result of part (c) the change in V should be approximately (0.16) (—1$?) = 
—3. Hence, the volume should be decreased by approximately 4 in.? if 
the pressure is to be increased from 7.2 Ib/in.? to 7.36 lb/in.?. 


17.4.2 Definition 


We now extend the concept of partial derivative to functions of n 
variables. 


Let P(x, X2, . . . , Xn) be a point in R,, and let f be a function of the n 
variables xi, xo, . . . , Xa. Then the partial derivative of f with respect to 
x, is that function, denoted by D,f, such that its function value at any 
point P in the domain of f is given by 


Daf (x1, Mor eee 7 Xn) = 
lim fG XS... s Kents Xe t Xii Keates © 4 so Xn) — fno X2 22. i Xn) 
Ar,^0 Ax, 


if this limit exists. 
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In particular, if f is a function of the three variables x, y, and z, then 
the partial derivatives of f are given by 


Dy f(x, y, z) = lim f(x + Ax, y, z) — f(x, y, z) 
Ar-0 Ax 


Dof(x, y, z) = lim f(x,y + Ay, z) — feo y, z) 


Ay 
and 
Dsf (x, y, z) = lim (x, y. z+ Az) — f(x. y. z) 
Az~0 Z 


if these limits exist. 


EXAMPLE 7: Given | SOLUTION: Holding y and z constant, we get 
f(x, y, z) = xy +yz + 23 f(x, y, z) = 2xy 
verify that xfı(x, y, z) | Holding x and z constant, we obtain 
+ yfo(x, y, z) + zf(x, y, z) = falx, y, z) =x? +2? 
3f(x, y, z). Holding x and y constant, we get 
fs(x, y, zZ) = 2yz + 3z? 
Therefore, 
xfi(x, y, z) +Yfo(x, y, z) + zfs(x, y, z) =x(2xy) + y(x? + 2?) + z(2yz + 3z?) 
= 2xy + x*y + yz? + 2yz? + 32? 
= 3 (xy + yz? + z?) 
= 3f(x, y, z) 


Exercises 17.4 


In Exercises 1 through 6, apply Definition 17.4.1 to find each of the partial derivatives. 


1. f(x, y) = 6x + 3y — 7; Dif(x, y) 2. f(x, y) = 4x! — 3xy; Dif(x, y) 8. f(x, y) = 3xy + 6x — y*; Dof (x, y) 
+2 
4. f(x, y) = xy? — 5y + 6; Dof(x, y) 5. f(x, y) = Vx? + y”; Dif(x, y) 6. f(x, y) = = ' 7 Dof (x, y) 


In Exercises 7 through 10, apply Definition 17.4.2 to find each of the partial derivatives. 
7. f(x, y, z) = xy — 3xy? + 2yz; Dof(x, y, z) 8. f(x, y, z) =x + 4y? + 92; Dif(x, y, x) 
9, f(x, y, Z, r, t) = xyr  yzt + yrt + zrt; Daf(x, y, z, v, t) 

10. f(r, s, t, u, v, w) = 3rst + sv — 2tuv? — tvw + 3uw?; Dsf(r,s, t, u, v, w) 


11. Given f(x, y) ^ x? — 9y?. Find D,f(2, 1) by (a) applying formula (3); (b) applying formula (5); (c) applying formula (1) 
and then replacing x and y by 2 and 1, respectively. 
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12. For the function in Exercise 11, find D,f(2, 1) by (a) applying formula (4); (b) applying formula (6); (c) applying for- 
mula (2) and then replacing x and y by 2 and 1, respectively. 


In Exercises 13 through 24, find the indicated partial derivatives by holding all but one of the variables constant and apply- 
ing theorems for ordinary differentiation. 


x+ 
13. f(x, y) = 4? + Vx! + y”; Dy f(x, y) 14. f(x, y) = Dof (x, y) 
15. f(0, $) = sin 36 cos 24; D;f(0, $) 16. f(r, 6) =r? cos 0 — 2r tan 0; Dz f(r, 0) 
= pur £, 9z =p- . oF ou CA = . ðu 
17. z — e”? In y ay 18. r— e ?cos(0 + 4); 36 19. u — (P+ y? + z?) PL 20. u — tan ‘(xyzw); z 
21. f(x, y, z) = Axyz + In(2xyz); fa(x, y, z) 22. f(x, y, z) = e% sinh 2z — e" cosh 2z; f(x, y, z) 
3 

23. f(x, y, z) = e"* + tan! T fo(x, y, z) 
24. f(r, 0, p) = 4r? sin 0 + 5e" cos 0 sin $ — 2 cos ¢; fs(r, 0, $) 
In Exercises 25 and 26, find f, (x, y) and f,(x, y). 
25. f(x, y) =f In sin t dt 26. f(x, y) =| est dt 
27. Given u = sin i+ in © x . Verify + + 2 tao. 28. Given w = x?y + yz + zx. Verify D e (x * y tz). 

x? + y? : x? xs xy ] 
29. Given f(x, y) = [s Ty? iE O69) A 10,0) 30. Given f(x, y) = n if (x, y) # (0,0) 

0 if (x, y) — (0,0) 0 if (x, y) = (0,0) 

Find (a) fı (0, 0); (b) &(0, 0). Find (a) f (0, y) if y # 0; (b) fı (0, 0). 


31. For the function of Exercise 30 find (a) f;(x, 0) if x # 0; (b) f;(0, 0). 


32. Find the slope of the tangent line to the curve of intersection of the surface 36x? — 9y? + 4z? + 36 = 0 with the plane 
x= 1 at the point (1, V12, —3). Interpret this slope as a partial derivative. 


33. Find the slope of the tangent line to the curve of intersection of the surface z = x? + y? with the plane — 1 at the point 
(2, 1, 5). Draw a sketch. Interpret this slope as a partial derivative. 


34. Find equations of the tangent line to the curve of intersection of the surface x? + y? + z? = 9 with the plane y = 2 at 
the point (1, 2, 2). 


35. The temperature at any point (x, y) of a flat plate is T degrees and T = 54 — $x? — 4y”. If distance is measured in feet 
find the rate of change of the temperature with respect to the distance moved along the plate in the directions of the 
positive x and y axes, respectively, at the point (3, 1). 

36. Use the ideal gas law for a confined gas (see Example 6) to show that 


àv aT aP 
aT dP aV 


37. If V dollars is the present value of an ordinary annuity of equal payments of $100 per year for t years at an interest 
rate of 100i percent per year, then 


V = 100 po] 


(a) Find the instantaneous rate of change of V per unit change in i if t remains fixed at 8. (b) Use the result of part (a) 
to find the approximate change in the present value if the interest rate changes from 6% to 7% and the time remains 
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fixed at 8 years. (c) Find the instantaneous rate of change of V per unit change in t if i remains fixed at 0.06. (d) Use the 
result of part (c) to find the approximate change in the present value if the time is decreased from 8 to 7 years and 
the interest rate remains fixed at 6%. 


17.5 DIFFERENTIABILITY AND 
THE TOTAL DIFFERENTIAL 


17.5.1 Definition 


In Sec. 3.6 in the proof of the chain rule we showed that if f is a differen- 
tiable function of the single variable x and y — f(x), then the increment 
Ay of the dependent variable can be expressed as 


Ay = f'(x) Ax + Ax 


where 7 is a function of Ax and ny > 0 as Ax > 0. 
From the above it follows that if the function f is differentiable at 
Xo, the increment of f at x», denoted by Af(x,), is given by 


Af(xo) = f' (xy) Ax + m Ax 


where lim » — 0. 
Ar-0 
For functions of two or more variables we use an equation corre- 


sponding to Eq. (1) to define differentiability of a function. And from the 
definition we determine criteria for a function to be differentiable at a 
point. We give the details for a function of two variables and begin by 
defining the increment of such a function. 


(1) 


If f is a function of two variables x and y, then the increment of f at the 
point (xo, yo), denoted by Af (xo, yo), is given by 


Af (Xo, Yo) = f(xo + Ax, yo + Ay) — f(xo, Yo) (2) 

Figure 17.5.1 illustrates Eq. (2) for a function which is continuous 
on an open disk containing the points (xo, yo) and (xy + Ax, yo + Ay). 
The figure shows a portion of the surface z — f(x, y). Af(xo, yo) — QR, 
where Q is the point (x, + Ax, yo + Ay, f(x», vo)) and R is the point 
(Xo + Ax, yo + Ay, f(Xxo + Ax, yo + Ay)). 


z (o Yo f(xo yo) 
(xo + Ax, Yo + Ay, f(Xo + Ax, yo + Ay)) 


z= f(x,y) 


me Y 
Af (Xo, Yo) 


1/1 
(Xo + Ax, yo + Ay, f(xo, Yo)) 
l 
o E 
| dg 


f(Xo, Vo) f(xo + Ax, Yo + Ay) 


(Xo, Yo, 0) 


(xo + Ax, yo + Ay, 0) Figure 17.5.1 
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EXAMPLE 1: Given 
f(x, y) =3x— xy? 


find the increment of f at any 
point (xo, yo). 


SOLUTION: 
Af (xo, Yo) = f(xo + Ax, yo + Ay) — f(xo, yo) 
= 3 (x + Ax) — (xo + Ax) (yo + Ay)? — (3x, — xy?) 
= 3x, + 3 Ax — XoY — yo? Ax — 2xgyo Ay — 2yo Ax Ay 
— x (Ay)? — Ax(Ay)? — 3x9 + xo? 
—3 Ax — yo? Ax — 2xoyo Ay — 2yo Ax Ay — xy( Ay)? — Ax(Ay)? 


17.5.2 Definition 


If f is a function of two variables x and y and the increment of f at (xo, Yo) 
can be written as 


Af (Xo, Vo) = D,f (Xo, Yo) Ax + Dof (Xo, Yo) Ay + e, Ax + e Ay (3) 


where e, and e, are functions of Ax and Ay such that e, — 0 and e, — 0 as 
(Ax, Ay) > (0, 0), then f is said to be differentiable at (xo, Yo). 


EXAMPLE 2: Prove that the 
function of Example 1 is differ- 
entiable at all points in Rə. 


SOLUTION: From Definition 17.5.2, if for all points (xo, yo) in Rọ we can 
find an e, and an e, such that 


Af (Xo, Vo) — Dif(xo, yo) Ax — Dof (Xo, Yo) Ay = e, Ax + e Ay 


and e, > 0 and e 0 as (Ax, Ay) — (0,0), we have proved that f is dif- 
ferentiable at all points in R,. 
Because f(x, y) = 3x — xy?, 


Dif (xo, Vo) =3- Yor and Dof (xo, Yo) = —2Xoyo 
Using these values and the value of Af(xo, yo) from Example 1, we have 
Af (Xo, Yo) — Dif (xo, Yo) Ax — Dəf (xo, Yo) Ay = —xo(Ay)* — 2yo Ax Ay — Ax(Ay)? 
The right side of the above equation can be written in the following ways: 


[72yo Ay — (Ay)?] Ax + (—xo Ay) Ay 


or 

(—2yo Ay) Ax + (—Ax Ay — xo Ay) Ay 
or 

[—(Ay)?] Ax + (—2y Ax — xo Ay) Ay 
or 


0- Ax + [72yo Ax — Ax Ay — xo Ay] Ay 

So we have four possible pairs of values for e; and e;: 
€,— —2y, Ay — (Ay)? and & ——x, Ay 

or 


€, = —2y, Ay and €,-— —Ax Ay — x, Ay 
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or 
€, 7 — (Ay)? and €& -—-—2y, Ax — x, Ay 
or 
€,— 0 and €,=—2y,) Ax — Ax Ay — x, Ay 
For each pair, we see that 
lim € —0 and lim | €&-—0 


(Az.Ay)- (0,0) (Az .Au)- (0,0) 


17.5.3 Theorem 


EXAMPLE 3: Given 

f(x, y) = ET eG) 700) 
0 if (x, y) = (0, 0) 

prove that D,f(0, 0) and D,f(0, 0) 


It should be noted that in the solution of Example 2 it is only neces- 
sary to find one pair of values for e, and ez. 


If a function f of two variables is differentiable at a point, it is continuous 
at that point. 


PROOF: If f is differentiable at the point (xo, yo), it follows from Defini- 
tion 17.5.2 that 


f (xo + Ax, Yo y) — f(xo, Yo) = Df (Xo, Yo) Ax + Dof (Xo, Yo) Ay 
Toe Ax + € Ay 


where e, — 0 and e > 0 as (Ax, Ay) — (0, 0). Therefore, 


f(xo + Ax, Yo + Ay) = f(xo, yo) + Dif(xo, Yo) Ax + Dof(xo, Yo) Ay 
+ e Ax + & Ay 


Taking the limit on both sides of the above as (Ax, Ay) — (0,0), weobtain 


lim l f(xo + Ax, yo + Ay) = f (xor Yo) (4) 


(Azx,Ay)—(0,0 
If we let x, + Ax = x and y, + Ay = y, “(Ax, Ay) > (0, 0)" is equivalent 
to "(x, y) > (xo, yo)." Thus, we have from (4) 


f(x. y) = f(Xo, Yo) 


lim 
(x,y)--(x0,yo) 


which proves that f is continuous at (xo, Yo). E 


Theorem 17.5.3 states that for a function of two variables differenti- 
ability implies continuity. However, the mere existence of the partial de- 
rivatives D,f and Df at a point does not imply differentiability at that 
point. The following example illustrates this. 


SOLUTION: 


! x, 0) — f(0, 0) . 0-0 
Dyf(0, 0) = lim BB OO lig o 
ET f(O, y) — f(0, 0) — . 0—0 T 

Dəf (0, 0) = lim ae = eee Zo lim S 
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exist but that f is not differen- 
tiable at (0, 0). 


Therefore, both D,f(0, 0) and D,f(0, 0) exist. 
In Example 3 of Sec. 17.2 we showed that for this function 


lim f(x,y) 


(27,9) - (0,0) 


does not exist; hence, f is not continuous at (0, 0). Because f is not con- 
tinuous at (0, 0), it follows from Theorem 17.5.3 that f is not differenti- 


| able there. 


17.5.4 Theorem 


So even though the existence of the derivative of a function of a 
single variable at a point implies differentiability and continuity of the 
function at that point, we see from Example 3 that this does not hold for 
functions of more than one variable. 


Before stating a theorem that gives conditions for which a function 
will be differentiable at a point, we consider a theorem needed in its proof. 
It is the mean-value theorem for a function of a single variable applied to a 
function of two variables. 


Let f be a function of two variables defined for all x in the closed interval 
[a, b] and all y in the closed interval [c, d]. 

(i) If D;f(x, yo) exists for some y, in [c, d] and for all x in [a, b], then 
there is a number £, in the open interval (a, b) such that 


f(b. Vo) — f(a, yo) — (b — a)D4f(&, Yo) (5) 


(ii) If D;f(x, y) exists for some x, in (a, b] and for all y in [c,d], then 
there is a number £, in the open interval (c, d) such that 


f(xo, d) — f(xo, c) = (d — c) Dsf(xo, &x) (6) 
Before proving this theorem, we interpret it geometrically. For part (i) 


Z (£i, Vo, f(£i, vo) 


A(a, Yo, f(a, Yo)) 


* 
f(a, yo) — f(b, yo) 
Y 


z = f(x,y) 


Bb, Vo, f(b, vo)) 


x Figure 17.5.2 
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refer to Fig. 17.5.2, which shows the portion of the surface z — f(x, y) 
above the rectangular region in the xy plane bounded by the lines x — a, 
x —b,y — c, and y — d. The plane y — y, intersects the surface in the curve 
represented by the two equations y — y, and z — f(x, y). The slope of the 
line through the points A (a, yo, f(a, yo)) and B(b, Yo, f (b, Yo)) is 


f(b, Vo) — f(a, Yo) 
b—a 


Theorem 17.5.4(i) states that there is some point (£i, Yo, f(£i, yo)) on the 
curve between the points A and B where the tangent line is parallel to the 
secant line through A and B; that is, there is some number £, in (a, b) such 
that Dif(£, yo) = [f(b, yo) — f(a, vo) ]/(b — a), and this is illustrated in 
the figure, for which D,f(é,, yo) < 0. 

Figure 17.5.3 illustrates part (ii) of Theorem 17.5.4. The plane x = x, 
intersects the surface z — f(x, y) in the curve represented by the two equa- 
tions x — xy and z — f(x, y). The slope of the line through the points 
C (xv, c, f (xo, c)) and D (xo, d, f(xy, d)) is [ f(x, d) — f(x» c) / (d — c), and 
Theorem 17.5.4(ii) states that there is some point (xy, éz, f(x, &)) on 
the curve between the points C and D where the tangent line is parallel to 
the secant line through C and D; that is, there is some number £, in (c, d) 
such that D;f(xo, £) = [ f(x, d) — f(xo, c) (d — c). 


D(xo, d, f(Xo, d) 
z= f(x,y) 


(paar aiis, 


(Xo, £z, f(xo, £2)) 
f(xo, d) — f(xo, c) 


x Figure 17.5.3 
PROOF OF THEOREM 17.5.4(i): Let g be the function of one variable x 
defined by 
8x) = f(x, Yo) 
Then 
8' (x) = Dif(x, yo) 
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Because D f(x, yo) exists for all x in [a, b], it follows that g' (x) exists for all 
x in [a, b], and therefore g is continuous on [a, b]. So by the mean-value 
theorem (4.5.2) for ordinary derivatives there exists a number £, in (a, b) 
such that 


, . &(b) — g(a) 
g (é) NA oc RID 


—a 
or, equivalently, 


Dif(£i, yo) = es 


from which we obtain 


f(b, Yo) — f(a, Yo) = (b- a)Dif(é, Yo) 


The proof of part (ii) is similar to the proof of part (i) and is left for 
the reader (see Exercise 11). E 


Equation (5) can be written in the form 


f(% + h, yo) — f(xo, Yo) = hDif(&, Yo) (7) 


where £, is between x, and x, + h and h is either positive or negative (see 
Exercise 12). 
Equation (6) can be written in the form 


f (Xo, Yo + k) — f(xo, Yo) = kDof (xo, E2) (8) 


where £, is between y, and y, + k and k is either positive or negative (see 
Exercise 13). 


EXAMPLE 4: Given 


— 2xy 
f(x,y) 34+%x 


find a é required by Theorem 


17.5.4 if x is in [2, 5] and y = 4. 


SOLUTION: By Theorem 17.5.4, there is a number £, in the open interval 
(2,5) such that 


f(5, 4) — f(2, 4) = (5 — 2)Dif(é1, 4) 


So 
16 4. 24 
jan eae CE) 
or 
9r es 72 
5 ee 
or 
(3 + é)? — 40 
Therefore, 
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| But because 2 < ¿é < 5, we take only the “+” sign and obtain 


The following theorem states that a function having continuous par- 
tial derivatives at a point is necessarily differentiable at the point. 


17.5.5 Theorem Let f be a function of two variables x and y. Suppose that D,f and D;f exist 
on an open disk B (Po; r), where P, is the point (xo, yo). Then if D,f and Dof 
are continuous at Pp, f is differentiable at Pp. 


PROOF: Choose the point (xy + Ax, yo + Ay) so it is in B(Py r). Then 
Af (xo, Yo) = f(xo + Ax, yo + Ay) — f(xo, Yo) 
Subtracting and adding f(x» + Ax, yọ) to the right side of the above, we get 
Af (xo, Vo) = [f(xo + Ax, yo + Ay) — f(xo + Ax, Yo) ] 
+ [f(xo + Ax, yo) — f(xo, Yo)] (9) 
Because D,f and D,f exist on B(Po; r) and (xy + Ax, yo + Ay) is in 
B (Po; r), it follows from (8) that 
f(x + Ax, yo + Ay) — f(x + Ax, yo) = (Ay) Dof(xo + Ax, é) (10) 


where é is between y, and yo + Ay. 
From (7) it follows that 


f(xo + Ax, Yo) = fs; Yo) = (Ax)Dif(é1, Yo) (11) 
where £, is between x, and x, + Ax. 

Substituting from (10) and (11) in (9), we obtain 

Af (xo, Yo) = CAy) Df (xo + Ax, &) + (Ax)Dif(és, Yo) (12) 

Because (x, + Ax, yo + Ay) is in B(Py; r), é is between yo and yo + Ay, 
and D,f is continuous at Pp, it follows that 


) Dof (% + Ax, é) = Dof (xo, Yo) (13) 


lim 
(Ax,Au)- (0.0 


and, because é is between x, and x, + Ax and Df is continuous at Po, 
it follows that 


lim — Dif(£, yo) = Dif(xo, Yo) l (14) 
(Ax,Ay)- (0,0) 
If we let 
& = Dif (é,, Yo) — Dif(xo, Vo) (15) 


it follows from Eq. (14) that 
lim E= 0 (16) 


(Azx.Au)- (0.0) 
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EXAMPLE 5: Given 
vy? . 
——3 (y) * (0, 
E if (x y) (0, 0) 
0 if (x, y) = (0,0) 
use Theorem 17.5.5 to prove that 
f is differentiable at (0,0). 


and if we let 
a= Dəf (Xo + Ax, é) — Dəf (xo; Yo) (17) 
it follows from Eq. (13) that 


lim e«=0 (18) 
(Ax.Au)- (0,0) 


Substituting from Eqs. (15) and (17) into (12), we get 
Af (Xo, Vo) = Ay [Df (xo, Yo) +e] + Ax[D;f(xo, Vo) te] 


from which we obtain 


Af (xo, Yo) = Dif(xo, Yo) Ax + Dof(xo, Yo) Ay + € Ax + e Ay (19) 
From Eqs. (16), (18), and (19) we see that Definition 17.5.2 holds; so 
f is differentiable at (xo, Yo). [] 


A function satisfying the hypothesis of Theorem 17.5.5 is said to be 
continuously differentiable at the point Po. 


| SOLUTION: To find Dif we consider two cases: (x, y) = (0, 0) and. 


(x, y) = (0,0). If (x, y) = (0, 0), we have 


fa,0)-f(,0) . 0—0 


p.f, 0) = im [05 08:9) c js 


If (x, y) # (0, 0), f(x, y) = xiy?/ (x? + y?). To find D,f(x, y) we can use 
the theorem for the ordinary derivative of a quotient and consider y as 


| a constant. We have 


pifi, y) = 280697 ey) 


— 2xy 
mi (x? + y’) 
The function Df is therefore defined by 
2xy* : 
Dif(x, y) = i Tab Hx peor aom) 
0 if (x, y) — (0,0) 
In the same manner we obtain the function D;f defined by 


2x*y : 
Dsf(x, y) [pm if (x, y) * (0,0) 
? if (x, y) = (0,0) 


Both D;f and D.f exist on every open disk having its center at the 


| origin. It remains to show that D,f and D,f are continuous at (0, 0). 


Because D;f(0, 0) = 0, Dif will be continuous at (0, 0) if 
lim Dif(x, y) - 0 


(25,3) (0,0) 


17.5.6 Definition 
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| Therefore, we must show that for any e > 0 there exists a ô > 0 such that 


4 
Guy «e whenever 0 « V2 +y? < ô (20) 
2xv* 2|x| 4 Vx + (VÆ + 34 
Gr Sey a S eT aa 2Vx* y? 
Therefore, 
2xy* > : 
Gy * 28 whenever 0< Vx? +y? «6 


So if we take ô= $e, we have (20). Hence, D,f is continuous at (0, 0). In 
the same way we show that D,f is continuous at (0, 0). It follows from 
Theorem 17.5.5 that f is differentiable at (0, 0). 


If we refer back to Eq. (3), the expression involving the first two 
terms on the right side, Dif (xo, yo) Ax + Dəf (xo, Yo) Ay, is called the prin- 
cipal part of Af(xo, Yo) or the total differential of the function f at (Xp, Yo). 
We make this as a formal definition. 


If f is a function of two variables x and y, and f is differentiable at (x, y), 
then the total differential of f is the function df having function values 
given by 


df(x, y, Ax, Ay) = Dif(x, y) Ax + Def(x, y) Ay (21) 


Note that df is a function of the four variables x, y, Ax, and Ay. If 
z — f(x, y) we sometimes write dz in place of df(x, y, Ax, Ay), and then 
Eq. (21) is written as 


dz — Dif(x, y) Ax t Dof(x, y) Ay (22) 


If in particular f(x, y) = x, then z = x, Dif(x, y) = 1, and Df(x, y) = 0, 
and so Eq. (22) gives dz — Ax. Because z — x, we have for this function 
dx = Ax. In a similar fashion, if we take f(x, y) = y, then z = y, Df(x, y) = 
0, and D;f(x, y) = 1, and so Eq. (22) gives dz = Ay. Because z = y, we have 
for this function dy — Ay. Hence, we define the differentials of the inde- 
pendent variables as dx — Ax and dy — Ay. Then Eq. (22) can be written 
as 


dz =D, f(x,y) dx + Dof(x, y) dy (23) 
and at the point (xo, yo), we have 

dz = Df (xo, Yo) dx + Daf (xo, Yo) dy (24) 
In Eq. (3), letting Az = Af (xo, Yo), dx = Ax, and dy = Ay, we have 

Az = Dif (xo, Yo) dx + Dof (Xo, yo) dy + ei dx + e dy (25) 


Comparing Eqs. (24) and (25), we see that when dx (i.e., Ax) and dy (i.e., 
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Ay) are close to zero, and because then e, and e; also will be close to zero, 
we can conclude that dz is an approximation to Az. Because dz is often 
easier to calculate than Az, we make use of the fact that dz ~ Az in certain 
situations. Before showing this in an example, we write Eq. (23) with the 
notation óz/óx and dz/dy instead of D,f(x, y) and D;f(x, y), respectively: 


= 9% 9z 
dz = e dx + ay dy (26) 


EXAMPLE 6: A closed metal can 
in the shape of a right-circular 
cylinder is to have an inside 
height of 6 in., an inside radius 
of 2 in., and a thickness of 0.1 in. 
If the cost of the metal to be used 
is 10 cents per in.?, find by differ- 
entials the approximate cost of 
the metal to be used in the 
manufacture of the can. 


17.5.7 Definition 


SOLUTION: The formula for the volume of a right-circular cylinder, where 
the volume is V in.?, the radius is r in., and the height is h in., is 


V=arh (27) 


The exact volume of metal in the can is the difference between the vol- 
umes of two right-circular cylinders for which r = 2.1, h = 6.2, and r= 2, 
h = 6, respectively. 

AV would give us the exact volume of metal, but because we only 
want an approximate value, we find dV instead. Using (26), we have 


— V a L9V 
dV= FE dr + oh dh (28) 


| From Eq. (27) it follows that 


OV . l aV 2 
ap^ mm and ah T 


Substituting these values into Eq. (28) gives 
dV = 2qrh dr + ar? dh 
Because r — 2, h — 6, dr — 0.1, and dh — 0.2, we have 
dV = 21 (2) (6) (0.1) + 7(2)?(0.2) 
-— 3.27 


| Hence, AV ~ 3.27, and so there is approximately 3.27 in.? of metal in the 


can. Because the cost of the metal is 10 cents per in? and 10 - 3.207 = 327 = 


. 100.53, the approximate cost of the metal to be used in the manufacture 


ofthecanis$1l. .—— NONEM COCONUT og an 


We conclude this section by extending the concepts of differenti- 
ability and the total differential to a function of n variables. 


If f is a function of the n variables x,, X2, . . . , x,, and P is the point 
(Xi X5, . . . , X,), then the increment of f at P is given by 


Af(P) = f(Xxi + Axi, Xo Ax, . ©.» X_, + Ax,) — f(P) (29) 


17.5.8 Definition 


17.5.9 Definition 
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If f isa function of the n variables xi, x4, . . . , Xn, and the increment of 
f at the point P can be written as 
Af(P) = D,f(P) Ax,  Djf(P) Ax, - - - + D,f(P) Ax, 
+e Ax, + e Ax + eoo Hen Ax, (30) 
where e& > 0,€&,0,...,€,— 0,as 
(Ax, Axo, . . . , Ax,) > (0,0,...,0) 


then f is said to be differentiable at P. 


Analogous to Theorem 17.5.5, it can be proved that sufficient con- 
ditions for a function f of n variables to be differentiable at a point P are 
that D,f, Dəf, . . . , Daf all exist on an open ball B(P; r) and that D,f, 
Dəf, ... , D,f are all continuous at P. As was the case for functions 
of two variables, it follows that for functions of n variables differen- 
tiability implies continuity. However, the existence of the partial deriv- 
atives D,f, Dəf, . . . , Daf at a point does not imply differentiability of 
the function at the point. 


If f is a function of the n variables x,, xs, . . . , x, and f is differentiable 
at P, then the total differential of f is the function df having function values 
given by 


df(P,Ax,, Axe, . . . , Ax.) = Dif(P) Ax, + Dof(P) Ax,-- + © + +D,f(P) Ax, (31) 
Letting w = f(x,, x3, . . . , Xn), defining dx, = Ax,, dx, Ax, . . . , 


dx, = Ax,, and using the notation dw/dx; instead of D,f(P), we can write 
Eq. (31) as 


Ow Ow aw 3 
— — -] LE S Pj — j 32 


EXAMPLE 7: The dimensions of 
a box are measured to be 10 in., 
12 in., and 15 in., and the mea- 
surements are correct to 0.02 in. 
Find approximately the greatest 
error if the volume of the box is 
calculated from the given mea- 
surements. Also find the approxi- 
mate percent error. 


' SOLUTION: Letting V in.? be the volume of a box whose dimensions are x 


in., y in., and z in., we have the formula 
V = xyz 
The exact value of the error would be found from AV; however, we use dV 


as an approximation to AV. Using Eq. (32) for three independent vari- 
ables, we have 


av 


aV 
ay dy qe dz 


dye aes: 
ox 


| and so 


dV = yz dx + xz dy + xy dz (33) 
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From the given information |Ax| x 0.02, |Ay| x 0.02, and |Az| = 0.02. To 
find the greatest error in the volume we take the greatest error in the 


; measurements of the three dimensions. So taking dx = 0.02, dy = 0.02, 


dz = 0.02, and x= 10, y = 12, z= 15, we have from Eq. (33) 
dV = (12) (15) (0.02) + (10) (15) (0.02) + (10) (12) (0.02) 
=9 


So, AV = 9, and therefore the greatest possible error in the calculation of 


i the volume from the given measurements is approximately 9 in?. 


The relative error is found by dividing the error by the actual value. 
Hence, the relative error in computing the volume from the given mea- 
surements is AV/V = dV/V = 1s = zo = 0.005. So the approximate per- 
cent error is 0.5%. 


Exercises 17.5 


1. If f(x, y) = 3x? + 2xy — y?, Ax = 0.03, and Ay = —0.02, find (a) the increment of f at (1, 4) and (b) the total differential 


of f at (1, 4). 


2. If f(x, y) = xye™, Ax — —0.1, and Ay = 0.2, find (a) the increment of f at (2, —4) and (b) the total differential of f at 


(2, —4). 


3. If f(x, y, z) = xy + In(yz), Ax = 0.02, Ay = 0.04, and Az — —0.03, find (a) the increment of f at (4, 1, 5) and (b) the 


total differential of f at (4, 1, 5). 


4. If f(x, y, z) = x*y + 2xyz — z?, Ax = 0.01, Ay = 0.03, and Az — —0.01, find (a) the increment of f at (—3, 0, 2) and (b) 
the total differential of f at (—3, 0, 2). 


In Exercises 5 through 8, prove that f is differentiable at all points in its domain by doing each of the following: (a) Find 
Af (Xo, Yo) for the given function; (b) find an e, and an e so that Eq. (3) holds; (c) show that the e, and the e found in part 


(b) both approach zero as (Ax, Ay) > (0, 0). 


5. f(x, y) = xy — 2xy 6. f(x, y) = 2x? + 3s? 
x y 
7. -— foy) - t 
f(x, y) 7 8. f(x,y) 7 
] Lixty-2 ifx=lory=1 
defen FY) i ifx#1andy #1 


10. 


11. 
12. 
13. 


Prove that D,f(1, 1) and D;f(1, 1) exist, but f is not differentiable at (1, 1). 


3x^vy? 
ZIY AE (GUI = (0,0) 


Given f(x, y) = R + y* 
0 if (x, y) = (0,0) 
Prove that D,f(0, 0) and D;f(0, 0) exist, but f is not differentiable at (0, 0). 
Prove Theorem 17.5.4(ii). 
Show that Eq. (5) may be written in the form (7) where £, is between x, and xs + h. 
Show that Eq. (6) may be written in the form (8) where £; is between y, and yo + k. 
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In Exercises 14 through 17, use Theorem 17.5.4 to find either a £j or a &, whichever applies. 
14. f(x, y) =x + 3xy — y; x is in [1,3]; y = 4 15. f(x, y) = x? — y7; x is in [2,6]; y —3 


4 Z 
16. f(x,y) = a y is in [-2,2];x=4 "- Was 


y. se ans 
ap e dein abs 2 


2. 


E. EY 00 
18. Given f(x, y) Es y! if (x, y) # (0,0) 


0 if (x, y) — (0,0) 
This function is continuous at (0, 0) (see Example 4, Sec. 17.2, and Example 1, Sec. 17.3). Prove that D,f(0, 0) and 
D2f(0, 0) exist but D,f and D;f are not continuous at (0, 0). 


xy(x?—y?) 
19. Given f(x, y) = | x+y? if (x, y) = (0, 0) 
0 if (x, y) = (0, 0) 
Prove that f is differentiable at (0, 0) by using Theorem 17.5.5. 
In Exercises 20 and 21 prove that f is differentiable at all points in R; by doing each of the following: (a) Find Af (xo, Yo, zo); 
(b) find an e, €z, and ez, so that Eq. (30) holds; (c) show that the e;, e, and e; found in (b) all approach zero as (Ax, Ay, Az) 
approaches (0, 0, 0). 
20. f(x, y, z) = 2x?z — 3yz 21. f(x, y, z) = xy xz + 2 
xyz o0 
22. Given f(x, y, z) ^ n + yt +z if (x, y, z) ¥ (0,0, 0) 
0 if (x, y, z) = (0,0, 0) 
(a) Show that D,f(0, 0, 0), D,f(0, 0, 0), and D;f(0, 0, 0) exist; (b) make use of the fact that differentiability implies 
continuity to prove that f is not differentiable at (0, 0, 0). 


xyz? : 
23. Given f(x, y, z) = z ER y? + 22 if (x, y, z) # (0,0,0) 
0 if (x, y, z) = (0,0,0) 
Prove that f is differentiable at (0, 0, 0). 
24. Use the total differential to find approximately the greatest error in calculating the area of a right triangle from the 
lengths of the legs if they are measured to be 6 in. and 8 in., respectively, with a possible error of 0.1 in. for each mea- 
surement. Also find the approximate percent error. 


25. Find approximately, by using the total differential, the greatest error in calculating the length of the hypotenuse of the 
right triangle from the measurements of Exercise 24. Also find the approximate percent error. 


26. If the ideal gas law (see Example 6, Sec. 17.4) is used to find P when T and V are given, but there is an error of 0.3% 
in measuring T and an error of 0.8% in measuring V, find approximately the greatest percent error in P. 


27. The specific gravity s of an object is given by the formula 


where A is the number of pounds in the weight of the object in air and W is the number of pounds in the weight of the 
object in water. If the weight of an object in air is read as 20 Ib with a possible error of 0.01 Ib and its weight in water 
is read as 12 lb with a possible error of 0.02 Ib, find approximately the largest possible error in calculating s from these 
measurements. Also find the largest possible relative error. 


28. A wooden box is to be made of lumber that is 3 in. thick. The inside length is to be 6 ft, the inside width is to be 3 ft, 
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the inside depth is to be 4 ft, and the box is to have no top. Use the total differential to find the approximate amount 
of lumber to be used in the box. 


29. A company has contracted to manufacture 10,000 closed wooden crates having dimensions 3 ft, 4 ft, and 5 ft. The cost 
of the wood to be used is 5¢ per square foot. If the machines that are used to cut the pieces of wood have a possible 
error of 0.05 ft in each dimension, find approximately, by using the total differential, the greatest possible error in 
the estimate of the cost of the wood. 


In Exercises 30 through 33 we show that a function may be differentiable at a point even though it is not continuously dif- 
ferentiable there. Hence, the conditions of Theorem 17.5.5 are sufficient but not necessary for differentiability. The func- 
tion f in these exercises is defined by 

if (x, y) # (0,0) 

if (x, y) = (0,0) 

30. Find Af(0, 0) 31. Find D,f(0, 0) and D,f(0, 0) 

32. Prove that f is differentiable at (0, 0) by using Definition 17.5.2 and the results of Exercises 30 and 31. 


(x? + y?) Bici. ee 
fx, y)= V£ + y? 
0 


33. Prove that D,f and D,f are not continuous at (0, 0). 


17.6 THE CHAIN RULE In Sec. 3.6 we had the following chain rule (Theorem 3.6.1) for functions of 
a single variable: If y is a function of u, defined by y = f(u), and D,y exists; 
and u is a function of x, defined by u = g(x), and D,u exists; then y is a 
function of x, and D,y exists and is given by 


D,y = Du D,u 
or, equivalently, 
dy _ dy du 
dx du dx a) 
We now consider the chain rule for a function of two variables, where 


each of these variables is also a function of two variables. 


17.6.1 Theorem If u is a differentiable function of x and y, defined by u — f(x, y), and 
The Chain Rule x — F(r, s), y = G(r, s), and óxJór, ax/ds, ay/àr, and dy/ds all exist, then u is 
a function of r and s and 


sre aos] CC) a) 
as m anas) * Gy) (cs) e) 


PROOF: We prove (2). The proof of (3) is similar. 
If s is held fixed and r is changed by an amount Ar, then x is changed 
by an amount Ax and y is changed by an amount Ay. So we have 


Ax = F(r+ Ar, s) — F(r, s) (4) 
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and 
Ay = G(r + Ar, s) — G(r, s) (5) 


Because f is differentiable, 
Af(x, y) = Dif(x, y) Ax + Dof(x, y) Ay + € Ax + & Ay (6) 


where e, and e; both approach zero as (Ax, Ay) approaches (0, 0), Further- 
more, we require that e, = 0 and e, = 0 when Ax — Ay = 0. We make this 
requirement so that e, and e, which are functions of Ax and Ay, will be 
continuous at (Ax, Ay) = (0, 0). 

If in (6) we replace Af(x, y) by Au, Dif(x, y) by au/dx, and Dof(x, y) 
by du/dy and divide on both sides by Ar (Ar # 0), we obtain 

Au Ou Ax ðu Ay Ax Ay 


——— — + tée-cctec 
Ar Ox Ar oy Ar EAR CAR 


Taking the limit on both sides of the above as Ar approaches zero, we get 
_ Au O4, Ax ðu . Ay : _ Ax : _ Ay 
Em Ap = oa LE Or ay BR ar + Gm 0 Lim ay + Om e lim a, OO 


Because u is a function of x and y and both x and y are functions of r and s, 
u is a function of r and s. Because s is held fixed and r is changed by an 
amount Ar, we have 


lim 44 lim u(r + Ar,s) — u(r,s) _ du (8) 


Ar-0 Ar Ar-0 Ar or 
Also, 
. AW o. EO Aris) Fin). ox 
lim Ar lim Ar ar (9) 
and 
_ AY _ uu G(r+Ar,s)—G(r,s) y 
Denke eee ag Cum m 


Because 0x/dr and dy/dr exist, F and G are each continuous with 
respect to the variable r. (norte: The existence of the partial derivatives of 
a function does not imply continuity with respect to all of the variables 
simultaneously, as we saw in the preceding section, but as with functions 
of a single variable it does imply continuity of the function with respect to 
each variable separately.) Hence, we have from (4) 


lim Ax — lim [E(r - Ar, s) — F(t, s)] 


Ar—0 
= F(r,s) — F(r, s) 
=0 
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and from (5) 


lim Ay = lim [G(r + Ar, s) — G(r,s)] 


Ar—0 Ar-0 
— G(r,s) — G(r, s) 
=0 


Therefore, as Ar approaches zero, both Ax and Ay approach zero. And 
because both e, and e; approach zero as (Ax, Ay) approaches (0, 0), we 
can conclude that 


lim e€,—0 and lim €, — 0 (11) 


Ar—0 


Now it is possible that for certain values of Ar, Ax = Ay = 0. Because we 
required in such a case that e, = e, = 0, the limits in (11) are still zero. 
Substituting from (8), (9), (10), and (11) into (7), we obtain 


ar s) + (ay) ar) 


which proves (2). L| 
EXAMPLE 1: Given SOLUTION: 
u =ln Vx + y” ðu x ðu — Ox s 
Em 2 2 T 2 2 Fri 
x= re*, and y= re 5, find du/dr E RS. D. EE at 
and du/ds. ox. ðY oy — 2s 
as” ór © as 


From (2) we get 


ðu z Xe + ye™ 
or =a e) sug ) xX +y? 


| From (3) we get 


r(xe* — ye’) 


ðu 
2 iret) x T z (—re*) = (x gs y! 


E ward 


As mentioned earlier the symbols du/dar, du/ds, au/dx, ðujðy, and so 
forth must not be considered as fractions. The symbols du, dx, and so on 
have no meaning by themselves. For functions of one variable, the chain 
rule, given by Eq. (1), is easily remembered by thinking of an ordinary 
derivative as the quotient of two differentials, but there is no similar 
interpretation for partial derivatives. 

Another troublesome notational problem arises when considering 
u as a function of x and y and then as a function of r and s. If u = f(x, y), 
x= F(r, s), and y = G(r, s), then u = f(F(r, s), G(r, s)). [Note that it is 


17.6.2 Theorem 


The General Chain Rule 


EXAMILE 2: Given 
u = xy + xz + yz 


x=r,y =r cos t, andz=r sint, 
find du/dr and du/ot. 
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incorrect to write u = f(r, s).] For instance, in Example 1 
u=f(x, y) =n Vè t y? 
x= F(r,s) = res 
y = G(r, s) re? 
and so 
u= f(F(r, s), G(r, s)) = In Vr?e?s + re~% 


[f(r, s) = lIn Vr? +3? + u.] 
If we let f(F(r, s), G(r, s)) = h(r, s), then Eqs. (2) and (3) can be 
written respectively as 


h,(r, s) = f,(x, y)F, (r, s) + hix, y) Gr, s) 
and 


ho(r, s) = fix, y) F(r, s) + f(x, y) Gs(r, s) 


In the statement of Theorem 17.6.1, the independent variables are 
r and s, and u is the dependent variable. The variables x and y can be 
called the intermediate variables. We now extend the chain rule to n inter- 
mediate variables and m independent variables. 


Suppose that u is a differentiable function of the n variables x;, x, . . . , 
Xn, and each of these variables is in turn a function of the m variables 
Vi, Yo, « - - » Ym Suppose further that each of the partial derivatives 
óxjóy; (i— 1,2, .. . , n; j1,2,... , m) exist. Then u is a function 


Of Vi, Yo, - . - + Ym, and 
du _ (au)(ax,) , (3u 0x, du Max, 
ayy (ee) aw) 3r F ate) 
ðu M 0x, 
E Galea, 


ðu _ (ðu 22) (e) 

[IE + 

OY 36 0X3/ \ðY2 

ðu — (Ou 0x. du V AX, HE) 
ao ea) Poe: 
The proof is an extension of the proof of Theorem 17.6.1. 


Note that in the general chain rule, there are as many terms on the 
right side of each equation as there are intermediate variables. 


SOLUTION: By applying the chain rule, we obtain 


ar e) + Cap) ar) * (ae) a) 


= (y +z)(1) + (x +z) (cos t) + (x + y) (sin t) 
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=y +z +x cos t+ z cos t+ xsin t+ y sint 


r cos t+ r sin t+ r cos t+ (r sin t) (cos t) + r sin t + (r cos t) (sin f) 
= 2r(cos t + sin t) + r(2 sin t cos t) 
= 2r(cos t + sin t) + r sin 2t 


E= (xac) + (n) + (sn) s) 
= (y+ z) (0) + (x + z) (7r sin t) + (s + y) (r cos t) 
= (r +r sin t) (—r sin t) + (r + r cos t) (r cos t) 


—1? sin t — r? sin? t + r? cos t + r? cos? t 


I 


r*(cos t — sin t) + r?7(cos? t — sin? t) 


= r?(cos t — sin t) + r? cos 2t 


Now suppose that u is a differentiable function of the two variables 
x and y, and both x and y are differentiable functions of the single vari- 
able t. Then u is a function of the single variable t, and so instead of the 
partial derivative of u with respect to t, we have the ordinary derivative 
of u with respect to t, which is given by 


du (au\/dx ou (dy 

dt^ s) 2 (5) Ci) us 

We call du/dt given by Eq. (12) the total derivative of u with respect 
to t. If u is a differentiable function of the n variables xj, x4, . . . , x, and 


each x; is a differentiable function of the single variable t, then u is a func- 
tion of t and the total derivative of u with respect to t is given by 


du. (du\(dx,\, (à da) a a (a)(i) 
di Fa! it) + E d) ^ t ex dt 


EXAMPLE 3: Given 
u =x + 2xy + 4? 


x= t cos t, and y =t sint, 
find du/dt by two methods: 

(a) using the chain rule; (b) ex- 
pressing u in terms of t before 
differentiating. 


| soLuTION: (a) Qu[àx = 2x t 2y; du/dy = 2x + 2y; dx|dt — cos t — t sin t; 


dy/dt = sin t + t cos t. So from (12) we have 


ae (2x + 2y) (cos t — t sin t) + (2x + 2y) (sin t + t cos t) 


- 2(x + y)(cos t — t sin t + sin t + t cos t) 
=2(tcost+tsint)(cost—tsint+sint+t cos t) 
= 2t(cos? t — t sin t cos t + sin t cos t + t cos? t+ sin t cos t 

— t sin? t + sin? t + sin t cos t) 


= 2t[1 + 2 sin t cos t + t(cos? t — sin? t) ] 
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= 2t(1 + sin 2t + t cos 2t) 
(b) u = (t cos t)? + 2(t cos t) (t sin t) + (t sin t)? 
= 8? cos? t+ P (2 sin t cos t) + P sin? t 


= E ť sin 2t 
So 
{ du 2 
qo ure sin 2t + 2t cos 2t 
EXAMPLE 4: If fis a differ- SOLUTION: Let u = lox — jay?. We wish to show that z — f(u) satisfies 


entiable function and a and b 

are constants, prove that z — 
f(4bx? — $ay?) satisfies the partial 
differential equation 


ay? ate 0 


| which is what we wished to prove. 
i = 


the given equation. By the chain rule we get 


EP pu)» and Ba BH pua) 
| Therefore, 
ay? Z4 bx Z 2 ay[f' (u) (bx)] + bx[f' (u) (—ay?)] = 0 


EXAMPLE 5: Use the ideal gas 
law (see Example 6, Sec. 17.4) 
with k = 10 to find the rate at 
which the temperature is chang- 
ing at the instant when the vol- 
ume of the gas is 120 in? and the 
gas is under a pressure of 8 Ib/in.? 


if the volume is increasing at the | 


rate of 2 in.?/sec and the pressure 
is decreasing at the rate of 
0.1 Ib/in.? per sec. 


“Let t= the number of seconds in the time that has elapsed 
since the volume of the gas started to increase; 

= the number of degrees in the temperature at t sec; 

— the number of pounds per square inch in the pressure 
at t sec; 
the number of cubic inches in the volume of the gas 
at t sec. 

PV 


PV=10T and so T=79 


At the given instant, P= 8, V = 120, dP/dt = —0.1, and dV/dt = 2 


SOLUTION: 


V= 


| Using the chain rule, we obtain 


dT. oT dP , oT dV 
dt oP dt ƏV dt 
 VdP, P dV 
—10dt  10dt 
= 132(—0.1) + (2) 
——1. 41.6 
— 0.4 


Therefore the temperature is increasing at the rate of 0.4 degrees per 
second at the given instant. 
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Exercises 17.6 


In Exercises 1 through 4, find the indicated partial derivative by two methods: (a) Use the chain rule; (b) make the substi- 
tutions for x and y before differentiating. 


l.ucrx—y5xcór-sy-—rt2s x, L 2.u— 3x? + xy — 2y? + 3x—y;x=2r—3s;y=rt+s; pz E 
3. u = e"*; x = 2r cos t; y = 4r sin n, os 4. u= x? + y*; x ^ cosh r cos t; y = sinh r sin n, Ds 
In Exercises 5 through 10, find the indicated partial derivative by using the chain rule. 
5. u = sin ! (3x + y); x= ret y = sin rs; P: ES 6. u — xe"; x = tan! (rst); y = In(3rs + 5st); A = T 
^s u= cosh $; x= 3r? s; y = ones = is 8. u = xy + xz + yz; x = rs; y =r? — 3; z = (r — s)?; u, s 
9. u=% +y? +z; x ^r sin $ cos 6; y =r sin $ sin 06; z = r cos ¢; E: E 
10. km xyz; x= 5 y = re, z = res; 2, ES 


In Exercises 11 through 14, find the total derivative du/dt by two methods: (a) Use the chain rule; (b) make the substitu- 
tions for x and y or for x, y, and z before differentiating. 


11. u = ye* + xe"; x = cost; y = sint 12. u = In xy + yi x= ef; y = et 
13. u= Ve +4? +727; x= tan t; y = cos t; z = sin t; 0 < t < àv WaS ox =3sint;y=Int 


In Exercises 15 through 18, find the total derivative du/dt by using the chain rule; do not express u as a function of t before 
differentiating. 


15. u = tan! IIT 16. u = xy + xz + yz; x= t cos t; y = t sin t; z =t 
xt+t 1 
17. ar cael EE doa 18. u = ln(x? + y? +t); x= t sin t; y = cos t 


In Exercises 19 through 22, assume that the given equation defines z as a function of x and y. Differentiate implicitly to 
find dz/dx and ðz/ðy. 


19. 332 + y? + 2? — 3xy + 4xz—15=0 20. z= (xX + y?) sin xz 21. ye*” cos 3xz = 5 22. ze”? + 2xe"** — Aerv = 3 


23. If f is a differentiable function of the variable u, let u = bx — ay and prove that z = f(bx — ay) satisfies the equation 
a(dz/ax) + b(dz/ay) = 0, where a and b are constants. 


24. If f is a differentiable function of two variables u and v, let u = x — y and v = y — x and prove that z= f(x — y, y — x) 
satisfies the equation 0z/dx + oz/ay = 0. 


25. If f is a differentiable function of x and y and u = f(x, y), x = r cos 0, and y =r sin 6, show that 


au _ Qu oos g ou sin 6 
ox or 00 r 
ðu _ Ou ðu cos 0 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


>< 
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If f and g are differentiable functions of x and y and u = f(x, y) and v = g(x, y), such that àu/àx = ðv/ðy and du/dy = 
—dv/dx, then if x = r cos 09 and y =r sin 6, show that 


Suppose f is a differentiable function of x and y and u = f(x, y). Then if x = cosh v cos w and y = sinh v sin w, express 
du/dv and du/dw in terms of ðu/ðx and du/dy. 

Suppose f is a differentiable function of x, y, and z and u = f(x, y, z). Then if x =r sin $ cos 6, y = r sin $ sin 0, and 
z= r COS 6$, express du/dr, du/dd, and du/dO in terms of du/dx, du/dy, and du/dz. 

At a given instant, the length of one leg of a right triangle is 10 ft and it is increasing at the rate of 1 ft/min and the 


length of the other leg of the right triangle is 12 ft and it is decreasing at the rate of 2 ft/min. Find the rate of change 
of the measure of the acute angle opposite the leg of length 12 ft at the given instant. 


A. vertical wall makes an angle of radian measure $7 with the ground. A ladder of length 20 ft is leaning against the 


wall and its top is sliding down the wall at the rate of 3 ft/sec. How fast is the area of the triangle formed by the ladder, 
the wall, and the ground changing when the ladder makes an angle of ja radians with the ground? 


A quantity of gas obeys the ideal gas law (see Example 6, Sec. 17.4) with k = 12, and the gas is in a container which 
is being heated at a rate of 3° per second. If at the instant when the temperature is 300°, the pressure is 6 Ib/in.? and is 
decreasing at the rate of 0.1 Ib/in.? per second, find the rate of change of the volume at that instant. 


Water is flowing into a tank in the form of a right-circular cylinder at the rate of $7 ft?/min. The tank is stretching in 


such a way that even though it remains cylindrical, its radius is increasing at the rate of 0.002 ft/min. How fast is the 
depth of the water rising when the radius is 2 ft and the volume of water in the tank is 207 ft?? 


17.7 DIRECTIONAL We now generalize the definition of a partial derivative to obtain the 
DERIVATIVES AND rate of change of a function with respect to distance in any direction. 
THE GRADIENT This leads to the concept of a directional derivative. 
Let f be a function of the two variables x and y and let P(x, y) bea 
point in the xy plane. Suppose that U is the unit vector making an angle 
of radian measure 0 with the positive side of the x axis. Then 


U = cos ĝi + sin 6j 
Figure 17.7.1 shows the representation of U having its initial point at 


the point P(x, y). 


17.7.1 Definition Let f be a function of two variables x and y. If U is the unit vector cos 0i 
t sin 6j, then the directional derivative of f in the direction of U, denoted 
by Dy f, is given by 


(x * hcos 6, y t sin 6) "x 


P(x, Pete ase Gen wt ee 
ey if this limit exists. 


>x The directional derivative gives the rate of change of the function 
Figure 17.7.1 values f(x, y) with respect to distance in the xy plane measured in the 
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z= f(xy) 


x b. 
Q(x) + hcos6, y, + h sin 6,0) 


Figure 17.72 


direction of the unit vector U. This is illustrated in Fig. 17.7.2. The equa- 
tion of the surface S in the figure is z = f(x, y). Po(%o, yo, zo) is a point on 
the surface, and the points R (xo, yo, 0) and Q(x») + h cos 0, y, + h sin 0,0) 
are points in the xy plane. The plane through R and Q, parallel to the z 
axis, makes an angle of 0 radians with the positive direction on the x 
axis. This plane intersects the surface S in the curve C. The directional 
derivative D, f, evaluated at Po, is the slope of the tangent line to the 
curve C at P, in the plane of R, Q, and Po. 

If U =i, then cos 0 — 1 and sin 0 — 0, and we have from Definition 
17.7.1 


+ f Pri , 
D.f(x, y) = lim E — Fey) 
h-0 h 
which is the partial derivative of f with respect to x. 
If U — j, then cos 0 — 0 and sin 0 — 1, and we have 
* + h = , 
Dyf(x, y) = lim ELEH — Fey) 
; h~o h 
which is the partial derivative of f with respect to y. 


So we see that f, and f, are special cases of the directional derivative 
in the directions of the unit vectors i and j, respectively. 


EXAMPLE 1: Given 
f(x, y) = 3x2 — y? + 4x 


and U is the unit vector in the 
direction r, find Dyf by apply- 
ing Definition 17.7.1. 


soLUTION: U= cos bri + sin &mj = $V3i + 4j. So from Definition 17.7.1 
we have 


Dy f(x,y) = lim (x+3V3h, xt 1h) — f(x,y) 


= im 200 EVBID* — (y + th)? + A(x + 33h) — (Bx? — y? 4x) 


h-0 h 
= lim 253 VR + HP — y? — hy — 1h? + 4x + 2V3h — 3a? + y! — 4x 
h0 h 
. 3 V3hx + ł%h? — hy — ái? + 2 V3h 
= lim a 
h~0 
= lim (3 V3x + 2h — y — 4h + 2V3) 
h-0 


=3V3x— y +2V3 


We now proceed to obtain a formula that will enable us to calculate 
a directional derivative in a way that is shorter than if we used the defi- 
nition. We define g as the function of the single variable t, keeping x, y, 
and 6 fixed such that 


g(t) — f(x t cos 0, y + t sin 0) (1) 


17.7.2 Theorem 


EXAMPLE 2: For the function f i 
and the unit vector U of Example | 
1, find Dyf by Theorem 17.7.2. 
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and let U = cos ĝi + sin 8j. Then by the definition of an ordinary deriva- 
tive we have 


vs ae, f(x+ (O+h) cos 6, y + (0+ h) sin 8) — f(x +0 cos 0, y + 0 sin 0) 
or 
g' (0) = lim (eth cos 6, y +h sin 0) — f(x, y) 
h-0 h 


Because the right side of the above is Dy f(x, y), it follows that 


g (0) = Dyf(x, y) (2) 


We now find g’(t) by applying the chain rule to the right side of 
(1), which gives 


d(x t t cos 0) 


g' (t) =filx+tcos 0, y + t sin 0) ET 


9(y + t sin 0) 


t f(x t cos 0, y + t sin 0) En 


= fi (x + t cos 0, y + t sin 0) cos 0 
+ fo(x + t cos 0, y + t sin 0) sin 0 
Therefore, 
g' (0) = f(x, y) cos 6+ f,(x, y) sin 0 (3) 


From (2) and (3) the following theorem is obtained. 


If f is a differentiable function of x and y, and U — cos 6i + sin 6j, then 


Duf (x, y) = f. (x, y) cos 6+ f,(x, y) sin 8 


soLution: Because f(x, y) — 3x? — y? + 4x, f(x, y) 6x4 and 
fy(x, y) — —2y. Because U = cos $vi + sin ¢7j, we have from Theorem 
17.7.2 

Du f(x, y) = (6x + 4)8V3 + (—2y)4= 3 V3x -2V3 — y 


which agrees with the answer in Example 1. 


The directional derivative can be written as the dot product of two 
vectors. Because 


fr(x, y) cos 0 + f,(x, y) sin 0 = (cos 6i + sin 6j) * [f.(x, y)it fa(x, yj] 
it follows from Theorem 17.7.2 that 
Duf (x, y) = (cos 6i + sin 6j) - [f.(x, y)i + fy(x, y)j] (4) 
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17.7.3 Definition 


The second vector on the right side of Eq. (4) is a very important one, 
and it is called the gradient of the function f. The symbol that we use for the 
gradient of f is Vf, where V is an inverted capital delta and is read "del." 
Sometimes the abbreviation grad f is used. 


If f is a function of two variables x and y and f, and f, exist, then the 
gradient of f, denoted by Vf (read: "del f"), is defined by 


Vf(x, y) = fe Go Wit fui WI 
Using Definition 17.7.3, Eq. (4) can be written as 
Dyf(x, y) =U> Vf(x, y) (5) 


Therefore, any directional derivative of a function can be obtained by dot- 
multiplying the gradient by a unit vector in the desired direction. 


EXAMPLE 3: If 
x? y? 
flix y) 7-12 * 5 
find the gradient of f at the point 
(4, 3). Also find the rate of 


change of f(x, y) in the direc- 
tion 477 at (4, 3). 


SOLUTION: Because f(x, y) = 8x and fix, y) —$y, we have 
Vf(x, y) ^ &i t $yj 

Therefore, 
Vf(4, 3) 2 di 5j 


The rate of change of f(x, y) in the direction $7 at (4, 3) is Dyf(4, 3), 
where U is the unit vector 


Xi d 
vo as 
This is found by dot-multiplying Vf(4, 3) by U. We have, then, 


nse) (pies) etie de 


If o is the radian measure of the angle between the two vectors U and 
Vf, then 


U - Vf = lU|IVf| cos a (6) 
From Eqs. (5) and (6) it follows that 
Dyf = |U||Vf| cos a (7) 


We see from Eq. (7) that Dyf will be a maximum when cos a = 1, or when 
U is in the direction of Vf; and in this case, Dy f= |Vf|. Hence, the gradient 
of a function is in the direction in which the function has its maximum rate 
of change. In particular, on a two-dimensional topographical map of a 
landscape where z units is the elevation at a point (x, y) and z= f(x, y), 
the direction in which the rate of change of z is the greatest is given by 
Vf(x, y), that is, Vf(x, y) points in the direction of steepest ascent. This ac- 
counts for the name "gradient" (the grade is steepest in the direction of 
the gradient). 
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EXAMPLE 4; Draw a contour map 
showing the level curves of the 
function of Example 3 at 1, 2, and 
3. Also show the representation of 
Vf(4, 3) having its initial point at 
(4, 3). 


soLuTION: The level curves are ellipses and are shown in Fig. 17.7.3 along 
with the representation of Vf(4, 3). 


Vf(4, 3) 


Figure 17.7.3 


EXAMPLE 5: Given 
f(x, y) =2x — y? +3x— y 
find the maximum value of Duf 


at the point where x — 1 and 
y =-2. 


T 
SOLUTION: 


fa (x, y) — Ax +3 and f,(x, y) =—2y — 1. So, 
Vf(x, y) = (4x + 3)i + (—2y — 1)j 

Therefore, 
Vf(1, —2) = 7i * 3j 

So the maximum value of Dyf at the point (2, —1) is 


IVf(1,—2)| = V49 +9 = v58 


EXAMPLE 6: The temperature at 
any point (x, y) of a rectangular 
plate lying in the xy plane is deter- 
mined by T(x, y) = x! + y?. 

(a) Find the rate of change of the 
temperature at the point (3, 4) in 
the direction making an angle of 
radian measure 37 with the posi- 
tive x direction; (b) find the 
direction for which the rate of 
change of the temperature at the 
point (—3, 1) is a maximum. 


SOLUTION: We wish to find Dy T(x, y), where 


U = cos jzi + sin rj = di + $ V3j 
Because T(x, y) = x? + y?, T, (x, y) = 2x, and T, (x, y) = 2y. Hence, 
VT(x, y) = T,(x, y)i + T,(x, y)j ^ 2xi + 2yj 
Therefore, 
DyT(x, y) =U - VT(x, y) 
= (gi + $V3j)- (2xi + 2yj) 
Hence, FARNY 
DyT(3, 4) =3 + 4V3 ~ 3 + 4(1.732) = 9.93 


So at (3, 4) the temperature is increasing at the rate of 9.93 units per unit 
change in the distance measured in the direction of U. 

(b) DuT(—3,1) is a maximum when U is in the direction of 
VT(—3, 1). Because VT(—3, 1) — —6i + 2j, the radian measure of the angle 
giving the direction of VT(—3,1) is 0, where tan 0 =—3. So 0— m 
— tan"! 3. Therefore, the rate of change of the temperature at the point 
(—3, 1) is a maximum in the direction making an angle of radian measure 
7 — tan ! 3 with the positive side of the x axis. 
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17.7.4 Definition 


17.7.5 Theorem 


EXAMPLE 7; Given f(x, y, z) = 
3x* + xy — 2y? — yz + Z2, find the 
rate of change of f(x, y, z) at 

(1, —2, —1) in the direction of 
the vector 2i — 2j — k. 


B | SOLUTION: The unit vector in the direction of 2i —2j- k is given by 


We extend the definition of a directional derivative to a function of 
three variables. In three-dimensional space the direction of a vector is 
determined by its direction cosines. So we let cos o, cos B, and cos y be 
the direction cosines of the unit vector U; therefore, U = cos oi + cos fj 
t cos yk. 


Suppose that f is a function of three variables x, y, and z. If U is the unit 
vector cos ai + cos Bj + cos yk, then the directional derivative of f in the 
direction of U, denoted by D, f, is given by 


Dy f(x, y, 2) = lim C UM sie 


,z-hcos y) — f(x, y, z) 


if this limit exists. 


The directional derivative of a function of three variables gives the 
rate of change of the function values f(x, y, z) with respect to distance in 
three-dimensional space measured in the direction of the unit vector U. 

The following theorem, which gives a method for calculating a direc- 
tional derivative for a function of three variables, is proved in a manner 
similar to the proof of Theorem 17.7.2. 


If f is a differentiable function of x, y, and z and 


U = cos ai + cos Bj + cos yk 
then 


Def(x, y, z) = falx, y, z) cos a + fo (x, y, z} cos B+ f.(x, y, z) cos y (8) 


U =#i- 3j — ik 


i Also, 


f(x, y, z) = 3x? + xy — 2y? — yz + z 
So from (8) 
Dyf(x, y, z) = 8(6x + y) —3(x— 4y — z) — 3 (y + 22) 


| Therefore, the rate of change of f(x, y, z) at (1, —2, —1) in the direction 
! of U is given by 


Dyf(1, —2, —1) = 8(4) — $10) — 3(0) =—4 


17.7.6 Definition 


If f is a function of three variables x, y, and z and the first partial deriva- 
tives f,, fy, and f, exist, then the gradient of f, denoted by Vf, is defined by 


Vf(x, y, z) = fala, y. zji + fix, y, 2)j + Go y 2k 
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Just as for functions of two variables, it follows from Theorem 17.7.5 
and Definition 17.7.6 that if U = cos ai + cos Bj + cos yk, then 


Dyf(x, y, z) =U + Vf(x, y, z) (9) 


Also, the directional derivative is a maximum when U is in the direction 
of the gradient, and the maximum directional derivative is the magnitude 
of the gradient. 

Applications of the gradient occur in physics in problems in heat 
conduction and electricity. Suppose that w — f(x, y, z). A level surface 
of this function f at k is given by 


f(x,y,2)-k (10) 


If w is the number of degrees in the temperature at point (x, y, z), then 
all points on the surface of Eq. (10) have the same temperature of k de- 
grees, and the surface is called an isothermal surface. If w is the number 
of volts in the electric potential at point (x, y, z), then all points on the 
surface are at the same potential, and the surface is called an equipoten- 
tial surface. The gradient vector at a point gives the direction of greatest 
rate of change of w. So if the level surface of Eq. (10) is an isothermal sur- 
face, Vf(x, y, z) gives the direction of the greatest rate of change of tem- 
perature at (x, y, z). If Eq. (10) is an equation of an equipotential surface, 
then Vf(x, y, z) gives the direction of the greatest rate of change of poten- 
tial at (x, y, z). 


EXAMPLE 8: If V volts is the 
electric potential at any point 

(x, y, z) in three-dimensional 
space and V = 1/Vx? t y? + z?, 
find: (a) the rate of change of V 
at the point (2, 2, —1) in the di- 
rection of the vector 2i — 3j + 6k; 
and (b) the direction of the 
greatest rate of change of V at 
(2, 2, —1). 


l 


SOLUTION: Let f(x, y, z) = M Vx* + y? + 27. 


(a) A unit vector in the direction of 2i — 3j + 6k is 
U—£i — 3j fk 

We wish to find Dyf(2, 2, —1). 
Vf (x, y, z) = f(x, y, zit f(x, y, 2)j + f(x, y, z)k 


2 x A —y ; =z 
~ Ga yia zi it G2 + y? zi) jt (x? y? + 22) 3 k 


| Then we have 


Dyf(2, 2, —1) =U: Vf(2, 2, —1) 


= di-dj + $k) + Chri j +k) 


4 6 6 
= —185 + T89 + 189 


Therefore, at (2, 2, —1) the potential is increasing at the rate of 0.042 volts 


per unit change in the distance measured in the direction of U. 
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| (b) Vf(2, 2, -1) — —2ri — j + rk. A unit vector in the direction of 
Vf(2, 2, —1) is 

Vf(2, 2, —1) Qr» — Hj t£ 

|Vf(2, 2, —1)| or 


The direction cosines of this vector are —%, —$, and $, which give the di- 
rection of the greatest rate of change of Ve at t (2,2 2, —1). 


—ši— $j t ik 


Exercises 17.7 


In Exercises 1 through 4, find the directional derivative of the given function in the direction of the given unit vector U 
by using either Definition 17.7.1 or Definition 17.7.4, and then verify your result by applying either Theorem 17.7.2 or 
Theorem 17.7.5, whichever one applies. 


1. f(x, y) = 2x? + 5y?; U = cos tai + sin ij 


U-i- ij 


1 
2. g(x, y) Tuy) 
3. h(x, y, z) 2 3x3 + y? — 4z*; U = cos $i + cos 4j + cos $k 
4. f(x, y, z) = 6x* — 2xy + yz; U = 3i + $j + $k 


In Exercises 5 through 10, find the value of the directional derivative at the particular point P, for the given function in 
the direction of U. 


5. g(x, y) = y? tan? x; U 2 —4 V3i + 4j; Po = (3m, 2) 

6. f(x, y) = xe; U = li + 3 V3j; Po = (2,0) 

7. h(x, y, z) = cos(xy) + sin(yz); U ^ —4i + $j + $k; P,— (2,0, —3) 
= 2 2 2X. = 1 — 1 i 

8. f(x, y,z)=In(P?+ y+ 2);U= wal Vai a 


9. f(x, y) = e€ cos 3y; U = cos(—zem)i + ee Po = (tr, 0) 


k; Pyo= (1, 3, 2) 


10. g(x, y, z) = cos 2x cos 3y sinh 4z; U= k; P, = (4r, 0,0). 


manage 
In Exercises 11 through 14, a function f, a point P, and a unit vector U are given. Find (a) the gradient of f at P, and (b) the 
rate of change of the function value in the direction of U at P. 

11. f(x, y) =x? — 4y; P= (-2, 2); U = cos dmi + sin mj 

12. f(x, y) =e"; P= (2,1; U= di- $j 

13. f(x, y, z) =y? + zi —4xz; P= (-2,1,3; U= 8 — 9j + 9k 

14. f(x, y, z) 222 + xy? + x22; P= (1,1, 1); U=4-V21j — 4 V7k 


15. Draw a contour map showing the level curves of the function of Exercise 11 at 8, 4, 0, —4, and —8. Also show the rep- 
resentation of Vf(—2, 2) having its initial point at (—2, 2). 


16. Draw a contour map showing the level curves of the function of Exercise 12 at eê, et, 1, e *, and e~*. Also show the rep- 
resentation of Vf (2, 1) having its initial point at (2, 1). 


In 
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Exercises 17 through 20, find Dvf at the given point P for which U is a unit vector in the direction of PQ. Also at P find 


Dyf, if U is a unit vector for which Dyf is a maximum. 


17 
19 


21. 
22. 


23. 


24. 


25. 


. f(x, y) = e* tan"! y; P(0, 1), Q(3, 5) 18. f(x, y) =e” cos y + e" sin x; P(1,0), Q(—3, 3) 
. f(x,y,z) =x— 2y + 27; P(3,1, 2), Q(10, 7, 4) 20. f(x, y, z) = 2x? + y? — 4xz; P(3, 1, 2), Q(—6, 3, 4) 
Find the direction from the point (1, 3) for which the value of f does not change if f(x, y) = e” tan"! (y/3x). 


The density is p slugs/ft? at any point (x, y) of a rectangular plate in the xy plane and p = 1/ Vx" + y? + 3. (a) Find the 
rate of change of the density at the point (3, 2) in the direction of the unit vector cos Sai + sin $7j. (b) Find the direc- 
tion and magnitude of the greatest rate of change of p at (3, 2). 


The electric potential is V volts at any point (x, y) in the xy plane and V = e^?" cos 2y. Distance is measured in feet. 
(a) Find the rate of change of the potential at the point (0, 47) in the direction of the unit vector cos $mi + sin $j. 
(b) Find the direction and magnitude of the greatest rate of change of V at (0, 47). 


The temperature is T degrees at any point (x, y, z) in three-dimensional space and T = 60/(x? + y? + z? + 3). Distance 
is measured in inches. (a) Find the rate of change of the temperature at the point (3, —2, 2) in the direction of the vec- 
tor —2i + 3j — 6k. (b) Find the direction and magnitude of the greatest rate of change of T at (3, —2, 2). 


An equation of the surface of a mountain is z — 1200 — 3x? — 2y?, where distance is measured in feet, the x axis points 
to the east, and the y axis points to the north. A mountain climber is at the point corresponding to (—10, 5, 850). (a) 
What is the direction of steepest ascent? (b) If the climber moves in the east direction, is he ascending or descending, 
and what is his rate? (c) If the climber moves in the southwest direction, is he ascending or descending, and what is 
his rate? (d) In what direction is he traveling a level path? 


17.8 TANGENT PLANES AND Let S be the surface having the equation 


NORMALS TO SURFACE 

3 F(x,y,z) =0 (1) 
and suppose that Po(xo, Yo, zo) is a point on S. Then F(x,, yo, zo) = 0. Sup- 
pose further that C is a curveon S through P, and a set of parametric equa- 
tions of C is 


x=f(t)  y-g(n  z-h(t) (2) 

Let the value of the parameter t at the point P, be to. A vector equation 
of C is 

R(t) = f(t)i+ g(0j + h(t)k (3) 

Because curve C is on surface S, we have, upon substituting from (2) 
in (1), 

F(f(t), g(t), h(t)) =0 (4) 


Let G(t) = F(f(1), g(t), h(t)). If F,, Fy, and F, are continuous and not 
all zero at Po, and if f' (to), g' (to), and h' (tj) exist, then the total derivative 
of F with respect to t at P, is given by 


G' (to) = Fz (xo, Vo. zo)f' (to) t Fy (Xo, Vo, 29)8' (to) + F,(Xo, Vo; z9)h' (to) 
which also can be written as 


G' (to) = VF (Xo, Vo, zo) + DR (to) 
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17.8.1 Definition 


17.8.2 Theorem 


17.8.3 Definition 


Xo, Yor Zo) 


x Figure 17.8.1 


EXAMPLE 1: Find an equation of 
the tangent plane to the elliptic 
paraboloid 4x + y? — 16z = Oat 
the point (2, 4, 2). 


Because G'(t) —0 for all t under consideration (because of (4)) 
G’ (ty) = 0; so it follows from the above that 


VF (xo, Yo, Zo) . DR (to) = 0 (5) 


From Sec. 16.9, we know that D;R(t)) has the same direction as the 
unit tangent vector to curve C at Py. Therefore, from (5) we can conclude 
that the gradient vector of F at Py is orthogonal to the unit tangent vector of 
every curve C on S through the point Po. We are led, then, to the following 
definition. 


A vector which is orthogonal to the unit tangent vector of every curve C 
through a point P, on a surface S is called a normal vector to S at Po. 


From this definition and the preceding discussion we have the follow- 
ing theorem. 


If an equation of a surface S is F(x, y, z) = 0, and F,, F,, and F, are continu- 
ous and not all zero at the point P, (xo, yo, zo) on S, then a normal vector to 
S at Po is VF (xo, Yo, Zo). 


We now can define the tangent plane to a surface at a point. 


If an equation of a surface S is F(x, y, z) = 0, then the tangent plane of S at 
a point Po(Xo, Yo, zo) is the plane through P, having as a normal vector 
VF (Xo, Yo, Zo) . 


An equation of the tangent plane of the above definition is 
Fp (xo, Vo, Zo) (x m Xo) T Fy (Xo, Yo, zo) (y = Yo) + F.(xo, Vo, Zo) (z NE Zo) =0 (6) 


Refer to Fig. 17.8.1, which shows the tangent plane to the surface S at 
P, and the representation of the gradient vector having its initial point 
at P,. 

A vector equation of the tangent plane given by (6) is 


VF(xo, Vo, Zo) * [(x — xoi + (y — y9)j + (z — z))k] 20 (7) 


soLUrioN: Let F(x, y, z) = 4x? + y! — 16z. Then VF(x, y, z) = 8xi + 2yj 
— 16k, and so VF(2, 4, 2) = 16i + 8j — 16k. From (7) it follows that an 
equation of the tangent plane is 


16(x —2) + 8(y — 4) —16(z—2) «0 
or 
2x ty —2z—4-—0 


17.8.4 Definition 


The normal line to a surface S at a point P, on S is the line through P, having 
as a set of direction numbers the components of any normal vector to S 
at Po. 
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If an equation of a surface S is F(x, y, z) — 0, symmetric equations of 
the normal line to S at Po(xo, Yo, Zo) are 


The denominators in (8) are components of VF(x,, yo, zo), which is a 
normal vector to S at Py; thus, (8) follows from Definition 17.8.4. The 
normal line at a point on a surface is perpendicular to the tangent plane 
there. 


EXAMPLE 2: 


Find symmetric 


equations of the normal line to 
the surface of Example 1 at 


(2, 4, 2). 


| SOLUTION: Because VF (2,4, 2) = 16i + 8j — 16k, it follows that symmetric 


equations of the required normal line are 


x—-2 y-4, 2-2 
2 m ) —2 


17.8.5 Definition 


The tangent line to a curve C at a point P, is the line through P, having as 
a set of direction numbers the components of the unit tangent vector to 
C at Po. 


From Definitions 17.8.3 and 17.8.5 we see that all the tangent lines 
at the point P, to the curves lying on a given surface lie in the tangent 
plane to the surface at Po. Refer to Fig. 17.8.2 showing sketches of a sur- 
face and the tangent plane at Py. Some of the curves through P, and their 
tangent lines are also sketched in the figure. 


Figure 17.8.2 


Consider a curve C which is the intersection of two surfaces having 
equations 

F(x,y,z) =0 (9) 
and 

G(x, y,z) =0 (10) 
respectively. We shall show how to obtain equations of the tangent line 


to C at a point Po(xo, Yo, Zo). Because this tangent line lies in each of the 
tangent planes to the given surfaces at Po, it is the line of intersection of 
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the two tangent planes. A normal vector at P, to the surface having Eq. 
(9) is given by 


N;, = VF(xs, Vo, zo) = Fy(Xo, Vo; Zo)i Fi Vo, Zo)j + F.(xo, Yo, Z)k 
and a normal vector at P, to the surface having Eq. (10) is given by 
N: = VG (xo, Yo, Zo) = Ga (Xo, Yor 20)i + Gy(X0, Yor 20)j + Gz(X0, Yor Zo) k 


Both N, and N, are orthogonal to the unit tangent vector to C at Py; so if 
N, and N; are not parallel, it follows from Theorem 16.6.9 that the unit 
tangent vector has the direction which is the same as, or opposite to, the 
direction of N, X N;. Therefore, the components of N, X N, serve as a set 
of direction numbers of the tangent line. From this set of direction num- 
bers and the coordinates of P, we can obtain symmetric equations of the 
required tangent line. This is illustrated in the following example. 


EXAMPLE 3: Find symmetric 
equations of the tangent line to 
the curve of intersection of the 
surfaces 3x? + 2y? + z? = 49 and 
X + y? — 22? = 10 at the point 
(3, —3, 2); 


Exercises 17.8 


SOLUTION: Let F(x, y, 2) = 3x? + 2y? + 2? — 49 
and 
G(x, y, z) = xà +4? — 22—10 
Then VF(x, y, z) = 6xi + 4yj + 2zk and VG (x, y, z) = 2xi + 2yj — 4zk. So 


N, = VE (3, -3, 2) = 18i — 12j + 4k = 2(9i — 6j + 2k) 
and 


N: = VG(3, —3, 2) = 6i — 6j — 8k = 2(3i — 3j — 4k) 
N, X N, = 4(9i — 6j + 2k) x (3i — 3j — 4k) 

= 4(30i + 42j — 9k) 

= 12(10i + 14j — 3k) 


Therefore, a set of direction numbers of the required tangent line is 
[10, 14, —3]. Symmetric equations of the line are, then, 


10 14 —3 


If two surfaces have a common tangent plane at a point, the two 
surfaces are said to be tangent at that point. 


In Exercises 1 through 12, find an equation of the tangent plane and equations of the normal line to the given surface at 


the indicated point. 
1. 2 +y? + z? = 17; (2, —2, 3) 
4. X +y- z= 6; (3,—1, 2) 


2. 4x2 + y! + 22? = 26; (1, —2, 3) 3. 2+ y! — 3z 22; (-2, —4, 6) 
5. y =e cos z; (1, e, 0) 6. z= e sin 3y; (0, šm, 1) 
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7. x? = 12y; (6, 3,3) 8. z= x? + y)?; (1,1, 2) 9. xl? + y"? +z! = 4; (4, 1, 1) 
10. zx? — xy? — yz? = 18; (0, —2, 3) 11. x33 + y?8 + 223 = 14; (—8, 27, 1) 12. x”? + z"? = 8; (25, 2, 9) 
In Exercises 13 through 18, if the two given surfaces intersect in a curve, find equations of the tangent line to the curve of 
intersection at the given point; if the two given surfaces are tangent at the given point, prove it. 
13. X + y? — z =8, x— y? +z? ——2; (2, 2,0) 14. xX + y? — 2z +1=0, x c y? — z =0; (0,1,1) 
15. y= x?, y = 16 — z?; (4, 16, 0) 16. x= 2 + cos myz, y — 1 + sin rxz; (3, 1, 2) 
17. P+ 224+ 4y¥=0,2+y?+2?-—62+7=0; (0,-1,2) 18. X2 + y? + 2 =8, yz = 4; (0, 2, 2) 


19. Prove that every normal line to the sphere x? + y? + z? = a passes through the center of the sphere. 


17.9 HIGHER-ORDER [Iff is a function of two variables, then in general D,f and D;f are also 
PARTIAL DERIVATIVES functions of two variables. And if the partial derivatives of these func- 
tions exist, they are called second partial derivatives of f. In contrast, 
D,f and D,f are called first partial derivatives of f. There are four second 
partial derivatives of a function of two variables. If f is a function of the 
two variables x and y, the notations 
əf 
Oy ox 


D,(Dif) Dof fe fæ 


all denote the second partial derivative of f, which we obtain by first 
partial-differentiating f with respect to x and then partial-differentiating 
the result with respect to y. This second partial derivative is defined by 


fi(x, y + Ay) — fix, y) (1) 


x; = lim 
f 12( y ) Fe Ay 
if this limit exists. The notations 


9? 
DO Daf fa fee oh 


all denote the second partial derivative of f, which is obtained by partial- 


differentiating twice with respect to x. We have the definition 


fu(x, y) ^ lim bit aeg pov) (2) 
Ar-0 x 


if this limit exists. We define the other two second partial derivatives in 
an analogous way and obtain 


f(x + Ax, y) — (x, y) (3) 


foi(X,y) = lim Re 
and 
.  fa(x, y + Ay) — fax, y) 
fa (X, y) =i ae i 2M y (4) 


if these limits exist. 
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The definitions of higher-order partial derivatives are similar. Again 
we have various notations for a specific derivative. For example, 


a°f af 
Dy pf fuz fray dy ax ax ay ax? 
all stand for the third partial derivative of f, which is obtained by partial- 
differentiating twice with respect to x and then once with respect to y. 
Note that in the subscript notation, the order of partial differentiation is 
from left to right; in the notation ó?f/ày dx dx, the order is from right to left. 


EXAMPLE 1: Given 
f(x, y) = e* sin y + In xy 


find: (a) Duf(x, y); (b) Duf(x, y); 
(c) o%f/ax dy”. 


SOLUTION: 


= e? si p 1 
Dif(x, y) =e nre Y e sinytz 


So (a) Dyuf(x, y) = e* sin y — 1/x?; and (b) Dyof(x, y) = e? cos y. (c) To find 


| O*f[àx dy”, we partial-differentiate twice with respect to y and then once 


with respect to x. This gives us 


E MN 


1 ; 
y? ax ay? sin y 


Higher-order partial derivatives of a function of n variables have 
definitions which are analogous to the definitions of higher-order partial 
derivatives of a function of two variables. If f is a function of n variables, 
there may be n? second partial derivatives of f at a particular point. That 
is, for a function of three variables, if all the second-order partial deriva- 
tives exist, there are nine of them: fi, fis, fis, for, fos, fos, foir far, and fas. 


EXAMPLE 2: Given 
f(x, y, z) = sin(xy + 2z) 
find Disf(x, y, 2). 


SOLUTION: 
Dif(x, y, z) = y cos(xy + 2z) 
Dysf(x, y, z) ^ —2y sin(xy + 22) 
Dysof (x, y, z) =—2 sin(xy + 2z) — 2xy cos(xy + 2z) 


EXAMPLE 3: Given 
f(x, y) 9 xiy — y cosh xy 
find: (a) Dy. f(x, y); (b) Das f(x, y) 


i 


SOLUTION: 
(a) Dif(x, y) = 3x?y — y? sinh xy 
Dyof (x, y) = 3x3 — 2y sinh xy — xy? cosh xy 
(b) D;f(x, y) =x? — cosh xy — xy sinh xy 
Daf (x, y) = 3x? — y sinh xy — y sinh xy — xy? cosh xy 
— 3x? — 2y sinh xy — xy? cosh xy 


We see from the above results that for the function of Example 3 the 
"mixed" partial derivatives D,.f(x, y) and Dzif(x, y) are equal. So for 
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this particular function, when finding the second partial derivative with 
respect to x and then y, the order of differentiation is immaterial. This 
condition holds for many functions. However, the following example 
shows that it is not always true. 


EXAMPLE 4: Let f be the func- in 
tion defined by 


L= Y 
fæ, y) =] CV) aay Éy) 7 (0,0) 


0 if (x, y) = (0,0) 
Find fı2(0, 0) and fa, (0, 0). 


SOLUTION: In Example 4, Sec. 17.4, we showed that for this function 


R(0, y) =—y for all y (5) 


| and 


fo(x,0) =x for all x (6) 
From formula (1) we obtain 


fi; (0, 0) = lim f(O, 0 + Ay) ~ fi(0, 0) 


Ay-0 Ay 
But from (5), fi(0, Ay) = —Ay and f,(0, 0) = 0, and so we have 
—Ay—0 
fi2(0, 0) = lim ——- lim (—1) =—] 
Ay-0 Ay-0 


! From formula (3), we get 


poore a BOE Se OSE OY 


Ar-0 Ax 


| From (6), f, (Ax, 0) = Ax and f,(0, 0) = 0. Therefore, 


Ax — 0 


= lim 1-21 
Ar-0 


fa (0,0) = lim 
Ar-0 


17.9.1 Theorem 


Figure 17.9.1 


For the function in Example 4 we see that the mixed partial deriva- 
tives fi; (x, y) and f; (x, y) are not equal at (0, 0). A set of conditions for 
which fi;(xo, Yo) = fzi(Xo, Yo) is given by Theorem 17.9.1 which follows. 
The function of Example 4 does not satisfy the hypothesis of this theorem 
because both fi; and f;, are discontinuous at (0, 0). It is left for the reader 
to show this (see Exercise 20). 


Suppose that f is a function of two variables x and y defined on an open 
disk B((x,, Yo); r) and fr, fy, fry, and fy, also are defined on B. Further- 
more, suppose that f+, and f,, are continuous on B. Then 


fry(Xo, Yo) = fux (Xo; Vo) 


PROOF: Consider a square having its center at (xo, yo) and the length of 
its side 2|h| such that 0 < V2\h| < r. Then all the points in the interior 
of the square and on the sides of the square are in the open disk B (see 
Fig. 17.9.1). So the points (x, + h, yo + h), (xo + h, yo), and (xy, Yo + h) 
are in B. Let A be defined by 


A — f(x, +h, yo + h) — f(xo + h, yo) — f(xo, Yo + h) + f(xo, Yo) (7) 
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Consider the function G defined by 

G(x) = f(x, yo + h) — f(x, Yo) (8) 
Then 

G(xt+th)=f(xth, ya th) —f(xt+h, yo) 


So (7) can be written as 


A= G(x + h) — G(x) (9) 
From (8) we obtain 
G' (x) = f(x, Yo + h) — fec Yo) (10) 


Now, because f,(x, Yo +h) and f,(x, Yo) are defined on B, G'(x) 
exists if x is in the closed interval having endpoints at x, and x +h. 
Hence, G is continuous if x is in this closed interval. By the mean-value 
theorem (4.5.2) there is a number c, between x, and x, + h such that 


G(x + h) — G(x) = hG'(c) (11) 
Substituting from (11) into (9), we get 

A= hG' (ci) (12) 
From (12) and (10) we obtain 

A= h[f.(ci Yo +h) — felci vo)] (13) 
Now if g is the function defined by 

8) = fte v) (14) 
we can write (13) as 

A= h[g(yo + h) — 8(y0)] (15) 


From (14) we obtain 


8' (y) = faCoo v) (16) 


Because f,,(c,, y) is defined on B, g'(y) exists if y is in the closed 
interval having endpoints at y, and y, + h; hence, g is continuous if y is 
in this closed interval. Therefore, by the mean-value theorem there is a 
number d; between y, and y, + h such that 


g(yo +h) — g (yo) = hg' (di) (17) 


Substituting from (17) into (15), we get A = H?g' (di); so from (16) it fol- 
lows that 


A= h’fry(ci, di) (18) 


for some point (c,, d) in the open disk B. 
We now define a function $ by 


ply) = f(% +h, y) — f(x, y) (19) 
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and so $(y +h) — f(x th, y - h) — f(x, y +h). Therefore, (7) can be 
written as 


A= ó(yo + h) — (yo) (20) 
From (19) we get 
$' (y) = fyG + h, y) — fy(xo, V) (21) 


Q' exists if y is in the closed interval having y, and y, + h as end- 
points because by hypothesis each term on the right side of (21) exists 
on B. Therefore, ó is continuous on this closed interval. So by the mean- 
value theorem there is a number d; between y, and yo + h such that 


(Yo + h) — b(Yo) = ho' (d2) (22) 

From (20), (21), and (22) it follows that 

A = h[f, (xo + h, do) — fy(xo, de) ] (23) 
Define the function x by 

x(x) = f(x, də) (24) 
and write (23) as 

A= h[xG + h) — x(%) J (25) 
From (24) we get 

X (x) = fuc x, dz) (26) 


and by the mean-value theorem we conclude that there is a number c; 
between x, and x, + h such that 


x (xo + h) — x(xo) = hx' (c2) (27) 
From (25), (26), and (27) we obtain 
A= h’fyr(Co, de) (28) 


Equating the right sides of (18) and (28), we get 
hf ry (Cr, d) x h?fux(C2, də) 


and because h # 0, we can divide by h?, which gives 


foy(C1, di) = fux (eo, dp) (29) 


where (c,, d,) and (cz, d;) are in B. 

Because c, and c, are each between x, and x, +h, we can write c, = 
Xo + eh, where 0 < e, < 1, and c; = x, + eh, where 0 < e < 1, Similarly, 
because both d, and d, are between y, and yo + h, we can write d, = ys 
t eh, where 0 « e < 1, and d= yo + eh, where 0 < e, < 1. Making 
these substitutions in (29) gives 


feu Xo teh, Vo + €h) = fux (Xo t eh, Vo + €,h) (30) 
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Because fy, and fyr are continuous on B, upon taking the limit on both 
sides of (30) as h approaches zero, we obtain 


fg xg; Yo) — fux Xo, Vo) a 


As a result of the above theorem, if the function f of two variables 
has continuous partial derivatives on some open disk, then the order 
of partial differentiation can be changed without affecting the result; 
that is, 


Dnzf = Dijif-— Daaf 
Dyssf = Dizn2f = Diszif = Daf = Dif Doouf 


and so forth. In particular, assuming that all of the partial derivatives 
are continuous on some open disk, we can prove that D,,f = Duf by 
applying Theorem 17.9.1 repeatedly. Doing this, we have 


Daaf = D,(Daif) = D,(Dyf ) = D,[D2(D,f)] = D.[D, (Dif) ] 
mE D;(Dif) Ta Df 


EXAMPLE 5: Given that u = 

f(x, y), x= F(r, s), and y = 

G(r, s), and assuming that 

fry = fux, prove by using the chain 
rule that 


P fas o so 9)? 
+ 2f (x, y)F,(r, s)G,(r, s) 
+ fui, y) [G,(r, s)]? 
+ f(x, y) F^ (r, s) 
tfy(x, y)Gsr, s) 


SOLUTION: From the chain rule (Theorem 17.6.1) we have 
ð 
SE = falx, y) Fer, 8) + falx, y)Grl(1, s) 


Taking the partial derivative again with respect tor, and using the for- 
mula for the derivative of a product and the chain rule, we obtain 


Ži- [fas Gc, y) F-(r, 8) + f (x, y) Ger, S) Jr, s) + fr(x, y) Fr, 8) 


+ [fos Go y) Fiir. s) + fu (x, v) G.(r, s) ]G.(r,s) + fy(x, v)G,.(r, s) 


Multiplying and combining terms, and using the fact that f,,(x, y) = 
fua(x, y), we get 


Bom fos c SH 8) P + frule, y) E (rs s) Gs, 8) 


+ fuulx, Y[G(r, 5) P + falx, y) Fur, 8) fix, )Gut, s) 


which is what we wished to prove. 


Exercises 17.9 


In Exercises 1 through 8, do each of the following: (a) Find D,,f(x, y); (b) find Das f (x, y); (c) show that Daf (x, y) = Daf (x, y). 


xy 
1. f(x, Jm t 
4. f(x, y)  e*'" + In 


7. f(x, y) ^ 4x sinh y + 3y cosh x 


2. f(x, y) = 228 — 3x*y + xy? 3. f(x, y) = e? sin y 
y i2 SY 
5. f(x, y) = + y?) tan » 6. f(x, y) = sin en 


8. f(x, y) =x cos y — ye* 


17.9 HIGHER-ORDER PARTIAL DERIVATIVES 943 


In Exercises 9 through 14, find the indicated partial derivatives. 

9, f(x, y, z) = ye* + ze"  e*; (a) f(x, y, z); (b) fu (x, y, z) 10. g(x, y, z) = sin (xyz); (a) gsa(x, y, z); (b) gus (x, y, z) 
11. f(r, s) = 2rs + r?s? — 5rs?; (a) fii(r, s); (b) fair, 8) 12. f(u, v) ^ In cos(u — v); (a) fuu (wu, v); (b) fou (wu, v) 
13. g(r, s, t) = In(r? + 4s? — 5#); (a) gis (7, s, t); (b) gis (7, s, t) 

14. f(x, y, z) = tan ! (3xyz); (a) fus(x, y, z); (b) fiss (x, y, 2) 
In Exercises 15 through 18, show that u(x, y) satisfies the equation 


Pu Pus 


ae Ww 
which is known as Laplace’s equation in Rs. 
15. u(x, y) =In(x? + y?) 16. u(x, y) = e* sin y + e" cos x 17. (x, y) m ami tae 


a 2Xy 
18. u(x, y) = tan"! zj 


19. Laplace's equation in R; is 
Ou u du 
axt tab am 
Show that u(x, y, z) = (x? + y? + z?) !? satisfies this equation. 
20. For the function of Example 4, show that fıs is discontinuous at (0, 0) and hence that the hypothesis of Theorem 17.9.1 
is not satisfied if (xo, yo) = (0, 0). 
In Exercises 21 through 23, find fi;(0, 0) and f2:(0, 0), if they exist. 
24,2 
Au if (x,y) (0,0) 


22. f(x,y) = n tyi 
0 if (x, y) ^ (0,0) 


2x f 
21. f(x, y) = p if (x, y) A (0, 0) 


x? tan ib —y? tan~! $ if x # 0 and y #0 


23. f(x, y) = | 
0 if either x = 0 or y = 0 
24. Given that u = f(x, y), x= F(t), and y = G(t), and assuming that fry = fys, prove by using the chain rule that 


Ti = frel x, y) LP (t)]? + 2fey(x, y) F' (0G (0) + ful, y) EG (O PP + falx, y) P' (E) + fíGo y)G" (0) 


25. Given that u = f(x, y), x ^ F(r, s), and y = G(r, s), and assuming that fz, = fyz, prove by using the chain rule that 


au 
ðr ðs 


= fec, y) F,(r, s) (rs) + feux, y) ELE Cr, 8)Gp(r, s) + Fer, s)G.(r, 5) ] 
+ fuc, y)Gr(r, s) Gr, 8) + falx, y) For, 8) + fuo, y) Gur, 8) 

26. Given u =e" cos x, x —2t, y = f. Find Z?u/d?? in three ways: (a) by first expressing u in terms of t; (b) by using the 
formula of Exercise 24; (c) by using the chain rule. 

27. Given u = 3xy — 4y?, x = 2se", y = re^*. Find 0?u/0r? in three ways: (a) by first expressing u in terms of r and s; (b) by 
using the formula of Example 5; (c) by using the chain rule. 

28. For u, x, and y as given in Exercise 27, find ?u/0s dr in three ways; (a) by first expressing u in terms of r and s; (b) by 
using the formula of Exercise 25; (c) by using the chain rule. 


29. Given u = 9x? + 4y?, x= r cos 0, y =r sin 0. Find à?u/ór? in three ways: (a) by first expressing u in terms of r and 6; 
(b) by using the formula of Example 5; (c) by using the chain rule. 


30. For u, x, and y as given in Exercise 29, find 9?u/90? in three ways: (a) by first expressing u in terms of r and 6; (b) by 
using the formula of Example 5; (c) by using the chain rule. 


944 


31. 


32. 


33. 


34. 


35. 


36. 
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For u, x, and y as given in Exercise 29, find 0?u/dr 90 in three ways: (a) by first expressing u in terms of r and 6; (b) by 
using the formula of Exercise 25; (c) by using the chain rule. 


If u — f(x, y) and v — g(x, y), then the equations 

au_av nd P5 au 

ox oy ox oy 
are called the Cauchy-Riemann equations. If f and g and their first and second partial derivatives are continuous, prove 
that if u and v satisfy the Cauchy-Riemann equations, they also satisfy Laplace’s equation (see Exercises 15 through 18). 


The one-dimensional heat-conduction partial differential equation is 
au qu'a 
at ax: 


Show that if f is a function of x satisfying the equation 


PÍ SEC A 
di af (x) =0 


and g is a function of t satisfying the equation dg/dt + k*d*g(t) = 0, then if u = f(x)g (t), the partial differential equa- 
tion is satisfied. k and À are constants. 


The partial differential equation for a vibrating string is 
Pu, au 
EA ey La 
at? ax? 


Show that if f is a function of x satisfying the equation d?f/dx? + A?f(x) = 0 and g is a function of t satisfying the equa- 
tion d?g/d£? + a*d*g(t) = 0, then if u = f(x)g(t), the partial differential equation is satisfied. a and à are constants. 


Prove that if f and g are two arbitrary functions of a real variable having continuous second derivatives and u = f(x + at) 
+ g(x — at), then u satisfies the partial differential equation of the vibrating string given in Exercise 34. (HINT: Let 
v=x + at and w = x — at; then u is a function of v and w, and v and w are in turn functions of x and f.) 


Prove that if f is a function of two variables and all the partial derivatives of f up to the fourth order are continuous on 
some open disk, then 


Dy j20f ims Dz121f 


17.10 EXTREMA OF An important application of the derivatives of a function of a single vari- 
FUNCTIONS OF able is in the study of extreme values of a function, which leads to a variety 
TWO VARIABLES of problems involving maximum and minimum. We discussed this 
thoroughly in Chapter 4, where we proved theorems involving the first 
and second derivatives, which enabled us to determine relative maximum 
and minimum values of a function of one variable. In extending the theory 
to functions of two variables, we see that it is similar to the one-variable 

case; however, more complications arise. 


17.10.1 Definition The function f of two variables is said to have an absolute maximum value 
on a disk B in the xy plane if there is some point (xo, yo) in B such that 
f (xo, Yo) = f(x, y) for all points (x, y) in B. In such a case, f(x, Yo) is the 
absolute maximum value of f on B. 


17.10.2 Definition 


17.10.3 Theorem 


The Extreme-Value Theorem 
for Functions of Two Variables 


17.10.4 Definition 


17.10.5 Definition 


17.10.6 Theorem 
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The function f of two variables is said to have an absolute minimum value on 
a disk B in the xy plane if there is some point (xo, yo) in B such that 
f(Xo, Yo) = f(x, y) for all points (x, y) in B. In such a case, f(x, Yo) is the 
absolute minimum value of f on B. 


Let B be a closed disk in the xy plane, and let f be a function of two vari- 
ables which is continuous on B. Then there is at least one point in B where 
f has an absolute maximum value and at least one point in B where f has an 
absolute minimum value. 


The proof of Theorem 17.10.3 is omitted because it is beyond the 
scope of this book. 


The function f of two variables is said to have a relative maximum value at 
the point (xə, Yo) if there exists an open disk B((x,, yo); r) such that 
f(x, y) = f(xo, Yo) for all (x, y) in the open disk. 


The function f of two variables is said to have a relative minimum value 
at the point (xə, yo) if there exists an open disk B((x,, yo); r) such that 
f(x, y) = f(xo, Yo) for all (x, y) in the open disk. 


If f(x, y) exists at all points in some open disk B( (xo, yo); r) and if f has 
a relative extremum at (xo, Yo), then if f.(x,, Yo) and fy(%, Yo) exist, 


far (Xo, Yo) a fu(Xo, Yo) =0 


PROor: We prove that if f has a relative maximum value at (xo, yo) and if 
fa (Xo, Yo) exists, then f,(x,, Yo) = 0. By the definition of a partial deriva- 
tive, 


: + Ax, — f(x, 
fs, Yo) = lim Hay tac ta) SOR) 


Because f has a relative maximum value at (xo, Yo), by Definition 17.10.4 it 
follows that 


f(x + Ax, yo) — f(xo, Yo) = 0 
whenever Ax is sufficiently small so that (x,-- Ax, yo) is in B. If Ax 
approaches zero from the right, Ax > 0; therefore, 
f(xo + Ax, Yo) mil Yo) <0 
Ax 


Hence, by Theorem 2.10.6, if f. (xo, Yo) exists, fr(Xo, Yo) = 0. 
Similarly, if Ax approaches zero from the left, Ax « 0; so 


f(xo + Ax, Yo) mis Yo) > 0 
Ax GE 
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17.10.7 Definition 


Figure 17.10.1 


Therefore, by Theorem 2.10.7, if f.(xo, yo) exists, f.(xo, yo) = 0. We con- 
clude, then, that because f. (xo, yo) exists, both inequalities, f.(xo, yo) = 0 
and f,(xo, yo) = 0, must hold. Consequently, f, (xo, yo) = 0. 

The proof that fy (xo, Yo) = 0 if fy (xo, Yo) exists and f has a relative max- 
imum value at (xo, yo) is analogous and is left for the reader (see Exercise 
13). The proof of the theorem when f(x,, yo) is a relative minimum value 
is also left for the reader (see Exercise 14). a 


A point (xo, yo) for which both f,(%o, yo) = 0 and fy(xo, Yo) = 0 is called a 
critical point. 


Theorem 17.10.6 states that a necessary condition for a function of two 
variables to have a relative extremum at a point, where its first partial 
derivatives exist, is that this point be a critical point. It is possible for a 
function of two variables to have a relative extremum at a point at which 
the partial derivatives do not exist, but we do not consider this situation in 
this book. Furthermore, the vanishing of the first partial derivatives of a 
function of two variables is not a sufficient condition for the function to 
have a relative extremum at the point. Such a situation occurs at a point 
called a saddle point. A simple example of a function which has a saddle 
point is the one defined by 


foy) --x 


For this function we see that f,(x, y) ^ —2x and f,(x, y) =2y. Both 
f, (0, 0) and f,(0, 0) equal zero. A sketch of the graph of the function is 
shown in Fig. 17.10.1, and we see that it is saddle shaped at points close to 
the origin. It is apparent that this function f does not satisfy either Defini- 
tion 17.10.4 or 17.10.5 when (xo, yo) = (0, 0). 

We have a second-derivative test which gives conditions that guaran- 
tee a function to have a relative extremum at a point where the first partial 
derivatives vanish. However, sometimes it is possible to determine rela- 
tive extrema of a function by Definitions 17.10.4 and 17.10.5. This is illus- 
trated in the following example. 


EXAMPLE 1: Given the function 
f, defined by 
f(x, y) = 6x — 4y — xX? — 24%? 


determine if f has any relative 
extrema. 


in R,, Theorem 17.10.6 is applicable. Differentiating, we get 
fe(x,y) =6—2x and f,(x, y) =—4—4y 


Setting f,(x, y) and f,(x, y) equal to zero, we get x = 3 and y — —1. The 
graph (see Fig. 17.10.2 for a sketch) of the equation 


z= 6x — 4y — x — 24? 


is a paraboloid having a vertical axis, with vertex at (3, —1, 11) and open- 
ing downward. We can conclude that f(x, y) « f(3, —1) for all (x, y) # 
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(3, —1); hence, by Definition 17.10.4, f(3, —1) — 11 is a relative maximum 
function value. It follows from Definition 17.10.1 that 11 is the absolute 
(3, -1, 11) maximum function value of f on R,. 


Figure 17.10.2 


The basic test for determining relative maxima and minima for func- 


tions of two variables is the second-derivative test, which is given in the 
next theorem. 


17.10.8 Theorem Let f be a function of two variables such that f and its first- and second- 
Second-Derivative Test order partial derivatives are continuous on some open disk B((a, b); r). 
Suppose further that f,(a, b) = f,(a, b) = 0. Then 


(i) f has a relative minimum value at (a, b) if 
f, (a, b)fu (a, b) — fa (a,b) > 0 and f. (a, b) > 0 
(ii) f has a relative maximum value at (a, b) if 
fex (a, b) fuu (a, b) — fry (a, b) 2» 0 and frla, b) «0 
(iii) f(a, b) is not a relative extremum if 
fes (a, b)fyy(a, b) — fry (a, b) < O 
(iv) We can make no conclusion if 


fas (a, b)fyy(a, b) — fay (a, b) =0 


PROOF OF (i): For simplicity of notation, let us define 


plx, y) = fes Go fuo v) — fry Go y) 
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We are given (a, b) > 0 and f,,(a, b) > 0, and we wish to prove that 
f(a, b) is a relative minimum function value. Because frv, fry, and fy, are 
continuous on B( (a, b); r), it follows that ¢ is also continuous on B. Hence, 
there exists an open disk B' ( (a,b); ') , wherer’ x r, such that 6(x, y) > 0 
and f,,(x, y) > 0 for every point (x, y) in B'. Let h and k be constants, 
not both zero, such that the point (a + h, b + k) is in B’. Then the two 
equations 


x=atht and y=b+kt O<t<1 


define all the points on the line segment from (a, b) to (a+ h, b+ k), 
and all these points are in B'. Let F be the function of one variable de- 
fined by 


F(t) = f(a + ht, b + kt) (1) 
By Taylor's formula (formula (9), Sec. 13.5), we have 


F(t) = F(0) + F'(0)t + rE P (2) 
where £ is between 0 and t. If t — 1 in Eq. (2), we get- 
F(1) = F(0) + F' (0) + 3F’’(é) (3) 


where 0 < £ < 1. Because F(0) = f(a, b) and F(1)=f(at+h, b+ k), it 
follows from Eq. (3) that 


f(at+h,b +k) — f(a, b) + E (0) + 3E" (£) (4) 


where 0 « £ « 1. 
To find F'(t) and F''(t) from (1), we use the chain rule and obtain 


E'(t) =hf,(a + ht, b + kt) + kf,(a + ht, b + kt) (5) 
and 


F (t) = hfe + hkfu, + hkfz, + Pfyy 


where each second partial derivative is evaluated at (a + ht, b + kt). From 
Theorem 17.9.1, it follows that f, (x, y) = fy. (x, y) for all (x, y) in B’. So 


F'' (t) = hfe + 2hkf., + Kf, (6) 


where each second partial derivative is evaluated at (a + ht, b + kt). Sub- 
stituting 0 for t in Eq. (5) and £ for t in Eq. (6), we get 


F' (0) = hf, (a, b) + kf,(a, b) =0 (7) 
and 


F (E) = RP?f., + 2hkf., + fy (8) 


where each second partial derivative is evaluated at (a+ hé, b+ ké), 
where 0 « £ « 1. Substituting from (7) and (8) into (4), we obtain 


f(a * h, b - k) — fla, b) =3(h fer + 2hkfry + Pfyy) (9) 
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The terms in parentheses on the right side of Eq. (9) can be written as 
hfe + 2hkfry + fy = frr |n + 2hk = f mY 4 + (k xh fry — (x kf foy +k f d 
fex free free fos 


So from (9) we have 


flath,b+k) f(a, b) = Es ((n+ k) + fale fa fav e| (10) 


Because f, fj, — fry? evaluated at (a + hé, b + k£) equals 
ó(a- h£, b+ ké) > 0 


it follows that the expression in brackets on the right side of Eq. (10) is 
positive. Furthermore, because f,,(a + hé, b+ ké) > 0, it follows from 
Eq. (10) that f(a +h, b + k) — f(a, b) > 0. Hence, we have proved that 


f(a - h, b-- k) > f(a, b) 


for every point (a+ h, b+ k) # (a, b) in B'. Therefore, by Definition 
17.10.5, f(a, b) is a relative minimum value of f. 

The proof of part (ii) is similar and is left for the reader (see Exercise 
15). The proof of part (iii) is also left for the reader (see Exercise 16). Part 
(iv) is included to cover all possible cases. a 


EXAMPLE TR Given that fis the 
function defined by 

f(x, y) = 2x! + y? — x? — 2y 
determine the relative extrema of 
f if there are any. 


SOLUTION: 
fr(x, y) = 89 —2x f(x, y) =2y -2 


Setting fs(x, y)=0, we get x=—3, x=0, and x-i. Setting 
fu (x, y) ^ 0, we get y = 1. Therefore, f, and f, both vanish at the points 


(—4, 1), (0, 1), and G, 1). 
To apply the second-derivative test, we find the second partial deriva- 
tives of f and get 


fas y)-24 2. fyy(x,y)=2 —fuG, y) =0 
fax (72,1) 240 
and 
feat, Ifo, 1) — fa Ci, 1) = 4° 2-0=8 >0 
Hence, by Theorem 17.10.8(i), f has a relative minimum value at (—$, 1). 
fx, (0, 1) fyy(O, 1) — fry (0,1) = (72)(2) -0——4 <0 


and so by Theorem 17.10.8(iii), f does not have a relative extremum at 


| (0, 1). 


faz; (b, 1) 240 


; and 


fro, Af gle, 1) — fry G, 1) =4:2—-0=8>0 


950 


DIFFERENTIAL CALCULUS OF FUNCTIONS OF SEVERAL VARIABLES 


Therefore, by Theorem 17.10.8(i) f has a relative minimum value at (3, 1). 
Hence, we conclude that f has a relative minimum value of — $ at each of 
the points (—3, 1) and (z, 1). o 


EXAMPLE 3: Determine the rela- 
tive dimensions of a rectangular 
box, without a top and having a 
specific volume, if the least 
amount of material is to be used 
in its manufacture. 


SOLUTION: Let x= the number of units in the length of the base of the 

box; 

y = the number of units in the width of the base of the 
box; 

z = the number of units in the depth of the box; 

S = the number of square units in the surface area of the 
box; 

V = the number of cubic units in the volume of the box 
(V is constant). 


x, y, and z are in the interval (0, +œ). Hence, the absolute minimum value 
of S will be among the relative minimum values of S. We have the equa- 


| tions 


S=xy+2xz+2yz and V= xyz 


Solving the second equation for z in terms of the variables x and y and the 
constant V, we get z= V/xy. And substituting this into the first equation 
gives us 


S=xy t+ ee ay 
y x 

, Differentiating, we get 
aS_)_ WW aS _ 2V 
ax 7 x ay y? 
PS AV #S _, PS_AV 
a 0x ðy ðx ay? y 

Setting 9S/ax = 0 and ðS/ðy = 0, and solving simultaneously, we get 

xS —2V=0 
xy’ —2V=0 


from which it follows that x = V2V , and y = V2V . For these values of x 


and y, we have 


S ^ 4V 4V 


ar (Wavy ov ?^9 

and 
aS a - (s y= 4V ||  4V _ 
ae ay? \ayax) (YV Wavy)? 1-370 


From Theorem 17.10.8(i), it follows that S has a relative minimum value 
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|! and hence an absolute minimum value when x= V2V and y= V2V. 
| From these values of x and y we get 


V V N2V 


xy VAV? 2 


We therefore conclude that the box should have a square base and a 
depth which is one-half that of the length of a side of the base. 


| 
| 
| 


Our discussion of the extrema of functions of two variables can be ex- 
tended to functions of three or more variables. The definitions of relative 
extrema and critical point are easily made. For example, if f is a function 
of the three variables x, y, and z, and f,(xo, yo, zo) = fy(Xo, Yor Zo) = 
f: (Xo, Vo, zo) = 0, then (xo, Yo, Zo) is a critical point of f. Such a point is 
obtained by solving simultaneously three equations in three unknowns. 
For a function of n variables, the critical points are found by setting all the 
n first partial derivatives equal to zero and solving simultaneously the n 
equations in n unknowns. The extension of Theorem 17.10.8 to functions 
of three or more variables is given in advanced calculus texts. 

In the solution of Example 3 we minimized the function having func- 
tion values xy + 2xz + 2yz, subject to the condition that x, y, and z satisfy 
the equation xyz — V. Compare this with Example 2, in which we found 
the relative extrema of the function f for which f(x, y) = 2x*-- y? — x? — 2y. 
These are essentially two different kinds of problems because in the first 
case we had an additional condition, called a constraint (or side condition). 
Such a problem is called one in constrained extrema, whereas that of the sec- 
ond type is called a problem in free extrema. 

The solution of Example 3 involved obtaining a function of the two 
variables x and y by replacing z in the first equation by its value from the 
second equation. Another method that can be used to solve this example is 
due to Joseph Lagrange, and it is known as the method of Lagrange multi- 
pliers. The theory behind this method involves theorems known as 
implicit function theorems, which are studied in advanced calculus. 
Hence, a proof is not given here. The procedure is outlined and illustrated 
by examples. 

Suppose that we wish to find the critical points of a function f of the 
three variables x, y, and z, subject to the constraint g(x, y, z) = 0. We in- 
troduce a new variable, usually denoted by à, and form the auxiliary 
function F for which 


F(x, y, z, X) ^ f(x, y, z) + Ag(x, y, z) 


The problem then becomes one of finding the critical points of the func- 
tion F of the four variables x, y, z, and 4. The method is used in the fol- 
lowing example. 
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EXAMPLE 4: Solve Example 3 by 
the method of Lagrange 
multipliers. 


SOLUTION: Using the variables x, y, and z and the constant V as defined 


in the solution of Example 3, let 
S= f(x, y, z) = xy + 2xz + 2yz 
and 
g(x, y, z) =xyz— V 
We wish to minimize the function f subject to the constraint that 
g(x, y,z) =0 
Let 
F(x, y, z, A) = f(x,y,z) + Ag(x, y, z) 
= xy + 2xz + 2yz + A (xyz — V) 


Finding the four partial derivatives F,, F,, F,, and F, and setting the 
function values equal to zero, we have 


F,(x,y,z,) =y + 2z+ Ayz=0 (11) 
F,(x, Y, z, ) =x+2z4+ Axz — 0 (12) 
F,(x, y, z, A) =2x + 2y + Axy —0 (13) 
F (x, y, z, A) = xyz -V=0 (14) 


Subtracting corresponding members of Eq. (12) from those of Eq. 
(11) we obtain 


y—x+Az(y—x) =0 
from which we get 

(y—x)(1+ Az) =0 
giving us the two equations 


y-—x (15) 
and 


À-——- (16) 


Substituting from Eq. (16) into Eq. (12) we get x -2z — x — 0, giving 
z — 0, which is impossible because z is in the interval (0, +œ). Substi- 
tuting from Eq. (15) into Eq. (13) gives 


2x + 2x + Ax! —0 
x(44+ Ax) =0 
and because x # 0, we get 


A--Í 
x 
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If in Eq. (12) we take \ = —4/x, we have 


x2:-Í (xz) =0 


x+2z—4z=0 
_x 
ue (17) 


| Substituting from Eqs. (15) and (17) into Eq. (14), we get $3? —V — 0, 
| from which it follows that x = W2V. From Eqs. (15) and (17) it follows 


that y = V2V and z= 1V2V. These results agree with those found in the 
solution of Example 3. 

Note in the solution that the equation F,(x, y, z, A) =0 is the same 
as the constraint given by the equation V — xyz. 


If several constraints are imposed, the method used in Example 4 
can be extended by using several multipliers. In particular, if we wish 
to find critical points of the function having function values f(x, y, z) 
subject to the two side conditions g(x, y, z) = 0 and h(x, y, z) ^ 0, we 
find the critical points of the function F of the five variables x, y, z, ^, 
and pu for which 


F(x, y, z, A, u) = f(x, y, z) + Ag(x, y, z) + uh(x, y, z) 


The following example illustrates the method. 


EXAMPLE 5: Find the relative 
extrema of the function f if 

f(x, y, z) = xz + yz and the point 
(x, y, z) lies on the intersection 
of the surfaces x? + z? = 2 and 

yz — 2. 


SOLUTION: We form the function F for which 
F(x, y, z, A, p) = xz + yz + A(x + z? — 2) + u(yz —2) 


Finding the five partial derivatives and setting them equal to zero, we 
have 


F,(x,y,z, , y) =Z+2Ax=0 (18) 
F,(x, y, z, , p) = z t pz=0 (19) 
F(x, y, z, , uM) =x + y Ft 2hz t uy =0 (20) 
F(x, Yy, z, A, y) = x2 +z—2=0 (21) 
F,(x, y,z, , y) =yz—2=0 (22) 


From Eq. (19) we obtain u — —1 and z= 0. We reject z= 0 because 
this contradicts Eq. (22). From Eq. (18) we obtain 


Z 
z 23 


| Substituting from (23) and u = —1 into Eq. (20), we get 


2 
Py = yc 
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and so 
xis (24) 


Substituting from Eq. (24) into (21), we have 2x? — 2 = 0, or x? = 1. This 
gives two values for x, namely 1 and —1; and for each of these values of 
x we get, from Eq. (24), the two values 1 and —1 for z. Obtaining the cor- 
responding values for y from Eq. (22), we have four sets of solutions for 
the five Eqs. (18) through (22). These solutions are 


x= 1 y= 2 z= 1 =—} p=-1 
x= 1 y=-2 z=-1 = $ p= 
=-1 yo 2 z= 1 = 3$ p=-1 
x=-1 y=-2 z=-1 =-3 p= 


The first and fourth sets of solutions give f(x, y, z) = 3, and the second 
and third sets of solutions give f(x, y, z) = 1. Hence, f has a relative maxi- 
mum function value of 3 and a relative minimum function value of 1. 


Exercises 17.10 


In Exercises 1 through 6, determine the relative extrema of f, if there are any. 


1. f(x, y) = 18x? — 32y? — 36x — 128y — 110 2. f(x, y) =i 3+ xy 
3, f(x, y) = sin(x + y) + sin x + sin y 4. f(x, y) ^ xX + y? — 18xy 

2x+2y+1 

= Ary? — 2x2y — EN edens AM: 

5, f(x, y) = Axy? — 2x!y — x 6. f(x, y) SIF] 


In Exercises 7 through 12 use the method of Lagrange multipliers to find the critical points of the given function subject 
to the indicated constraint. 


7, f(x, y) = x* + 2xy + y? with constraint x — y = 3 
8. f(x, y) =x? + xy + 2y? — 2x with constraint x — 2y +1 =0 
9, f(x, y) =25— x! — y? with constraint x? + y? — 4y = 0 
10. f(x, y) = 4x? + 2y? + 5 with constraint x? + y? — 2y — 0 
11. f(x, y, z) = x* + y? + 2 with constraint 3x — 2y +z—4=0 
12. f(x, y, z) = x* + y? + 2 with constraint y? — x? — 1 
13. Prove that f,(xo, yo) = 0 if fy(%», yo) exists and f has a relative maximum value at (xo, yo). 
14. Prove Theorem 17.10.6 when f(x, yo) is a relative minimum value. 
15, Prove Theorem 17.10.8(ii). 16. Prove Theorem 17.10.8(iii). 
17. Find three numbers whose sum is N such that their product is as great as possible. 


18. Prove that the box having the largest volume that can be placed inside a sphere is in the shape of a cube. 


19. 


20. 


21. 


22. 
23. 


24. 


25. 


26. 


27. 


28. 
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Determine the relative dimensions of a rectangular box, without a top, to be made from a given amount of material 
in order for the box to have the greatest possible volume. 

A clothing store sells two kinds of overcoats which are similar but are made by different manufacturers. The cost to 
the store of the first kind is $40, and the cost of the second kind is $50. It has been determined by experience that if 
the selling price of the first kind is x dollars and the selling price of the second kind is y dollars, then the total monthly 
sales of the first kind is (3200 — 50x -- 25y) overcoats and the total monthly sales of the second kind is (25x — 25y) 
overcoats. What should be the selling price of each kind of overcoat for the greatest profit? . 

A circular disk is in the shape of the region bounded by the circle x? + y? = 1. If T degrees is the temperature at any 
point (x, y) of the disk and T = 2x? + y? — y, find the hottest and coldest points on the disk. 


Find the points on the surface y? — xz — 4 that are closest to the origin and find the minimum distance. 


Find the points on the curve of intersection of the ellipsoid x? + 4y? + 42? = 4 and the plane x — 4y — z= 0 that are 
closest to the origin and find the minimum distance. 

A rectangular box without a top is to be made at a cost of $10 for the material. If the material for the bottom of the box 
costs 15€ per square foot and the material for the sides costs 30€ per square foot, find the dimensions of the box of 
greatest volume that can be made. 

A closed rectangular box to contain 16 ft? is to be made of three kinds of material. The cost of the material for the top 
and the bottom is 9e per ft’, the cost of the material for the front and the back is 8€ per ft?, and the cost of the material 
for the other two sides is 6e per ft?. Find the dimensions of the box so that the cost of the materials is a minimum. 
Suppose that T degrees is the temperature at any point (x, y, z) on the sphere x? + y? + z? = 4, and T = 100xy?z. Find 
the points on the sphere where the temperature is the greatest and also the points where the temperature is the least. 
Also find the temperature at these points. 


Find the absolute maximum function value of f if f(x, y, z) = x* + y? + z? with the two constraints x — y + z = 0 and 
25x? + Ay? + 20z? = 100. Use Lagrange multipliers. 


Find the absolute minimum function value of f if f(x, y, z) = x? + 3y? + 22? with the two constraints x — 2y — z — 6 
and x — 3y + 2z — 4. Use Lagrange multipliers. 


17.11 SOME APPLICATIONS In Sec. 4.12 we discussed a demand equation giving the relationship 
OF PARTIAL DERIVATIVES between x and p, where p dollars is the price of one unit of a commodity 
TO ECONOMICS when x units are demanded. In addition to the price of the given com- 
modity, the demand often will depend on the prices of other commodi- 
ties related to the given one. In particular, let us consider two related 
commodities for which p dollars is the price per unit of x units of the 
first commodity and 4 dollars is the price per unit of y units of the sec- 
ond commodity. Then the demand equations for these two commodities 
can be written, respectively, as 


a(x,p,q)—0 and f(y,p,q)—0 
or, solving the first equation for x and the second equation for y, as 
x= f(p, 4) (1) 
and 
y= g(p,q) (2) 
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The functions f and g in Eqs. (1) and (2) are the demand functions 
and the graphs of these functions are surfaces. Under normal circum- 
stances x, y, p, and q are nonnegative, and so the surfaces are restricted to 
the first octant. These surfaces are called demand surfaces. Recalling that p 
dollars is the price of one unit of x units of the first commodity, we note 
that if the variable q is held constant, then x decreases as p increases and x 
increases as p decreases. This is illustrated in Fig. 17.11.1, which is a sketch 
of the demand surface for an equation of type (1) under normal circum- 
stances. The plane q = b intersects the surface in section RST. For any 
point on the curve RT, q is the constant b. Referring to the points 
M(p;, b, xi) and N(p,, b, x2), we see that x, > x, if and only if p; < py; that 
is, x decreases as p increases and x increases as p decreases. 

When 4 is constant, therefore, as p increases, x decreases; but y may 
Figure 17.11.1 i either increase or decrease. If y increases, then a decrease in the demand 
for one commodity corresponds to an increase in the demand for the other, 
and the two commodities are said to be substitutes (for example, butter and 
margarine). Now if, when q is constant, y decreases as p increases, then a 
decrease in the demand for one commodity corresponds to a decrease in 
the demand for the other, and the two commodities are said to be comple- 
mentary (for example, tires and gasoline). Figures 17.11.2 and 17.11.3 each 
show a sketch of a demand surface for an equation of type (2). In Fig. 
17.112, we see that when 4 is constant, y increases as p increases, and so 
the two commodities are substitutes. In Fig. 17.11.3 the two commodities 
are complementary because when 4 is constant, y decreases as p increases. 
Note that in Figs. 17.11.1 and 17.11 2, which show the demand surfaces for 
equations of types (1) and (2), respectively, the p and 4 axes are in- 
terchanged and that the vertical axis in Fig. 17.11.1 is labeled x and in Fig. 
17.11.2 it is labeled y. 


p Figure 17.11.2 


i 


—» 


Figure 17.11.3 p Figure 17.11.4 


17.11.1 Definition 
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It is possible that for a fixed value of q, y may increase for some values 
of p and decrease for other values of p. For example, if the demand surface 
of Eq. (2) is that shown in Fig. 17.11.4, then for q = b, when p = a, y is 
increasing, and when p = az, y is decreasing. This of course means that 
if the price of the second commodity is held constant, then for some 
prices of the first commodity the two commodities will be substitutes 
and for other prices of the first commodity the two commodities will 
be complementary. These relationships between the two commodities 
that are determined by the demand surface having equation y = g(p, q) 
will correspond to similar relationships determined by the demand sur- 
face having equation x= f(p, q) for the same fixed values of p and q. 
An economic example might be one in which investors allocate funds 
between the stock market and real estate. As stock prices climb, they 
invest in real estate. Yet once stock prices seem to reach a crash level, 
investors begin to decrease the amount of real estate purchases with any 
increase in stock prices in anticipation of a collapse that will affect the 
real estate market and its values. 

The demand functions are now used to define the (partial) marginal 
demand. 


Let p dollars be the price of one unit of x units of a first commodity and q 
dollars be the price of one unit of y units of a second commodity. Suppose 
that f and g are the respective demand functions for these two commodi- 
ties so that 


x—f(p,q) and y=g(p,q) 


Then 
(i) op gives the (partial) marginal demand of x with respect to p; 
(ii) A gives the (partial) marginal demand of x with respect to q; 


(iii) 


€ gives the (partial) marginal demand of y with respect to p; 
(iv) A gives the (partial) marginal demand of y with respect to q. 


Because in normal circumstances if the variable q is held constant, x 
decreases as p increases and x increases as p decreases, we conclude that 
dx/dp is negative. Similarly, dy/dq is negative in normal circumstances. 
Two commodities are said to be complementary when a decrease in the 
demand for one commodity as a result of an increase in its price leads 
to a decrease in the demand for the other. So when the goods are com- 
plementary and q is held constant, both dx/dp < 0 and ðy/ðp < 0; and 
when p is held constant, then ðx/ðq < 0 as well as oy/dq < 0. Therefore, we 
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can conclude that the two commodities are complementary if and only if 
both dx/dq and oy/dp are negative. 

When a decrease in the demand for one commodity as a result of an 
increase in its price leads to an increase in the demand for the other com- 
modity, the goods are substitutes. Hence, when the goods are substitutes, 
because 0x/dp is always negative, we conclude that dy/dp is positive; and 
because dy/dq is always negative, it follows that 0x/og is positive. Conse- 
quently, the two commodities are substitutes if and only if dx/aq and 
dy/dp are both positive. 

If dx/dq and dy/dp have opposite signs, the commodities are neither 
complementary nor substitutes. For example, if dx/0q < 0 and dy/dp > 0, 
and because óx/óp and dy/dq are always negative (in normal circum- 
stances), we have both 0x/dq < 0 and 8y/àq < 0. Thus, a decrease in the 
price of the second commodity causes an increase in the demands of both 
commodities. Because dx/dp < 0 and dy/dp > 0, a decrease in the price of 
the first commodity causes an increase in the demand of the first commod- 
ity and a decrease in the demand of the second commodity. 


EXAMPLE 1: Suppose that p 
dollars is the price per unit of x 
units of one commodity and q 
dollars is the price per unit of y 
units of a second commodity. The 
demand equations are 


x ——2p + 3q + 12 (3) 
and 
y=—4q4]+p+8 (4) 


Find the four marginal de- 
mands and determine if the com- 
modities are substitutes or com- 
plementary. Also draw sketches of 
the two demand surfaces. 


SOLUTION: If we use Definition 17.11.1, the four marginal demands are 
given by 


Lu. ica: Le 
op 0q op oq 


Because dx/dg > 0 and ày/óp > 0, the two commodities are substitutes. 

A sketch of the demand surface of Eq. (3) is shown in Fig. 17.11.5. To 
draw this sketch we first determine from both equations the permissible 
values of p and q. Because x and y must be positive or zero, p and q must 
satisfy the inequalities —2p + 3g + 12 = 0 and —4q + p + 8 = 0. Also, p and 
gq are each nonnegative. Hence, the values of p and q are restricted to the 
quadrilateral AOBC. The required demand surface then is the portion in 
the first octant of the plane defined by Eq. (3) which is above AOBC. This 


Figure 17.11.5 


Figure 17.11.6 
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| is the shaded quadrilateral ADEC in the figure. In Fig. 17.11.6 we have a 
| sketch of the demand surface defined by Eq. (4). This demand surface is 
' the shaded quadrilateral BFGC, that is, the portion in the first octant of the 
| plane defined by Eq. (4) which is above the quadrilateral AOBC. 


For nonlinear demand functions of two variables, it is often more con- 
venient to represent them geometrically by means of contour maps than by 
surfaces. The following example is such a case. 


EXAMPLE 2: If p dollars is the 
price of one unit of x units of a first 
commodity and g dollars is the 
price of one unit of y units of a sec- 
ond commodity, and the demand. 
equations are given by 


= 


draw sketches of the contour maps 
of the two demand functions 
showing the level curves of each 
function at 6,4, 2, 1, andi. Are the 
commodities substitutes or com- 
plementary? 


| sotUTION: Let the two demand functions be f and g so that x = f(p, q) = 
8/pq and y= g(p, 4) — 12/pq. Sketches of the contour maps of f and g 
showing the level curves of these functions at the required numbers are 
shown in Figs. 17.11.7 and 17.11.8, respectively. 


8 oy — 12 


; and —— 
Pq op 


p*q 


q 


Figure 17.11.7 Figure 17.11.8 


EXAMPLE 3: The demand equa- | 


tions for two related commodities 
are 


x=4e™ and y= 8er 4 


Determine if the commodities are 
complementary, substitutes, or 
neither. 


SOLUTION: 


| Because dx/dq < 0 and dy/dp > 0, the commodities are neither comple- 
| mentary nor substitutes. 


If the cost of producing x units of one commodity and y units of 
another commodity is given by C(x, y), then C is called a joint-cost func- 
tion. The partial derivatives of C are called marginal cost functions. 


960 


DIFFERENTIAL CALCULUS OF FUNCTIONS OF SEVERAL VARIABLES 


Suppose that a monopolist produces two related commodities whose 
demand equations are x = f(p, q) and y = g(p, q) and the joint-cost func- 
tion is C. Because the revenue from the two commodities is given by 
px + qy, then if S is the number of dollars in the profit, we have 


S — px  qy — C(x, y) 


To determine the greatest profit that can be earned, we use the 
demand equations to express S in terms of either p and q or x and y alone 
and then apply the methods of the preceding section. The following ex- 
ample illustrates the procedure. 


EXAMPLE 4; A monopolist pro- 
duces two commodities which are 
substitutes having demand equa- 
tions 


x=8—p+q 
and 
y=9+p—5q 


where 1000x units of the first com- 
modity are demanded if the price 
is p dollars per unit and 1000y 
units of the second commodity are 
demanded if the price is q dollars 
per unit. It costs $4 to produce 
each unit of the first commodity 
and $2 to produce each unit of the 
second commodity. Find the de- 
mands and prices of the two com- 
modities in order to have the 
greatest profit. 


Figure 17.11.9 


SOLUTION: When 1000x units of the first commodity and 1000y units of 
the second commodity are produced and sold, the number of dollars in the 
total revenue is 1000px + 1000gy, and the number of dollars in the total cost 
of production is 4000x -- 2000y. Hence, if S dollars is the profit, we have 


S = 1000px + 1000gy — (4000x + 2000y) 
S = 1000p (8 — p + 4) + 10004 (9 + p — 54) 

— 4000 (8 — p + q) — 2000(9 + p — 5q) 
S = 1000 (—p? + 2pg — 5q? + 10p + 15g — 50) 


as 


Gp = 1000 (-2p + 29 + 10) ot 1000 (2p — 109 + 15) 


Setting 0S/ap = 0 and 85S/8g = 0, we have 
—2p +24 +10=0 and 2p—10415-20 
from which it follows that 


65 


p=% and q=% 


Hence, (, 4) is a critical point. Because 


s aS _ vs 
ap 2000 aq? 10,000 góp 2000 
we have 
S aS fue rr | : , 
ap! ag (4 z) = (—2000) (—10,000) — (2000)? > 0 


Also, à?S/àp? < 0, and so from Theorem 17.10.8(ii) we conclude that S has 
a relative maximum value at ($, 4). 
Because x, y, p, and q must be nonnegative, we know that 


8—ptgzO0 9+p—5q2=0 p20 qz0 


From these inequalities we determine that the region of permissible values 
is that shaded in Fig. 17.11.9. It follows that S has an absolute maximum 
value at the point ($, 22), and the absolute maximum value of S is 
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| 14,062.5. From the demand equations we find that when p = $$ and q = 5, 
x=3 and y =żŻ. 

We therefore conclude that the greatest profit of $14,062.50 is attained 
when 3000 units of the first commodity are produced and sold at $8.123 per 
| unit and 1500 units of the second commodity are produced and sold at 
$3.123 per unit. 


Figure 17.11.10 


EXAMPLE 5: ‘Suppose that the 


In the preceding example, if the demand equations are solved for p 
and q in terms of x and y, we obtain 


p—ií(49—5x—y) and qgq-—i(17—-x—y) 


Because g and p must be nonnegative as well as x and y, we know that 
17—x—y = 0,49 — 5x— y = 0,x = 0, andy = 0. From these four inequa- 
lities we determine that the region of permissible values is that shaded in 
Fig. 17.11.10. The problem can be solved by considering x and y as the in- 
dependent variables. You are asked to do this in Exercise 12. 

Suppose that in the production of a certain commodity, x is the 
number of machines, y is the number of man-hours, and z is the number of 
units of the commodity produced, where z depends on x and y, and 
z= f(x, y). Such a function f is called a production function. Other factors of 
production may be working capital, materials, and land. 

Let us now consider, in general, a commodity involving two factors of 
production; that is, we have a production function f of two variables. If the 
amounts of the inputs are given by x and y, and z gives the amount of the 
output, then z — f(x, y). Suppose that the prices of the two inputs are 4 
dollars and b dollars per unit, respectively, and that the price of the output 
is c dollars (a, b, and c are constants). This situation could occur if there 
were so many producers in the market that a change in the output of any 
particular producer would not affect the price of the commodity. Such a 
market is called a perfectly competitive market. Now if P dollars is the total 
profit, and because the total profit is obtained by subtracting the total cost 
from the total revenue, we have 


P=cz— (ax+ by) 
and because z = f(x, y), 

P=cf(x, y) — ax — by 
It is, of course, desired to maximize P. This is illustrated by an exam- 
ple. 


| soLuTion: If P dollars is the profit, - 


production of a certain commod- | P =9(100z) — 4(100x) — 100y (5) 


ity depends on two inputs. The 


i 


962 DIFFERENTIAL CALCULUS OF FUNCTIONS OF SEVERAL VARIABLES 


amounts of these are given by 100x 
and 100y, whose prices per unit 
are, respectively, $4 and $1. The 
amount of the output is given by 
100z, the price per unit of which is 
$9. Furthermore, the production 
function f has the function values 
f(x, y) 9 5— 1/x— 1/y. Determine 
the greatest profit. 


Letting z — f(x, y), we get 
P — 900 5-22) — 400x — 100y 
x y 


x and y are both in the interval (0, +). Hence, 
aP _ 900 _ aP _ 900 _ 


335 133 400 and oy y 100 
Also, 

P 180 P 180 JP 

ax? x? ay? y ðyðx 
Setting dP/dx = 0 and ðP/ðy = 0, we have 

900 900 


=z 40-0 and rm 
from which we obtain x —$ and y —3 (we reject the negative result 
because x and y must be positive). At (2, 3) 


SP SP (WP y (1800) ( 180 
s wins) ee) 5 )- OF > 9 


From the above and the fact that at ($3, 3) d2P/ax2 < 0, it follows from 
Theorem 17.10.8(ii) that P has a relative maximum value at (3, 3). Because 
xand y are both in the interval (0, +~), and P is a negative number when 
x and y are either close to zero or very large, we conclude that the relative 
maximum value of P is an absolute maximum value. Because z — f(x, y), 
the value of z at (2,3) is f($, 3) =5 — 3 — $— 4. Hence, from Eq. (5) 


Prax = 900 - 4— 400 - $ — 100 - 3 = 2700 


The greatest profit then is $2700. 


EXAMPLE 6: Solve Example 5 
by the method of Lagrange 
multipliers. 


SOLUTION: We wish to maximize the function P defined by Eq. (5) sub- 
ject to the constraint given by the equation z = 5 — 1/x — 1/y, which we can 
write as 


g(x,y, my +25 =0 (6) 


Let 
F(x, y, z, A) = P(x, y, z) + Mgx, y, z) 


= 900z — 400x — 100y + à (T 525) 


We find the four partial derivatives F,, F,, F,, and F, and set them 
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equal to zero. 


F(x, y, z, A) =—400- Š =0 FG, y, z, A) — - 100 -35 0 


F,(x, y, z, ) =900+ ’4=0 Rly z A =i +i 2-570 


Solving these equations simultaneously, we obtain 
àA—-—900 x= y=3 z=4 


The values of x, y, and z agree with those found previously, and P is shown 
to have an absolute maximum value in the same way as before. 


In some applications of functions of several variables to problems in 
economics, the Lagrange multiplier A is related to marginal concepts, in 
particular marginal cost and marginal utility of money (for details of this 
you should consult references in mathematical economics). 


Exercises 17.11 


In Exercises 1 through 9, demand equations for two related commodities are given. In each exercise, determine the four 
partial marginal demands. Determine if the commodities are complementary, substitutes, or neither. In Exercises 1 through 
6 draw sketches of the two demand surfaces. 


14. 


.x-14—p—24,y—17—2p—q 
. x=—3p + 5q + 15, y —2p — 4q + 10 


.x=5—2p+q4,y=56+p-4q 
. x=9— 3p + q, y =10 — 2p — 5q 
x=6—3p—2q,y=2+p— 2q x=—p—3q+6,y=—2q—pt8 


x= pq, y- peig 


on RM 


. pqx — 4, p?qy = 16 


epx—a,qy—p 
. From the demand equations of Exercise 8, find the two demand functions and draw sketches of the contour maps of 


these functions showing the level curves of each function at 5, 4, 3,2, 1,4, 4 


. Follow the instructions of Exercise 10 for the demand equations of Exercise 9. 
. Solve Example 4 of this section by considering x and y as the independent variables. 


. The demand equations for two commodities that are produced by a monopolist are 


x6—2ptq and y—7tp—q4 


where 100x is the quantity of the first commodity demanded if the price is p dollars per unit and 100y is the quantity 
of the second commodity demanded if the price is q dollars per unit. Show that the two commodities are substitutes. 
If it costs $2 to produce each unit of the first commodity and $3 to produce each unit of the second commodity, find 
the quantities demanded and the prices of the two commodities in order to have the greatest profit. Take p and q as 
the independent variables. 


A monopolist produces two commodities, and their demand equations are 
x-16—3p—24 and y=11—2p—2q 


where x, y, p, and q are defined as in Exercise 13. Show that the two commodities are complementary. If the cost of 
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16. 
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production of each unit of the first commodity is $1 and the cost of production of each unit of the second commodity 
is $3, find the quantities demanded and the price of each commodity in order to have the greatest profit. 


Solve Exercise 13 by considering x and y as the independent variables. 


The production function f for a certain commodity has function values 
8 
f(x, y) <— 4 xy 


The amounts of the two inputs are given by 100x and 100y, whose prices per unit are, respectively, $10 and $5, and 
the amount of the output is given by 100z, whose price per unit is $20. Determine the greatest profit by two methods: 
(a) without using Lagrange multipliers; (b) using Lagrange multipliers. 


Solve Exercise 16 if 
f(x,y) =x+ by — $x? -—4y —3 


the prices per unit of the two inputs are $4 and $8 (instead of $10 and $5, respectively), and the price per unit of the 
output is $16. 


Review Exercises (Chapter 17) 


In 


Exercises 1 through 6, find the indicated partial derivatives. 


L fle, y) eos s Dif, y), Daf, y), Diaflx, y) 


2 
3 


4 


5 


6 


In 


7. 
9. 


10. 


11. 
12. 


In 
Rs 


. F(x, y, z) = 2xy? + 3yz? — 5xz*; Di f(x, y, z), Daf (x, y, z), Disf(x, y, z) 
. g(s, t) = sin (s£) + te; Dig(s, t), Dsg(s, t), Dag(s, t) 


3 
. h(x, y) = tan"! y Dh (x, y), Deh(x, y), Dh (x, y) 


In 4uv 
. f(u, v, w) = "EY Dif(u, v, w), Dif (u, v, w), Dysif(u, v, w) 
. f(u, v, w) = w cos 2v + 3v sin u — 2uv tan w; Dsf(u, v, w), Dyf(u, v, w), Diaf(u, v, w) 


Exercises 7 and 8 find du/dt and du/ds by two methods. 
u =y ln(x + y?), x — 2s + 8t, y = 3t — 2s 8. u = e?" cosQy — x), x = 28 — P,y — $ + 2P 


If u = xy + xX, x = 4 cos t, and y —3 sin t, find the value of the total derivative du/dt at t = 17 by two methods: (a) Do 
not express u in terms of t before differentiating; (b) express u in terms of t before differentiating. 


If f(x, y, z) = 3xy? — 5xz? — 2xyz, Ax = 0.02, Ay = —0.01, and Az = —0.02, find (a) the increment of f at (—1,3, 2) and 
(b) the total differential of f at (—1,3, 2). 

Find the gradient of f at (—1, 3, 2) for the function of Exercise 10. 

If f(x, y, z) = sinh(x + z) cosh y, find the rate of change of f(x, y, z) with respect to distance in R; at the point P(1,1, 0) 
in the direction PO if Q is the point (—1, 0, 2). 
Exercises 13 through 16, find the domain and range of the function f and draw a sketch showing as a shaded region in 


the set of points in the domain of f. 


REVIEW EXERCISES 965 


13. f(x, y) = VAx* — y 14. f(x, y) = sin! V1 —x* — y? 

15. f(x, y) = tan! Vx* — y? 16. f(x, y) = [x] + IL v1 — v?Tl 

In Exercises 17 through 19, find the domain and range of the function f. 

xy xy t xz + yz x 

17. f(x, y, z) = —= 18. f(x, y, z) == 19. f(x, y, z) *—— — 
UE nd m i-i 

In Exercises 20 through 22, establish the limit by finding a 6 > 0 for any e > 0 so that Definition 17.2.5 holds. 

20. lim (4x—5y) 221 21. lim (3x2 -— 4y) ——4 22. lim (x?~y?+2x—4y) =10 
(,3)^ (4,—1) (x,y)-(2,-2) (x.u)—(3,1) 


In Exercises 23 and 24, determine if the indicated limit exists. 
li xy? 
im ———4; 

(xu) (0.0) X3 + y? 


In Exercises 25 through 29, discuss the continuity of f. 


xi— yt 


24. lim —=—,; 
Gr.3)— (0,0) xtv y 


23. 


25. f(x, y) = nz if (x, y) = (0, 0) 
0 if (x, y) = (0, 0) 


(HINT: See Exercise 23.) 


xi—y! 


26. f(x, y) d iE GeV) v6 (0:9) 
0 


if (x, y) — (0, 0) 


(HINT: See Exercise 24.) 


x? + 4y? | 1 1 1 
PT Faas BM Scos pax tosda 9 FY = par F cot iy 


In Exercises 30 and 31, prove that the function f is differentiable at all points in its domain by showing that Definition 
17.5.2 holds. 


2x +y 
y? 
32. Find equations of the tangent line to the curve of intersection of the surface z = 3x + y? + 1 with the plane x = 2 at 
the point (2, —1, 14). 
33. Find equations of the tangent plane and normal line to the surface z? + 2y + z — 8 at the point (2, 1, 2). 


30. f(x, y) = 3xy? — Ax* + y? 31. f(x, y) = 


34. The temperature is T degrees at any point on a heated circular plate and 
DEN RA 

r+yt9 
where distance is measured in inches from the origin at the center of the plate. (a) Find the rate of change of the tem- 
perature at the point (3, 2) in the direction of the vector cos à7i + sin rj. (b) Find the direction and magnitude of the 
greatest rate of change of T at the point (3, 2). 


T 


35. The temperature is T degrees at any point (x, y) of the curve 4x? + 12y? = 1 and T = 4x? + 24y? — 2x. Find the points 
on the curve where the temperature is the greatest and where it is the least. Also find the temperature at these points. 


36. In order to mail a package by parcel post, the sum of the length and girth (the perimeter of a cross section) must not 
be greater than 100 in. If a package is to be in the shape of a rectangular box, find the dimensions of the package having 
the greatest possible volume that can be sent by parcel post. 


37. A manufacturing plant has two classifications for its workers, A and B. Class A workers earn $14 per run, and class B 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 
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workers earn $13 per run. For a certain production run, it is determined that in addition to the salaries of the workers, 
if x class A workers and y class B workers are used, the number of dollars in the cost of the run is 


y? x? — 8xy + 600 


How many workers of each class should be used so that the cost of the run is a minimum if at least three workers of 
each class are required for a run? 


Suppose « is the radian measure of an acute angle of a right triangle and sin a is determined by a/c, where a in. is the 
length of the side opposite the angle and c in. is the length of the hypotenuse. If by measurement a is found to be 3.52 
and c is found to be 7.14, and there is a possible error of 0.01 in each, find the possible error in the computation of 
sin « from these measurements. 


A painting contractor charges 12€ per square foot for painting the four walls and ceiling of a room. If the dimensions 
of the ceiling are measured to be 12 ft and 15 ft, the height of the room is measured to be 10 ft, and these measurements 
are correct to 0.05 ft, find approximately, by using the total differential, the greatest error in estimating the cost of the 
job from these measurements. 


At a given instant, the length of one side of a rectangle is 6 ft and it is increasing at the rate of 1 ft/sec and the length 
of another side of the rectangle is 10 ft and it is decreasing at the rate of 2 ft/sec. Find the rate of change of the area of 
the rectangle at the given instant. 


If f is a differentiable function of the variable u, let u = x? + y? and prove that z = xy + f(x? + y?) satisfies the equation 


[AL NET. 
Va Cay" 
Verify that u(x, y) = (sinh x) (sin y) satisfies Laplace's equation in R,: 
eu, du 
at aye" 


Verify that 


u(x, t) = sin m e(—nen2k2/L2¥ 


satisfies the one-dimensional heat-conduction partial differential equation: 

$us ye 

ot ax? 
Verify that u(x, t) = A cos(kat) sin(kx), where A and k are arbitrary constants, satisfies the partial differential equa- 
tion for a vibrating string: 

fu, au 

eee ye SE 

oP ax? 


If f is a differentiable function of x and y and u = f(x, y), x = r cos 0, and y =r sin 0, show that 


du\? | 1 (0uV  (OüuV , (au\? 
2 i r? (a) S) n i] 
In parts (a), (b), and (c) demand equations of two related commodities are given. In each part, determine if the com- 


modities are complementary, substitutes, or neither: (a) x =—4p + 2g + 6, y=5p — q + 10; (b) x=6— 3p —24, y= 
4+ 2p — q; (c) X=—7q—p +7, y = 18 — 3q — 9p. 


Use the method of Lagrange multipliers to find the critical points of the function f for which f(x, y, z) = y + xz — 2x 
— y? — 2 subject to the constraint z = 35 — x — y. Determine if the function has a relative maximum or a relative mini- 
mum value at any critical point. 


48. 


49. 


50. 


51. 
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Given 


2. 


fas Le if (x, y) 7 (0, 0) 
0 if (x, y) = (0,0) 


Prove that D,f(0,0) and D;f(0, 0) exist but that f is not differentiable at (0, 0). (HINT: See Example 5, Sec. 17.2, and Ex- 
ercise 2 in Exercises 17.3.) 


Given 
xty?z? 


f(x, y, z) [perm if (x, Y, z) 7 (0, 0, 0) 
0 


if (x, y, z) = (0,0,0) 
Prove that f is differentiable at (0,0, 0). 
Let f be the function defined by 


erty 


(onlay ifx #0 
0 ifx =0 


Prove that f is discontinuous at the origin. 
For the function of Exercise 50, prove that D,f(0, 0) and D;f(0, 0) both exist. 


18 
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18.1 THE DOUBLE INTEGRAL 


Figure 18.1.1 


968 


Multiple 
Integration 


The definite integral of a function of a single variable can be extended 
to a function of several variables. We call an integral of a function of a 
single variable a single integral to distinguish it from a multiple integral, 
which involves a function of several variables. The physical and geo- 
metric applications of multiple integrals are analogous to those given 
in Chapter 7 for single integrals. 

In the discussion of a single integral we required that the function 
be defined on a closed interval in R,. For the double integral of a func- 
tion of two variables, we require that the function be defined on a closed 
region in R,. By a closed region we mean that the region includes its 
boundary. In this chapter, when we refer to a region, it is assumed to be 
closed. The simplest kind of closed region in R, is a closed rectangle, 
which we now proceed to define. Consider two distinct points A(a,, a.) 
and B(b,, b,) such that a, = b, and a; x by. These two points determine 
a rectangle having sides parallel to the coordinate axes. Refer to Fig. 
18.1.1. The two points, together with the points (b,, a;) and (4,, b,), are 
called the vertices of the rectangle. The line segments joining consecutive 
vertices are called the edges of the rectangle. The set of all points interior 
to the rectangle is called an open rectangle, and the set of all points in the 
open rectangle, together with the points on the edges of the rectangle, is 
called a closed rectangle. 

Let the closed rectangular region of Fig. 18.1.1 be denoted by R and 
let f be a function defined on R. The region R can be considered as a region 
of integration (it corresponds to the interval of integration for a function 
defined in R,). Our first step is to define a partition, A, of R. We draw lines 
parallel to the coordinate axes and obtain a network of rectangular sub- 
regions which cover R. The norm of this partition, denoted by ||A||, is de- 


18.1.1 Definition 


18.1.2 Definition 
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termined by the length of the longest diagonal of a rectangular subregion 
of the partition. We number the subregions in some arbitrary way (such 
as by starting in the upper left corner of R) and let the total be n. We de- 
note the width of the ith subregion by Ax units and its height by Ay 
units. Then if A;A square units is the area of the ith rectangular subregion, 
AA = Aix Ay 

Let (£, y;) be an arbitrary point in the ith subregion and f(é;, y;) be the 
function value there. Consider the product f(é;, y;) A;A. Associated with 
each of the n subregions is such a product, and their sum is 


$ fér yi) AA (1) 


There are many sums of the form (1) because the norm of the partition 
can be any positive number and each point (£i, yj) can be any point in 
the ith subregion. If all such sums can be made arbitrarily close to one 
number L by taking partitions with sufficiently small norms, then L is 
defined to be the limit of these sums as the norm of the partition of R 
approaches zero. We have the following definition. 


Let f be a function defined on a closed rectangular region R. The number 
L is said to be the limit of sums of the form > f(£u yi) AA if L satisfies 
the property that for any e > 0, there exists a $ > 0 such that 


Y f£, y) AA-—L| <e 
Ai 


for every partition A for which ||Al| < ô and for all possible selections of 
the point (é,, y;) in the ith rectangle, /— 1,2, . . . , n. If such a number 
L exists we write 


lim > fle y) NA-L 


llAlI--0 i-i 


If there is a number L satisfying Definition 18.1.1, it can be shown 
that it is unique. The proof is similar to the proof of the theorem (2.4.2) 
regarding the uniqueness of the limit of a function. 


A function f of two variables is said to be integrable on a rectangular region 
R if f is defined on R and the number L of Definition 18.1.1 exists. This 
number L is called the double integral of f on R, and we write 


im È feos y) AA= = JJ fe: ye dA (2) 


llAll--o 


Other symbols for the double integral in (2) are 


H f(x,y) dxdy and Jf f(x, y) dy dx 
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18.1.3 Theorem 


The following theorem, which is stated without proof, gives us a 
condition under which a function of two variables is integrable. 


If a function f of two variables is continuous on a closed rectangular region 
R, then f is integrable on R. 


The approximation of the value of a double integral by using Defi- 
nition 18.1.3 is shown in the following example. 


EXAMPLE 1: Find an approxi- 
mate value of the double integral 


Jf (23? — 3y) dA 


where R is the rectangular region 
having vertices (—1, 1) and 

(2, 3). Take a partition of R 
formed by the lines x ^ 0, x= 1, 
and y = 2, and take (£,, y;) at the 
center of the ith subregion. 


SOLUTION: Refer to Fig. 18.1.2, which shows the region R partitioned 
into six subregions which are squares having sides one unit in length. 
So for each i, AjA = 1. In each of the subregions the point (£i, yı) is at 
the center of the square. Therefore, an approximation to the given double 
integral is given by 


[J (2x2 —3y) dA- f 9-14 (9-14 fü, B1 
tf, DB-1-fG D-14fCL D-1 
-—4-1—4-140-1—3:1-7:1-7:1 


y =—25 


(~1, 3) (2, 3) 


(~1,1) 


(2, 1) 


> xX 


Figure 18.1.2 


Figure 18.1.3 


The exact value of the double integral in Example 1 is—24, as will be 
shown in Example 1 of Sec. 18.2. 


We now consider the double integral of a function over a more gen- 
eral region. First we must define some terms. By a smooth function of a 
single variable we mean one that has a continuous derivative, and a smooth 
curve is a curve that consists of a finite number of arcs of graphs of smooth 
functions. Examples of smooth curves are straight lines, ellipses, and 
parabolas. Let R be a closed region whose boundary consists of a finite 
number of arcs of smooth curves that are joined together to form a closed 
curve. As we did with a rectangular region, we draw lines parallel to the 
coordinate axes, which gives us a rectangular partition of the region R. 
We discard the subregions which contain points not in R and consider 
only those which lie entirely in R (these are shaded in Fig. 18.1.3). Letting 


(£i, Yi) 


Figure 18.1.4 


18.1.4 Theorem 
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the number of these shaded subregions be n, we proceed in a manner 
analogous to the procedure we used for a rectangular region. Definitions 
18.1.1 and 18.1.2 apply when the region R is the more general one de- 
scribed above. You should intuitively realize that as the norm of the par- 
tition approaches zero, n increases without bound, and the area of the 
region omitted (i.e., the discarded rectangles) approaches zero. Actually, 
in advanced calculus it can be proved that if a function is integrable on 
a region R, the limit of the approximating sums of the form (1) is the same 
no matter how we subdivide R, so long as each subregion has a shape to 
which an area can be assigned. 

just as the integral of a function of a single variable is interpreted 
geometrically as the measure of the area of a plane region, the double in- 
tegral can be interpreted geometrically as the measure of the volume of a 
three-dimensional solid. Suppose that the function f is continuous on a 
closed region R in R,. Furthermore, for simplicity in this discussion, as- 
sume that f(x, y) is nonnegative on R. The graph of the equation z= f(x, y) 
is a surface lying above the xy plane as shown in Fig. 18.1.4. The figure 
shows a particular rectangular subregion of R, having dimensions of mea- 
sures A;x and Ajy. The figure also shows a rectangular solid having this 
subregion as a base and f(£,, y;) as the measure of the altitude where 
(£j yi) is a point in the ith subregion. The volume of the rectangular 
solid is determined by 


AV = f(&, yi) AA — f(£p y) Ax Ay (3) 


The number given in (3) is the measure of the volume of the thin rectan- 
gular solid shown in Fig. 18.1.4; thus, the sum given in (1) is the sum of 
the measures of the volumes of n such solids. This sum approximates the 
measure of the volume of the three-dimensional solid shown in Fig. 18.1.4 
which is bounded above by the graph of f and below by the region R in 
the xy plane. The sum in (1) also approximates the number given by the 
double integral 


Í, Í f(x, y) dA 


It can be proved that the volume of the three-dimensional solid of Fig. 
18.1.4 is the value of the double integral. We state this in the following 
theorem for which a formal proof is not given. 


Let f be a function of two variables that is continuous on a closed region 
R in the xy plane and f(x, y) = 0 for all (x, y) in R. If V(S) is the measure 
of the volume of the solid S having the region R as its base and having an 
altitude of measure f(x, y) at the point (x, y) in R, then 
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EXAMPLE 2: Approximate the 
volume of the solid bounded by 
the surface 

f(x,y) =4-32 — iy? 
the planes x — 3 and y — 2, and 
the three coordinate planes. To 
find an approximate value of the 
double integral take a partition 
of the region in the xy plane by 
drawing the lines x — 1, x — 2, 
and y = 1, and take (£i, yj) at the 
center of the ith subregion. 


z 


Figure 18.1.5 


SOLUTION: The solid is shown in Fig. 18.1.5. The rectangular region R 
is the rectangle in the xy plane bounded by the coordinate axes and the 
lines x = 3 and y = 2. From Theorem 18.1.4, if V cubic units is the volume 
of the solid 


v= [ [ a-i- yn dA 
R, 


Figure 18.1.5 shows R partitioned into six subregions which are squares 
having sides of length one unit. Therefore, for each i, AA = 1. The point 
(&, yi) in each subregion is at the center of the square. Then an approxi- 
mation of V is given by an approximation of the double integral, and 
we have 


V-fG,Dn:1*fG,D-:1-f2-1-fG,0 -1-fG,D -1 o 6438 
= (4 — s) + (4— 4D + (4-88) + (4 — 9A) + (4— 8D) + (4 — 141 
= 24 — $38 
= 21.59 


Thus, the volume is approximately 21.59 cubic units. 


18.1.5 Theorem 


18.1.6 Theorem 


The exact value of the volume in Example 2 is shown to be 21.5 cubic 
units in Example 2 of Sec. 18.2. 

Analogous to properties of the definite integral of a function of a 
single variable are several properties of the double integral, and the most 
important ones are given in the following theorems. 


If c is a constant and the function f is integrable on a closed region R, 
then cf is integrable on R and 


f: i cf(x, y) dA=c Í f f(x, y) dA 


If the functions f and g are integrable on a closed region R, then the func- 
tion f t g is integrable on R and 


NI [f(x, y) +9(x, y)] da= | | f. y) 4A * | [ sc, y) dA 


-1 


18.1.7 Theorem 


18.1.8 Theorem 


18.1.9 Theorem 
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The result of Theorem 18.1.6 can be extended to any finite number of 
functions which are integrable. The proofs of Theorems 18.1.5 and 18.1.6 
follow directly from the definition of a double integral. These proofs are 
left for the reader (see Exercises 13 and 14). 


If the functions f and g are integrable on the closed region R and f(x, y) = 
g(x, y) for all (x, y) in R, then 


INI f(x,y) dA = NEZ y) dA 


Theorem 18.1.7 is analogous to Theorem 6.4.8 for the definite inte- 
gral of a function of a single variable. The proof is similar and is left for 
the reader:(see Exercise 15). 


Let the function f be integrable on a closed region R, and suppose that 
m and M are two numbers such that m x f(x, y) x M for all (x, y) in R. 
Then if A is the measure of the area of region R, we have 


mA = NES y) dA x MA 


The proof of Theorem 18.1.8 is left for the reader (see Exercise 16). The 
proof is similar to that of Theorem 6.5.2 and is based on Theorem 18.1.7. 


Suppose that the function f is continuous on the closed region R and that 
region R is composed of the two subregions R, and R which have no 
points in common except for points on parts of their boundaries. Then 


JJ Ie da= | | ros y) aA SL f(x, y) dA 


The proof of Theorem 18.1.9 is also left for the reader and depends 
on the definition of a double integral and limit theorems (see Exercise 17). 


In Exercises 1 through 6, find an approximate value of the given double integral where R is the rectangular region having 
the vertices P and Q, A is a regular partition of R, and (£,, y;) is the midpoint of each subregion. 


1. [fern dA; P(0, 0); Q(4, 2); A: x =0, x2 = 1, %3=2,%,=3,y,=0, ya; — 1. 
R 


2. [f o-z- dA; P(0, 0); Q(6, 4); A: x = 0, x2 = 2, x = 4, Yy = 0, y; — 2. 
R 


3. INICEET dA; P(—2,0); Q(4,6); A: x, —2, x2 = 0, x4—2, y, = 0, ya — 2, ya = 4. 
R 


4. MECRES dA; P(0,—2); Q(6, 4); A: x = 0, x2 = 2, x = 4, Y1 = —2, Yo = 0, y = 2. 
R 


5. [ [ y-a dA; P(—3,—2); Q(1, 6); A: x, =—3, x = —1, 9s =—2, 370, y = 2, y, 7 4. 
R 
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im (xy — 2xy?) dA; P(—3,—2); Qa, 6); A: x =-3, X47 —2, x= —1, X= 0, y¥,=—2, y,=—1, Va = 0, Y= 1, ys—2, 
R 
Ve — 3, y«— 4, ys — 5. 


In Exercises 7 through 10, find an approximate value of the given double integral where R is the rectangular region having 


the 
7. 


12. 


13. 
16. 


vertices P and Q, A is a regular partition of R, and (£i, y;) is an arbitrary point in each subregion. 


The double integral, P, Q, and A are the same as in Exercise 1; (£,, y1) = (5, 4); (éz Y2) = (5, 0); (&, y) = ($, 4), 
(éa va) = (4, 1); (és, v) = (å, 3; (Es, ve) = (5, 8; (Er, v) = (52); (Es Ys) = (8, 1). 


. The double integral, P, Q, and A are the same as in Exercise 2; (£, yi) = (4, S); (&, ys) = (8, 1); (£y ys) = CE, 8; 


(&, ya) = (2, 2); (és, Ys) = (2, 2); (£s, Ye) = (5, 3). 


. The double integral, P, Q, and A are the same as in Exercise 3; (£i, yı) = (—43, 9); (&, y) = (1, 8; (és, ya) = (2, 2); 


(&, va) = C£, 8; (Es, ys) = (0,3); (Es ye) = (4, 4); (Ex, y1) = C1, 8); (Es, ys) = (1, £); (Eo, Yo) = (3, 9. 


. The double integral, P, Q, and A are the same as in Exercise 3; (£i, yı) = (—2, 0); (£z, Y2) = (0, 0); (&, ys) = (2, 0); 


(és Ya) = (72,2); (és, ys) = (0, 2); (£s, ye) = (2, 2); (£r vx) = (7-2, 4); (Se, ys) = (0, 4); (£s, Yo) = (2, 4). 


. Approximate the volume of the solid in the first octant bounded by the sphere x? + y? + z? = 64, the planes x = 3 and 


y — 3, and the three coordinate planes. To find an approximate value of the double integral take a partition of the region 
in the xy plane by drawing the lines x — 1, x= 2, y = 1, and y = 2, and take (£i, yi) at the center of the ith subregion. 


Approximate the volume of the solid bounded by the surface 100z = 300 — 25x? — 4y?, the planes x = —1, x = 3,y — —3, 
and y — 5, and the xy plane. To find an approximate value of the double integral take a partition of the region in the 
xy plane by drawing the lines x = 1, y = —1, y = 1, and y = 3, and take (£i, y;) at the center of the ith subregion. 


Prove Theorem 18.1.5. 14. Prove Theorem 18.1.6. 15. Prove Theorem 18.1.7. 
Prove Theorem 18.1.8. 17. Prove Theorem 18.1.9. 


18.2 EVALUATION OF For functions of a single variable, the fundamental theorem of calculus 

DOUBLE INTEGRALS AND provides a method for evaluating a definite integral by finding an anti- 

ITERATED INTEGRALS derivative (or indefinite integral) of the integrand. We have a correspond- 

ing method for evaluating a double integral which involves performing 

successive single integrations. A rigorous development of this method 

belongs to a course in advanced calculus. Our discussion is an intuitive 

z= f(x, y) one, and we use the geometric interpretation of the double integral as the 

measure of a volume. We first develop the method for the double integral 
on a rectangular region. 

Let f be a given function which is integrable on a closed rectangular 
region R in the xy plane bounded by the lines x = a,, x = b,, y = a, and 
y = by. We assume that f(x, y) = 0 for all (x, y) in R. Refer to Fig. 18.2.1, 
which shows a sketch of the graph of the equation z — f(x, y) when (x, y) 
is in R. The number that represents the value of the double integral 


[ [re aa 


is the measure of the volume of the solid between the surface and the 
region R. We find this number by the method of parallel plane sections, 
which we discussed in Sec. 7.4. 

Let y be a number in [2;, b]. Consider the plane which is parallel to 


Figure 18.2.1 
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the xz plane through the point (0, y, 0). Let A(y) be the measure of the 
area of the plane region of intersection of this plane with the solid. By 
the method of parallel plane sections, as discussed in Sec. 7.4, we express 
the measure of the volume of the solid by 


[Lo ay 


Because the volume of the solid also is determined by the double integral, 
we have 


f [ fe an [P aw dy (1) 


By using Eq. (1) we can find the value of the double integral of the func- 
tion f on R by evaluating a single integral of A(y). We now must find 
A(y) when y is given. Because A(y) is the measure of the area of a plane 
region, we can find it by integration. In Fig. 18.2.1, notice that the upper 
boundary of the plane region is the graph of the equation z = f(x, y) when 
x is in [2,, b,]. Therefore, A(y) = fà f(x, y) dx. If we substitute from this 
equation into Eq. (1), we obtain 


iR f(x, y) dA= E u^ f(x, vy) ax| dy (2) 


The integral on the right side of Eq. (2) is called an iterated integral. Usu- 
ally the brackets are omitted when writing an iterated integral. So we 
write Eq. (2) as 


[Jiena f [ro dx dy (3) 


When evaluating the “inner integral” in Eq. (3), remember that x is the 
variable of integration and y is considered a constant. This is analogous 
to considering y as a constant when finding the partial derivative of 
f(x, y) with respect to x. 

By considering plane sections parallel to the yz plane, we can de- 
velop the following formula, which interchanges the order of integration. 


hr f(x, y) da= | E f(x, y) dy dx (4) 


A sufficient condition for formulas (3) and (4) to be valid is that the func- 
tion be continuous on the rectangular region R. 


EXAMPLE 1: Evaluate the double 
integral 


Hd (2x2 — 3y) dA 


! SOLUTION: 4, — —1,b,— 2,4; — 1, and b, = 3. So we have from formula (3) 


K (222 — 3y) a-f (2x — 3y) dx dy 


-f I (2x? — 3y) ax| dy 
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if R is the region consisting of 
all points (x, y) for which —1 « 
xz2andl1-zy-z3. 


3 2 
1 ~i 


3 
-f (6 — 9y) dy 
=—24 


In Example 1 of Sec. 18.1 we found an approximate value of the double 
integral in the above example to be —25. 


EXAMPLE 2: Find the volume of 
the solid bounded by the surface 


f(x, y) 


the planes x = 3 and y = 2, and 
the three coordinate planes. 


=4— $x? — ey’? 


SOLUTION: Figure 18.2.2 shows the graph of the equation z= f(x, y) in 
the first octant and the given solid. If V cubic units is the volume of the 
solid, we have from Theorem 18.1.4 


= lim $ Mee y) AA= MESE ) dA 


I[All- o 
ELA dy dx 
= f m-im T dx 
= f eedem ax 
=yx- dee 


—21.5 


The volume is therefore 21.5 cubic units. 


x 7 Figure 18.2.2 


y = bi (x) y = $2(x) 


Figure 18.2.4 


z= f(x 


Figure 18.2.5 
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In Example 2 of Sec. 18.1 an approximate value of the volume in Ex- 
ample 2 was found to be 21.59 cubic units. 


y 
t y = $2(x) 
y = $,(%) 
l 
| 1] 
BEEN 
l 
l— >r 
(6) a Nina i Xi b 
ww 
Aix Figure 18.2.3 


Suppose now that R is a region in the xy plane which is bounded by 
the lines x= a and x = b, where a < b, and by the curves y = ¢,(x) and 
y = d(x), where $, and 4, are two functions which are continuous on 
the closed interval [a, b]; furthermore, ¢,(x) = $,(x) whenevera x x x b 
(see Fig. 18.2.3). Let A be a partition of the interval [a, b] defined by A: 
4— Xo < XQ € +++ € x,— b. Consider the region R of Fig. 18.2.3 to be 
divided into vertical strips with widths of measure A;x. A particular strip 
is shown in the figure. The intersection of the surface z — f(x, y) and a 
plane x = £, where x,., < £, < x;, is a curve. A segment of this curve is 
over the ith vertical strip. The region under this curve segment and above 
the xy plane is shown in Fig. 18.2.4, and the measure of the area of this 
region is given by 


‘b2( Fi) 
[ee Hee) ay 


o1(€1) 


The measure of the volume of the solid bounded above by the surface 
z= f(x, y) and below by the ith vertical strip is approximately equal to 


Th Fiéu v) ay Aix 


oi) 
If we take the limit, as the norm of A approaches zero, of the sum of these 
measures of volume for n vertical strips of R from x = a to x = b, we ob- 
tain the measure of the volume of the solid bounded above by the surface 


. z= f(x, y) and below by the region R in the xy plane. (See Fig. 18.2.5.) 


This is the double integral of f on R; that is, 


Sufficient conditions for formula (5) to be valid are that f be continuous 
on the closed region R and that $, and $, be smooth functions. 


AV 


(5) 
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EXAMPLE 3: Express as both a 
double integral and an iterated 
integral the measure of the vol- 
ume of the solid above the xy 
plane bounded by the elliptic 
paraboloid z = x? + 4y? and the 
cylinder x? + 4y? = 4. Evaluate 
the iterated integral to find the 
volume of the solid. 


1 
j; 


Figure 18.2.6 


sOLUTION: The solid is shown in Fig. 18.2.6. Using properties of sym- 
metry, we find the volume of the portion of the solid in the first octant 
which is one-fourth of the required volume. Then the region R in the 
xy plane is that bounded by the x and y axes and the ellipse x? + 4? = 4 
This region is shown in Fig. 18.2.7, which also shows the ith subregion 
of a rectangular partition of R, where (£i, yi) is any point in this ith sub- 
region. If V cubic units is the volume of the given solid, then by Theorem 
18.1.4 we have 


V=4 lim > (€7 + Ay?) AA-a | (x? + 4y?) dA 
R, 


llAll-o £1 


To express the measure of the volume as an iterated integral we 
divide the region R into n vertical strips. Figure 18.2.8 shows the re- 
gion R and the ith vertical strip having width of A,x units and length of 
4V4 — £? units, where x;., x £, < x, Using formula (5) we have 


n 4—£i?/2 
V=4 lim > n (£? + 4y?) ay | Aix 


llall-o £31 


=4 f ne * (2 + Ay?) dy dx 


Evaluating the iterated integral, we have 
va-132 
V= a bea] dx 


=4 f [4332 V4 — x? + &(4 — x?)??] dx 
9 
=f (2 +2) VITZ dx 
=—17(4 — x2)82 4 2xV4— x! + 2 sin™! i, 


= 4r 
Therefore, the volume is 47 cubic units. 


y A Gi, 4V4 E?) 
(£i, yi) zb 


Figure 18.2.7 Figure 18.2.8 


————» x 


Figure 18.2.9 
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If the region R is bounded by the curves x = A, (y) and x = A,(y) and 
the lines y =c and y = d, where c < d, and ^, and X, are two functions 
which are continuous on the closed interval [c, d] for which A,(y) x A2(y) 
whenever c = y < d, then consider a partition A of the interval [c, d] and 
divide the region into horizontal strips, the measures of whose widths 
are Ay. See Fig. 18.2.9, which shows the ith horizontal strip. The inter- 
section of the surface z = f(x, y) and a plane y = y; where yi1 < Yi € yi 
is a curve, and a segment of this curve is over the ith horizontal strip. 
Then, as in the derivation of formula (5), the measure of the volume of 
the solid bounded above by the surface z — f(x, y) and below by the ith 
vertical strip is approximately equal to 


[fo fae yd ax] ay 


xi 


Taking the limit, as ||A|| approaches zero, of the sum of these measures 
of volume for n horizontal strips of R from y= c to y = d, we obtain the 
measure of the volume of the solid bounded above by the surface z — 
f(x, y) and below by the region R in the xy plane. This measure of volume 
is the double integral of f on R. Hence, we have 


(6) 


Sufficient conditions for formula (6) to be valid are that à; and A, be 
smooth functions and f be continuous on R. In applying both formula 
(5) and formula (6) sometimes it may be necessary to subdivide a region 
R into subregions on which these sufficient conditions hold. 


EXAMPLE 4: Express the volume 
of the solid of Example 3 by an 
iterated integral in which the 
order of integration is the reverse 
of that of Example 3. Compute 
the volume. 


Figure 18.2.10 


SOLUTION: Again we find the volume of the solid in the first octant and 
multiply the result by 4. Figure 18.2.10 shows the region R in the xy plane 
and the ith horizontal strip whose width has a measure of Ajy, and whose 
length has a measure of 2V1 — y?. Then by formula (6) we have 


n 2V1—yi? 
V—4 lim > li (x? + Ay?) ax| Ay 


llall-o £1 LJo 


1 f2vi-y? 
=a ff (x2 + 4y?) dx dy 
0J0 


1 2Vi-y? 
=4 I [ax + md dy 
: 0 0 


=4 l [$1 — y??? + 8y? V1 m y?] dy 
9 
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1 
=# | (2y? +1) VI=¥ dy 
0 
1 
——$y(1— y)? + 8y V1— y? + 8 sin! vj, 
= 4m 
| Hence, the volume is 47 cubic units, which agrees with the answer of 
Example 3. 


From the solutions of Examples 3 and 4 we see that the double inte- 


gral Í | (x? + Ay?) dA can be evaluated by either of the iterated integrals 
R, 


2 ('vV4—r2]2 1 f2vi-vy 
Í f (33 + 4y*) dy dx. or i Í (22 + Ay?) dx dy 
0 0JO0 


[U 


If in either formula (5) or (6), f(x, y) = 1 for all x and y, then we obtain 
a formula that expresses the measure A of the area of a region R as a double 
integral. We have 


A= |f v dx- | f dx dy (7) 
R, R, 


EXAMPLE 5: Find by double soLUTION: The region is shown in Fig. 18.2.11. Applying formula e, 
integration the area of the region | we have 


in the xy plane bounded by the 2 (Ar 
curves y = x? and y = 4x — x”. A=] faya ff dy dx 
R, 0Jr 


= +2 2 2 
y Mal =f (Ax — x? — x?) dx = 23° — 42°] 
0 0 


ew 


Hence, the area of the region is $ square units. 


Figure 18.2.11 
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Exercises 18.2 


In Exercises 1 through 8, evaluate the given iterated integral. 


2 (2r 4 fy lfy 1 er 1 
1. f xy? dy dx 2. n dx dy 3. Jj e?" dx dy a f f — dy dx 
140 oJo oso -Mi XY 
1rv 1 rx 1f1 m fy? 
[£s DUET ALIE QUE 
su x dx dy 6 Ja x dy dx od E y| dy dx WE sin. dx dy 


In Exercises 9 through 14, find the exact value of the double integral. 
9. The double integral is the same as in Exercise 1 in Exercises 18.1. 


10. The double integral is the same as in Exercise 4 in Exercises 18.1. 


11. B sin x dA; R is the region bounded by the lines y = 2x, y = ix, and x = m. 
R 


12. Lf cos(x + y) dA; R is the region bounded by the lines y = x and x = z, and the x axis. 


13. Í Í x? V9 — y? dA; R is the region bounded by the circle x? + y? = 9. 
R 


2 
14. Í Í 5 dA; R is the region bounded by the lines y = x and y = 2, and the hyperbola xy = 1. 
R: 


15. Find the volume of the solid under the plane z = 4x and above the circle x? + y? = 16 in the xy plane. Draw a sketch 
of the solid. 


16. Find the volume of the solid bounded by the planes x = y + 2z +1, x=0, y=0,z=0, and 3y + z — 3 = 0. Draw a 
sketch of the solid. 


17. Find the volume of the solid in the first octant bounded by the two cylinders x? + y? = 4 and x? + z2? = 4. Draw a sketch 
of the solid. 


18. Find the volume of the solid in the first octant bounded by the paraboloid z = 9 — x? — 3y?. Draw a sketch of the solid. 


19. Find the volume of the solid in the first octant bounded by the surfaces x + z? = 1, x = y, and x = y*. Draw a sketch 
of the solid. 


20. Find by double integration the volume of the portion of the solid bounded by the sphere x? + y? + z? = 16 which lies 
in the first octant. Draw a sketch of the solid. 


In Exercises 21 through 24, use double integrals to find the area of the region bounded by the given curves in the xy plane. 
Draw a sketch of the region. 


21. y = x and y= x’ 22. y? = 4x and x? = 4y 23. y x —9andy =9-— x? 24. x? + y? = 16 and y? = 6x 
25. Express as an iterated integral the measure of the volume of the solid bounded by the ellipsoid 

rv y 2 

te tar 


26. Given the iterated integral 
Í I VEZ 3i dy dx 
0J0 


(a) Draw a sketch of the solid the measure of whose volume is represented by the given iterated integral; (b) evaluate 
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the iterated integral; (c) write the iterated integral which gives the measure of the volume of the same solid with the 
order of integration reversed. 


27. Given the iterated integral 
2 fa fva mr? 
ANI (2x + y) dy dx 
3 0J0 


The instructions are the same as for Exercise 26. 


28. Use double integration to find the area of the region in the first quadrant bounded by the parabola y? — 4x, the circle 
x? + y? — 5, and the x axis by two methods: (a) Integrate first with respect to x; (b) integrate first with respect to y. Com- 
pare the two methods of solution. 


29. Find, by two methods, the volume of the solid below the plane 3x + 8y + 6z = 24 and above the region in the xy plane 
bounded by the parabola y? = 2x, the line 2x + 3y = 10, and the x axis: (a) Integrate first with respect to x; (b) integrate 
first with respect to y. Compare the two methods of solution. 


In Exercises 30 and 31, the iterated integral cannot be evaluated exactly in terms of elementary functions by the given 
order of integration. Reverse the order of integration and perform the computation. 


1 pl 1 fl 1 
30. Í Í e** dx dy 31. Í f SY dy dx 
OJy 0Jx y 


32. Use double integration to find the volume of the solid common to two right-circular cylinders of radius r units, whose 
axes intersect at right angles. (See Exercise 8 in Exercises 7.4.) 


18.5 CENTER OF MASS AND In Chapter7 we used single integrals to find the center of mass of a homo- 
MOMENTS OF INERTIA  geneous lamina. In using single integrals we can consider only laminae 
of constant area density (except in special cases); however, with double 
integrals we can find the center of mass of either a homogeneous or a 
nonhomogeneous lamina. 

Suppose that we are given a lamina which has the shape of a closed 
region R in the xy plane. Let p(x, y) be the measure of the area density 
of the lamina at any point (x, y) of R where p is continuous on R. To find 
the total mass of the lamina we proceed as follows. Let A be a partition 
of R into n rectangles. If (£i, y;) is any point in the ith rectangle having 
an area of measure AA, then an approximation to the measure of the mass 
of the ith rectangle is given by p(é;, yi) A;jA, and the measure of the total 
mass of the lamina is approximated by 


Y pl&, y) AA 
A 


Taking the limit of the above sum as the norm of A approaches zero, we 
express the measure M of the mass of the lamina by 


(1) 


The measure of the moment of mass of the ith rectangle with respect to 
the x axis is approximated by y;p(£i, y;) A.A. The sum of the measures of 
the moments of mass of the n rectangles with respect to the x axis is then 
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approximated by the sum of n such terms. The measure M, of the moment 
of mass with respect to the x axis of the entire lamina is given by 


(2) 


Analogously, the measure M, of its moment of mass with respect to the 
y axis is given by 


(3) 


EXAMPLE 1: A lamina in the 
shape of an isosceles right tri- 
angle has an area density which 
varies as the square of the dis- 
tance from the vertex of the right 
angle. If mass is measured in 
slugs and distance is measured in 
feet, find the mass and the center 
of mass of the lamina. 


Figure 18.3.1 


— 


SOLUTION: Choose the coordinate axes so that the vertex of the right tri- 
angle is at the origin and the sides of length a ft of the triangle are along 
the coordinate axes (see Fig. 18.3.1). Let p(x, y) be the number of slugs/ft? 
in the area density of the lamina at the point (x, y). Then p(x, y) = 
k(x? + y?) where k is a constant. Therefore, if M slugs is the mass of the 
lamina, we have from formula (1) 


M= lim Y k(£ + y?) MA 


llall-o #24 


=x ff (x2 + y?) dA 


=[f7 (x? + y?) dy dx 

0J0 

=k [ [ye + wr dx 
0 0 

=k ih ($a? — a?x + 2ax? — $x°) dx 
0 

= k($a* — łat + $a* — 4a*) 


= tka* 

To find the center of mass, we observe that because of symmetry it 
must lie on the line y = x. Therefore, if we find x, we also have y. Using 
formula (3), we have 

M,= jae Y kilé? + y?) AA 


lAl]--o =} 


=r | [x6 m dA 
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=e fl" x(x? + y?) dy dx 

oso 

=k Í ' lv + by | dx 
9 0 

=k f (3a3x — a*x? + 2ax3 — áx*) dx 
0 


= k(4a® — ła + a5 — a?) 
= y5 kaë 


Because Mx = M,, we have Mx = 7ska®; and because M = ġka*, we get 
x = #a. Therefore, the center of mass is at the point (£a, 2a). 


18.3.1 Definition 


18.3.2 Definition 


The moment of inertia of a particle, whose mass is m slugs, about an axis is 
defined to be mr? slug-ft?, where r ft is the perpendicular distance from 
the particle to the axis. 


If we have a system of n particles, the moment of inertia of the sys- 
tem is defined as the sum of the moments of inertia of all the particles. 
That is, if the ith particle has a mass of m, slugs and is at a distance of r; ft 
from the axis, then I slug-ft? is the moment of inertia of the system where 


n 
dou (4) 
izi 


Extending this concept of moment of inertia to a continuous distribution 
of mass in a plane such as rods or laminae by processes similar to those 
previously used, we have the following definition. 


Suppose that we are given a continuous distribution of mass occupying 
a region R in the xy plane, and suppose that the measure of area density 
of this distribution at the point (x, y) is p(x, y) slugs/ft?, where p is con- 
tinuous on R. Then the moment of inertia I, slug-ft? about the x axis of 
this distribution of mass is determined by 


(5) 


PEE im 2 
Similarly, the measure I, of the moment of inertia about the y axis is 
given by 


(6) 


and the measure I, of the moment of inertia about the origin, or the z 
axis, is given by 


(7) 
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The number I, of formula (7) is the measure of what is called the polar 
moment of inertia. 


EXAMPLE 2: A homogeneous 
straight wire has a constant linear 
density of p slugs/ft. Find the 
moment of inertia of the wire 
about an axis perpendicular to 
the wire and passing through 
one end. 


SOLUTION: Let the wire be of length a ft, and suppose that it extends 
along the x axis from the origin. We find its moment of inertia about the 
y axis. Divide the wire into segments; the length of the ith segment is 
Ax ft. The mass of the ith segment is then p A;x slugs. Assume that the 
mass of the ith segment is concentrated at a single point £, where x;_, = 
£; € x; The moment of inertia of the ith segment about the y axis lies 
between px; ,? Aix slug-f? and px? Aix slug-f? and is approximated by 
pé? Nx slug-ft?, where xi; < é < x; If the moment of inertia of the wire 
about the y axis is I, slug-ft?, then 


a 
= lim »E a= [ px! dx = $pa° 


llall-o i51 


Therefore, the moment of inertia is 3pa? slug-ft?. 


EXAMPLE 3: A homogeneous 
rectangular lamina has constant 
area density of p slugs/ft. Find 
the moment of inertia of the 
lamina about one corner. 


— 


(Ei, vi) 


Figure 18.3.2 


SOLUTION: Suppose that the lamina is bounded by the lines x = a, y = b, 
, the x axis, and the y axis. See Fig. 18.3.2. If Ij slug-ft? is the moment of 
| inertia about the origin, then 


n 
I= lim > p(é? + yë) AA 


llall--o £1 
- | f ptm aa 
R 
b fa 
=p ff (x? + y?) dx dy 
0J0 
b a 
=o Í [iut] dy 
0 0 
=p f (34° + ay?) dy 
0 


= lpab(a? + b?) 
The moment of inertia is therefore 3pab(a? + b?) slug-ft?. 


Let us imagine the total mass M slugs of a lamina as being concen- 
trated at one point; that is, suppose that a particle at this point has the 
same mass M slugs as the lamina. Then if this particle is at a distance 
r ft from a given axis L, the moment of inertia about L of this particle is 
Mr? slug-f?. The number r is the measure of the radius of gyration of the 
given lamina about L. We have the following definition. 
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18.3.3 Definition 


If I is the measure of the moment of inertia about an axis L of a distri- 
bution of mass in a plane and M is the measure of the total mass of the 
distribution, then the radius of gyration of the distribution about L has 
measure r, where 


I 


2 i. 
r =M 


EXAMPLE 4; Suppose that a 
lamina is in the shape of a semi- 
circle and the measure of the area 
density of the lamina at any 
point is proportional to the mea- 
sure of the distance of the point 
from the diameter. If mass is 
measured in slugs and distance 
is measured in feet, find the 
radius of gyration of the lamina 
about the x axis. 


or ga 


Figure 18.3.3 


SOLUTION: Choose the x and y axes so that the semicircle is the top half 
of the circle x? + y? = a?. See Fig. 18.3.3. The area density of the lamina 
at the point (x, y) is then ky slugs/ft?. So if M slugs is the mass of the 
lamina, we have 


M= lim V ky ^A 


Hali-o £ 


={ f ayaa 


a ('va2—y* 
=Í ky dx dy 


0J—-Va2-y? 
E | Vary d 
NM | es y, 
= 2k | yv =H dy 
0 
= —3k(a? — yy] 


= $ka® 


a 
0 
If I, slug-ft? is the moment of inertia of the lamina about the x axis, then 


I= lim b yi (ky) AA 


llall-o £31 


= | f ky ay dx 
R 


a fva- 
= f f ky? dy dx 
—aJ0 


=f fas] "7 dx 
-—a 0 


= tk i (at — 2a?x? + xt) dx 


= ik(2a5 — $a5 + £a?) 


= tka 
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| Therefore, if r ft is the radius of gyration 


and so r= $V10a. The radius of gyration is therefore $ V10a ft. 


Exercises 18.3 


In Exercises 1 through 10, find the mass and center of mass of the given lamina if the area density is as indicated. Mass is 
measured in slugs and distance is measured in feet. 


1. A lamina in the shape of the rectangular region bounded by the lines x = 3 and y = 2, and the coordinate axes. The 
area density at any point is xy? slugs/ft?. 


2. A lamina in the shape of the region in the first quadrant bounded by the parabola y = x’, the line y = 1, and the y axis. 
The area density at any point is (x + y) slugs/ft®. 


3. A lamina in the shape of the region sag by the parabola x? = 8y, the line y = 2, and the y axis. The area density 
varies as the distance from the line y = 


4. A lamina in the shape of the region bounded by the curve y = e7, the line x = 1, and the coordinate axes. The area 
density varies as the distance from the x axis. 


5. A lamina in the shape of the region in the first quadrant bounded by the circle x? + y? = a? and the coordinate axes. 
The area density varies as the sum of the distances from the two straight edges. 


6. A lamina in the shape of the region bounded by the triangle whose sides are segments of the coordinate axes and the 
line 3x + 2y = 18. The area density varies as the product of the distances from the coordinate axes. 


7. A lamina in the shape of the region bounded by the curve y = sin x and the x axis from x = 0 to x = ~. The area den- 
sity varies as the distance from the x axis. 


8. A lamina in the shape of the region bounded by the curve y = Vx and the line y = x. The area density varies as the 
distance from the y axis. 


9, A lamina in the shape of the region in the first quadrant bounded by the circle x? + y? = 4 and the line x + y = 2. The 
area density at any point is xy slugs/ft?. 


10. A lamina in the shape of the region bounded by the circle x? + y? = 1 and the lines x = 1 and y = 1. The area density 
at any point is xy slugs/ft?. 


In Exercises 11 through 16 find the moment of inertia of the given homogeneous lamina about the indicated axis if the 
area density is p slugs/f?, and distance is measured in feet. 


11. A lamina in the shape of the region bounded by 4y — 3x, x — 4, and the x axis; about the y axis. 

12. The lamina of Exercise 11; about the line x — 4. 

13. A lamina in the shape of the region bounded by a circle of radius 4 units; about its center. 

14. A lamina in the shape of the region bounded by the parabola x? — 4 — 4y and the x axis; about the x axis. 
15. The lamina of Exercise 14; about the origin. 


16. A lamina in the shape of the region bounded by a triangle of sides of lengths a ft, b ft, and c ft; about the side of length 
4 ft. 
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In Exercises 17 through 20, find for the given lamina each of the following: (a) the moment of inertia about the x axis; (b) 
the moment of inertia about the y axis; (c) the radius of gyration about the x axis; (d) the polar moment of inertia. 


17. The lamina of Exercise 1. 18. The lamina of Exercise 2. 19. The lamina of Exercise 7. 20. The lamina of Exercise 8. 


21. A homogeneous lamina of area density p slugs/ft? is in the shape of the region bounded by an isosceles triangle 
having a base of length b ft and an altitude of length 4 ft. Find the radius of gyration of the lamina about its line of 


symmetry. 


22. A lamina is in the shape of the region enclosed by the parabola y — 2x — x? and the x axis. Find the moment of inertia 
of the lamina about the line y = 4 if the area density varies as its distance from the line y = 4. Mass is measured in 
slugs and distance is measured in feet. 


18.4 THE DOUBLE INTEGRAL 
IN POLAR COORDINATES 


Figure 18.4.1 


We now show how the double integral of a function on a closed region 
in the polar coordinate plane can be defined. We begin by considering 
the simplest kind of region. Let R be the region bounded by the lines 
0 — a and 0 = B and by the circles r= a and r= b. Then let A be a parti- 
tion of this region which is obtained by drawing lines through the pole 
and circles having centers at the pole. This is shown in Fig. 18.4.1. We 
obtain a network of subregions which we call "curved" rectangles. The 
norm |lA|| of the partition is the length of the longest of the diagonals of 
the "curved" rectangles. Let the number of subregions be n, and let A,A 
be the measure of area of the ith "curved" rectangle. Because the area 
of the ith subregion is the difference of the areas of two circular sectors, 
we have 


AA = dr? (0, — 0-1) — ri? (06; — 01.) 
= 2(r ri) (ri + ri) (0; — 9.1) 
Letting 7; = $(r; + rj), Air = r; — 7-1, and Aj0 = 0; — 0,.,, we have 
AjA = f; Ar A0 


Take the point (7,, 6;) in the ith subregion, where 0; ., = 0, = 0; and form 
the sum 


5 f(t, 8) AA= bx ft 8)f A;r 46 (1) 
i=1 i=1 
It can be shown that if f is continuous on the region R, then the limit of 


the sum in (1), as |A] approaches zero, exists and that this limit will be 
the double integral of f on R. We write either 


(2) 


or 


(3) 


0 = xy(r) 


Figure 18.4.3 


z= f(r, 8) 


Figure 18.4.4 
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The double integral can be shown to be equal to an iterated integral 
having one of two possible forms: 


f [fe m an [fo raro E pcr, 0) a0 ar | (4) 


We can define the double integral of a continuous function f of two 
variables on closed regions of the polar coordinate plane other than the 
one previously considered. For example, consider the region R bounded 
by r= $,(0) and r= $,(0), where $, and $4, are smooth functions, and 
by the lines 0 = a and 0 = $B. See Fig. 18.42. In the figure, $,(0) = (0) 
for all 0 in the closed interval [o, 8]. Then it can be shown that the double 
integral of f on R exists and equals an iterated integral, and we have 


i f f(r, 0) dA = BE. f(r, 0)r dr dà (5) 


If the region R is bounded by the curves 0 = x,(r) and 0 = x,(r), where 
x, and x» are smooth functions, and by the circles r =a and r= b, as 
shown in Fig. 18.4.3, where x;i(r) < x,(r) for all r in the closed interval 
[a, b], then 


I f(r, 0) 4A - [ [7 fe 0)r do dr (6) 


We can interpret the double integral of a function on a closed region 
in the polar coordinate plane as the measure of the volume of a solid by 
using cylindrical coodinates. Figure 18.4.4 shows a solid having as its 
base a region R in the polar coordinate plane and bounded above by the 
surface z = f(r, 0) where f is continuous on R and f(x, y) = 0 on R. Take 
a partition of R giving a network of n "curved" rectangles. Construct the 
n solids for which the ith solid has as its base the ith "curved" rectangle 
and as the measure of its altitude f(7;, 6;) where (7;, 6;) is in the ith sub- 
region. Figure 18.4.4 shows the ith solid. The measure of the volume of 
the ith solid is 


fF 6;) A.A = f(r, (AIA Air A0 

The sum of the measures of the volumes of the n solids is 
»3 ft, 8)f; Air A0 
i 

If V is the measure of the volume of the given solid, then 


V= lim Y fli, 807 Ar A0 = f | flr, 8)r dr d (7) 


flalf-o i=1 


EXAMPLE 1: Find the volume of 
the solid in the first octant 


| SOLUTION: The solid and the ith element are shown in Fig. 18.4.5. Using 
! formula (7) with f(r, 0) =r, we have, where V cubic units is the volume 
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bounded by the cone z = r and 
the cylinder r — 3 sin 8. 


Nje 
3 


Figure 18.4.5 


of the given solid, 


Silii S7 -F AA 


llall-0 £ 


= n r? dr do 
R 
7/2 ('3sin8 

= | i r? dr d0 
0 0 


Ti2 3sin 0 
= in do 


0 0 
712 
=9 Í sin? 0 d 
0 
mi2 


= —9 cos 0 + 3 cos? e| 


0 
=6 


The volume is therefore 6 cubic units. 


EXAMPLE 2: Find the mass of 
the lamina in the shape of the 
region inside the semicircle r — 

a cos 0,0 = 0 = 3m, and whose 
measure of area density at any 
point is proportional to the mea- 
sure of its distance from the pole. 
The mass is measured in slugs 
and distance is measured in feet. 

1 


= +7 


2 


^ 


Figure 18.4.6 


SOLUTION: Figure 18.4.6 shows a sketch of the lamina and the ith 
"curved" rectangle. The area density at the point (r, 0) is kr slugs/ft?, 
where k is a constant. If M slugs is the mass of the lamina, then 


M= lim » (kr;)r; Air AO 


llall-o £ 


=| fer dr do 
R 
7/2 facos 
=x f Í r? dr d0 


mi2 
= = tka f" cos? 0 d0 
0 


"i2 
—ika? [sin 0 — i sin? d 


9 
= $ ka? 


Therefore, the mass is $ka? slugs. 


EXAMPLE 3: Find the center of 
mass of the lamina in Example 2. 


SOLUTION: Let the cartesian coordinates of the center of mass of the 
lamina be x and y, where, as is customary, the x axis is along the polar 
axis and the y axis along the ¿m axis. Let the cartesian coordinate rep- 
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n 
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resentation of the point (7;, 6;) be (i, j;). Then if M, slug-ft is the mo- 
ment of mass of the lamina with respect to the x axis, 


M; = lim b» Pil kF) fi Air A)8 
Hallo £1 
Replacing J; by 7; sin 6;, we get 


n E 
Mz = lim 5 kr? sin 0; Ayr A0 
llall-o fy 


= | f ke sin 6 dr do 
R 


7/2 facos 6 
-«[ i r? sin 0 dr d0 
o Jo 


mi2 
= tka’ | cos’ 0 sin 0 d0 
0 


mi2 
= —yħ ka* cos? e 
0 


= gy kat 


If M, slug-ft is the moment of mass of the lamina with respect to the y 
; axis, then 
n 
M, — lim X; kr; fi A;r A,0 
yn 2 (kri)ri 
Replacing X, by 7; cos 6, we have 
M, = lim > kr? cos 6, Air A0 
[lalo i=1 


= | f eos ø dr do 
R 


7/2 facos @ 
=k f f r cos 0 dr dé 
o Jo 


7/2 
= kat | cos? 0 d@ 
0 
mi2 
= tka? [sin 0 —$sin? 0 + 4 sin® J 
0 
= kat 
| Therefore, 
My, _ kat 3 
tM tka 5% 
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Hence, the center of mass is at the point (2a, 4a). 


The area of a region in the polar plane can be found by double inte- 
gration. The following example illustrates the method. 


EXAMPLE 4: Find by double 
integration the area of the region 
enclosed by one leaf of the rose 
r= sin 38. 


Figure 18.4.7 


SOLUTION: Figure 18.47 shows the region and the ith "curved" rec- 
tangle. If A square units is the area of the region, then 


A- lim SAA 


llall-o 4 


= lim S f Ar A0 


llall-o 1 


=| f rar ao 

R 
mi3 f'sin 36 

=Í Í r dr d0 
9 0 


7/3 
—1i í sin? 30 d0 
0 


mi3 
= 10 — dà sin 60| 
0 


— 1. 
= 127 


Hence, the area is 7:7 square units. 


Sometimes it is easier to evaluate a double integral by using polar 
coordinates instead of cartesian coordinates. Such a situation is shown 
in the following example. 


EXAMPLE 5: Evaluate the double 
integral 


[f emma 
R 


where the region R is in the first 
quadrant and bounded by the 
circle x? + y? = a? and the co- 
ordinate axes. 


SOLUTION: 


Because x? + y? = r?°, and dA = r dr d0, we have 


[Lf eem da= | f e" r dr d0 
R R 
ni2 fa 
=| i e" y dr dO 
0 0 
mi2 a 
sei era 
0 0 


mi2 
== f (e^ * — 1) do 
0 


=t7(1—e®) 
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Exercises 18.4 
In Exercises 1 through 6, use double integrals to find the area of the given region. 
1. The region inside the cardioid r= 2(1 + sin 6). 2. One leaf of the rose r — a cos 20. 
3. The region inside the cardioid r = a(1 + cos 0) and outside the circle r= a. 
4. The region inside the circle r = 1 and outside the lemniscate r? = cos 26. 
5. The region inside the large loop of the limaçon r = 2 — 4 sin 0 and outside the small loop. 
6. The region inside the limaçon r = 3 — cos 0 and outside the circle r — 5 cos 6. 
In Exercises 7 through 12, find the volume of the given solid. 
7. The solid bounded by the ellipsoid z? + 9r? = 9, 
8. The solid cut out of the sphere z? + r? = 4 by the cylinder r = 1. 
9. The solid cut out of the sphere z? + r? = 16 by the cylinder r= 4 cos 6. 
10. The solid above the polar plane bounded by the cone z — 2r and the cylinder r — 1 — cos 6. 
11. The solid bounded by the paraboloid z = 4 — r?, the cylinder r = 1, and the polar plane. 
12. The solid above the paraboloid z = r? and below the plane z = 2r sin 6. 


In Exercises 13 through 19 find the mass and center of mass of the given lamina if the area density is as indicated. Mass 
is measured in slugs and distance is measured in feet. 


13. A lamina in the shape of the region of Exercise 1. The area density varies as the distance from the pole. 
14. A lamina in the shape of the region of Exercise 2. The area density varies as the distance from the pole. 


15. A lamina in the shape of the region inside the limaçon r= 2 — cos 0. The area density varies as the distance from 
the pole. 


16. A lamina in the shape of the region bounded by the limaçon r= 2 + cos 0, 0 = 0 x m, and the polar axis. The area 
density at any point is k sin 0 slugs/ft?. 


17. The lamina of Exercise 16. The area density at any point is kr sin 0 slugs/ft^. 
18. A lamina in the shape of the region of Exercise 6. The area density varies as the distance from the pole. 
19. A lamina in the shape of the region of Exercise 5. The area density varies as the distance from the pole. 


In Exercises 20 through 25, find the moment of inertia of the given lamina about the indicated axis or point, if the area 
density is as indicated. Mass is measured in slugs and distance is measured in feet. 


20. A lamina in the shape of the region enclosed by the circle r = sin 6; about the $7 axis. The area density at any point is 
k slugs/ft®. 


21. The lamina of Exercise 20; about the polar axis. The area density at any point is k slugs/ft?. 


22. A lamina in the shape of the region bounded by the cardioid r = a(1 — cos 0); about the pole. The area density at any 
point is k slugs/ft?. 

23. A lamina in the shape of the region bounded by the cardioid r= a(1 + cos 0) and the circle r = 2a cos 0; about the 
pole. The area density at any point is k slugs/ft?. 


24. A lamina in the shape of the region enclosed by the lemniscate r? = a? cos 26; about the polar axis. The area density 
varies as the distance from the pole. 


25. A homogeneous lamina is in the shape of the region enclosed by one loop of the lemniscate r? — cos 20. Find the radius 
of gyration of the lamina about an axis perpendicular to the polar plane at the pole. 
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26. 


27. 


28. 


29. 
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A lamina is in the shape of the region enclosed by the circle r — 4, and the area density varies as the distance from the 
pole. Find the radius of gyration of the lamina about an axis perpendicular to the polar plane at the pole. 


Evaluate by polar coordinates the double integral 


Jj. erty? dA 
R 


where R is the region bounded by the circles x? + y? = 1 and x? + y? — 9. 


Evaluate by polar coordinates the double integral 


x 
> dA 
Í J Væ + y? 
where R is the region in the first quadrant bounded by the circle x? + y? = 1 and the coordinate axes. 


+% f+ 
In advanced calculus, improper double integrals are discussed, and Í f(x, y) dx dy is defined to be 
0 0 


lim I f(x, y) dx dy 


h= +% 
+00 


Use this definition to prove that Í e`? dx = 1 Vr by doing the following: (a) Show that the double integral in Ex- 
0 


2 +o 2 a 2 
e? dx! ; (b) because | i e ax| = lim | | en ax| use the result of Example 5 


0 a= +o 0 


ample 5 can be expressed as | Í 


0 
to obtain the desired result. 


18.5 AREA OF A SURFACE The double integral can be used to determine the area of the portion of 
the surface z = f(x, y) that lies over a closed region R in the xy plane. To 
à show this we must first define what we mean by the measure of this area 
and then obtain a formula for computing it. We assume that f and its first 
partial derivatives are continuous on R and suppose furtherthat f(x, y) > 0 
on R. Let A be a partition of R into n rectangular subregions. The ith rec- 
tangle has dimensions of measures A,x and A;y and an area of measure 
AA. Let (£, yi) be any point in the ith rectangle, and at the point 
Q(£,, Yir f(&, ¥i)) on the surface consider the tangent plane to the sur- 
face. Project vertically upward the ith rectangle onto the tangent plane 
and let Ajo be the measure of the area of this projection. Figure 18.5.1 
shows the region R, the portion of the surface above R, the ith rectangular 
subregion of R, and the projection of the ith rectangle onto the tangent 
plane to the surface at Q. The number A,o is an approximation to the mea- 
sure of the area of the piece of the surface that lies above the ith rectangle. 
Figure 18.5.1 Because we have n such pieces, the summation 


Q (Eis Yis fiti) 


(£i, vi) 


is an approximation to the measure c of the area of the portion of the 
surface that lies above R. This leads to defining o as follows: 


= lim ŞA (1) 
ME De 


Figure 18.5.2 


18.5.1 Theorem 
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We now need to obtain a formula for computing the limit in Eq. (1). 
To do this we find a formula for computing A;c as the measure of the area 
of a parallelogram. For simplicity in computation we take the point (&;, y;) 
in the ith rectangle at the corner (xi, y;-1). Let A and B be vectors having 
as representations the directed line segments having initial points at Q 
and forming the two adjacent sides of the parallelogram whose area has 
measure Ac. See Fig. 18.5.2. Then Ajo = |A X B|. Because 


A= Apá + f. (£u yi) Aixk 
and 

B= Ayj + ful& vi) Ayk 
it follows that 


i- k 
A X B= Ax 0 frl&, vi) Ax 
0 Ay ful&, vi) Ay 
=—Ax Auf. (Ey yi)i — Aix Ayfy(é yj + Ax Ayk 
Therefore, 
Ao = |A X B| = Vf (i vi) + felén y) +1 Ax Ay (2) 


Substituting from Eq. (2) into Eq. (1), we get 
= lim Y Vf (£u y) + fu? (Er y) + 1 Ax Ay 


llall--o fe 


This limit is a double integral which exists on R because of the continuity 
of f, and f, on R. We have, then, the following theorem. 


Suppose that f and its first partial derivatives are continuous on the closed 
region R in the xy plane. Then if ø is the measure of the area of the sur- 
face z — f(x, y) which lies over R, 


(3) 


EXAMPLE 1: Find the area of the 
surface that is cut from the cyl- 
inder x? + z? = 16 by the planes 
x=0,x=2,y=0, and y=3. 


“SOLUTION: The given surface is shown in Fig. 18.5.3. The region R is the 


rectangle in the first quadrant of the xy plane bounded by the lines x = 2 
and y = 3. The surface has the equation x’ + z? = 16. Solving for z, we get 
z= V16 — xX. Hence, f(x, y) = V16 — x’. So if o is the measure of the 
area of the surface, we have from Theorem 18.5.1 


o= INI Vf (x, y) + f(x, y) +1 dx dy 


= Pf A) orem 


dx dy 


3 2 4 
=| V16 — x? 
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x Figure 18.5.3 


The surface area is therefore 27 square units. 


EXAMPLE 2: Find the area of the 
paraboloid z = x? + y? below the 
plane z = 4. 


~x2ty2=4 


Figure 18.5.4 


SOLUTION: Figure 18.5.4 shows the given surface. From the equation of 
the paraboloid we see that f(x, y) = x? + y?. The closed region in the xy 
plane bounded by the circle x? + y? = 4 is the region R. If ø square units 
is the required surface area, we have from Theorem 18.5.1 


e- [f Vf Ax, y) + f(x, y) +1 dx dy 
R 


= | | VERT FT dx dy 


Because the integrand contains the terms 4(x? + y?), the evaluation of 
the double integral is simplified by using polar coordinates. Then x? 
+y?=r?, and dx dy = dA = r dr dé. Furthermore, the limits for r are from 
0 to 2 and the limits for 0 are from 0 to 27. We have then 


s-[] VAT T r dr do 
R 
27 [2 
=Í Í V4r? +1 r dr do 
0 0 
27 2 
=Í [elare n] m 
0 0 
=$n(17V17 — 1) 


Hence, the area of the paraboloid below the given plane is $7(17 V 17 — 1) 
square units. 


EXAMPLE 3: Find the area of the 
top half of the sphere x? y? 
+2=2. 


SOLUTION: The hemisphere is shown in Fig. 18.5.5. Solving the equation 


of the sphere for z and setting this equal to f(x, y), we get 
f(x, y) = y — £ =; 
Because f(x, y) =—x/ Va? — x! — 4?, and f,(x, y) =—y/V@ — x! — y*, 
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we note that f, and f, are not defined on the circle x? + y? = a? which is 
the boundary of the region R in the xy plane. Furthermore, the double 
integral obtained from Eq. (3) is 


a 

[J wpe 

which is improper because the integrand has an infinite discontinuity 
at each point of the boundary of R. We can take care of this situation by 
considering the region R' as that bounded by the circle x? + y? = b?, where 
b <a, and then take the limit as b — a`. Furthermore, the computation 
is simplified if the double integral is evaluated by an iterated integral 
using polar coordinates. Then we have 


2T 
o=tim ff Fea ar 


= 2ra lim f vaca 
b 

= 27a lim |-ve = "| 
0 


b~a- 


= 27a lim [— Va? — b? + a] 
b-a- 


= 27a? 


Figure 18.5.5 The area of the hemisphere is therefore 274? square units. 


THE: Le 


Consider now the curve y = F(x) with a < x x b, F positive on [a,b] 
and F' continuous on [2, b]. If this curve is rotated about the x axis, we 
obtain a surface of revolution. From Sec. 16.7 an equation of this surface is 


y+ 2 = [F(x)]? (4) 


Figure 18.5.6 shows the surface of revolution. In the figure we have taken 
the xy plane in the plane of the paper; however, we still have a right- 
handed system. We wish to obtain a formula for finding the measure of 
the area of this surface of revolution by using Theorem 18.5.1. From prop- 
erties of symmetry, the measure of the area of the surface above the xz 
plane and in front of the xy plane is one-fourth of the measure of the area 
Figure 18.5.6 of the entire surface. Solving Eq. (4) for z (neglecting the negative square 
root because z = 0), we get f(x, y) = V[F(x) |? — 4”. The region R in the 
xy plane is that bounded by the x axis, the curve y = F(x), and the lines 
x =a and x = b. Computing the partial derivatives of f, we obtain 


|. FG)F (x) LU can Ye o 
ROMER PENO 


We see that f,(x, y) and f,(x, y) do not exist on part of the boundary of 
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18.5.2 Theorem 


R (when y — —F(x) and when y = F(x)). The double integral obtained 
from Eq. (3) is 


FOr  # 
LJ [FP —y * [Faye ty 
— f [ECW VIE GP +1 
-[[ AL VIE 4d 


This double integral is improper because the integrand has an infinite 
discontinuity at each point of the boundary of R where y — —F(x) and 
y = F(x). Hence, we evaluate the double integral by an iterated integral 
for which the inner integral is improper. 


«4 [ [reo vri 91 | Taal 6s 
where 
F (a) 0 dy 
0 VLF(x) P — y 


F(x)-€ dy 
«0+ J0 VLF(x) }? — y? 


F(x)-€ 
=ļi iei 
co [sin Fal, 


(Ft) 


= lim sin” 


e-0* 
—dr 


Therefore, from Eq. (5) we have 
b 
o= s | F(x) VLE (x) P +1 dx 
We state this result as a theorem, where F is replaced by f. 
Suppose that the function f is positive on [a, b] and f' is continuous on 


[a, b]. Then if o is the measure of the area of the surface of revolution 
obtained by revolving the curve y = f(x), with a - x = b, about the x axis, 


EXAMPLE 4: Find the area of the 
paraboloid of revolution gen- 
erated by revolving the top half 
of the parabola y? — 4px, with 

0 <x x h, about the x axis. 


SOLUTION: The paraboloid of revolution is shown in Fig. 18.5.7. Solving 
the equation of the parabola for y (y = 0), we obtain y = 2p!?x!?, So if 
o square units is the area of the surface, from Theorem 18.5.2, with f(x) = 
2p!?x!?, we have 
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A ic ^ p 
y72p^ x2 g —2T7 Í 2p"?x"? Ud dx 
2 1 


h 
= 4rp'? Í Vp +x dx 
[d 


h 
— S012 3/2 
a amp’? (p+ x) | 


= 37(Vp(p + h)? — p?) 


The area of the paraboloid of revolution is therefore $«( Vp(p + h)? — p?) 
square units. 


Figure 18.5.7 


Exercises 18.5 


a &À WO N FR 


15. 


16. 


. Find the area of the surface which is cut from the plane 2x + y + z = 4 by the planes x=0,x=1, y — 0, and y — 1. 
. Find the area of the portion of the surface of the plane 36x + 16y + 9z = 144 which is cut by the coordinate planes. 

. Find the area of the surface in the first octant which is cut from the cylinder x? + y? = 9 by the plane x = z. 

. Find the area of the surface in the first octant which is cut from the cone x? + y? = z? by the plane x + y — 4. 


. Find the area of the portion of the surface of the sphere x? + y? + z? — 4x which is cut out by one nappe of the cone 


yYt2=x, 


. Find the area of the portion of the surface of the sphere x? + y? + z? = 36 which lies within the cylinder x? + y? = 9. 
. Find the area of the portion of the surface of the sphere x? + y? + z? = 4z which lies within the paraboloid x? + y? = 3z. 


. For the sphere and paraboloid of Exercise 7, find the area of the portion of the surface of the paraboloid which lies 


within the sphere. 


The line segment from the origin to the point (a, b) is revolved about the x axis. Find the area of the surface of the 
cone generated. 


. Derive the formula for the area of the surface of a sphere by revolving a semicircle about its diameter. 


. Find the area of the surface of revolution obtained by revolving the arc of the catenary y — a cosh(x/a) from x — 0 to 


x — a about the y axis. 


. Find the area of the surface of revolution obtained by revolving the catenary of Exercise 11 about the x axis. 
. The loop of the curve 18y? = x(6 — x)? is revolved about the x axis. Find the area of the surface of revolution generated. 


. Find the area of the surface of revolution generated by revolving the arc of the curve y — In x from x — 1 to x — 2 about 


the y axis. 

Find the area of the portion of the plane x = z which lies between the planes y = 0 and y = 6 and within the hyperboloid 
9x? — 4y? + 162? = 144. 

Find the area of the surface cut from the hyperbolic paraboloid y? — x? = 6z by the cylinder x? + y? = 36. 
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18.6 THE TRIPLE INTEGRAL 


(ai, bı, C1) 


ae —>y 


Figure 18.6.1 


The extension of the double integral to the triple integral is analogous to 
the extension of the single integral to the double integral. The simplest 
type of region in R; is a rectangular parallelepiped which is bounded by 
six planes: x =4,,x= 4), y = b,, y = b, z= c,, and z ^ cz, with a, < a, 
b, < bg, and c, < cs. Let f be a function of three variables and suppose 
that f is continuous on such a region S. A partition of this region is formed 
by dividing S into rectangular boxes by drawing planes parallel to the 
coordinate planes. Denote such a partition by A and suppose that n is 
the number of boxes. Let A;V be the measure of the volume of the ith box. 
Choose an arbitrary point (€;, y;, uj) in the ith box. Form the sum 


n 


y f(£, Yi wi) AV (1) 


i=1 


Refer to Fig. 18.6.1, which shows the rectangular parallelepiped together 
with the ith box. The norm ||A|| of the partition is the length of the longest 
diagonal of the boxes. The sums of the form (1) will approach a limit as 
the norm of the partition approaches zero for any choices of the points 
(£u yp ui) if f is continuous on S. Then we call this limit the triple integral 
of f on R and write 


Analogous to a double integral being equal to a twice-iterated inte- 
gral, the triple integral is equal to a thrice-iterated integral. When S is the 
rectangular parallelepiped described above, and f is continuous on S, 
we have 


az fb2 fez 
MEG y, z) dV = : T ; f(x, y, z) dz dy dx 
S 


EXAMPLE 1: Evaluate the triple 
integral 


JIT zy sin yz av 
S 


if S is the rectangular parallel- 
epiped bounded by the planes 
xm,y-—im,z-—im,and the 
coordinate planes. 


SOLUTION: 


7 (7/2 (713 
Iff ow sin yz av= || li xy sin yz dz dy dx 
0J0 0 
S 
m m2 mía 
=Í Í E cos yz] dy dx 
040 0 


7 fiz 
=Í Í x(1 — cos ry) dy dx 
0J0 


ES E 3x. 1 TIR 
=f x (v S sing sy) dx 
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Figure 18.6.2 


z= F,(x,y) 


We now discuss how to define the triple integral of a continuous 
function of three variables on a region in R, other than a rectangular 
parallelepiped. Let S be the closed three-dimensional region which is 
bounded by the planes x — a and x=b, the cylinders y= $,(x) and 
y = ¢,(x), and the surfaces z = F,(x, y) and z = F;(x, y), where the func- 
tions $,, $», F,, and F, are smooth (i.e., they have continuous derivatives 
or partial derivatives). See Fig. 18.6.2. Construct planes parallel to the co- 
ordinate planes, thereby forming a set of rectangular parallelepipeds that 
completely cover S. The parallelepipeds which are entirely inside S or on 
the boundary of S form a partition ^ of S. Choose some system of num- 
bering so that they are numbered from 1 to n. The norm |{A|{ of this parti- 
tion of S is the length of the longest diagonal of any parallelepiped belong- 
ing to the partition. Let the measure of the volume of the ith parallelepiped 
be AjV. Let f be a function of three variables which is continuous on S and 
let (£, yi, u) be an arbitrary point in the ith parallelepiped. Form the sum 


> Me yo wi) AV (2) 


If the sums of form (2) have a limit as ||A|| approaches zero, and if this limit 
is independent of the choice of the partitioning planes and the choices of 
the arbitrary points (é; yı, u;) in each parallelepiped, then this limit is 
called the triple integral of f on S, and we write 


(3) 


It can be proved in advanced calculus that a sufficient condition for the 
limit in (3) to exist is that f be continuous on S. Furthermore, under the 
condition imposed upon the functions ¢,, ¢2, F,, and F, that they be 
smooth, it can also be proved that the triple integral can be evaluated by 
the iterated integral 


b bax) PFo2.¥) 
i | ” F(x, y, z) dz dy dx 
a (x,y) 


bilr) J F 


Just as the double integral can be interpreted as the measure of the 
area of a plane region when f(x, y) = 1 on R,, the triple integral can be in- 
terpreted as the measure of the volume of a three-dimensional region. If 
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f(x, y, z) =1 on S, then Eq. (3) becomes 


lim 5$ av= fff a 
lalio » $ 


and the triple integral is the measure of the volume of the region S. 


EXAMPLE2: Find by triple inte- 
gration the volume of the solid of 
Example 3 in Sec. 18.2. 


= 
SOLUTION: If V cubic units is the volume of the solid, then 


V= im 3 av [I dV (4) 


where S is the region bounded by the solid. The z limits are from 0 (the 
value of z on the xy plane) to x? + 4y? (the value of z on the elliptic parab- 
oloid). The y limits for one-fourth of the volume are from 0 (the value of 
y on the xz plane) to $ V4 — x? (the value of y on the cylinder). The x limits 
for the first octant are from 0 to 2. We evaluate the triple integral in (4) 
by an iterated integral and obtain 


2 (4-322 f x2+4y2 
V=4 Í Í Í dz dy dx 
oJo 0 


Hence, o 
v4—22/2 
V=4 f (x? + Ay?) dy dx (5) 
0J0 
The right side of Eq. (5) is the same twice-iterated integral that we ob- 


tained in Example 3 in Sec. 18.2, and so the remainder of the solution is 
the same. 


EXAMPLE 3: Find the volume of 
the solid bounded by the cyl- 
inder x? + y? = 25, the plane 
x+y +z=8 and the xy plane. 


soLUTION: The solid is shown in Fig. 18.6.3. The z limits for the iterated 
integral are from 0 to 8 — x — y (the value of z on the plane). The y limits 
are obtained from the boundary region in the xy plane which is the circle 
x! + y? = 25. Hence, the y limits are from — V25 — x? to V25 — x’. The x 
limits are from —5 to 5. If V cubic units is the required volume, we have 


V= lim $ av= [ff v 


llall-o 31 


5 fvV25-3? f8—r—v 
= f Í " f dz dy dx 
—8J V25- x24 0 


5 [VETT 
=f] (8 — x — y) dy dx 
-5J — 


258—212 


5 25—72 
=Í | 30v -iy| dx 
-5 


—V25~x2 


=2 T. (8 — x) V25 — x? dx 
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5 5 
= 16 Í visas f V25 — x*(—2x) dx 
-5 -5 


3 
= 16(xV25 — x? + 5$ sin“ 4x) + 3(25 — x?) ia 
-5 


= 2007 


The volume is therefore 200r cubic units. 


zY 
Figure 18.6.3 
EXAMPLE 4: Find the mass of SOLUTION: Figure 18.6.4 shows the solid. Let M slugs be the mass of 
the solid above the xy plane the solid, and let the distance be measured in feet. Then the volume 


bounded by the cone 9x? + z^ — y^ | density at any point (x, y, z) in the solid is kz slugs/ft?, where k is a con- 
and the plane y — 9 if the mea- stant. Then if (£,, Yı m) is any point in the ith rectangular parallelepiped 
sure of the volume density at any of the partition, we have 

point (x, y, z) in the solid is 


proportional to the measure of M= lim S ku; AV = i J Í kz dV 
the distance of the point from the llall-0 £21 i 
plane. 9 f'vj3 [Vud 
* =e pp z dz dx dy 
0J0 0 


9 ful vVy2—932 
= 2k f f [2] dx dy 
0J0 0 


9 ful3 
=k i (y? — 9x?) dx dy 
0J0 


(£i, vi, wi) 


—$k]| y? dy = 3k 
0 


a ie a a ges 


The mass is therefore 732k slugs. 


Figure 18.6.4 
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Exercises 18.6 


In Exercises 1 through 4, evaluate the iterated integral. 


1fi—r fiy? 2 (y? pine 7[2 PT2 prz y 2 ry pV3z z 
5 i x dz dy dx 2. IIT ye? dz dx dy af | i cos > dy dx dz 4. 114 ee dx dz dy 
oJo Jay 1Jy Jo o Jz Jo z 1JoJo X^ +z 


In Exercises 5 through 10, evaluate the triple integral. 
5. i | y aV if S is the region bounded by the tetrahedron formed by the plane 12x + 20y + 15z = 60 and the coordinate 
S 
planes. 


6. Ifl (x? + z?) dV if S is the same region as in Exercise 5. 
S 

7. Iff z dV if S is the region bounded by the tetrahedron having vertices (0, 0, 0), (1, 1, 0), (1, 0, 0), and (1, 0, 1). 
S 

8. | | | yz dV if S is the same region as in Exercise 7. 
S 


9. Ill (xz + 3z) dV if S is the region bounded by the cylinder x? + z? = 9 and the planes x + y = 3, z —0, and y = 0, 
S 
above the xy plane. 


10. Iff xyz dV, if S is the region bounded by the cylinders x? + y? = 4 and x? + z? = 4. 
S 


In Exercises 11 through 21, use triple integration. 


11. Find the volume of the solid in the first octant bounded below by the xy plane, above by the plane z — y, and laterally 
by the cylinder 4? = x and the plane x = 1. 


12. Find the volume of the solid in the first octant bounded by the cylinder x? + z? = 16, the plane x + y = 2, and the three 
coordinate planes. 


13. Find the volume of the solid in the first octant bounded by the cylinders x? + y? = 4 and x? + 2z = 4, and the three co- 
ordinate planes. 


14. Find the volume of the solid bounded by the elliptic cone 4x? + 9y? — 362? = 0 and the plane z = 1. 

15. Find the volume of the solid above the elliptic paraboloid 3x? + y? = z and below the cylinder x? + z= 4. 
16. Find the volume of the solid enclosed by the sphere x? + y? + 2?= g. 

17. Find the volume of the solid enclosed by the ellipsoid 


18. Find the mass of the solid enclosed by the tetrahedron formed by the plane 100x + 25y + 16z = 400 and the coordinate 
planes if the volume density varies as the distance from the yz plane. The volume density is measured in slugs/ft?. 


19. Find the mass of the solid bounded by the cylinders x = z? and y = x’, and the planes x = 1, y = 0, and z = 0. The vol- 
ume density varies as the product of the distances from the three coordinate planes, and it is measured in slugs/ft*. 


20. Find the mass of the solid bounded by the surface z — 4 — 4x? — y? and the xy plane. The volume density at any point 
of the solid is p slugs/ft? and p = 3z|x]. 
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21. Find the mass of the solid bounded by the surface z — xy, and the planes x — 1, y — 1, and z — 0. The volume density 
at any point of the solid is p slugs/ft? and p = 3 Vx? + y?. 


18.7 THE TRIPLE INTEGRAL 
IN CYLINDRICAL AND 
SPHERICAL COORDINATES 


Figure 18.7.1 


If a region S in R; has an axis of symmetry, triple integrals on S are easier 
to evaluate if cylindrical coordinates are used. If there is symmetry with 
respect to a point, it is often convenient to choose that point as the origin 
and to use spherical coordinates. In this section we discuss the triple inte- 
gral in these coordinates and apply them to physical problems. 

To define the triple integral in cylindrical coordinates we construct 
a partition of the region S by drawing planes through the z axis, planes 
perpendicular to the z axis, and right-circular cylinders having the z axis 
as axis. A typical subregion is shown in Fig. 18.7.1. The elements of the 
constructed partition lie entirely in S. We call this partition a cylindrical 
partition. The measure of the length of the longest "diagonal" of any of 
the subregions is the norm of the partition. Let n be the number of sub- 
regions of the partition and A,V be the measure of the volume of the ith 
subregion. The measure of the area of the base is r; A;r Aj0, where 7; = 
(ri + ri-,). Hence, if Az is the measure of the altitude of the ith subregion, 
AV = 7; A;r A, Ag. Let f be a function of r, 0, and z, and suppose that f 
is continuous on S. Choose a point (7;, 6;, Zi) in the ith subregion such 
that 6,-, < 0, < 0; and zi, € Z; € z; Form the sum 


» f(t, 6, Z) AV= » KG 6;, Z)*; Air AO Az (1) 
i=1 i=1 


As the norm of A approaches zero, it can be shown, under suitable con- 
ditions on S, that the limit of the sums of form (1) exist. This limit is called 
the triple integral in cylindrical coordinates of the function f on S, and we 
write 


lim. Y f( 8,2) av= [If reso 2) av 2) 
-0 fi 2 
or 
lim S f, bo 2% Ar AO Az= Í ji Í areik (3) 
Hallo A š : f 


We can evaluate the triple integral in (2) and (3) by an iterated integral. 
For instance, suppose that the region 5 in R; is bounded by the planes 
0 — a and 0 — f, with a < B, by the cylinders r= X,(0) and r= M(0), 
where A, and A, are smooth on [o, 8] and A,(0) x X,(0) fora x 0 x p, 
and by the surfaces z = F,(r, 0) and z=F,(r, 0), where F, and F, are 
functions of two variables that are smooth on some region R in the polar 
plane bounded by the curves r= A,(0), r= X,(0), 0 = a, and 0 = B. Fur- 
thermore, suppose that F,(r, 0) = F,(r, 0) for every point (r, 0) in R. 
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Then the triple integral can be evaluated by an iterated integral by the 
formula 


B ('Ax(8) fFa(r.8) 
Iff f(r, 0, z)rdrd0 dz = i Í f(r, 0, z)r dz dr dé (4) 
$ a 


A1(0) J Fr.) 
There are five other iterated integrals that can be used to evaluate the 
triple integral in (4) because there are six possible permutations of the 
three variables r, 0, and z. 
Triple integrals and cylindrical coordinates are especially useful in 
finding the moment of inertia of a solid with respect to the z axis because 


the distance from the z axis to a point in the solid is determined by the 
coordinate r. 


EXAMPLE 1: A homogeneous 
solid in the shape of a right- 
circular cylinder has a radius of 
2 ft and an altitude of 4 ft. Find 
the moment of inertia of the 
solid with respect to its axis. 


Figure 18.7.2 


SOLUTION: Choose the coordinate planes so that the xy plane is the plane 
of the base of the solid and the z axis is the axis of the solid. Figure 18.7.2 
shows the portion of the solid in the first octant together with the ;th 
subregion of a cylindrical partition. Using cylindrical coordinates and 
taking the point (7,, 6;, Z;) in the ith subregion with k slugs/ft? as the 
volume density at any point, then if I, slug-ft? is the moment of inertia 
of the solid with respect to the z axis, we have 


L= lim V Pk av - [f] kr? dV 
llAll-o £ i 

There are six different possible orders of integration. Figure 18.7.2 shows 

the order dz dr d0. Using this order, we have 


7/2 (2 4 
=| ff kr? dar dr do = 4k Í iB) 1? dz dr dé 
0 0J0 
S 


In the first integration, the blocks are summed from z = 0 to z= 4; the 
blocks become a column. In the second integration, the columns are 
summed from r — 0 to r= 2; the columns become a wedge-shaped slice 
of the cylinder. In the third integration, the wedge-shaped slice is rotated 
from 0 = 0 to 0 = $7; this sweeps the wedge about the entire three-dimen- 
sional region in the first octant. We multiply by 4 to obtain the entire 
volume. Performing the integration, we obtain 


mi» (2 m2 
L= 16k | Í rè dr do = 64k [ dO = 32km 
o Jo 0 


Hence, the moment of inertia is 32k7 slug-ft?. 


EXAMPLE 2: Solve Example 1 by 
taking the order of integration as 
(a) dr dz d0; (b) dé dr dz. 


SOLUTION: (a) Figure 18.7.3 represents the order dr dz d0. It shows the 
block summed from r — 0 to r — 2 to give a wedge-shaped sector. We then 
sum from z = 0 to z= 4 to give a wedge-shaped slice. The slice is rotated 
from 0 = 0 to 0 = $77 to cover the first octant. We have, then, 


mi2f4f2 
= f II 1? dr dz d0 = 32km 
0 0J0 
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(b) Figure 18.7.4 represents the order d0 dr dz. It shows the blocks 


, summed from 0 = 0 to 0 — t7 to give a hollow ring inside the cylinder. 
These hollow rings are summed from r — 0 to r — 2 to give a horizontal 


slice of the cylinder. The horizontal slices are summed from z = 0 toz = 4. 


; Therefore, we have 


4 (2 fri2 
L7 4k Pf r^ dð dr dz = 32km 
0J0J0 


Figure 18.7.3 


Figure 18.7.4 


EXAMPLE 3: Find the mass of a 
solid hemisphere of radius a ft if 
the volume density at any point 
is proportional to the distance of 
the point from the axis of the 
solid. 


(r;, 4; ,0) 


Figure 18.7.5 


SOLUTION: If we choose the coordinate planes so that the origin is at the 
center of the sphere and the z axis is the axis of the solid, then an equation 
of the hemispherical surface above the xy plane is z= Va? — x? — y*. 
Figure 18.7.5 shows this surface and the solid together with the ith sub- 
region of a cylindrical partition. An equation of the hemisphere in cylin- 
drical coordinates is z= Va? — r?. If (7;, 9;, Zi) is a point in the ith sub- 
region, the volume density at this point is kr; slugs/ft®, where k is a 
constant; and if M slugs is the mass of the solid, then 


M= lim Š kr, AV 


llAll-o £1 


Zu 
S 
27 (af va2-r? 
=x f Mi r? dz dr d0 
0 0J0 


-«[r r2 Vat — r! dr d0 
0 0 
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T Lee a 
=k ji EL — r?)?? + da?r Va? — r? + da sin! 4 do 
0 0 


27 
= fskar f dé 
0 


= tkatn’ 


The mass of the solid hemisphere is therefore $ka*z? slugs. 


EXAMPLE 4: Find the center of 
mass of the solid of Example 3. 


pM . . : . 
SOLUTION: Let the cartesian-coordinate representation of the center of 


mass be (X, j, Z). Because of symmetry, x = jj = 0. We need to calculate 
Z. If Mz, slug-ft is the moment of mass of the solid with respect to the xy 
plane, we have 


Mey = jam > zi(kr;) AV 


lall-0 ££ 
=Í kzr dV 
S 
27 fa (va-r? 
=x | rH zr? dz dr d0 
0 0JO0 


27 fa 
—ik Í l (a? — r?)r? dr do 
0 0 


= ska? do 
0 
= #ka’r 
Because Mz = M;,, we get 
pa Mey _ tka | 16 


The center of mass is therefore on the axis of the solid at a distance of 
16a/157 ft from the plane of the base. 


We now proceed to define the triple integral in spherical coordinates. 
A spherical partition of the three-dimensional region S is formed by 
planes containing the z axis, spheres with centers at the origin, and cir- 
cular cones having vertices at the origin and the z axis as the axis. A typi- 
cal subregion of the partition is shown in Fig. 18.7.6. If A,V is the measure 
of the volume of the ith subregion, and (p, 06, à) isa point in it, we can 
get an approximation to AV by considering the region as if it were a rec- 
tangular parallelepiped and taking the product of the measures of the 
three dimensions. These measures are p; sin ¢; A6, P; Ai, and App. Fig- 


Figure 18.7.6 
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ures 18.7.7 and 187.8 show how the first two measures are obtained, and 
Figure 18.7.6 shows the dimension of measure A;p. Hence, 
AV = pj sin $i Ap Ai Ai 


The triple integral in spherical coordinates of a function f on S is given by 


or 


The triple integral in (5) or (6) can be evaluated by an iterated integral. 
Spherical coordinates are especially useful in some problems involving 
spheres, as illustrated in the following example. 


z 
^ A p, sing; 
Gibi, gi) 
p; sin $; A;0 
>y 


E ee mI LS 


Figure 18.7.8 


Figure 18.7.7 


EXAMPLE 5: Find the mass of 
the solid hemisphere of Example 
3 if the volume density at any 
point is proportional to the dis- 
tance of the point from the 
center of the base. 


| sotUTION: If (pir 0, oj) is a point in the ith subregion of a spherical 


partition, the volume density at this point is kp; slugs/ft®, where k is a 
constant. If M slugs is the mass of the solid, then 


Y ka AV 


llall-o 7 


= [foe 


M= lim 
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EXAMPLE 6: A homogeneous 
solid is bounded above by the 
sphere p — a and below by the 
cone ¢ = a, where 0 < a < 37. 
Find the moment of inertia of the 
solid about the z axis. 


"I2 («i2 
-a | Je f p? sin $ dp d$ dé 
0 0 0 


7/2 («12 
= atk i Í sin ddd dé 
0 


Hence, the mass > of the solid hemisphere i is Bak slugs. 


It is interesting to compare the solution of Example 5 which uses 
spherical coordinates with what is entailed when using cartesian coordi- 
nates. By the latter method, a partition of S is formed by dividing S into 
rectangular boxes by drawing planes parallel to the coordinate planes. If 


(£i, Yi, ki) is any point in the ith subregion, and because p = Vx? + y? + z?, 
then 


M — lim Y kve t y? + uê AV 


llall--o i=l 


=) | La a 


a f'Va2—22 fvat- ytz 
-« [f Í Vx? + y? + z dx dy dz 
0J0 0 


The computation involved in evaluating this integral is obviously much 
more complicated than that using spherical coordinates. 


SOLUTION: The solid is shown in Fig. 18.7.9. Let k slugs/ft? be the con- 
stant volume density at any point of the solid. Form a spherical partition 
of the solid and let (p;, 6;, $;) be a point in the ith subregion. The measure 
of the distance of the point (p;, 6;, ó;) from the z axis is p, sin $;. Hence, 


if I, slug-ft? is the moment of inertia of the given solid about the z axis, 
then 


l= lim > (p; sin ġ;)?k AV 


llAll-o 1 


=] eon 


=k PEL (œ? sin? d)p* sin $ dp d9 do 
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ll 
ae 


a f27 
kaë im sin? $ d0 dd 


= £ka*m Jj: sin? ddd 
0 


i a 
\ = 2ka®ar -cos $ + 3 cos? J 
0 


= f ka*m(cos? a — 3 cos a + 2) 


w 


| The moment of inertia of the solid about the z axis is therefore 


1ska*m(cos? a — 3 cos a + 2) slug-ft? 


X Figure 18.7.9 


Exercises 18.7 


In Exercises 1 through 4, evaluate the iterated integral. 


T/A fa fr cos 0 7/4 f2cos0 frsing 
1. Í l l r sec? 0 dz dr do 2. f l r? cos 0 dz dr d6 
0 0Jo0 0 2sin8J0 
7/4 (2a coso f'2m m2 fo facscó 
3. Í Í l p? sin $ dé dp d$ 4. f p? sin? 0 sin dp dé d$ 
0 0 0 T/4 J m[4J 0 


5. Find the volume of the solid enclosed by the sphere x* + y? + z? = a? by using (a) cylindrical coordinates and (b) spheri- 
cal coordinates. 


6. If S is the solid in the first octant bounded by the sphere x? + y? + z? = 16 and the coordinate planes evaluate the triple 


integral | | | xyz dV by three methods: (a) using spherical coordinates; (b) using rectangular coordinates; (c) using 
S 


cylindrical coordinates. 
In Exercises 7 through 10, use cylindrical coordinates. 


7. Find the mass of the solid bounded by a sphere of radius a ft if the volume density varies as the square of the distance 
from the center. The volume density is measured in slugs/ft’. 


8. Find the mass of the solid in the first octant inside the cylinder x? + y? = 4x and under the sphere x? + y? + 2? = 16. 
The volume density varies as the distance from the xy plane, and it is measured in slugs/ft?. 


9. Find the moment of inertia with respect to the z axis of the homogeneous solid bounded by the cylinder r — 5, the 
cone z = r, and the xy plane. The volume density at any point is k slugs/ft*. 


10. Find the moment of inertia of the solid, bounded by a right-circular cylinder of altitude # ft and radius a ft, with re- 
spect to the axis of the cylinder. The volume density varies as the distance from the axis of the cylinder, and it is mea- 
sured in slugs/ft^. 


In Exercises 11 through 14, use spherical coordinates. 


11. Find the center of mass of the solid bounded by the hemisphere of Example 5. The volume density is the same as that 
in Example 5. 


12. Find the moment of inertia with respect to the z axis of the homogeneous solid bounded by the sphere x? + y? + z? = 4. 
The volume density at any point is k slugs/ft?. 
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13. Find the moment of inertia with respect to the z axis of the homogeneous solid inside the cylinder x? + y? — 2x = 0, 
below the cone x? + y? = z?, and above the xy plane. The volume density at any point is k slugs/ft’. 


14. Find the mass of a spherical solid of radius a ft if the volume density at each point is proportional to the distance of 
the point from the center of the sphere. The volume density is measured in slugs/ft*. 


In Exercises 15 through 18, use the coordinate system that you decide is best for the problem. 


15. Find the center of mass of the solid inside the paraboloid x? + y? = z and outside the cone x? + y? = z?. The constant 
volume density is k slugs/ft?. 


16. Find the moment of inertia with respect to the z axis of the homogeneous solid of Exercise 15. 


17. Find the moment of inertia about a diameter of the solid between two concentric spheres having radii a ft and 2a ft. 
The volume density varies inversely as the square of the distance from the center, and it is measured in slugs/ft?. 


18. Find the mass of the solid of Exercise 17. The volume density is the same as that in Exercise 17. 


In Exercises 19 through 22, evaluate the iterated integral by using either cylindrical or spherical coordinates. 


43 [VITTI 2 [VITI pV aR ey 1 
19. fff Vx? + y^ dy dx dz 20. ff ib ad ME 


1 (VIT [VT r= LENTS V1-a?— a 
21. [J I z? dz dx dy 22. I T Vaud dy dx 
Vary? V8 + y: 


Review Exercises (Chapter 18) 


In Exercises 1 through 8, evaluate the given iterated inn 


1fV$ mi2 72 sin 0 
1. i f x*y dy dx 2. f ins xy dx dy 3. Í i r cos? 0 dr dé 
0 —2J -Va-y? 0 0 


3 (1--cos 0) 1 vtr 2 pæ pvBy y 
a f T r? sin 6 dr d0 5. i f 1 e*e"e* dx dy dz 6. Í Í l se dz dy dx 
JoJo y tz 
mi2 fmi? ni2 fa (vaz? 
2 jh Js f? sin $ cos $ dp d$ d0 8. I ip Í zre-™ dr d0 dz 


In Exercises 9 through 12, evaluate the multiple integral. 


9. Í | xy dA; R is the region in the first quadrant bounded by the circle x? + y? = 1 and the coordinate axes. 
R 
10. l | (x + y) dA; R is the region bounded by the curve y = cos x and the x axis from x =—}7 to x = km. 
R 


11. Ifl z? dV; S is the region bounded by the cylinders x? + z = 1 and y? + z = 1, and the xy plane. 
S 


12. Iff y cos(x + z) dV; S is the region bounded by the cylinder x = y”, and the planes x + z 4r, y = 0, and z = 0 
S 


13. Evaluate by polar coordinates the double integral 


1 
e 4 
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. where R is the region in the first quadrant bounded by the two circles x? + y? — 1 and x? + y? — 4. 


1 (VET 
14. Evaluate by polar coordinates the iterated integral Í y In(x? + y?) dx dy. 
0 Y 


In 


15 


In 


17 


19. 


20. 


21. 
22. 


Exercises 15 and 16, evaluate the iterated integral by reversing the order of integration. 


1fi1 1 f'cos^iy 
; l Í sin y? dy dx 16. f i eme dx dy 
Osx 0J0 


Exercises 17 and 18, evaluate the iterated integral by changing to either cylindrical or spherical coordinates. 


3 [VIII r2 1 2 f'VA- 3? fvi- r? y? 
l SON HEN UE 18. ff Í VI- Æ vt dz dy dx 
ee i Væ y? SEEN ovo 0 : y y 


Use double integration to find the area of the region in the first quadrant bounded by the parabolas x? — 4y and x? — 
8 — 4y by two methods: (a) Integrate first with respect to x; (b) integrate first with respect to y. 


Use double integration to find the volume of the solid above the xy plane bounded by the cylinder x? + y? = 16 and 
the plane z — 2y by two methods: (a) Integrate first with respect to x; (b) integrate first with respect to y. 


Find the volume of the solid bounded by the surfaces x? = 4y, y? = 4x, and x? =z — y. 


Find the mass of the lamina in the shape of the region bounded by the parabola y = 3? and the line x — y + 2=0 if 
the area density at any point is x?y? slugs/ft^. 


. Find the area of the surface of the cylinder x? + y? = 9 lying in the first octant and between the planes x = z and 3x = z. 
. Find the area of the surface of the part of the cylinder x? + y? = a? that lies inside the cylinder y? + 2? = a’. 


. Use double integration to find the area of the region inside the circle r = 1 and to the right ofthe parabola r(1 + cos 0) = 1. 


. Find the mass of the lamina in the shape of the region exterior to the limagon r — 3 — cos 0 and interior to the circle 


r — 5 cos 6 if the area density at any point is 2|sin 6| slugs/ft?. 

. Find the center of mass of the rectangular lamina bounded by the lines x = 3 and y = 2 and the coordinate axes if the 
area density at any point is xy? slugs/ft’. 

. Find the center of mass of the lamina in the shape of the region bounded by the parabolas x? = 4 + 4y and x? = 4 — 8y 
if the area density at any point is kx? slugs/ft^. 

. Find the mass of the lamina in the shape of the region bounded by the polar axis and the curve r= cos 26, where 
0 = 6 < im. The area density at any point is r6 slugs/ft . 

. Find the moment of inertia about the x axis of the lamina in the shape of the region bounded by the circle x? + y? = a? 
if the area density at any point is k Vx? + y? slugs/ft?. 


. Find the moment of inertia about the x axis of the lamina in the shape of the region bounded by the curve y = e”, the 
line x = 2, and the coordinate axes if the area density at any point is xy slugs/ft’. 


. Find the moment of inertia of the lamina of Exercise 31 about the y axis. 


. Find the moment of inertia with respect to the £7 axis of the homogeneous lamina in the shape of the region bounded 


by the curve r? = 4 cos 20 if the area density at any point is k slugs/ft. 


. Find the mass of the lamina of Exercise 33. 
. Find the polar moment of inertia and the corresponding radius of gyration of the lamina of Exercise 33. 


. Find the moment of inertia about the y axis of the lamina in the shape of the region bounded by the parabola y = x — x? 


and the line x + y = 0 if the area density at any point is (x + y) slugs/ft®. 
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37. 


38. 
39. 


40. 


Find the mass of the solid bounded by the spheres x? + y? + 2? = 4 and x? + y? + 2 = 9 if the volume density at any 
point is k Vx? + y? + z? slugs/ft®. 


Find the moment of inertia about the z axis of the solid of Exercise 37. 


The homogeneous solid bounded by the cone z? = 4x? + 4y? between the planes z = 0 and z = 4 has a volume density 
at any point of k slugs/ft®. Find the moment of inertia about the z axis for this solid. 


Find the center of mass of the solid bounded by the sphere x? + y? + z? — 6z = 0 and the cone x? + y? = z?, and above 
the cone, if the volume density at any point is kz slugs/ft?. 


Appendix 


Table 1 Powers and roots 


ml ic Nee C eee = 3 | We - Mae n? Ya 
1 1 1.000 1 1.000 51 2,601 7.141 132,651 3.708 
2 4 1.414 8 1.260 52 2,704 7.211 140,608 3.732 
3 9 1.732 27 1.442 53 2,809 7.280 148,877 3.756 
4 16 2.000 64 1.587 54 2,916 7.348 157,464 3.780 
5 25 2.236 125 1.710 55 3,025 7.416 166,375 3.803 
6 36 2.449 216 1.817 56 3,136 7.483 175,616 3.826 
7 49 2.646 343 1.913 57 3,249 7.550 185,193 3.848 
8 64 2.828 512 2.000 58 3,364 7.616 195,112 3.871 
9 81 3.000 729 2.080 59 3,481 7.681 205,379 3.893 
10 100 3.162 1,000 2.154 60 3,600 7.746 216,000 3.915 
11 121 3.317 1,331 2.224 61 3,721 7.810 226,981 3.936 
12 144 3.464 1,728 2.289 62 3,844 7.874 238,328 3.958 
13 169 3.606 2,197 2.351 63 3,969 7.937 250,047 3.979 
14 196 3.742 2,744 2.410 64 4,096 8.000 262,144 4.000 
15 225 3.873 3,375 2.466 65 4,225 8.062 274,625 4.021 
16 256 4.000 4,096 2.520 66 4,356 8.124 287,496 4.041 
17 289 4.123 4,913 2.571 67 4,489 8.185 300,763 4.062 
18 324 4.243 5,832 2.621 68 4,624 8.246 314,432 4.082 
19 361 4.359 6,859 2.668 69 4,761 8.307 328,509 4.102 
20 400 4.472 8,000 2.714 70 4,900 8.367 343,000 4.121 
21 441 4.583 9,261 2.759 71 5,041 8.426 357,911 4.141 
22 484 4.690 10,648 2.802 72 5,184 8.485 373,248 4.160 
23 529 4.796 12,167 2.844 73 5,329 8.544 389,017 4.179 
24 576 4.899 13,824 2.884 74 5,476 8.602 405,224 4.198 `: 
25 625 5.000 15,625 2.924 75 5,625 8.660 421,875 4.217 
26 676 5.099 17,576 2.962 76 5,776 8.718 438,976 4.236 
27 729 5.196 19,683 3.000 77 5,929 8.775 456,533 4.254 
28 784 5.291 21,952 3.037 78 6,084 8.832 474,552 4.273 
29 841 5.385 24,389 3.072 79 6,241 8.888 493,039 4.291 
30 900 5.477 27,000 3.107 80 6,400 8.944 512,000 4.309 
31 961 5.568 29,2791 3.141 81 6,561 9.000 531,441 4.327 
32 | 1,024 5.657 32,768 3.175 82 6,724 9.055 551,368 4.344 
33 | 1,089 5.745 35,937 3.208 83 6,889 9.110 571,787 4.362 
34 | 1,156 5.831 39,304 3.240 84 7,056 9.165 592,704 4.380 
35 | 1,225 5.916 42,875 3.271 85 7,225 9.220 614,125 4.397 
36 | 1,296 6.000 46,656 3.302 86 7,396 9.274 636,056 4.414 
37 | 1,369 6.083 50,653 3.332 87 7,569 9.327 658,503 4.431 
38 | 1,444 6.164 54,872 3.362 88 7,744 9.381 681,472 4.448 
39 | 1,521 6.245 59,319 3.391 89 7,921 9.434 704,969 4.465 
40 | 1,600 6.325 64,000 3.420 90 8,100 9 .487 729,000 4.481 
41 | 1,681 6.403 68,921 3.448 91 8,281 9.539 753,571 4.498 
42 | 1,764 6.481 74,088 3.476 92 8,464 9.592 778,688 4.514 
43 | 1,849 6.557 79,507 3.503 93 8,649 9.643 804,357 4.531 
44 | 1,936 6.633 85,184 3.530 94 8,836 9.695 830,584 4.547 
45 | 2,025 6.708 91,125 3.557 95 9,025 9.747 857,375 4.563 
46 | 2,116 6.782 97,336 3.583 96 9 216 9.798 884,736 4.579 
47 | 2,209 6.856 103,823 3.609 97 9,409 9.849 912,673 4.595 
48 | 2,804 6.928 110,592 3.634 98 9,604 9.899 941,192 4.610 
49 | 2,001 7.000 117,649 3.659 99 9,801 9.950 970,299 4.626 
50 | 2,500 7.071 125,000 3.684 100 | 10,000 10.000 1,000,000 4.642 


Natural logarithms 


N 0 1 2 3 4 5 6 7 8 9 
1.0 0000 0100 0198 0296 0392 0488 0583 0677 0770 0862 
1.1 0953 1044 1133 1222 1310 1398 1484 1570 1655 1740 
1.2 1823 1906 1989 2070 2151 2231 2311 2390 2469 2546 
1.3 2624 2700 2776 2852 2927 3001 3075 3148 3221 3293 
1.4 3365 3436 3507 3577 3646 3716 3784 3853 3920 3988 
1.5 4055 4121 4187 4253 4318 4383 4447 4511 4574 4637 
1.6 4700 4762 4824 4886 4947 5008 5068 5128 5188 5247 
1.7 5306 5365 5423 5481 5539 5596 5653 5710 5766 5822 
1.8 5878 5933 5988 6043 6098 6152 6206 6259 6313 6366 
1.9 6419 6471 6523 6575 6627 6678 6729 6780 6831 6881 
2.0 6931 6981 7031 7080 7129 7178 7227 7275 7324 7372 
2.1 7419 7467 7514 7561 7608 7655 7701 7747 7793 7839 
2.2 7885 7930 7975 8020 8065 8109 8154 8198 8242 8286 
2.3 8329 8372 8416 8459 8502 8544 8587 8629 8671 8713 
2.4 8755 8796 8838 8879 8920 8961 9002 9042 9083 9123 
2.5 9163 9203 9243 9282 9322 9361 9400 9439 9478 9517 
2.6 9555 9594 9632 9670 9708 9746 9783 9821 9858 9895 
2.7 9933 9969 *0006 *0043 *0080 *0116 *0152 *0188 *0225 *0260 
2.8 | 1.0296 0332 0367 0403 0438 0473 0508 0543 0578 0613 
2.9 0647 0682 0716 0750 0784 0818 0852 0886 0919 0953 
3.0 | 1.0986 1019 1053 1086 1119 1151 1184 1217 1249 1282 

| 3.1 1314 1346 1378 1410 1442 1474 1506 1537 1569 1600 
| 3.2 1632 1663 1694 1725 1756 1787 1817 1848 1878 1909 
3.3 1939 1969 2000 2030 2060 2090 2119 2149 2179 2208 
3.4 2238 2267 2296 2326 2355 2384 2413 2442 2470 2499 
3.5 | 1.2528 2556 2585 2613 2641 2669 2698 2726 2754 2782 
3.6 2809 2837 2865 2892 2920 2947 2975 3002 3029 3056 
3.7 3083 3110 3137 3164 3191 3218 3244 3271 3297 3324 
3.8 3350 3376 3403 3429 3455 3481 3507 3533 3558 3584 
3.9 3610 3635 3661 3686 3712 3737 3762 3788 3813 3838 
4.0 | 1.3863 3888 3913 3938 3962 3987 4012 4036 4061 4085 
4.1 4110 4134 4159 4183 4207 4231 4255 4279 4303 4327 
4.2| 4351 4375 4398 4422 4446 4469 4493 4516 4540 4563 
4.3| 4586 4609 4633 4656 4679 4702 4725 4748 4770 4793 
4.4) 4816 4839 4861 4884 4907 4929 4951 4974 4996 5019 
4.5 | 1.5041 5063 5085 5107 5129 5151 5173 5195 5217 5239 
4.6 5261 5282 5304 5326 5347 5369 5390 5412 5433 5454 
4.7 5476 5497 5518 5539 5560 5581 5602 5623 5644 5665 
4.8 5686 5707 5728 5748 5769 5790 5810 5831 5851 5872 
4.9 5892 5913 5933 5953 5974 5994 6014 6034 6054 6074 
5.0 | 1.6094 6114 6134 6154 6174 6194 6214 6233 6253 6273 
5.1 6292 6312 6332 6351 6371 6390 6409 6429 6448 6467 
5.2 6487 6506 6525 6544 6563 6582 6601 6620 6639 6658 
5.3 6677 6696 6715 6734 6752 6771 6790 6808 6827 6845 
5.4 6864 6882 6901 6919 6938 6956 6974 6993 7011 7029 


A-4 


Table 2 (Continued) 


N 0 1 2 3 4 5 6 7 8 9 
5.5 | 1.7047 7066 7084 7102 7120 7138 7156 7174 7192 7210 
5.6 7228 7246 7263 7281 7299 7317 7334 7352 7370 7387 
5.7 7405 7422 7440 7457 7475 7492 7509 7527 7544 7561 
5.8 7579 7596 7613 7630 7647 7664 7681 7699 7716 7733 
5.9 7750 7766 7783 7800 7817 7834 7851 7867 7884 7901 
6.0 | 1.7918 7934 7951 7967 7984 8001 8017 8034 8050 8066 
6.1 8083 8099 8116 8132 8148 8165 8181 8197 8213 8229 
6.2 8245 8262 8278 8294 8310 8326 8342 8358 8374 8390 
6.3 8405 8421 8437 8453 8469 8485 8500 8516 8532 8547 
6.4 8563 8579 8594 8610 8625 8641 8656 8672 8687 8703 
6.5 | 1.8718 8733 8749 8764 8779 8795 8810 8825 8840 8856 
6.6 8871 8886 8901 8916 8931 8946 8961 8976 8991 9006 
6.7 9021 9036 9051 9066 9081 9095 9110 9125 9140 9155 
6.8 9169 9184 9199 9213 9228 9242 9257 9272 9286 9301 
6.9 9315 9330 9344 9359 9373 9387 9402 9416 9430 9445 
7.0 | 1.9459 9473 9488 9502 9516 9530 9544 9559 9573 9587 
7.1 9601 9615 9629 9643 9657 9671 9685 9699 9713 9727 
7.2 9741 9755 9769 9782 9796 9810 9824 9838 9851 9865 
7.3 9879 9892 9906 9920 9933 9947 9961 9974 9988 *0001 
7.4 | 2.0015 0028 0042 0055 0069 0082 0096 0109 0122 0136 
7.5 | 2.0149 0162 0176 0189 0202 0215 0229 0242 0255 0268 
7.6 0281 0295 0308 0321 0334 0347 0360 0373 0386 0399 
7.7 0412 0425 0438 0451 0464 0477 0490 0503 0516 0528 
7.8 0541 0554 0567 0580 0592 0605 0618 0630 0643 0656 
7.9 0669 0681 0694 0707 0719 0732 0744 0757 0769 0782 
8.0 | 2.0794 0807 0819 0832 0844 0857 0869 0882 0894 0906 
8.1 0919 0931 0943 0956 0968 0980 0992 1005 1017 1029 
8.2 1041 1054 1066 1078 1090 1102 1114 1126 1138 1150 
8.3 1163 1175 1187 1199 1211 1223 1235 1247 1258 1270 
8.4 1282 1294 1306 1318 1330 1342 1353 1365 1377 1389 
8.5 | 2.1401 1412 1424 1436 1448 1459 1471 1483 1494 1506 
8.6 1518 1529 -1541 1552 1564 1576 1587 1599 1610 1622 
8.7 1633 1645 1656 1668 1679 1691 1702 1713 1725 1736 
8.8 1748 1759 1770 1782 1793 1804 1815 1827 1838 1849 
8.9 1861 1872 1883 1894 1905 1917 1928 1939 1950 1961 
9.0 | 2.1972 1983 1994 2006 2017 2028 2039 2050 2061 2072 
9.1 2083 2094 2105 2116 2127 2138 2148 2159 2170 2181 
9.2 2192 2203 2214 2225 12235 2246 2257 2268 2279 2289 
9.3 2300 2311 2322 2332 2343 2354 2364 2375 2386 2396 
9.4 2407 2418 2428 2439 2450 2460 2471 2481 2492 2502 
9.5 | 2.2513 2523 2534 2544 2555 2565 2576 2586 2597 2607 
9.6 2618 2628 2638 2649 2659 2670 2680 2690 2701 2711 
9.7 2721 2732 2742 2752 2762 2773 2783 2793 2803 2814 
9.8 2824 2834 2844 2854 2865 2875 2885 2895 2905 2915 
9.9 2925 2935 2946 2956 2966 2976 2986 2996 3006 3016 


Use In 10 = 2.30259 to find logarithms of numbers greater than 10 or less than 1. Example: 
In 220 = In 2.2 + 2 In 10 = 0.7885 + 2(2.30259) = 5.3937. 


Table 3 


Exporiential functions 


x e? logio(e”) er x e? logio(e”) e* 
0.00 1.0000 0.00000 1.000000 0.50 1.6487 0.21715 0.606531 
0.01 1.0101 .00434 0.990050 0.51 1.6653 .22149 .600496 
0.00 1.0202 .00869 .980199 — 0.52 1.6820 .22583 .594521 
0.03 1.0305 .01303 .970446 0.53 1.6989 .23018 .588605 
0.04 1.0408 .01737 .960789 0.54 1.7160 .23452 .582748 
0.05 1.0513 0.02171 0.951229 0.55 1.7333 0.23886 0.576950 
0.06 1.0618 .02606 .941765 0.56 1.7507 .24320 .571209 
0.07 1.0725 .03040 .932394 0.57 1.7683 .24755 565525 

; 0.08 1.0833 .03474 .923116 0.58 1.7860 .25189 .559898 
0.09 1.0942 .03909 .913931 0.59 1.8040 .35623 .554327 
0.10 1.1052 0.04343 0.904837 0.60 1.8221 0.26058 — 0.548812 
0.11 1.1163 .04777 .895834 0.61 1.8404 .26492 .543351 
0.12 1.1275 .05212 .886920 0.62 1.8589 .26926 .537944 
0.13 1.1388 .05646 .878095 0.63 1.8776 .27361 .532592 

| 0.14 1.1503 .06080 .869358 0.64 1.8965 .27795 .527292 
0.15 1.1618 0.06514 0.860708 0.65 1.9155 0.28229 0.522046 
0.16 1.1735 .06949 .852144 0.66 1.9348 .28663 .516851 
0.17 1.1853 .07383 .843665 0.67 1.9542 .29098 .511709 
0.18 1.1972 .07817 .835270 0.68 1.9739 .29532 .506617 
0.19 1.2092 .08252 .826959 0.69 1.9937 .29966 .501576 
0.20 1.2214 . 0.08686 0.818731 0.70 2.0138 0.30401 0.496585 
0.21 1.2337 .09120 .810584 0.71 2.0340 30835 491644 
0.22 1.2461 .09554 .802519 0.72 2.0544 31269 486752 
0.23 1.2586 .09989 .794534 0.73 2.0751 .31703 .481909 
0.24 1.2712 .10423 .786628 0.74 2.0959 .32138 .477114 
0.25 1.2840 0.10857 0.778801 0.75 2.1170 0.32572 0.472367 
0.26 1.2969 .11292 .771052 0.76 2.1383 .33006 .467666 
0.27 1.3100 .11726 .763379 | 0.77 2.1598 .33441 .463013 
0.28 1.3231 .12160 .755784 0.78 2.1815 .33875 .458406 
0.29 1.3364 .12595 .748264 0.79 2.2034 .34309 .453845 
0.30 1.3499 0.13029 0.740818 0.80 2.2255 0.34744 0.449329 
0.31 1.3634 .13463 .733447 0.81 2.2479 .35178 .444858 
0.32 1.3771 .13897 .726149 0.82 2.2705 .35612 .440432 
0.33 1.3910 .14332 .718924 0.83 2.2933 .36046 .436049 
0.34 1.4049 .14766 .711770 0.84 2.3164 .36481 .431711 
0.35 1.4191 0.15200 0.704688 0.85 2.3396 0.36915 0.427415 
0.36 1.4333 .15635 .697676 0.86 2.3632 .97349 .423162 
0.37 1.4477 .16069 .690734 0.87 2.3869 .37784 .418952 
0.38 1.4623 .16503 .683861 0.88 2.4109 .38218 .414783 
0.39 1.4770 .16937 .677057 0.89 2.4351 .38652 .410656 
0.40 1.4918 | 0.17372 0.670320 0.90 2.4596 0.39087 0.406570 
0.41 1.5068 .17806 .663650 0.91 2.4843 .39521 .402524 
0.42 1.5220 .18240 .657047 0.92 2.5093 .39955 .398519 
0.43 1.5373 .18675 .650509 0.93 2.5345 .40389 .394554 
0.44 1.5527 .19109 .644036 0.94 2.5600 .40824 .390628 
0.45 1.5683 0.19543 0.637628 0.95 2.5857 0.41258 0.386741 
0.46 1.5841 .19978 .631284 0.96 2.6117 .41692 .382893 
0.47 1.6000 .20412 .625002 0.97 2.6379 .42127 .379083 
0.48 1.6161 .20846 .618783 0.98 2.6645 .42561 375311 
0.49 1.6323 .21280 .612626 0.99 2.6912 .42995 .371577 
0.50 1.6487 0.21715 0.606531 1.00 2.7183 0.43429 0.367879 


A-5 


Table 3 (Continued) 


x e* logio(e?) et x et logio(e*) er 
1.00 2.7183 0.43429 0.367879 1.50 4.4817 0.65144 0.223130 
1.01 2.7456 .43864 .364219 1.51 4.5267 .65578 .220910 
1.02 2.7732 .44298 .360595 1.52 4.5722 .66013 .218712 
1.03 2.8011 .44732 .357007 1.53 4.6182 .66447 .216536 
1.04 2.8292 .45167 .353455 1.54 4.6646 .66881 .214381 
1.05 2.8577 0.45601 0.349938 1.55 4.7115 0.67316 0.212248 
1.06 2.8864 .46035 .346456 1.56 4.7588 .67750 .210136 
1.07 2.9154 .46470 .343009 1.57 4.8066 .68184 .208045 
1.08 2.9447 .46904 .339596 1.58 4.8550 .68619 .205975 
1.09 2.9743 .47338 .336216 1.59 4.9037 .69053 .203926 
1.10 3.0042 0.47772 0.332871 1.60 4.9530 0.69487 0.201897 
1.11 3.0344 .48207 .329559 1.61 5.0028 .69921 .199888 
1.12 3.0649 .48641 .326280 1.62 5.0531 .70356 .197899 
1.13 3.0957 .49075 .323033 1.63 5.1039 .70790 .195930 
1.14 3.1268 .49510 .319819 1.64 5.1552 .71224 .193980 
1.15 3.1582 0.49944 0.316637 1.65 5.2070 0.71659 0.192050 
1.16 3.1899 .50378 .313486 1.66 5.2593 .72093 .190139 
1.17 3.2220 .50812 .310367 1.67 5.3122 .72527 .188247 
1.18 3.2544 .51247 .307279 1.68 5.3656 .72961 .186374 
1.19 3.2871 .51681 .304221 1.69 5.4195 .73396 .184520 
1.20 3.3201 0.52115 0.301194 1.70 5.4739 0.73830 0.182684 
1.21 3.3535 .52550 .298197 1.71 5.5290 .74264 .180866 
1.22 3.3872 .52984 .295230 1.72 5.5845 .74699 .179066 
1.23 3.4212 .53418 .292293 1.73 5.6407 .75133 .177284 
1.24 3.4556 .53853 .289384 1.74 5.6973 .75567 .175520 
1.25 3.4903 0.54287 0.286505 1.75 5.7546 0.76002 0.173774 
1.26 3.5254 .54721 .283654 1.76 5.8124 .76436 .172045 
1.27 3.5609 .55155 .280832 1.77 5.8709 .76870 .170333 
1.28 3.5966 .55590 .278037 1.78 | 5.9299 .77304 .168638 
1.29 3.6328 .56024 275271 1.79 5.9895 .77739 .166960 
1.30 3.6693 0.56458 0.272532 1.80 6.0496 0.78173 0.165299 
1.31 3.7062 .56893 .269820 1.81 6.1104 .78607 .163654 
1.32 3.7434 .57327 .267135 1.82 6.1719 .79042 .162026 
1.33 3.7810 .57761 .264477 1.83 6.2339 .79476 .160414 
1.34 3.8190 .58195 .261846 1.84 6.2965 .79910 .158817 
1.35 3.8574 0.58630 0.259240 1.85 6.3598 0.80344 0.157237 
1.36 3.8962 .59064 .256661 1.86 6.4237 .80779 .155673 
1.37 3.9354 .59498 .254107 1.87 6.4483 .81213 .154124 
1.38 3.9749 .59933 .251579 1.88 6.5535 .81647 .152590 
1.39 4.0149 :.60367 .249075 1.89 6.6194 .82082 .151072 
1.40 4.0552 0.60801 0.246597 1.90 6.6859 0.82516 0.149569 
1.41 4.0960 .61236 .244143 1.91 6.7531 .82950 .148080 
1.42 4.1371 .61670 .241714 1.92 6.8210 .83385 .146607 
1.43 4.1787 .62104 .239309 1.93 6.8895 .83819 .145148 
1.44 4.2207 .62538 .236928 1.94 6.9588 .84253 .143704 
1.45 4.2631 0.62973 0.234570 1.95 7.0287 0.84687 0.142274 
1.46 4.3060 .63407 .232236 1.96 7.0993 .85122 .140858 
1.47 4.3492 .63841 .229925 1.97 7.1707 .85556 .139457 
1.48 4.3929 .64276 .227638 1.98 7.2427 .85990 .138069 
1.49 4.4371 .64710 .225373 1.99 7.3155 .86425 .136695 
1.50 4.4817 0.65144 0.223130 2.00 7.3891 0.86859 0.135335 


Table 3 (Continued) 


n t ad ] 
x e? logio(e?) gc x et logio(e?) e* 

2.00 7.3891 0.86859 0.135335 2.50 12.182 1.08574 0.082085 
2.01 7.4633 .87293 .133989 2.51 12.305 1.09008 .081268 
2.02 7.5383 .87727 .132655 2.52 12.429 1.09442 .080460 
2.03 7.6141 .88162 .131336 2.53 12.554 1.09877 .079659 
2.04 7.6906 .88596 .130029 2.54 12.680 1.10311 .078866 
2.05 7.7679 0.89030 0.128735 2.55 12.807 1.10745 0.078082 
2.06 7.8460 .89465 .127454 2.56 12.936 1.11179 .077305 
2.07 7.9248 .89899 .126186 2.57 13.066 1.11614 .076536 
2.08 8.0045 .90333 .124930 2.58 13.197 1.12048 .075774 
2.09 8.0849 .90756 .123687 2.59 13.330 1.12482 .075020 
2.10 8.1662 0.91202 0.122456 2.60 13.464 1.12917 0.074274 
2.11 8.2482 .91636 .121238 2.61 13.599 1.13351 .073535 
2.12 8.3311 .92070 .120032 2.62 13.736 1.13785 .072803 
2.13 8.4149 .92505 .118837 2.63 13.874 1.14219 .072078 
2.14 8.4994 .92939 .117655 2.64 14.013 1.14654 .071361 
2.15 8.5849 0.93373 0.116484 2.65 14.154 1.15088 . 0.070651 
2.16 8.6711 .93808 .115325 2.66 14.296 1.15522 .069948 | 
2.17 8.7583 .94242 .114178 2.67 14.440 1.15957 .069252 | 
2.18 8.8463 .94676 .113042 2.68 14.585 1.16391 .068563 
2.19 8.9352 .95110 .111917 2.69 14.732 1.16825 .067881 
2.20 9.0250 0.95545 0.110803 2.70 14.880 1.17260 0.067206 
2.21 9.1157 .95979 .109701 2.71 15.029 1.17694 .066537 
2.22 9.2073 .96413 .108609 2.72 15.180 1.18128 .065875 
2.23 9.2999 .96848 .107528 2.73 15.333 1.18562 .065219 
2.24 9.3933 .97282 .106459 2.74 15.487 1.18997 .064570 
2.25 9.4877 0.97716 0.105399 2.75 15.643 1.19431 0.063928 
2.206 9.5831 .98151 .104350 2.76 15.800 1.19865 > .063292 
2.27 9.6794 .98585 .103312 2.77 15.959 1.20300 .062662 
2.28 . 9.7767 .99019 .102284 2.78 16.119 1.20734 .062039 
2.29 9.8749 .99453 .101266 2.79 16281 1.21168 .061421 
2.30 9.9742 0.99888 0.100259 2.80 16.445 1.21602 0.060810 
2.31 10.074 1.00322 .099261 2.81 16.610 1.22037 .060205 
2.32 10.176 1.00756 .098274 2.82 16.777 1.22471 .059606 
2.33 10.278 1.01191 .097296 2.83 16.945 1.22905 .059013 
2.34 10.381 1.01625 .096328 2.84 17.116 1.23340 .058426 
2.35 10.486 1.02059 0.095369 2.85 17.288 1.23774 0.057844 
2.36 10.591 1.02493 .094420 2.86 17.462 1.24208 .057269 
2.37 10.697 1.02928 .093481 2.87 17.637 1.24643 .056699 
2.38 10.805 1.03362 .092551 2.88 17.814 1.25077 .056135 
2.39 10.913 1.03796 .091630 2.89 17.993 1.25511 .055576 
2.40 11.023 1.04231 0.090718 2.90 18.174 1.25945 0.055023 
2.41 11.134 1.04665 .089815 2.91 18.357 1.26380 .054476 
2.42 11.246 1.05099 .088922 2.92 18.541 1.26814 .053934 
2.43 11.359 1.05534 .088037 2.93 18.728 1.27248 .053397 
2.44 11.473 1.05968 .087161 2.94 18.916 1.27683 .052866 
2.45 11.588 1.06402 0.086294 2.95 19.106 1.28117 0.052340 
2.46 11.705 1.06836 .085435 2.96 19.298 1.28551 .051819 
2.47 11.822 1.07271 .084585 2.97 19.492 1.28985 .051303 
2.48 11.941 1.07705 .083743 2.98 19.688 1.29420 .050793 
2.49 12.061 1.08139 .082910 2.99 19.886 1.29854 .050287 
2.50 12.182 1.08574 0.082085 3.00 20.086 1.30288 0.049787 


Table 3 (Continued) 

x e* log ,o(e*) er x pt log;o(e?) e* 
3.00 20.086 1.30288 . 0.049787 3.50 33.115 1.52008 0.030197 
3.01 20.287 1.30723 .049292 3.51 33.448 1.52437 .029897 
3.02 20.491 1.31157 .048801 3.52 33.784 1.52872 .029599 
3.03 20.697 1.31591 .048316 — 3.53 34.124 1.53306 .029305 
3.04 20.905 1.32026 .047835 | 3.54 34.467 1.53740 .029013 
3.05 21.115 1.32460 0.047359 3.55 34.813 1.54175 0.028725 
3.06 21.328 1.32894 .046888 ^ 3.56 35.163 1.54609 .028439 
3.07 21.542 1.33328 .046421 3.57 35.517 1.55043 .028156 
3.08 21.758 1.33763 .045959 . 3.58 35.874 1.55477 .027876 
3.00 21.977 1.34197 .045502 3.59 36.234 1.55912 .027598 
3.10 — 22.198 1.34631 0.045049 3.60 36.598 1.56346 0.027324 
3.11 22.421 1.35066 .044601 3.61 36.966 1.56780 .027052 
3.12 22.646 1.35500 .044157 3.62 37.338 1.57215 .026783 
3.13 22.874 1.35934 .043718 3.63 37.713 1.57649 .026516 
3.14 23.104 1.36368 .043283 3.64 38.092 1.58083 .026252 
3.15 23.336 1.36803 0.042852 3.65 38.475 1.58517 0.025991 
3.16 23.571 1.37237 .042426 3.66 38.861 1.58952 .025733 
3.17 23.807 1.36671 .042004 3.67 39.252 1.59386 .025476 
3.18 24.047 1.38106 .041586 3.68 39.646 1.59820 025223 
3.19 24.288 1.38540 .041172 3.69 40.045 1.60255 .024972 
3.20 24.533 1.38974 0.040764 3.70 40.447 1.60689 0.024724 
3.21 24.779 1.39409 .040357 3.71 40.854 1.61123 .024478 
3.22 25.028 1.39843 .039955 3.72 41.264 1.61558 .024234 
3.23 25.280 1.40277 .039557 3.73 41.679 1.61992 .023993 
3.24 25.534 1.40711 .039164 3.74 42.098 1.62426 .023754 
3.25 25.790 1.41146 0.038774 375 42.521 1.62860 0.023518 
3.26 | 26.050 1.41580 .038388 | 3.76 42.948 1.63295 .023284 
3.27 26.311 1.42014 .038006 3.77 43.380 1.63729 .023052 
3.28 | 26.576 1.42449 .037628 3.78 43.816 1.64163 .022823 
3.29 26.843 1.42883 .037254 3.79 44.256 1.64598 .022596 
3.30 27.113 1.44317 0.036883 3.80 44.701 1.65032 0.022371 
3.31 27.385 1.43751 036516 3.81 45.150 1.65466 .022148 
3.32 27.660 1.44186 .036153 — 3.82 45.604 1.65900 .021928 
3.33 27.938 1.44620 .035793 . 3.83 46.063 1.66335 .021710 
3.34 28.219 1.45054 .035437 . 3.84 46.525 1.66769 .021494 
3.35 28.503 1.45489 0.035084 3.85 46.993 1.67203 0.021280 | 
3.36 | 28.789 1.45923 .034735 3.86 47.465 1.67638 .021068 
3.37 29.079 1.46357 .034390 3.87 47.942 1.68072 .020858 
3.38 29.371 1.46792 .034047 3.88 48.424 1.68506 .020651 
3.39 29.666 1.47226 .033709 3.89 48.911 1.68941 .020445 
3.40 29.964 1.47660 | 0.033373 3.90 49.402 1.69375 0.020242 
3.41 . 30.265 1.48094 .033041 3.91 49.899 1.69809 .020041 
3.42 30.569 1.48529 .032712 3.92 50.400 1.70243 .019840 
3.43 30.877 1.48963 .032387 3.93 50.907 1.70678 .019644 
3.44 31.187 1.49397 .032065 3.04 51.419 1.71112 .019448 
3.45 31.500 1.49832 0.031746 3.95 51.935 1.71546 0.019255 
3.46 31.817 1.50266 .031430 3.96 52.457 1.71981 .019063 
3.47 32.137 1.50700 .031117 — 3.97 52.985 1.72415 .018873 
3.48 | 32.460 1.51134 .030807 3.98 53.517 1.72849 .018686 
3.49 32.786 1.51569 030501 3.99 54.055 1.73283 .018500 
3.50 33.115 1.52003 0.030197 4.00 54.598 1.73718 0.018316 


Table 3 (Continued) 


x er logio(e*) e 7 er logio(e") 

4.00 54.598 1.73718 0.018316 4.50 90.017 1.95433 0.011109 | 
4.01 55.147 1.74152 .018133 4.51 90.922 1.95867 .010998 | 
4.02 55.701 1.74586 .017953 4.52 91.836 1.96301 .010889 
4.03 56.261 1.75021 .017774 4.53 92.759 1.96735 .010781 
4.04 56.826 1.75455 .017597 4.54 93.691 1.97170 .010673 
4.05 57.397 1.75889 0.017422 4.55 94.632 1.97604 0.010567 
4.06 57.974 1.76324 .017249 4.56 95.583 1.98038 .010462 
4.07 58.577 1.76758 .017077 4.57 96.544 1.98473 .010358 | 
4.08 59.145 1.77192 .016907 4.58 97.514 1.98907 .010255 
4.09 59.740 1.77626 .016739 4.59 98.494 1.99341 .010153 
4.10 60.340 1.78061 0.016573 4.60 99.484 1.99775 0.010052 
4.11 60.947 1.78495 .016408 4.61 100.48 2.00210 .009952 | 
4.12 61.559 1.78929 .016245 4.62 101.49 2.00644 .009853 l 
4.13 62.178 1.79364 .016083 4.63 102.51 2.01078 .009755 | 
4.14 62.803 1.79798 .015923 4.64 103.54 2.01513 .009658 | 
4.15 63.434 1.80232 0.015764 4.65 104.58 2.01947 0.009562 
4.16 64.072 1.80667 .015608 4.66 105.64 2.02381 .009466 | 
4.17 64.715 1.81101 .015452 4.67 106.70 2.02816 .009372 | 
4.18 65.366 1.81535 .015299 4.68 107.77 2.03250 009279 | 
4.19 66.023 1.81969 .015146 4.69 108.85 2.03684 .009187 
4.20 66.686 1.82404 0.014996 4.70 109.95 2.04118 0.009095 | 
4.21 67.357 1.82838 .014846 4.71 111.05 2.04553 .009005 | 
4.22 68.033 1.83272 .014699 4.72 112.17 2.04987 .008915 
4.23 68.717 1.83707 .014552 4.73 113.30 2.05421 .008826 
4.24 69.408 1.84141 .014408 4.74 114.43 2.05856 .008739 
4.25 70.105 1.84575 0.014264 4.75 115.58 2.06290 0.008652 | 
4.26 70.810 1.85009 .014122 4.76 116.75 2.06724 .008566 
4.27 71.522 1.85444 .013982 4.77 117.92 2.07158 .008480 
4.28 72.240 1.85878 .013843 4.78 119.10 2.07593 .008396 | 
4.29 72.966 1.86312 .013705 4.79 120.30 2.08027 .008312 
4.30 73.700 1.86747 0.013569 4.80 121.51 2.08461 0.008230 | 
4.31 74.440 1.87181 .013434 4.81 122.73 2.08896 .008148 | 
4.32 75.189 1.87615 .013300 4.82 123.97 2.09330 .008067 
4.33 75.944 1.88050 .013168 4.83 125.21 2.09764 .007987 
4.34 76.708 1.88484 .013037 4.84 126.47 2.10199 .007907 | 
4.35 77.478 1.88918 0.012907 4.85 127.74 2.10633 0.007828 
4.36 78.257 1.89352 .012778 4.86 129.02 2.11067 .007750 | 
4.37 79.044 1.89787 .012651 4.87 130.32 2.11501 .007673 | 
4.38 79.838 1.90221 .012525 4.88 131.63 2.11936 .007597 
4.39 80.640 1.90655 .012401 4.890 132.95 2.12370 .007521 | 
4.40 81.451 1.91090 0.012277 4.90 134.29 2.12804 0.007477 
4.41 82.269 1.91524 .012155 4.91 135.64 2.13239 .007372 
4.42 83.096 1.91958 .012034 4.92 137.00 2.13673 .007299 
4.43 83.931 1.92392 .011914 4.03 138.38 2.14107 .007227 
4.44 84.775 1.92827 .011796 4.94 139.77 2.14541 .007155 
4.45 85.627 1.93261 0.011679 4.95 141.17 2.14976 0.007083 | 
4.46 86.488 1.93695 .011562 4.96 142.59 2.15410 .007013 
4.47 87.357 1.94130 .011447 4.97 144.03 2.15844 .006943 
4.48 88.235 1.94564 .011333 4.98 | 145.47 2.16279 .006874 
4.49 89.121 1.94998 .011221 4.99 146.94 2.16713 .006806 
4.50 90.017 1.95433 0.011109 5.00 148.41 2.17147 . 0.006738 


A-9 


Table 3 (Continued) 

x et logio(e?) e* x e logis(e?) e 
5.00 148.41 2.17147 0.006738 5.50 244.69 2.38862  0.0040868 
5.01 149.90 2.17582 .006671 5.55 257.24 2.41033 .0038875 
5.02 151.41 2.18016 .006605 5.60 270.43 2.43205 .0036979 
5.03 152.93 2.18450 .006539 5.65 284.29 2.45376 .0035175 
5.04 154.47 2.18884 .006474 5.70 298.87 2.47548 .0033460 
5.05 156.02 2.19319 0.006409 5.75 314.19 2.49719  0.0031828 
5.06 157.59 2.19753 .006346 5.80 330.30 2.51891 .0030276 
5.07 159.17 2.20187 .006282 5.85 347.23 2.54062 .0028799 
5.08 160.77 2.20622 .006220 5.90 365.04 2.56234 .0027394 
5.09 162.39 2.21056 .006158 5.95 383.75 2.58405 .0026058 
5.10 164.02 2.21490 0.006097 6.00 403.43 2.60577  0.0024788 
5.11 165.67 2.21924 .006036 6.05 424.11 2.62748 .0023579 
5.12 167.34 2.22359 .005976 6.10 445.86 2.64920 .0022429 
5.13 169.02 2.22793 .005917 6.15 468.72 2.67091 .0021335 
5.14 170.72 2.23227 .005858 6.20 492.75 2.69263 .0020294 
5.15 172.43 2.23662 0.005799 6.25 518.01 2.71434 0.0019305 
5.16 174.16 2.24096 .005742 6.30 544.57 2.73606 .0018363 
5.17 175.91 2.24530 .005685 6.35 572.49 2.75777 .0017467 ` 
5.18 177.68 2.24965 .005628 6.40 601.85 2.77948 .0016616 
5.19 179.47 2.25399 .005572 6.45 632.70 2.80120 .0015805 
5.20 18127 2.25833 0.005517 6.50 665.14 2.82291  0,.0015034 : 
5.21 183.09 2.26267 .005462 6.55 699.24 2.84463 0014301 
5.22 184.93 2.26702 .005407 6.60 735.10 2.86634 .0013604 
5.23 186.79 2.27136 .005354 6.65 772.78 2.88806 .0012940 
5.24 188.67 2.27570 .005300 — 6.70 812.41 2.90977 .0012309 
5.25 190.57 2.28005 0.005248 6.75 854.06 2.93149  0.0011709 
5.26 192.48 2.28439 .005195 — 6.80 897.85 2.95320 .0011138 
5.27 194.42 2.28873 .005144 6.85 943.88 2.97492 .0010595 
5.28 196.37 2.29307 .005092 6.90 992.27 2.99663 .0010078 
5.29 198.34 2.29742 005042 6.95 1043.1 3.01835 0009586 
5.30 200.34 2.30176 | 0.004992 7.00 1096.6 3.04006 0.0009119 
5.31 202.35 2.30610 004942. 7.05 1152.9 3.06178 .0008674 
5.32 204.38 2.31045 004893 7.10 12120 3, 08349 .0008251 
5.33 206.44 2.31479 .004844 7.15 12744 3.10521 .0007849 
5.34 208.51 2.31913 .004796 7.20 13394 3.12692 .0007466 
5.35 210.61 2.32348 0.004748 7.25 1408.1 3.14863 0.0007102 
5.36 212.72 2.32782 .004701 7.30 1480.3 3.17035 .0006755 
5.37 214.86 2.33216 .004654 7.35 1556.2 3.19206 .0006426 
5.38 217.02 2.33650 .004608 7.40 1636.0 3.21378 .0006113 
5.39 219.20 2.34085 004562 7.45 1719.9 3.23549 .0005814 
5.40 221.41 2.34519 0.004517 7.50 1808.0 3.25721 0.0005531 
5.41 223.63 2.34953 .004472 7.55 1900.7 3.27892 .0005261 
5.42 225.88 2.35388 .004427 7.60 1998.2 3.30064 -0005005 
5.43 228.15 2.35822 .004383 7.65 2100.6 3.32235 .0004760 
5.44 230.44 2.36256 .004339 7.70 2208.3 3.34407 .0004528 
5.45 232.76 2.36690 0.004296 7.75 2321.6 | 3.36578 0.0004307 
5.46 235.10 2.37125 .004254 7.80 2440.6 3.38750 .0004097 
5.47 237.46 2.37559 .004211 7.85 2565.7 3.40921 .0003898 
5.48 239.85 | 2.37993 .004169 7.90 26973 3.43093 .0003707 
5.49 242.26 2.38428 .004128 7.95 2835.6 3.45264 .0003527 
5.50 244.69 2.38862 0.004087 8.00 2981.00 3.47436 0.0003355 


Table 3 (Continued) 

x et logio(e*) et x et logio(e*) e* 
8.00 2981.0 3.47436  0.0003355 9.00 8103.1 3.90865  0.0001234 
8.05 3133.8 3.49607 .0003191 9.05 8518.5 3.93037 .0001174 
8.10 3294.5 3.51779 .0003035 9.10 8955.3 3.95208 .0001117 
8.15 3463.4 3.53950 .0002887 9.15 9414.4 3.97379 .0001062 
8.20 3641.0 3.56121 .0002747 9.20 9897.1 3.99551 .0001010 
8.25 3827.6 3.58293  0.0002613 9.25 10405 4.01722 0.0000961 
8.30 4023.9 3.60464 .0002485 9.30 10938 4.03894 .0000914 
8.35 4230.2 3.62636 .0002364 9.35 11499 4.06065 .0000870 
8.40 4447.1 3.64807 .0002249 9.40 12088 4.08237 .0000827 
8.45 4675.1 3.66979 .0002139 9.45 12708 4.10408 .0000787 
8.50 4914.8 3.69150  0.0002036 9.50 13360 4.12580 0.0000749 
8.55 5166.8 3.71322 .0001935 9.55 14045 4.14751 .0000712 
8.60 5431.7 3.73493 .0001841 9.60 14765 4.16923 .0000677 
8.65 5710.0 3.75665 .0001751 9.65 15522 4.19094 .0000644 
8.70 6002.9 3.77836 .0001666 9.70 16318 4.21266 .0000613 
8.75 6310.7 3.80008  0.0001585 9.75 17154 4.23437 0.0000583 
8.80 6634.2 3.82179 .0001507 9.80 18034 4.25609 .0000555 
8.85 6974.4 ` 3.84351 .0001434 9.85 18958 4.27780 .0000527 
8.90 7332.0 3.86522 .0001364 9.90 19930 4.29952 .0000502 
8.95 7707.9 3.88694 .0001297 9.95 20952 4.32123 0.0000477 

| 9.00 8103.1 3.90865  0.0001234 10.00 22026 4.34294  0.0000454 


Table 4 Hyperbolic functions 


x sinh x cosh x tanh x 
0 .00000 1.0000 .00000 
0.1 .10017 1.0050 .09967 
0.2 .20134 1.0201 .19738 
0.3 .30452 1.0453 .29131 
0.4 .41075 1.0811 .37995 
0.5 .52110 1.1276 .46212 
0.6 .63665 1.1855 .53705 
0.7 .75858 1.2552 .60437 
0.8 .88811 1.3374 .66404 
0.9 1.0265 1.4331 .71630 
1.0 1.1752 1.5431 .76159 
1.1 1.3356 1.6685 .80050 
1.2 1.5095 1.8107 .83365 
1.3 1.6984 1.9709 .86172 
1.4 1.9043 2.1509 .88535 
1.5 2.1293 2.3524 .90515 
1.6 2.3756 2.5775 .92167 
1.7 2.6456 2.8283 .93541 
1.8 2.9422 3.1075 .94681 
1.9 3.2682 3.4177 .95624 
2.0 3.6269 3.7622 .96403 
2.1 4.0219 4.1443 .97045 
2.2 4.4571 4.5679 .97574 
2.3 4.9370 5.0372 .98010 
2.4 5.4662 5.5569 .98367 
2.5 6.0502 6.1323 .98661 
2.6 6.6947 6.7690 .98903 
2.7 7.4063 7.4735 .99101 
2.8 8.1919 8.2527 .99263 
2.9 9.0596 9.1146 .99396 
3.0 10.018 10.068 .99505 
3.1 11.076 11.122 .99595 
3.2 12.246 12.287 .99668 
3.3 13.538 13.575 .99728 
3.4 14.965 14.999 .99777 
3.5 16.543 16.573 .99818 
3.6 18.285 18.313 .99851 
3.7 20.211 20.236 .99878 
3.8 22.339 22.362 .99900 
3.9 24.691 24.711 .99918 
4.0 27.290 27.308 .99933 
4.1 30.162 30.178 .99945 
4.2 33.336 33.351 .99955 
4.3 36.843 36.857 .99963 
4.4 40.719 40.732 .99970 
4.5 45.003 45.014 .99975 
4.6 49.737 49.747 .99980 
4.7 54.969 54.978 .99983 
4.8 60.751 60.759 .99986 
4.9 67.141 67.149 .99989 
5.0 74.203 74.210 .99991 


Table 5 Trigonometric functions 


+ 


Degrees Radians Sin Cos Tan Cot 

0 0.0000 0.0000 1.0000 0.0000 1.5708 90 

1 0.0175 0.0175 0.9998 0.0175 57.290 1.5533 89 

2 0.0349 0.0349 0.9994 0.0349 28.636 1.5359 88 

3 0.0524 0.0523 0.9986 0.0524 19.081 1.5184 87 

4 0.0698 0.0698 0.9976 0.0699 14.301 1.5010 86 

5 0.0873 0.0872 0.9962 0.0875 11.430 1.4835 85 

6 0.1047 0.1045 0.9945 0.1051 9.5144 1.4661 84 

7 0.1222 0.1219 0.9925 0.1228 8.1443 1.4486 83 

8 0.1396 0.1392 0.9903 0.1405 7.1154 1.4312 82 

9 0.1571 0.1564 0.9877 0.1584 6.3138 1.4137 81 
10 0.1745 0.1736 0.9848 0.1763 5.6713 1.3963 80 
11 0.1920 0.1908 0.9816 0.1944 5.1446 1.3788 79 
12 0.2094 0.2079 0.9781 0.2126 4.7046 1.3614 78 
13 0.2269 0.2250 0.9744 0.2309 4.3315 1.3439 77 
14 0.2443 0.2419 0.9703 0.2493 4.0108 1.3265 76 
15 0.2618 0.2588 0.9659 0.2679 3.7321 1.3090 75 
16 0.2793 0.2756 0.9613 0.2867 3.4874 1.2915 74 
17 0.2967 0.2924 0.9563 0.3057 3.2709 1.2741 73 
18 0.3142 0.3090 0.9511 0.3249 3.0777 1.2566 72 
19 0.3316 0.3256 0.9455 0.3443 2.9042 1.2392 71 
20 0.3491 0.3420 0.9397 0.3640 2.7475 1.2217 70 
21 0.3665 0.3584 0.9336 0.3839 2.6051 1.2043 69 
22 0.3840 0.3746 | 0.9272 0.4040 2.4751 1.1868 68 
23 0.4014 0.3907 0.9205 0.4245 2.3559 1.1694 67 
24 0.4189 0.4067 0.9135 0.4452 2.2460 1.1519 66 
25 0.4363 0.4226 0.9063 0.4663 2.1445 1.1345 65 
26 0.4538 0.4384 0.8988 0.4877 2.0503 1.1170 64 
27 0.4712 0.4540 0.8910 0.5095 1.9626 1.0996 63 
28 0.4887 0.4695 0.8829 0.5317 1.8807 1.0821 62 
29 0.5061 0.4848 0.8746 0.5543 1.8040 1.0647 61 
30 0.5236 0.5000 0.8660 0.5774 1.7321 1.0472 60 
31 0.5411 0.5150 0.8572 0.6009 1.6643 1.0297 59 
32 0.5585 0.5299 0.8480 0.6249 1.6003 1.0123 58 
33 0.5760 0.5446 0.8387 0.6494 1.5399 0.9948 57 
34 0.5934 0.5592 0.8290 0.6745 1.4826 0.9774 56 
35 0.6109 0.5736 0.8192 0.7002 1.4281 0.9599 55 
36 0.6283 0.5878 0.8090 0.7265 1.3764 0.9425 54 
37 0.6458 0.6018 0.7986 0.7536 1.3270 0.9250 53 
38 0.6632 0.6157 0.7880 0.7813 1.2799 0.9076 52 
39 0.6807 0.6293 0.7771 0.8098 1.2349 0.8901 51 
40 0.6981 0.6428 0.7660 0.8391 1.1918 0.8727 50 
41 0.7156 0.6561 0.7547 0.8693 1.1504 0.8552 49 
42 0.7330 0.6691 0.7431 0.9004 1.1106 0.8378 48 
43 0.7505 0.6820 0.7314 0.9325 1.0724 0.8203 47 
44 0.7679 0.6947 0.7193 0.9657 1.0355 0.8029 46 
45 0.7854 0.7071 0.7170 1.0000 1.0000 0.7854 45 

Cos Sin Cot Tan Radians| Degrees 


A-13 


A-14 


Table 6 


Common logarithms 


N 0 1 2 3 4 5 6 7 8 9 

10 0000 0043 0086 0128 0170 0212 0253 0294 0334 0374 
11 0414 0453 0492 0531 0569 0607 0645 0682 0719 0755 
12 0792 0828 0864 0899 0934 0969 1004 1038 1072 1106 
13 1139 1173 1206 1239 1271 1303 1335 1367 1399 1430 
14 1461 1492 1523 1553 1584 1614 1644 1673 1703 172 
15 1761 1790 1818 1847 1875 1903 1931 1959 1987 2014 
16 2041 2068 2095 2122 2148 2175 2201 2227 2253 2279 
17 2304 2330 2355 2380 2405 2430 2455 2480 2504 2529 
18 2553 2577 2601 2625 2648 2672 2695 2718 2742 2765 
19 2788 2810 2833 2856 2878 2900 2923 2945 2967 2989 
20 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201 
21 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404 
22 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598 
23 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784 
24 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962 
25 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133 
26 4150 4166 4183 4200 4216 4232 4249 4265 4281 4298 
27 4314 4330 4346 4362 4378 4393 4409 4425 4440 4456 
28 4472 4487 4502 4518 4533 4548 4564 4579 4594 4609 
29 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757 
30 4771 4786 4800 4814 4829 4843 4857 4871 4886 4900 
31 4914 4928 4942 4955 4969 4983 4997 5011 5024 5038 
32 5051 5065 5079 5092 5105 5119 5132 5145 5159 5172 
33 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302 
34 5315 5328 5340 5353 5366 5378 5391 5403 5416 5428 
35 5441 5453 5465 5478 5490 5502 5514 5527 5539 5551 
36 5563 5575 5587 5599 5611 5623 5635 5647 5658 5670 
37 5682 5694 5705 5717 5729 5740 5752 5763 5775 5786 
38 5798 5809 5821 5832 5843 5855 5866 5877 5888 5899 
39 5911 5922 5933 5944 5955 5966 5977 5988 5999 6010 
40 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117 
41 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222 
42 6232 6243 6253 6263 6274 6284 6294 6304 6314 6325 
43 6335 6345 6355 6365 6375 6385 6395 6405 6415 6425 
44 6435 6444 6454 6464 6474 6484 6493 6503 6513 6522 
45 6532 6542 6551 6561 6571 6580 6590 6599 6609 6618 
46 6628 6637 6646 6656 6665 6675 6684 6693 6702 6712 
47 6721 6730 6739 6749 6758 6767 6776 6785 6794 6803 
48 6812 6821 6830 6839 6848 6857 6866 6875 6884 6893 
49 6902 6911 6920 6928 6937 6946 6955 6964 6972 6981 
50 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067 
51 7076 7084 7093 7101 7110 7118 7126 7135 7143 7152 
52 7160 7168 7177 7185 7193 7202 7210 7218 7226 7235 
53 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316 
54 7324 7332 7340 7348 7356 7364 7372 7380 7388 7396 


Table 6 (Continued) 


N 0 1 2 3 4 5 6 7 8 9 

55 7404 7412 7419 7427 7435 7443 7451 7459 7466 7474 
56 7482 7490 7497 7505 7513 7520 7528 7536 7543 7551 
57 7559 7566 7574 7582 7589 7597 7604 7612 7619 7627 
58 7634 7642 7649 7657 7664 7672 7679 7686 7694 7701 
59 7700 7716 7723 7731 7738 7745 7752 7760 7767 7774 
60 7782 7789 7796 7803 7810 7818 7825 7832 7839 7846 
61 7853 7860 7868 7875 7882 7889 7896 7903 7910 7917 
62 7924 7931 7938 7945 7952 7959 7966 7973 7980 7987 
63 7993 8000 8007 8014 8021 8028 8035 8041 8048 8055 
64 8062 8069 8075 8082 8089 8096 8102 8109 8116 8122 
65 8129 8136 8142 8149 8156 8162 8169 8176 8182 8189 
66 8195 8202 8209 8215 8222 8228 8235 8241 8248 8254 
67 8261 8267 8274 8280 8287 8293 8299 8306 8312 8319 
68 8325 8331 8338 8344 8351 8357 8363 8370 8376 8382 
69 8388 8395 8401 8407 8414 8420 8426 8432 8439 8445 
70 8451 8457 8463 8470 8476 8482 8488 8494 8500 8506 
71 8513 8519 8525 8531 8537 8543 8549 8555 8561 8567 
72 8573 8579 8585 8591 8597 8603 8609 8615 8621 8627 
73 8633 8639 8645 8651 8657 8663 8669 8675 8681 8686 
74 8692 8698 8704 .8710 8716 8722 8727 8733 8739 8745 
75 8751 8756 8762 8768 8774 8779 8785 8791 8797 8802 
76 8808 8814 8820 8825 8831 8837 8842 8848 8854 8859 
77 8865 8871 8876 8882 8887 8893 8899 8904 8910 8915 
78 8921 8927 8932 8938 8943 8949 8954 8960 8965 8971 
79 8976 8982 8987 8993 8998 9004 9009 9015 9020 9025 
80 9031 9036 9042 9047 9053 9058 9063 9069 9074 9079 
81 9085 9090 9096 9101 9106 9112 9117 9122 9128 9133 
82 9138 9143 9149 9154 9159 9165 9170 9175 9180 9186 
83 9191 9196 9201 9206 9212 9217 9222 9227 9232 9238 
84 9243 9248 9253 9258 9263 9269 9274 9279 9284 9289 
85 9294 9299 9304 9309 9315 9320 9325 9330 9335 9340 
86 9345 9350 9355 9360 9365 9370 9375 9380 9385 9390 
87 9395 9400 9405 9410 9415 9420 9425 9430 9435 . 9440 
88 9445 9450 9455 9460 9465 9469 9474 9479 9484 9489 
89 9494 9499 9504 9509 9513 9518 9523 9528 9533 9538 
90 9542 9547 9552 9557 9562 9566 9571 9576 9581 9586 
91 9590 9595 9600 9605 9609 9614 9619 9624 9628 9633 
92 9638 9643 9647 9652 9657 9661 9666 9671 9675 9680 
93 9685 9689 9694 9699 9703 9708 9713 9717 9722 9727 
94 9731 9736 9741 9745 9750 9754 9759 9763 9768 9773 
95 9777 9782 9786 9791 9795 9800 9805 9809 9814 9818 
96 9823 9827 9832 9836 9841 9845 9850 9854 9859 9863 
97 9868 9872 9877 9881 9886 9890 9894 9899 9903 9908 
98 9912 9917 9921 9926 9930 9934 9939 9943 9948 9952 
99 9956 9961 9965 9969 9974 9978 9983 9987 9991 9996 


Table 7 The Greek alphabet 


"Tom X oe modem DLR DR 


alpha 
beta 
gamma 
delta 
epsilon 
zeta 
eta 
theta 
iota 
kappa 
lambda 
mu 


e €x eea aDJ on 


nu 

xi 
omicron 
pi 

rho 
sigma 
tau 
upsilon 
phi 

chi 

psi 
omega 


MK Odd-Numbered 
KS Exercises 


Exercises 1.1 (Page 9) 

1. (—2, +%) 3. (79, 3) 5. [4, 8] 7. (—4, 4] 9. [-4, 0] 11. all x not in [—2, 2] 13. all x not in [—5, 3] 

15. [-1,4] 17. (-5, 8 19. (-e,—1)and (3) 21. (8, #4) and (f, +) 

Exercises 1.2 (Page 16) 

1. 1,—$ 3. —3,8 5. L4 7. —4, 1 9. 4,3 11. [&, +) 13. all x not in (1, 4) 15. (—11, 3) 17. [3,2] 

19. all x not in [1, 4] 21. all x not in (4, 10) 23. [-$, £] 25. all x not in [4% 2] 29. |x| > [al 31. x - 2| >2 
Exercises 1.3 (Page 23) 

1. (a) (1,2); (b) (71, 22); (9 (71, 2); (d) (-2, 1) 3. (a) 2, —2); (b) (—2, 2); (c) (-2, —2); (d) does not apply 5. (a) (C2, 1); 
(b) (1, 3); © (1, 3); (d) (-3, —1) 

Exercises 1.4 (Page 28) 

5. 4V53;4-V89; V26 — 7. 44 11. 2,8 18. (—2 + $V3, ł+ 2V3) and (-2— 3V3, ł— 2V3) 15. 77x? + 90xy + 21y? — 122x 
— 66y —55=0 17. (-£ 4); (LM); CÈ 9) 19. ($33) 21. (C58 — 23. (5,—7) 25. (a) 2x ty —5 

Exercises 1.5 (Page 37) 

1. —1 3.-+  5.4x—y—11-0 A 9. 4x — 3y +12 =0 11. V3x— y + (2V3—5) =0 13. x+y=0 

15. xt z =1 19. (a) yes; (b) yes; (c) no; (d) no 21. 2x + 3y +7 =0; V13 23. (a) £, (b) - (c) 5 
25. y =1; 9x — 4y — 11 = 0; 9x +4y —1920 27. 2x + 3y — 12 = 0; (2+ 2V2)x + (3 — 3 V2)y — 12 =0; (2 — 2V2)x + (3 +3 V2)y 
—12=0 29. (a) x = 1; (b) y = 1; (c) x = 1; (d) 2x + y — 3 = 0; (e) x— 2y +1 =0; (f) x+y 2-0 

Exercises 1.6 (Page 43) 

1. (x — 4)? + (y +3)? = 25; x? + y? — 8x + 6y = 0 3. (x +5)? + (y + 12)? —9; x? + y? + 10x + 24y +160 =0 5. x? 49 y? 2x — Ay 
~8=0 7. xi +y? +6x+10y+9=0 9. xX + y?—4x—4y —2—0 11. (3,4); 4 13. (0, —3); $ 15. circle 17. no real 
locus . 19. circle 21. xty +5=0 23. 3x + 4y —19=0 


(d) Bx — Ay = 0 
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Exercises 1.7 (Page 47) 

1. (0,1); y =—1; 4 3. (~2, 0); x 22;8 5. (0,-4);y=41 7. ($,0); x-—$;8 9. y? — 20x 11. x? 2—8y 13. y? = 2x 
15. y? =—6x 19. x =—y 21. 166 ft 23. žin. 25. y? — 10x — 10y +20 =0 27. P+ y? +10y=0 

Exercises 1.8 (Page 52) 


Lx?ty?=13  3.y?—6x —5.x'«4y?—4  7.y —2x? 9, x"74y?—16  11.3x?—2y7—6 13. (73, D; 
(-3,—-3); x 3;y=3 15. (1, —5); (-%,-5); y =—5;x=8 17. (3,1); Gel); y=1; x= 19. y? + 20x — 8y — 24 = 0 
21. 2 +2x—8y+41=0 23. æ —6x—6y—3=0; x —6xr+6y+21=0 25. y — 4x Ay 1270 27. y 2x — 8y +25 =0; 


—Hn 
yh—18x—8y- 169-0 29. Ct =) 31. x — 2x + Ay + 1=0; xt — 2x — 16y — 79 =0; xt — 2x — Ay — 31 = 0;  — 2x + 16y 


+49=0 à 33.x?—y"7-0 
Exercises 1.9 (Page 59) 
39. 3x —4y +5 x0 41. 4x — y = 6; x + 2y = 6; 5x + y = 21 43. —21 < x! + y? + 6x — 8y < 11 


Review Exercises for Chapter 1 (Page 60) 


1. ($4, $] 3.(-£1) 5. [—-,$] 7. (a) (x — 3? + (y +5)? =0; (b) (x — 3? + (y +5)? < 16; (c) (x — 3)? + (y +5)? = 25 
9. x=0,3x+4y=0 11. k=—-ġ h=}  13.(3,—-65(-2,—55) 15 0-zkzx2. 17.73 +7y?+11x—19—6=0 

19. (x-5)*—-8(y—1) 21. 9min. 23. 9x + 11y — 80 = 0; 3x + 13y —70=0 — 31. (3,33); (9,7); (2,3) 33. (x— p}? 
+ y= 4p*; (p, 2p); (p — 2p) 


Exercises 2.1 (Page 69) 


1. domain: (—9, 4-9); range: (~%, +%) 3. domain: (—», +); range: [—6, 4-9) 5. domain: [4, +%); range: [0, +2) 

7. domain: all x not in (—2, 2); range: [0, 4-9) 9. domain: (—9, +”); range: [0, 4-9) 11. domain: (—%, +%); range: -2 and 2 
13. domain: (—9, +%); range: all real numbers except 3 15. domain: (—«, 4-9); range: [—4, +%) 17. domain: all real numbers 
except —5 and —1; range: all real numbers except —7 and -3 19. domain: all x not in (—1, 4); range: [0, +2) 21. domain: all real 
numbers except 2; range: [0, +%) 23. domain: all real numbers except —5; range: [3, +) 


Exercises 2.2 (Page 73) 

1. (a) —5; (b) —6; (c) —3; (d) 30; (e) 2h? + 9h + 4; (£) 8x* + 10x? — 3; (g) 2x4 — 7x; (h) 2x? + 4hx + 5x + 2h? 5h — 3; (i) 2x? + 5x + 2h? 
2 
(V24 t 2h t 3 V2x * 3) 
(e)—1 if x >0,1 if x <0; (f) 1 if x = —1,—1 if x < —1; (g) 1; (h)—1  Z7.(a)x-4x-6,domain: (—%, +æ); (b) —x? + x — 4, domain: 
(—%, +90); (c) x? — 5x — x + 5, domain: (—%, +œ); (d) (x — 5)/ (x2 — 1), domain: all real numbers except —1 and 1; (e) (x? — 1)/(x — 5), 


+ 5h—6;(j)4x+2h+5 3. (a) 1; (b) VIT; (c) 2; (d) 3V7; (e) V4x + 9; (£) 


5. (a) 1; (b) -1; (©) 1; (d) —1; 


domain: all real numbers except 5; (f) x? — 6, domain: (—9, +%); (g) x? — 10x + 24, domain: (—9, +%) 9. (a) — domain: all 
real numbers except 0 and 1; (b) P cem xt y' domain: all real numbers except 0 and 1; (c) xL domain: all real numbers except 0 and 1; 
xi. domain: all real numbers except —1, 0, and 1; () X, domain: all real 


numbers except 0 and 1; (g) =, domain: all real numbers except —1 and1 11. (a) Vài — 1 + Vx — 1, domain: [1, +2); 


xt IT 
(b) VE —1 — Vx — 1, domain: [1, +%); (c) (x — 1) Ve 1, domain: [1, +”); (d) Vx * 1, domain: (1, +2); (e) m domain: (1, +0); 
(f) Vx —2, domain: [2, +%); (g) WVx?—1— 1, domain: (—», — V2] and [ V2, +~) 

13. (a) even; (b) odd; (c) neither; (d) even; (e) neither; (f) even; (g) odd; (h) neither — 17. (a) [x2 + 2] + [0]; 

€) [-1] + DP); (9 [^ 3] + = x €) (0) + [2]: o [1| + [Sf o itio i — a) ian itii c iin 


ANSWERS TO ODD-NUMBERED EXERCISES A-19 


2 ifx<0 
19. (a) even; (b) odd; (c) even; (d) even 21. (fsg)(x) - 4x if0 =x x1; domain: (—9, 49); range: [0, 1] and 2 
2 ifx>1 
1 ifx <0 
4° if0 =x =3 : 
23. (f° g)(x) = A ud domain: (—9, +æ); range: [0, 1] 25. g(x) =x—-3; g(x) -1—x 
1 ifx >1 


Exercises 2.3 (Page 77) 

1. domain: (—«, +%); range: 0 and 1 3. domain: (—9, +%); range: 0 and 1 5. domain: (—%, 4-9); range: 0, 1, and 2 

7. domain: (—%, +); range: [0, +~] 9. domain: (—«, +); range: [0, 1] 11. domain: (—9, +); range: (—~%, +0) 

13. domain: (--», +); range: —1, 0, and 1 15. domain; (—%, +); range: [1,+%) 17. domain: (—^, +); range: [0, 1) 
19. domain: (—%, +”); range: the nonnegative integers 21. domain: all real numbers except 0; range: (~~, —1], 0, and (3, 1] 


23. domain: (—%, 4-99); range: 1 and 3 


Exercises 2.4 (Page 84) 
1. 0.005 3. 0.005 5. ido 7. 0.01 9. 6—c 11. = € 13. 8 — min(1, $e) 15. = min(1, de) 17. ô= min(i, He) 


19. B— min(1,3e) 21. 8=min(1,¢e) 23. 8— min(1, (2 V2 + 3)e) 

Exercises 2.5 (Page 91) 

17 3.—h 5.12 7.4 09.43  111V30 13.1v2 15.4 17.H  23.(a90 

Exercises 2.6 (Page 94) 

1. (a) —3; (b) 2; (x) does not exist 3. (a) 7; (D 7; (Q7 5. (a) 5; (b) 5; (c) 5 7. (a) 0; (b) 0; (c) 0 9. (a) 1; (b) —1; (c) does not 
exist 11. (a) —2; (b) 2; (c) does not exist 13. (a) 2; (b) 1; (c) does not exist 

Exercises 2.7 (Page 100) 

1. 3 3. 0 5.1 7. i 9. 0 11. —o 

Exercises 2.8 (Page 109) 

1. © 3. +% 5. o 7. —9 9. +% 11. +% 13. —% 15. —% 

Exercises 2.9 (Page 113) 

1. x:25;y —0 3. x=-2;y=0 5. x=—-6,x=1;y=0 7. x28, x2 3; y -4,y 0 9. x=-2,x=2;y=0 

11. y=-3,y=3  13.x-—-—V2,x—- V2 15. x=$ y=3 17. y=—1,y=+1 19. x=3;y=—1,y=+1 21. x=—3;y=1 
Exercises 2.11 (Page 122) 

1. 4; lim f(x) does not exist. 3. —3; F(—3) does not exist. 5. —3; lim g(x) ¥ g(-3) 7. —3, 2; h(—3) and h(2) do not exist. 


9. 0; lim f(x) does not exist. 11. continuous everywhere 13. 3; f(3) does not exist. 15. 2; lim g(x) ¥ (2) 17. all integers; 
x-2 


x-0 
lim f(x) does not exist if n is any integer. 19. 0; lim f(x) does not exist. 21. —1, 0; lim f(x) does not exist, lim f(x) does not 
rn T-0 T-—1 T-—0 
exist. 23. removable; 4 25. removable; 0 27. removable; js 29. essential 31. f is continuous everywhere. 


Exercises 2.12 (Page 129) 

5$ 7.—2 9. 15 11. all real numbers 13. all real numbers except 2 and —2 15. all real numbers except 1, —3, and —4 
17. all x not in [—4, 4] 19. all x not in [—4, 4] 21. all real numbers 23. all x in (0, +œ) 25. all x in (—1,0) and (0, 1) 
Exercises 2.13 (Page 132) 


1. continuous; discontinuous; discontinuous; continuous; discontinuous; continuous 3. continuous; continuous; continuous; 
continuous; discontinuous 5. continuous; discontinuous; discontinuous; continuous; continuous 7. continuous; continuous; 
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continuous; continuous; discontinuous; discontinuous 


11. discontinuous; continuous; continuous; continuous; discontinuous; discontinuous; discontinuous; continuous 
17. (79,—1); 71,1); (1, +%) 


(-2,2); (2, +2) 15. (~œ, —3]; [4, +2) 


any integer 


Vx +1 
Vx — 


continuous on [a, c] if lim g(x) exists and is equal to h(b). 
x -b7 


in (0, 4) and (4, +œ) 27. 


Review Exercises for Chapter 2 (Page 134) 


1. (a) x? + 4x — 7, domain: (—%, t9); (b) xà — 4x — 1, domain: (—9, +œ); (c) (x? — 4) (4x — 3), domain: (—%, +%); (d) 


21. V3; continuous at all x in (0,+%°) 23. si continuous at all x in (2, +%) 25. 


" continuous at all x in (0, 1) and (1, +œ) 29. 5 


9. continuous; discontinuous; discontinuous; discontinuous 


13. (-9,—2); 
19. continuous on all intervals [n, n + 1) where n is 


1 
—=—; continuous at all x 
Vx-2 


31. c=—-3 and k= 4 33. no; f will be 


x-—4 : 
Arc domain: 


all real numbers except i (e) 23 domain: all real numbers except —2 and 2; (f) 16x? — 24x + 5, domain: (—«, 4-9); (g) 4x? — 19, 


x—2x41 


domain: (—2, +%) 3. (a) (2-3) (x +1) 


x 
except —1 and 3; (c) =a) T1 


, domain: all real numbers except —1 and 3; (b) G- 


-x +4x+1 e 
EEEE SI domain: all real numbers 


x+1 


, domain: all real numbers except —1 and 3; (d) 3x’ domain: all real numbers except 0 and 3; 


x = 3x in: 1-4) -2t1 n 3. e 1 3 
(e) EXT domain: all real numbers except —1; (f) ae 43’ domain: all real numbers except y (g) y7 domain: all real numbers 
except 2 5.9 7. —4 9.4 11. continuous on (—%, —$] and [$, +~) 13. continuous on [3, 4] 15. continuous 
everywhere 17. 8— $e 19: 8 = min(1, €) 21. 6 = min(1, 5e) 25. (a) —2; (b) 0; (c) does not exist 27.1 29. sa 
a 
ifx <0 : 
f x ifx<1 
31. —} 33.0 35. (a) yes; (b) yes 37. (a) f(x) = sgn x; (b) f(x) = 43 if0 <x <1; (c) f(x) = It deg dide 39. (b) all real 
if1 <x 


numbers; (c) any number which is not an integer 


Exercises 3.1 (Page 140) 
1. 2x, 3. —6 — 2x, 5. 3x? —3 7. 12x? — 26x, + 4 
x+ 6y -52=0 13. 2x + 5y — 17 = 0; 5x - 2y + 30=0 15. 2x + 3y 
12x-cy—98-0 19. 8x-y-5=0 21. 2x-y—-2=0 
—4V30=0 
Exercises 3.2 (Page 146) 
1 1 =5 5 

1. 6 — 8t +2 3. 6t,; 18 LS Fi oa on 

! : s 2Vt +T 4 (bt + 6)32’ 64 
moving to right; changes direction when t = —3 and t= 1 


right; t > —1 + v5, moving to left; changes direction when t = —1 + v5 
15. (a) (20t, + 24) ft/sec; (b) $ sec 


9. 8x + y t 9-0; x —8y  58—0 


41. y =2, y 7 2; x 27, x -—1 


11. 6x — y — 16 — 0; 


12 = 0; 3x 
23. (12 — 2 V30)x — y — 30 + 4 V30 = 0; (12 + 2 V30)x — y — 30 


2y-5=0 17. x — 12y + 16 — 0; 


9. t < —8, moving to right; -3 < t < 1, moving to left; t > 1, 


11. t < —1— V5, moving to left; —1 — V5 < t < —1 + V5, moving to 


13. (a) —32 ft/sec; (b) —64 ft/sec; (c) 4 sec; (d) —128 ft/sec 


Exercises 3.3 (Page 151) 
1 1 2 1 
1. 8x+5 3. 5. 7. 1 9. 11. —6 13. —zte 
i 2 Vx (x4 1): p 2V(x1y 


2.-A 23. 25. g(a) 


1 B 
3Vua-iy ^? 
Exercises 3.4 (Page 155) 


1. (b) yes; (c) +1, —1; (d) no 3. (b) yes; (c) -1, +1; (d) no 


5. (b) yes; (c) 0, 1; (d) no 


19. —12 


7. (b) yes; (c) 0, 0; (d) yes 9. (b) yes; 
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(c) does not exist, 0; (d) no 11. (b) yes; (c) neither exist; (d) no 13. (b) yes; (c) —6, —6; (d) yes 17. fi(0) =0 19. a = 2 and 
=-1 21. (a) 0; (b) 1; (c) does not exist 


Exercises 3.5 (Page 162) 


1. 32 —6x+5 3.x7-4  5.PB—t 7.4m? 9 2x3-2, 11. -4-3 13. 3 V32 —2 V3s 15. 70x + 60x 
ae oe _ 4(x+1) i 1 5(1— 2x2) 48x? 6(x? + 10x + 1) P n 
15x?—6 17 Gap 19. Gi 21. ( E2352 23. EXE 25 PENJL 29. 2(3x + 2) (632 + 2x — 3) 


31. 3(x* +x c 1) (4x +1) 38. x+ (4V6 — 10)y — 8V6 + 21 =0; x — (4V6 + 10)y +8 V6 +21=0 35. x+8y+2=0; 
x+8y—-—2=0 

Exercises 3.6 (Page 167) 

1. 6(x +2) (2 +4x4+5)?  3.2(88—218 -2)(26—78 -2t—1)  5.—2(x*4)* 7. 6(8u— 1) (Bu? + 5)?(12u? — 3u +5) 
9. 2(-12x +17) (2x —5)?(4x - 3)?  11.18(y—7)(y +2)? 13. —2(14x + 3) (7x2 + 3x — 1)? 

15. 2(r? + 1? (2r + 5) (8r? + 15r + 2) 17. 2z(z? — 5)?(z? + 22) (z2 + 4)? 


ft/sec 23. x + 16y - 35 —0 


19. 4(4x — 1)! + 2) Q1x* — 3x3 + 49x? — 4x + 30) (3x2 +5) 21. SALAD sec. 0 ft/sec; u 


(62 + 1)? 
25. (a) 3x4; (b) 6x5 


Exercises 3.7 (Page 171) 


1. 2(8x + 5)-1^ 3. com Ce ol. 5. 2x 1? — &y-a 7. . 6x —10x*1 — 9. pu G -3 11. acce ie 
2V2x — 5 V (3x + 1)? 3V (2:8 — 5x? + x)? vt t VZ LVe—1 
an 
ees cce m. -—  1d9.4x—5y49-0 2L xt ty =00 


1 eatery "vz yer O avt NO-EV- x 

23. (a) 0; (b) 4; (c) no value of t 25. 2x (=F ii) 27. 3x|x| 33. $(3x + 2)? (x2 — 1) !5 (12x? + 2x — 9) 
35. (t° — 2t + 1)!? (P + t+ 5)~ 28 (31t + 29€ + 109? — 18t — 88) 

Exercises 3.8 (Page 176) 


= 2 — yy? ES 2.9 =y)? + 4Vxy 3x2 — 3 
-Žž a WE p -Ë poyrem g i p eee qg Eoy p LEAVY ay, E 
3y? — 8x Xe xty — y 4x — 3y? x Vx-—x x — 6xy 
xX + 8y? EG i , 
19. fuu 28 21. 2xt y —-4 25. (a) fi(x) 22 Vx — 2, domain: x = 2; (x) = —2Vx — 2, domain: x = 2; (d) fi(x) = (x - 2), 


domain: x > 2; fz(x) == (x — 2) !?, domain: x > 2; (e) v ()x—-y—1-70;xty—-1-0 27. (a) fi(x) = Vx? — 9, domain: |x| = 3; 
f(x) =—-Vx? — 9, domain: |x| = 3; (d) fi(x) = x(x? — 9)7'?, domain: |x| > 3; fo(x) = —x(x* — 9)7!?, domain: |x| > 3; (e) 7 

(£) 5x + 4y + 9 = 0; 5x — 4y +9 —0 29. (a) fi(x) = VB — x? + 2x + 2, domain: —2 x x « 4; f(x) pod eae domain: 

—2 x x x 4; (d) (1 — x) (8 — x? + 2x)", domain: —2 < x < 4; (x— 1)(8 — x? + 2x) 7, domain: -2 < x < 4; Te 2:40 y-5-0, 
y+1=0 


Review Exercises for Chapter 3 (Page 176) 


1 x(2a3 — x3) 3 8x 3 (vz 4 1 JG — 1) 7 1 — 2x 9 1 11 x(4xi — 13) Vx — 1 
“(x8 + a3)? ` y(3y — 8) Vx) Nx Vx T 3x2/3 (x3 + 1)48 “Vx? -1(x - Vx?- 1) i x2 — 4 
13. 2x + 3[x? + (xt + x)?]?[3x? + 2(x* + x) (a8 4+ 1)] 15. (a) t2 3 and t = 8; (b) when t = 3, v = —15, and particle is moving to the 


left; when t = 8, v = 40, and particle is moving to the right 17. 4x —5y — 3 = 0; 5x + 4y — 14 —0 19. ES 


21. 2(Ix + 1| — jx}) (3 Fi — a) 23. (D) 0; (c)O 25. —4 27. (-1,0) 29. (a) 32 ft/sec; (b) 256 ft; (c) 7 sec; (d) 128 ft/sec 


31.a——bb-3  33.(feg)(0-2  35.f(G)-|x,g(x) =x? — 39. P'(r) 


A-22 ANSWERS TO ODD-NUMBERED EXERCISES 


Exercises 4.1 (Page 182) 
1. (a) 8.6; (b) 8.3; (c) 8.1; (d) 8 3. (a) —3s, —À; (b) — tto, ~to 5. (a) 18,750 gal/min; (b) 17,500 gal/min 7. (a) profitable; 


(b) not profitable 9. DjR - — 11. 2.7 mi/min 


Exercises 4.2 (Page 185) 


=a 


9 1 ; 5 5 25 
1. 5 ft/sec 3. Fn ft/min 5. an ft/min 7; 3 ft/sec 9. 257 


ft/min 11. 1800 lb/ft? per min 13. 14 ft/sec 
15. 1$4(3 V97 + 97) ft/sec ~ 0.65 ft/sec 17. 26 ft*/min 
Exercises 4.3 (Page 194) 


1. —5,i 3. 3, 71,1 5. 0,2 7. -2,0,2 9. no critical numbers 11. abs min: f(2) = —2 13. no absolute extrema 
15. abs min: f(-3) =0 17. abs min: f(5) =1 19. abs min: f(4) — 1 21. abs max: f(5) = 2 23. abs min: f(2) = 0 

25. abs min: f(—3) = —46; abs max: f(-1) = —10 27. abs min: f(—2) = 0; abs max: f(—4) = 144 29. abs min: f(2) — 0; abs max: 
f(3) = 25 31. abs min: f(—1) = —1; abs max: f(2) =4 38. abs min: f(—1) = 0; abs max: f(1) = Na 35. abs min: f(—3) = —13; 
abs max: f(3) — 7 

Exercises 4.4 (Page 200) 


1. 2500 ft? 3. Zin. 5. From A to P to C, where P is 4 miles down the river from B. 7. 8mi 9. radius = 3 V2 in., 


height- 6 V2 in. 11. (a) 3.40 units; (b) 9.43 units 13. 225 — 15. 400 — 17. (a) radius of circle = TE ft and length of side of 
square — Gig ft; (b) radius of circle — 2 ft and there is no square. 


Exercises 4.5 (Page 206) 


1.2 3, (2+ V7) or}(2— V7) | 5.(-3,—9,c——1—4V33; (—3, 4), c = —1 + 4 V33orc- —1 — 4 38; (—4, 4), c=—-1 + 4 V83 
7. 9. 34 11. 3(3 + 4 v3) 13. 1 15. (i), (ii), (iii) satisfied; (c) ($, —8 V6) 17. (b) (ii) not satisfied 19. (b) (i) not 
satisfied 21. (b) (ii) not satisfied 23. (b) (i), (ii), (iii) satisfied; (c) (0, 9) 25.4 27. 3 + 15 V2 29. +4 V39 31. (ii) not 
satisfied 33. (ii) not satisfied 

Exercises 4.6 (Page 213) 


1. (a) and (b) f(2) =—5, rel min; (c) [2, +œ]; (d) (—~, 2] 3. (a) and (b) no relative extrema; (c) (—9, +œ); (d) nowhere — 5. (a) and 
(b) f(2) = —50, rel min; f(—2) = 46, rel max; (c) (~œ, —2], [2, +œ); (d) [-2, 2] 7. (a) and (b) no relative extrema; (c) (0, +%); 

(d) nowhere 9. (a) and (b) f(2) = 4, rel max; (c) (—«, 2]; (d) [2, 3] 11. (a) and (b) f(3) = S995, rel max; f(1) — 0, rel min; 

(c) (79, 4], [1, +); (d) [3, 1] 13. (a) and (b) f(4) = 2, rel max; (c) (—~, 4]; (d) [4, +œ) 15. (a) and (b) f(4) = 9, rel max; 

(c) (79, 4]; (d) [4, +œ) 17. (a) and (b) f(—2) = 5, rel max; f(0) = 1, rel min; (c) (~œ, —2], [0, +œ); (d) [-2, 0] 19. (a) and (b) 
f(2) =—3, rel min; (c) [2, +œ); (d) (—%, 2] 21. (a) and (b) f(—1) = 2, rel max; f(0) = 1, rel min; (2) = 5, rel max; (c) (—9, —1], 

[0, 2]; (d) [-1, 0], [2, +) 23. (a) and (b) f(—9) = —8, rel min; f(—4) = —5, rel min; f(2) =—7, rel min; f(—7) = —4, rel max; 

f(0) =—3, rel max; (c) [-9, —7], [—4, 0], [2, +œ); (d) (~œ, —9], [—7, —4], [0, 2] 25. (a) and (b) no relative extrema; (c) [0, 4-9); 
(d) nowhere 27. (a) and (b) f(—1) = 0, rel max; f(1) — — V4, rel min; (c) (—9,—1], [1, +æ); (d) [-1, 1] — 29. (a) and (b) f(4) = 44, 
rel max; (c) (—4, 4]; (d) (—9, —4), [4, +) 31.a=-3,b=7 33.a=-2,b=9,c 12,d=7 

Exercises 4.7 (Page 217) 


1. f'(x) = 5x* — 6x? + 1; f” (x) = 2028 — 12x 3. g'(s) = 8s? — 12s? + 7; g'' (s) = 24s? — 24s 5. f'(x) = x(x? + 1); 
f'(x)-Q3r1)?? 7. F(x) =} —5; F(x) =x 9, G'(x) = 2x(3 + 2x7) 3; G'' (x) = (6 — 832) (3 + 2x2)? 

1l. Dy 24x 13. D(x) 2 6(3-- x) (—3)? 15. Daty = R(x 2 3x3? 3x72) — 19. Dy —3at)y^ — 21. 55 

23. v= f — 6f + 8t a = 3f? — 12t + 8; the velocity has no abs. max. value; toward the origin: 2 < t < 4; away from the origin: 0 < t « 2 


and t» 4 25. ; M; At 27. £$ V6; $V6 — 29. f' (x) 22|x|, domain: (—9, +æ); f(x) 22 Bi domain: (—«, 0) and (0, 4-») 


31. f'(x) = 4|x3], domain: (—«, +æ); f'' (x) = 12x|x|, domain: (—9, +2) 33. f''' (x) = 24|x| 35. h''(x) = (f'«g) GO (g' G0)? 
+ (F*g6G)s"() 


ANSWERS TO ODD-NUMBERED EXERCISES A-23 


Exercises 4.8 (Page 220) 

1. f(3) =$, rel min 3. f(8) = &, rel max; f(—1) = —11, rel min 5. f(4) — 0, rel min 7. G(3) =0, rel min 9. h(-2) 2 —2, 
rel min 11. f(1) —8, rel min 13. F(27) — 9, rel max 

Exercises 4.9 (Page 226) 

1. f(0) — 0, abs min 3. no absolute extrema 5. £(3) — $, abs min 7. f(0) 2 0, abs min; f( V2) = 35 V3, abs max 9. 45 yd 
by 60 yd 11. Depth is one-half the length of the base. 13. v2 15. Ratio of height of rectangle to radius of semicircle is 
(4+). — 17. If R is the radius of the cylinder, breadth = R; depth = V3R. 19. 30( VIO + 1) ft by 44( VIO +1) ft 21. R=r 
23. 2 V2 

Exercises 4.10 (Page 233) 


1. concave downward for x < 0; concave upward for x > 0; (0, 0) pt. of infl. 3. concave upward everywhere 5. concave 
downward for x < —1 and 0 < x < 1; concave upward for —1 < x < 0 and x > 1; (0, 0) pt. of infl. 7. concave upward for x < 2; 
concave downward for x > 2; (2, 0), pt. of infl. 9. concave upward for x « 0; concave downward for x > 0; (0, 0) pt. of infl. 

11. a=—-1,b=3 13. a=2,b=—-6,c=0,d=3 

Exercises 4.11 (Page 236) 

1. f(—1) =5, rel max; f(1) = —3, rel min; (0, 1), pt. of infl; f increasing on (—~, —1] and [1, 4-9); f decreasing on [—1, 1]; graph 
concave downward for x < 0; graph concave upward for x 7 0. — 3. f(3) — —16, rel min; (0, 0), (1, —1), pts. of infl.; f increasing on 
[$, +%); f decreasing on (—~, 3]; graph concave upward for x < 0 and x > 1; graph concave downward for 0 < x < 1 5. f(-3) =5, 
rel max; f(—3) = —+7+, rel min; (—, 77), pt. of infl.; f increasing on (—«, —3] and [—4, +œ); f decreasing on [—3, —4]; graph concave 
downward for x < —i; graph concave upward for x > —3 7. f(0) — 1, rel min; (2, #8), (1, 2), pts. of infl.; f decreasing on (—~, 0]; 
f increasing on [0, +%); graph concave upward for x < 4 and x > 1; graph concave downward forá « x « 1 9. f(—1) = 55, rel min; 
f(0) — 1, rel max; f(2) =—4, rel min; pts. of infl. at x=4(1 + V7); f decreasing on (—~,—1] and [0, 2]; f increasing on [—1, 0] and 
[2, +); graph concave upward for x < 4(1 — V7) and x > 4(1+ V7); graph concave downward for 4(1 — V7) < x < (1 v7) 

11. f(0) — 0, rel min; no pts. of infl.; f decreasing on [—~, 0]; f increasing on [0, +]; graph concave upward everywhere 13. no 
relative extrema; (0, 0) pt. of infl. with horizontal tangent; f increasing on (—», 4-9); graph concave downward on (—~, 0); graph 


concave upward on (0, +) 15. f 6) = E rel max; f(2) = 0, rel min; pts. of infl. at (—1, 0) and x = 15(8 + 3 V6); f increasing 


on (—9, $] and [2, +); f decreasing on [£, 2]; graph concave downward for x < —1 and 75(8 — 8 V6) <x < (8 + 3 V6); graph 
concave upward for —1 < x < 15(8 — 3 V6) and x > (8 + 3 V6) 17. f(—$) = BS, rel max; f(0) — 0, rel. min; (—1, 2), pt. of infl.; 

f increasing on (—«, —$] and [0, +œ); f decreasing on [—$, 0]; graph concave downward for x < —1; graph concave upward for x > —1 
19. f(0) — 0, rel min; f(1) = 1, rel max; f decreasing on (—~, 0) and [1,+%); f increasing on (0, 1]; graph concave downward for x < 0 
and x > 0 21. f(—3) =—#, rel min; (0,0), (5,3 V2), pts. of infl.; f decreasing on (—~, —4]; f increasing on [—%, +œ); graph concave 
upward for x < 0 and x > 4; graph concave downward for 0 < x < i 23. no relative extrema; (3, 2), pt. of infl.; f increasing on 

(—9, +); graph concave downward for x > 3; graph concave upward for x < 3 25. no relative extrema; (3, 2), pt. of infl. with 
horizontal tangent; f increasing on (—%, +); graph concave downward for x < 3; graph concave upward for x > 3 27. f(-1) 43, 
rel min; f decreasing on (—9, —1]; f increasing on [—1, +~); graph concave upward forallx ^ 29. f(0) — 0, rel min; f(45) = 32$ V5, 
rel max; pt. of infl. at x = 34(48 — 8 V6); f decreasing on (—9, 0] and [!$, 4]; f increasing on [0, +]; graph concave upward for 

x < 4&(48 — 8 V6); graph concave downward for 75(48 — 8V6)«x«4 31. f(—1) — 0, rel min; f(1) = 2, rel max; pts. of infl. at x = 0 
and x = +V3; f decreasing on (—«, —1] and [1, 4-9); f increasing on [—1, 1]; graph concave upward for — V3 < x < 0 and x > V3; 
graph concave downward for x « —V3 and 0 < x < V3 33. f(—4) = $ V6, rel max; f increasing on (—~, —3]; f decreasing on [—3, 0]; 


graph concave downward for x « 0 


Exercises 4.12 (Page 245) 


1. (a) 30— 20; (b) $29.99; (c) $29.95 3. (a) 50 cents per gallon; (b) 25 5. (a) Q(x) =x4+44+ 2, (b) C'(x) 22x + 4 () Q'(x) 21 -i 
(d) $9.66 7. (a) [2, +%); (b) C' (x) = x? — 4x + 5; (c) decreasing on [0, 2] and increasing on [2, +œ); (d) graph concave downward for 
0 < x < 2, graph concave upward for x > 2, pt. of infl. at (2, 59), infl. tangent: 3x — 3y + 14 — 0 9. (a) C(x) = 3x + 400; 


A-24 ANSWERS TO ODD-NUMBERED EXERCISES 


(b) Q(x) =3 + 400 (c) C'(x) = 3; (e) 953 11. (a) 3 — $x; (b) 3x — $x5; ( 3 — èx 13. (a) P(x) = V36 — x*; (b) R(x) = 100x V36 — x*; 


3600 — 200x? 


(©) R'a) = FSF (d) $1800 — 15. (a) S(x) =—2 + 16x — 2; (c) $3000; (d) R' (x) = 14— 2x, C'(x)=2x—2 — 17. (a) [0, 8]; 


(b) R'(x) = 3x? — 32x + 64; C' (x) 218 —2x; (c) 4(15 — V87) — 1.89 19. (a) 1625; (b) 67.5 cents; (c) $328.12 21. 37.5 cents 
Review Exercises for Chapter 4 (Page 247) 


5. 445 —180 V2. knots ~ 10.6 knots 9. $27,225 
V409 — 60 V2 


11. ue in./sec 19. radius = $r in; altitude = 3h in. 21. $ sec; velocity of horizontal particle — 1 ft/sec; velocity of vertical 
T 


1. f(0) — 9, abs max; f(3) = 0, abs min 3. 12 mi from point on bank nearest A 


particle — 3 ft/sec 23. decreasing at a rate of 122 lb/ft? per min 25. (a) increasing at a rate of $10,400 per year; (b) increasing at a 


rate of $800 per year 27;-f G) = mS rel max; f(4) = 0, rel min; pts. of infl. at x = —2 and x = 1(8 + 3 v6); f increasing on 


(—%, $] and [4, +); f decreasing on [$, 4]; graph concave upward for —2 < x < 1(8 — 3 V6) and 3(8 +3 V6) < x < +; graph concave 
downward for —œ < x < —2 and 1(8 — 3 V6) <x < 4(8 + 3 v6) 29. no relative extrema; pt. of infl. at x = 3; f increasing on 


(—œ, +%); graph concave upward for 3 < x < +; graph concave downward for —o < x <3 35. (a) P(x) — » = x 
- 2 E 
(b) R(x) = 3600x — 400x, () R'(x) =— oo s (d)1200 37. 1000,$11 39. (Jj bw!) ft 41. a=3,b=—3,c=1 


Exercises 5.1 (Page 255) 


1. (a) 3x? Ax + 3x(Ax)? + (Ax)*; (b) 3x? Ax; (c) 3x(Ax)? + (Ax)? 3. (a) Vx + Ax — Vx; (b) A : (9 — (2 Vx) Vx — Vx + Ax)? 


5. (a) (6x7 + 6x) Ax + (6x + 3) (Ax)? + 2(Ax)*; (b) (6x? + 6x) Ax; (c) (6x +3) (Ax)? + 2(Ax)? 7. (a) 0.0309; (b) 0.03; (c) 0.0009 
9. (a) —0.875; (b) —1.5; (c) 0.625 11. (a) —0.00248; (b) —0.00250; (c) 0.00002 13. 6.125 15. 3.009 17. 0.0993 19. 4 
21. (a) 6.75 in?; (b) 0.3 in? 23. im ft? 25. 10 ft® 27. 496 


Exercises 5.2 (Page 259) 


pum 2 
1. 6(3x — 1) (3x? — 2x + 1)? dx 3. (7x? + 9x) (2x + 3) ?^ dx 5. (x — 1)? (x +: 1) ?? dx 7. 2(x - 1) ?? dx 9. “a 


17. 18° — 56 + 38t 19. (2#-1)[1—#(# — t 4- 4) 1?] 


4x? — 9x*y + 4y? i 9x! — 2xy + 2y? — 6x 

3 — 12x4? — 4y? ` x? — 4xy + 3y? — 2y 

8t(16t — Bfy + 8? — 2y + 1) 
16" + 88 — y +1 


1—yMy-? 13. 


21. 66 — 46 — 2t — 9t(£ -- 1)!? + 6t(P 1)? 23. 


Exercises 5.3 (Page 267) 


1. ix £C 3. P —P? 3t - C 5. sx-L-3.«c 7. 3V20 + V2x - C 9. $(x8 — 1? 4- C 11. 4 V3sS +14+C 


2x 3x 
+22 (3 — x)52 — 6(3 — x)? + C 21. 4 +32 +1)" +C 23. $(3 — y)* — 18(3 y)'®+ C 25. £(r'5 -2)5 - C 
27. (a) 2x* + 4x9 + 333 + x + C; (D) 2x - 1) - C 29. g is not differentiable on (—1, 1) 
Exercises 5.4 (Page 272) 


16 1 5/2 4 1 3/2 
13. is (14 jos (i3 J 4C 15. x 4+ 42x? — 48x54 C 17. 2[4(62-3)?—3((4-3)]--C 19. —4(8 — x)? 


l.y-—-x--x-—7x cC | 3.3xy +Cy+2=0  5.2V1lcy—3x3 4C 7. 12y=5xt*+6xX4+Cyx+C, 9.3y—3—3x!—12x 18 
11. 245 13. y = 3x! + Ax? + 2x? + 2x 15. y=x?—3x+2 = 17. 3y=—2x9 + 3x? + 2x+6 19. 12y = —x' + 6x? — 20x + 27 
21. 3 + 2y2=C 


Exercises 5.5 (Page 276) 


1.v-—2-45t—8/8;s-2ttàP?-—4iP 3. 1600s = v? + 1200 5. $ sec; 20 ft/sec; 2 sec; 72 ft 7. 3.4 sec; 99 ft/sec 


9. v? = —64s + 1600; 24 ft/sec 11. # ft/sec? 13. € sec; 3392 ft 15. ——— 300 V2 mi/hr 


11 


ANSWERS TO ODD-NUMBERED EXERCISES  A-25 


Exercises 5.6 (Page 279) 
1. R(x) 2 122x — 8? 3. px(x +5) — —18x — 4x? 5. x in [0,4]; R(x) = 16x — x5 p = 16 — x 7. C(x) = xà + 4x74 4x 9. $325 
Review Exercises for Chapter 5 (Page 280) 


1. =x "t + C 3. $2 + 3323)? +C 5. qło(4x + 3)?? (30x? — 18x + 79) + C 7. iy—1y!'—-x'-C 9.y ty! —-—x4tC 


= VAS ES ers dx — (Ay — 24x? (30? + 2tx (2 +1) 
11. (a) —0.16; (D) —0.64 13. y=10x—-227-9 150 17. = (is az) = =) S 


PT tC; 


19. (a) 


9 6 
(b) 5 + * + i +C 2Ly-d(x-tAá4)-4(6—32V2)x —4k(75 —128 V2) 23. 1 sec; 80 ft/sec 25. 25 V3 sec ~ 43.3 sec 


27. an error of £x in. allowed 29. an error of approximately 7?/1610t sec 33. R(x) = V a; px? + apx — ax = ab + a? 


Exercises 6.1 (Page 287) 

1. 51 3. H 5. $$ 7. 3 17. 10,400 19. 10(10" — 1) 21. 82 23. n* — $i? — 3n? — $n 25. gin — 37209 — 294 — $ 
Exercises 6.2 (Page 294) 

1. $ sq units 3. 15 sq units 5. $ sq units 7. 9 sq units 9. ł sq units 11. 43 sq units 13. àm(b? — à?) sq units 
15. h(b, + bz) sq units 

Exercises 6.3 (Page 303) 

1. A 3. 1498 — 5. 0.835 7.8 9, 4B 11. 66 13. 4 15. 20 sq units 17. $ sq units 19. 282 sq units 

21. fea 23. fha 

Exercises 6.4 (Page 312) 

9. 0; 64 11. 0; 27 13. 0; 576 15. -3; ł 17. 0;6 

Exercises 6.5 (Page 318) 

1. c=4(1 + V5) 3. c——4 5. f discontinuous at —2 7. f discontinuous at 1 9. 4030 11. —2 + V21 13. 0 
15. 32t; 32 ft/sec 17. 7 

Exercises 6.6 (Page 326) 


13g aa  5.—8  7.2— W298 aa  13.3V2 15.4 17 P 19. VE x5 2. ilz 
23. M squnits — 25. 3$ squnits — 27. K40V5 — 20) sq units 29. 3; 4(3—4V3) — 31. E 35. $4,933.33 


Review Exercises for Chapter 6 (Page 328) 
1.-8Z 3.4,00,656,560 7. 393 9. $(V14 — V2) 11. # (40 VIO — $4) 13. 82 — 15.2 


4 
19. 4V5 =| VSddx—ibdx <9 21. 18squnits 23. #squnits 25, 22304 
1 


175 29. $1072 


Exercises 7.1 (Page 338) 


1. € sq units 8. 4 squnits 5. ¥ squnits 7.%squnits 9. $V2 sq units 11. 7z sq units 13. 4 sq units 
15. $% sq units 17. S sq units 19. $squnits 21. 12 sq units 23. '$*squnits 25. 64 sq units 27. (a) yp? sq units; 


8 
(032. 29.—-; 


Exercises 7.2 (Page 344) 


1. 64v cu units 3. 247 cu units 5. 3845 cu units 7. 34887 cu units 9. $1? cu units 11. 4427 cu units 
13. 44227 cu units 15. Sc cu units 17. 1807 cu units 19. 487 cu units 
Exercises 7.3 (Page 348) 


9. ir cu units 11. dm cu units 13. $c cu units 15. $$v cu units 17. ł¥ ma? cu units 19. £z cu units 21. 2347 cu units 


A-26 ANSWERS TO ODD-NUMBERED EXERCISES 


Exercises 7.4 (Page 352) 

1. $V3r? cu units 3. $r? cu units 5. dabc cu units 7. 1944 in? 9 $r? in? 

Exercises 7.5 (Page 355) 

1. 180 in.-Ib 3. 12,000 in.-lb 5. 6562.5w ft-lb 7. 2567w ft-lb 9. 100,000 ft-lb 11. 4500 ft-lb 13. 2V3 ft 15. Mw sec 
Exercises 7.6 (Page 359) 

1.320» lb — 3.64wlb | 5.225wlb  7.3:9*wlb 9.192wlb 11. 11,250V3w lb 13. 250 V409w Ib 

Exercises 7.7 (Page 364) 

1.4 3. 6 5. 171 slugs; 5.92 in. from one end 7. 25 slugs; 5.33 ft from left end 9. 16 slugs; 5 ft from one end 


11. m x* slugs/ft 


Exercises 7.8 (Page 373) 

12,4 5(,0 7(,9 9 GE)  1.(,-D — 13. dp 15.225wlb 17. 16,000w ft-lb — 19. (2,0) 

23. The point on the bisecting radial line whose distance from the center of the circle is 4/37 times the radius. 25. $r? [m + 4] 
Exercises 7.9 (Page 380) 


1. (0, $,0) 3. (6,00 5. (8, 0,0) 7. (2, 9,0) 9 (0,4,0) 11. (0, 4, 0) 13. (is, 4, 0) 15. (2, $p, 0) 
17. on axis, 2h units from vertex 19. (H,0,0) 


Exercises 7.10 (Page 387) 


Ba? — (a? + 3p2)? 


Ba? — B3 11. 4V3 


1. 4 3. #8 — 5. a (97%? — 125) 7. 12 9. 


Review Exercises for Chapter 7 (Page 387) 


13,600 
> a3 


1. d$ sq units 3. 1004in? 5 wr ft-lb 7. %squnits 9. 3m cu units 11. $v3 13 (22,38) 15. (8,4) 


17. 28 slugs; x = X* 19. 22a cu units 21. 90 ft 23. *2wa ft-lb 25. 400 ft-lb 27. szol (2251)? — $(10999)?/2] 
29, 378 lb 31. 4ar7h cu units 33. (0, 4) 


Exercises 8.1 (Page 399) 


8x — 7x 1+Inx# 3x? n -1 1(y7 —615(Qy9 — Ay? 2 

1. Tae 3. I- z 5. zz Te S41 9. (1 Vx - 1) 11. $(x7 + 1)^9^(83? — Ax* + 15x? + 10) 
r x ln(x — 1) 2xVx +1 xy +y 

13. #(3x +4 +1 -2)]^? 15. + 17. 19. In |3 — 2x|? + C 21. In |I +C 
3(3x )[(x )(x )] VEIT xi—] xy x n | x| n [In x| 


23. 4 In? 3x + C 25. xi + 4ln | 2—4| - C 27. In 5 29. iln? 31. sgn t(1— ell) 
Exercises 8.2 (Page 403) 


11.2—21In22x —2y 13. In 4 sq units 15. 2000 In 2 lb/ft? 17. Inx=—} 19. In 16 slugs; x= uu = 
Exercises 8.3 (Page 414) 


1. f! (x) = Wx; domain: (—9, +%) 3. no inverse 5. f(x) = icy domain: (—«, 2) and (2, +%) 7. no inverse 


4 4 
9. (a) fi(x) = V9 — x*; f (x) 9 — V9 — x*; (b) neither has an inverse; (c) Dey = ES D,x == 11. (a) f(x) = (b) f^ (x) T domain: 
z . "ON ae i : ea a 
(—9, 0) and (0, +œ); (c) Dzy = Y Dyx=— y 13. (a) f(x) = 37 (b) no inverse; (c) D..y a D,x ax = 3y 


15. domain: [0,+); range: [4, +~) 17. domain: (—2, 49); range: (0, +) 19. domain: (—«, +%); range: (—9, +) 


ANSWERS TO ODD-NUMBERED EXERCISES A-27 


x ifx <1 


21. f (x) = ET 23. f'(x) = b ifl<x<81 


od if x 81 
Exercises 8.4 (Page 422) 

2e7(x = 1) 4 e*(1 — e") y + 2yg* 
7. 3 9. ler + e) 11. 2x 13. x*(In xt+ 1) 15. e(er—1) Uem Vet + 3xy 


21. e"— e* - C Moran 25. e* —3 In(&^ - 3) - C 27. & 29. à(e* — 1) 33. 2y+x=1+In2 


35. (e? — e? — 4) cu units = 1.627 cu units 37. —10.408 lb/sec 39. Tze 41. (e? + 4) ft = 20.586 ft 
43. dmw(e? — e^9) ft-lb 
Exercises 8.5 (Page 429) 


5. —6xe 9^ 19, —1e2-50 + C 


logio * 
x log, e (logi, e)? as 
9. 5Inn3 e&* 11. 29*3*7(5 In2+ 8x In 3 13. —— 15. — = oo 19. xv-am(1 +41 
( ) xi 2x Vlog, x (x t 1) logy(x +1) ^ ( žIn x) 
1 a ane ate? 10% 2307 
21. xe? (Inx += NU OY à l ; 
xe (in x 1) 23. ae (6x+6In2) 25. 4C 27. e aote an Sec 


33. (4In2+1)x— (81 2- 4)y c 4-0 35. (a) 61 sales per day; (b) 2.26 sales per day 37. 2.999 
Exercises 8.6 (Page 435) 


1. 8000V2 = 11,300 3. 43.9g 5. 68.4 years 7. 69.9 9. 102 sec; (b) 42.1? 11. (a) 964%; (b) 67% 13. 118.7 
15. 15.9 years 17. 15,000 years 


Review Exercises for Chapter 8 (Page 436) 


1 4 In x? x logio e 


x tx 


eros [1 
: 1 5.0 7. (xy? te [ete Int x +e" In | 9. łIn(1 +e") +C 
logi py G5 — 1) 


yet tel 


SUE 21. In 5 slugs; 


1 ast 2 
= (ert < (3.90 1/2 e 
11. Gace j*c 13. 3In2 (3-2*- 4)? +C 15. $(e® — 1) 17. ł ln 4 19. 


4—1n5 
In 5 


(—%, +0) 31. f(x) 7 Vx domain: (—*, 0) and (0, +) 35. 3000 In # in.-lb 37. 8.66 years 


ft from one end 23. v=et—et+1;s=e+et+t 25. q«(1—6?);àm 27. 8212 years 29. g(x) — —e*; domain: 


Exercises 9.1 (Page 446) 

7. sin 3t = 3sint—4 sin? t 9. (a) V2— V3; (b) $V2 + v3 11. (a) $ V2 + V3; (b) 4V2 — V3 13. (a) —cos t; (b) —cos(ta — t); 
(c) —cos t; (d) cos($« — t) 15. (a) cos($« — t); (b) —cos t; (c) —cos(47 — t); (d) —cos t 17. (a) t= (2n + t)r, where n is any 
integer; (b) t= 2n, where n is any integer 19. (a) t= (2n +4)a or (2n + 8), where n is any integer; (b) t= (2n + 4)z, where n is 


any integer 


Exercises 9.2 (Page 454) 
E sin Vt cos 5x 1+2 cosx 


1.4 3. 2 5. $ 7. 12 9. 6 cos 2x 11. 3 cos 6x 13. i 15. 5 zu br 17. QE cos x)? 19. 3 cos x cos 2x 
2 in2 4 142 2 + in2 
21. (sin x2)** (4 In x sin x? + 8x? e 2) 23. (cos x)sin = (- amr, cos x In cos x) 25, OS X Bara ee II 2 sin’ x 1 
sin x? cos x cost x V] + cos? x 
: ae. 35. decreasing at the rate of ṣẹ rad/sec 
sin(x—y)—1 


Exercises 9.3 (Page 459) 
1. 2 sin x— 3 cos x+ C 3. —ee5 7 4C 5. cos(cos x) + C 7. $ cos?x —cos x + C 9. ix — 1 sin 2x + d sin 4x + C 


A-28 ANSWERS TO ODD-NUMBERED EXERCISES 


11. ł4x+ł4sinx+C 13. —3 cos? x + 2 cos? x — 4 cos? x+ C 15. it +5 sin 12£t- C 17. 4 sin? 3x — 4 sin? 3x + C 


19. 4 sin 7x +4 sin x - C 21. x — sin x — d sin 4x + d sin 5x — js sin6x + C 23. 1 25. 4 27. i 35. Í volts 


37. 2 sq units 39. $m? cu units 


Exercises 9.4 (Page 469) 


5 . 

3. 2x sec x? tan x? 5. 2 tan 2x 7.— Ila 9. 2 sec? x —sec x 11. —3? csc(£ + 1) cot(# + 1) 13. 4 cot t cs t 
cot 3r 

15. 5 sec 5x 17. 3* sec x(In 3 + tan x) 19. (sin x)'?? "(sec x In sin x + 1) 21. = = (sec? x + sin? x — 3 cos? x) 


23. -cs@(x+y) 25. tantx 31. y= V2(x+1—ł7r) 33. 5V5 ft 

Exercises 9.5 (Page 473) 

1. (a) #; (b) 49; (c) —4; (d) 3; (e)s 3. 26°, 45°, 109° 5. 3x— y +7=0;x+3y—11=0 9. —}4— }V370 

13. (4(1 + 41) m, 3 V2), where n is any integer; 109? 30’ 

Exercises 9.6 (Page 478) 

1. 41n |sec 2x] - C 3. ay In |csc 5x? — cot5x?| +C 5. —$3ces? x —-In|sinx| +C 7. —àcotóx - C. 9. dtan x Fd tan? x - C 


11. —4 cot? 3x — 4s cot? 3x + C 13. {tan 3x — cot 3x) + C 15. x 2 tan łx + 3 tan? ix + C 17. —5 cot? 2t +4 co? 2t —4 cot 2t 
—t+C 19. u-2tantu+C 21.—4csc x C 23.41In2 25.38 27.4 31. In(2+ V3) 33. 40 


Exercises 9.7 (Page 484) 

1. (a) —kmr; (b) m; (c) —m; (d) $a; (e) m; (£) —b 3. (a) #2; (b) 3V2; (c) 2 V2; (d) $V2; (e) 8. 5. (a) —4 V5; (b) $ V5; (c) —4; (d) V5; 
()—3V5 7. (a) V3; (b) 3V21 9. (a) łm; (b) —4r; (c) m; (d) ĝm 11. Hà — 13. HL + V10) 15. s&(48 — 25 V3) 

17. (4 V10 + V5) 


Exercises 9.8 (Page 489) 


3. uw 5. WVERTY 7. rie 9. sin 2y + as 11. csc + VEMM 13. VE, a 
=a 19.0 2Lcot!x 23, —e- a 25. Seren 27. 3b mi/min 29. 0.078 rad/sec 

31. 8 ft/sec 33. EE 

Exercises 9.9 (Page 493) 

f ; tan” 5t C 9 E sin” EU x+C  lLisin'(i7)tC 13. E tan^! (=) +C 15. 2 tan! Vx+C 


17. E tan"! A) +C 19. cos?! ( =) +C 21 cos" ( +) vV3-2x-X3 4C 23. sin (m) Vi-2x-xXx +C 


25. $(x + 2)? -$1n(232 — 4x + 3) — V2 tan? V2(x -1) -C 27 imctiln2 29.40 231 tan!'e—im 833. dor 


35. 5" $102 
T 


37. 2mr 39. s=5 cos 4t; amplitude = 5, period = 37 


Exercises 9.10 (Page 501) 


4 4x+1 


17. 5 sech? 5 19. e*(cosh x + sinh x) 21. 2 csch 2x 23. 2x sech x? 25. xh z—1(x cosh x In x + sinh x) 


31. In? cosh u + C 33. zH sinh 28x + zx sinh 14x + x + C 35. 4 tanh 3x — $ tanh? 3x + C 37. 2 cosh Vx - C 
39. 4 cosh? 2 — cosh 2+ $ 43. a? sinh A sq units 45. v = e *'?[(B — cA) sinh t+ (A — $cB) cosh t]; 


a = e t 2[ (A — c?B +4cA) sinh t + (B — cA + 1cB) cosh t] 


ANSWERS TO ODD-NUMBERED EXERCISES A-29 


Exercises 9.11 (Page 507) 


2x 4 1 2 4 2x 
11. In(3 - 1 V17 13. ààn3 15. ———2 ž 17. 19. 21. x (cosh ms tU) 23. 
nikte V1) fn E 1— 16x: 2x + 3x2 Vx*—1 [sec x| 


25. —csc x cot x 27. sinh x 


Review Exercises for Chapter 9 (Page 507) 


cos 4x 1t 1.1 2* n2 2w? 
1. 3.2 VTL — m 9. +> 11. 13. 2w sinh! 2 € 
i (sin 4x)? s93 x x PS x 1+2 rU ur 4w? +1 
(tan x)” (x sec? x — 2 tan x In tan x) 6xy — 9y! — xty? 2 4x -3 
15. oS 19. dsx — 3 sin? x — d; sin 2x + C 21. —= tan! ——- +C 
X tan x 3x? + 18xy? + 2x!y ee ares VI VBI 


28. x &tan$t--C 25. 1cos2x —43& cos 8x 27. $48 29. ĝm + V3—2 31. In(2+ V3) 33. 106°, 90°, 112°, 52° 
35. tom hr; he walks all the way. 39. V3— im 41. ir—1 43. v —- 2V(s—5)(3— s); a — 4(4 — s) 45. (a) 120 rad/hr; 
(b) 60 rad/hr 47. & 49. T-2«,P-—200 51. VA? +B? 


Exercises 10.2 (Page 516) 


1. x(Inx — 1) 4 C 3. x tan x + In |cos x| + C 5. x sin! x+ V1— x! - C . $tan! x(x - 1) - ix +C 
9. de*(cos x+ sin x) +C 11. ~x V1 — x? — (1 — x2)?! ? + C 13. (x? +2) cosh x — 2x sinh x + C 15. 1 sec? x tan x 
— é[sec x tan x + In(sec x + tan x)] +C 17. & 19. 3(3e4+1) 21. (e874 +1) 23. 4(7 — V3) 25. (e -- 1) sq units 


E 7 ft from one end 31. (£v — 4)w Ib 33. (1 — 9e7*) ft-lb 35. $33,600 


e$ — 


27. $m (3e* + 1) cu units 29. 2(1 — e*) slugs; 


Exercises 10.3 (Page 521) 
-— 1 = i2 = EE 
L-A" e 4.09 7-44. 6 holds p-va-r Sec 7. Hsin ut uw V1— i) +C 


4x ^ x 3 "5 
9. 32 sin! (4x) — 4(16 — x)? (8x — x3) + C 11. -ix(4x?—9)! + C 13. In |x +2+ Váx - xil - C 15. AE 
tan x - ; 
17. a art C 19. 188 — 24 V3 21. &pV3—4 — 23.4cos4— dm 25. Sm 27. (In 3 — 8) sq units 


29. n32V84 VIO- V2—1)+ VÕ- VŽ 3l. (o tas o) 33.s— sinkt — 35. ($r +3V3)w Ib 


Exercises 10.4 (Page 529) 


x--2 
x+2 


Cx* 2x 4- 1)? 


x= T) 


—i4C 9.—(x-2)7*4C 


l 3x 


In 


1 
7.gln 


1 x+3 1 
“4 


Fear. -d[Go3*G-1?)]eC 15m 2)( 1)? 


d |*c 3. In |C(x—2)2(x+2)5} 5 


3 11 
1. ZFT 5 In |x t 1] In [2x +3] +C 13. 


au. din cor ott — 2 = 22 font t — i 
38x + 2) z] 6 17. 4In¢—-# 19. -2- In 4 21.-41In5+13In2 23.]1níá—3à 25. In 45 sq units 
u 81n3—8 2 31 
27. 2n(2+6In3—2In2) 29. ERI ‘SUR INS) 5) 31. H 33. 7.4 Ib 


Exercises 10.5 (Page 533) 


1.3 in (<) ean 
2" 0:11 


2x —1 1 1 Cx 1 2x *1 
tan! 2x + C 5. In |x — 1| + tan! x - C 7. (in ) tan ( ) 

mesi mo ye E^ DER 25 x4Xxt1 VAS v8 

Evo 


v tC 13. 4 tan^! £x 


2 
9. in ( cx je aie ar 11. 2e |9x? + 3x + 1| = in |3x — 1} 


tan^! ( 
x1 2 


5 
+ 
9V3 


+ x(4x® +9) +C 15. In |1 + tan x| + 2 tan- ( tan x *) +C 17. 6 In 2 19. n -21n i$ 21. iv 23. 4 In 2 +r 
v3 v3 
1 7 (4, + 1)* EL 
25. $ In 2+V3m 27. $k In 2 slugs 28/80. tin (12) 212-5 


A-30 ANSWERS TO ODD-NUMBERED EXERCISES 


Exercises 10.6 (Page 538) 
1. sinh! ix + C— In ¿(x+ Vx! c4) - C . $cosh! x + C — & In(x? + Vx —1) - C 


S — tanh! (łx) +C iflx| «$]. 1 1 ER sin x + E) Le 
` {dk coth! (3x) +C if |x| > 4 4+3x V3 


, sin x 


+C in ( 
3 


== +C 7. sinh 
24 


1 x+2 
gen ( jee if |x 4 2| < Vb 
š V6 V6 | | 1 V6+2+x 5 + V21 1 1, 74 V40 
. 1 x2 -5yg = ar eee hen T1. In 34 v8. 3. In 3 15. 3 In 44 V7 
— coth^! (E +C if |x+2| > V6 


v6 v6 
Exercises 10.7 (Page 541) 


V2 + tan x 
v2 — tan? x 


)+c 11. 2 tan! (2 + tan$x) +C 13.1ln3 15. 2V3In(1+ V3) 


1. 2 tan! (à tan $x) - C 3. —In |1 — tan ix| + C 5. $ In |tan àx| ^ 1 tan? 3x + C 7. 2V2 In 


1 
9. 2 tan! (tan 1 x) v5 In (2 ai ET 


2 3 V5 — tan ix 

17. 4V3 In(1 + 3 V3) 

Exercises 10.8 (Page 543) 

1. 59? — 3x 18 Vx —54In(3- Vx) +C 3. In dc 5. —2VI * x +2V2 In MEY {+e 7. $(x—2)29 
14x41 1—x 

-3(5-2) 9431 [| (x—2)"™|+C 9. 2VE 2 VF ca Vi In [22— VE 003-2 ipee 

11. 3 tan! Wz+— 7X (C — 13 2:0 (r4 VATA 1) 4C 15. In (SS) 1.4—213 19. Inf} 

1+ Vx x+2+2V1+x+ 2 


21. 4(54 — 203) 
Exercises 10.9 (Page 548) 


1. approx: 0.695; exact: In 2 ~ 0.693 3. approx: 4.250; exact: 4 5. approx: 0.880; exact: In(1 + V2) ~ 0.881 7. approx: 1.954; 
exact:2 9. 0.248 11. 1.481 13. 3.694 15. —0.007 x e, x —0.001 17. —.05xe;x0 19. —s5e < er <— tko 
21. 0.882 23. 3.010 


Exercises 10.10 (Page 554) 
1. by Simpson's rule: $; exact: $ 3. by Simpson's rule: 0.881; exact: In(1 + V2) ~ 0.881 5. by Simpson's rule: 0.6045; exact: 


dv V3 ~= 0.6044 7. 6-0 9. x0 11.1445 13.0.83 15.1402 17. ah 19. dah, (rd t ri + rn) 


TS 
———— xe 
233,280 e 
21. (a) —0.0962; (b) —0.0950; (c) —0.0991 
Review Exercises for Chapter 10 (Page 555) 
1. 4— th sin 16x + C 3. C2VA— e" - C 5. (x -1)tan! Vx— Vx+C 7. ix ^ $sin$x C 9. In|x — 1] - 2(x — 1)! 


— (x—1)2 +C 11. 4 sin 2x — $ sin 4x + C 13. 31n | 


1/3 
Tum 15. 4 tan 3x — 4 cot 3x +3 In [tan 3x| + C 

g 15 , 
(f+2) t2. 
25. x sinh x — cosh x - C 27. je? (4 sin 2t + cos2t) + C 29. 4 tan"! (3 sin? x) + C 


+2 


17. 2t + In [oi 19. x— tan! x + iln I +C 21. dex — 1$z sin 12x — 414 sin? 6x + C 23. sin“! (C) TC 
x+1 V7 


-( Mos yu S eges cos x) +C ifn #0 


31. 3 33. —4 cse x cot x — $ ese x cot x +# In {esc x — cot x| + C 
C ifn=0 
35. 21n|y—2] —8(y—2)7 —2(y—2)* FC 37. —tan"(cosx) +C — 39. 2 sin! (5) Hd (b= 2) (at etC 


1 1 


+C 43. 4 sin"!($e*) +C 45. —15 cot? 3x — $ cot? 3x + C 47. ix sin! x - (x +2) V1— x2 - C 


ANSWERS TO ODD-NUMBERED EXERCISES A-31 


= (x2 + a?) 32 


49. tan"(cosx) +C 51. $ sec™ |2 sin3ł| +C —.53.— “Zag tO — 55. V2t — V1 —2t sin! V2t+ C 
v2 tan x — V2 tanx+1 v2 v2 
57. 4V2 + Vx-1(Vx-1-4)+C 59.1 +—tan(V2¢ — — tan?! ( V/ 
( ) n MEE IRSE ERE] z tan ( anx—1)+ 2 tan! (V2 tan x - 1) - C 
x"*! In x xy"! 
FC i — 2 
61.) n+t1 (n+1)? ifn~—1 634 6.341428. 67. 8 -8V2 69. 38 — 4m nt 73. 1i— iIn2 
il?x-c-C ifn ——1 
75. a (4r — $ V3) 77.1Il$— àv 79.5 81.4+In$ 83.4  85.1—i1ln3 87. sm 89. V3—4$In(2+ V3) 
1— 3e 


91.kIn# 93. 288 — 95. (a) 1.624; (D) 1.563 99. 9V2—3V5 + $In(2V10 + 3V5—4V2—6) 101. ( 


. 4/2e+1\ . 4 (58-2 _ 18 —17 Y 
105. 3-5 (& FF ) I= (= - ) 107. (a) x — 300 (=F TESE m) (b) 35.94 Ib 
Exercises 11.1 (Page 563) 

1. (a) (4, $7); (b) (4, $0); (c) C4, 10). — 3. (a) C2, $8); (b) Q, $8); (©) (72, ^4). — 5. (a) (- V2, $9); (b) (V2, 4m); 
(© (-V2,—$m) | 7. (3,47); (C3, 12) 9. (4,550); (4,850) 11. (72, 80; (2, $2) — 13. (a) (C3, 0); (b) (C, 71); 


(c) (2, —2 V3); (d) (0, 2); (e) (—V2, V2; ©) (àV3,—3 15. r= al 17. ee eee ns 


1— cos 8 


30,0) 103. 3w Ib 


21. r= 3a sin 0 cos 0 
$ 2(sin? 0 + cos? 8) 


Exercises 11.2 (Page 571) 

41. 6— $0, 0 — $v 43. 0— im, 0— dv 45. —1 

Exercises 11.3 (Page 576) 

1. (4,42); ($7) — 3. pole; (V2, 13) 5. (be, dem) — 7. (1, r); (1, $0); (2, $9); (5, $0); pole — 9. pole; (V2, &Qn + 1)m), 


23. (+y?) =4xy 25. (8 - y 27, G8 y —4(x — y!) — 29. 4x — By? — 36y — 36 = 0 


wheren=0,1,...,7 11. pole (V15, cos! 4); (V15, -— cos 3) — 13. (6, èr); (6, $m); (2,377); (2,447) — 15. pole; 
(4V2, 2n + 1)r), wheren -0,1,. . . ,6 


Exercises 11.4 (Page 579) 

1. 2v 3. 153? 26' 5. 38? 9' 7. ia 9. iv 11. iv 13. 0 at pole; 1v at (1, 7); $a at (1, 0) 15. 0° at (0, $77); 79° 6' at 
(4V3, a); 79° 6! at (-$V3, bm) 

Exercises 11.5 (Page 584) 

1. £v 3. 4v 5.4 7. 3a 9. Wa — 42 sin! 4—3V2 11. Ya — X V3 13. fr — 9 15. a?(2— 47) 17. 4(m— 1) 
19. 4 21. 1627? 

Review Exercises for Chapter 11 (Page 584) 


ett" — 1 


4k 


1. r=9 cos 6 — 8 sin 0 3. Ax! + 8x! y? + Ay* + 36x° + 36x% — 81y7=0 9. 0—i« 11. (ym +4V3) 13. 


2 
15. r= ——Z——-———; 17. no points of intersection 19. bc, bm, $m 21. 16r — 24 V3; 327 24 V3 
sin 0 — v cos 0 
25. (a) 4r sin 0 — r? co? 0—4; (D) 2 —4y —4 
Exercises 12.1 (Page 590) 


1. 3x2 — 24x +4y?=0 3. 8x —24x— y!-- Ay —4—0 5. 162 + 4xy + 19? — 152x + 116y+496=0 9. e= 1: y=0;e <1: 
x y? x y) 


Exercises 12.2 (Page 597) 


5. (a) 1; (b) parabola; (c) r cos 0— —2 7. (a) % (b) ellipse; (c) r sin @=5 9. (a) £ (b) ellipse; (c) r cos 0 = —3 11. (a) $; 
3 


TUS . inen. in@=— TEES NE EIAS: ME 
(b) hyperbola; (c) 2r sin 8— —3 13. (a) #; (b) ellipse; (c) r sin 8 5 15.r 17. r= 12sin6 


1— sin 8 


A-32 ANSWERS TO ODD-NUMBERED EXERCISES 


19. 4$ V37 sq units 21. (a) r— do? (b) 20,000,000 miles — 23. r? = 


a’(1— e) 
1— e? cos? 0 


Exercises 12.3 (Page 603) 


1. vertices: (+3, 0); foci: (2 V5, 0); directrices: x = -2 V5; e = 1 V5; ends of minor axis: (0, +2) 3. vertices: (+3, 0); foci: (+V3, 0); 

directrices: x = +3 V3; e = $V3; ends of minor axis: (0, + V6) 5. vertices: (+2, 0); foci: (+V13, 0); directrices: x = 2-15 V13; 
—1V13;2a—4;2b—6 7. vertices: (+4, 0); foci: (41%, 0); directrices: x = +74; e = 52a — 4; 2b =} 9, 9x! — 4y? = 36 

11. 16x? + 25y? = 100 13. 32x? — 33y? — 380— 0 15. 2x + 3y — 12-20 17. 7x3 — 4y? — 28 19. 15$ ft 21. 34% 7 in? 

23. the right branch of the hyperbola 16x? — 9y? — 14400 25. mab? 27. 2400w ft-lb 


Exercises 12.4 (Page 611) 
1. e— à V3; center: (2, 3); foci: (2+ V3, 3); directrices: x=2+3V3 3. e=4$V10; center: (0, 3); foci: (0, 3+ to V170); directrices: 


(x—4)? | (y+2)? — (y—3)? (x +1)? 
3 g ae 48 


y =} + 4 V170 5. point-circle (—$, 4) 7. 3x? + Ay? = 300 9 


(x — 1) P (y +5)? 
i 64 39 
Exercises 12.5 (Page 618) 
1. e= V3; center: (—3, —1); foci: (—3, —1 + 3$ V6); directrices: y =—1 + 3V6; asymptotes: +V 2x + 2y +3V2=0 3, e= 1V7; center: 
(—1, 4); foci: (—1, —3), (—1, 11); directrices: y = 0, y = 8; asymptotes: +2x + V3y + 2— 4V3 =0 5. e = 4V13; center: (1, —2); foci: 
(1, —2 + V13); directrices: y — —2 + 4& V13; asymptotes: 3x + 2y + 1 =0, 3x —2y —7=0 7. 25x! — 144y? = 14,400 

(y*1* (+2) , (x*37?  (y=1)? _ (y-5? (x—2y _ 


144 81 e 36 81 t iu 4 12 


Exercises 12.6 (Page 623) 
3. 164 — 9x? = 36 5. y? — x — 16 7. 9x! + 4y? = 36 9. 3x + y? = 18 11. X" + 49" = 16 13. x'? — 49"? = 16 
Review Exercises for Chapter 12 (Page 623) 


15 


1 17. 187w lb 


9 1 17. (3, 4) 


M DOCE 
-1—3 cos 6 l 1— sin 6 
11. (a) e = 4; (b) ellipse; (c) r sin 0— —2 13. (a) e = £ (b) hyperbola; (c) 3r cos 0 = 4 15. e = 1 V3; center: (—3, 8); foci: 

(—3, 8 + 2 V3); directrices: y = 8 + $ V3 17. e= V26; center: (—1, 3); foci: (—1 + V26, 3); directrices: x =—1 + zs V26; asymptotes: 


5x*y42—0,5x—y-8-0 19. 2172—4992 =72 21 "1-13 23. 4V3na% — 25. 600 miles — 27. (33-3 V6) million 


1. 9(x — 1)? + 5(y — 2)? = 180 3. 32— y? —3—0 5. 49(x + 39)? + 16(y — 3)? = 576 7. r 


miles 29, 16x? — 9y? = 1,440,000 
Exercises 13.1 (Page 633) 


1. à 3. ba 5.1 7. 2 9. 0 11. —4 13. In å 15. i 17.1 19. 3 


Exercises 13.2 (Page 638) 
1.0 3. 0 5.1 Tey 9.1 11. 1 13. 1 15. & 17. e* 19. e 2], 2:153 23. 
Exercises 13.3 (Page 642) 


cud 
In 25 


23, n— £5; ilni 


Exercises 13.4 (Page 646) 


[C 
M 
9 
No 
N 
N 
N 


1.1 3. 5.1 7. divergent 9. 2 11. 1 13. divergent 15. (a) divergent; (b) 0 17. 0 19. im 21. iv 


1.2 3. divergent 5. divergent 7. divergent 9. divergent 11. divergent 13. 0 15. divergent 17. 0 19. iv 


i ; ._1 ETE 
21. (a) divergent; (b) 0 23. n <1; "EN 25. n 2 —1; (n1) 


ANSWERS TO ODD-NUMBERED EXERCISES A-33 


Exercises 13.5 (Page 652) 

1. P(x) = $+4V3(x — bm) — 3x — de)? — 4 V3(x — 4r)’; Ra (x) = d: sin E(x — $77)", E between dv and x 3. P(x) =x - dx*; 
R,(x) = 4$s cosh éx, £ between 0 and x 5. P3(x) = x— 1—3(x— 1)? + 4(x— 1); R(x) = 4£*(x— 1)*, £ between 1 and x 

7. P(x) = —In 2— V3(x— ia) — 2(x — a)! — 4 V3(x — $7); Ry (x) = —tk(2 sec? E tan? £ + sect £) (x — 42), £ between $7 and x 
9. P3(x) = 1+ $x + $x? — t£; Rg (x) = 3is(1-- £) 9?x*, é between 0 and x 11. 2.71828 13. 0.515 15. 0.1823 19. 12» V2; 


1 ou T 
lerror| < zs V2. 21. x = ZO Fm) 
Review Exercises for Chapter 13 (Page 653) 


L% 34 5+% 7.1 9. 0 11. 1 13. e 15. divergent — 17. $ 19. divergent 21. łm 23. divergent 
25. Pe(x) = 1— x? dix! — rox"; Ro(x) = ozro sin éx? 27. f'(0) 2$ — 29. (a) no; (b)O 31. |R,(2)| < 4dz = 0.005 33. 9 
35. S£ sq units — 37. $152,500 — 39. (b) 0 

Exercises 14.1 (Page 661) 

5.% 7. divergent 9.0 11. 1 13. divergent 15. divergent 17. e!? 19. 1 


Exercises 14.2 (Page 668) 


1. increasing 3. not monotonic 5. decreasing 7. not monotonic 9. increasing 11. decreasing 
Exercises 14.3 (Page 678) 

zc Ul = In (—); di .nnt2) er uud 1 Sl 
1. Sp = 1419 3. s,— In G F j divergent 5. Sp (n+ 1)? 1 7. » Gn—2)G0 4 1) 3 9. 2 2» 0 
13. divergent 15.2 17.1 19 —- 21. divergent 23.3 25. divergent 27. H1 29. whe 


Exercises 14.4 (Page 687) 


1. convergent 3. convergent 5. divergent 7. convergent 9. divergent 11. convergent 13. divergent 
15. convergent 17. convergent 


Exercises 14.5 (Page 691) 


1. divergent 3. convergent 5. convergent 7. convergent 9. convergent 11. divergent 


Exercises 14.6 (Page 699) 


1. convergent 3. convergent 5. convergent 7. convergent 9. |R] «à 11. |Rj] < er 13. 0.113 15. 0.406 
17. absolutely convergent 19. absolutely convergent 21. divergent 23. absolutely convergent 25. absolutely convergent 


27. divergent 

Exercises 14.7 (Page 706) 

1(e4e) 3. [-LE] 50 769,97 9(,2] 1L C23) 13. C11] 15 (-e,e) 17. [46 
19. [21,1] 

Exercises 14.8 (Page 714) 


1. (a) r=1; [71, 1]; (b) $ zu (c) [71, 1) 3. (a) r= t [71, 1); (b) » Vax"; r= 1; (c) (-1, 1) 5. (a) r= «9; (—9, +0); 


S Hia ae 2 S acie E. , 
(b Y, (71) Qn- 3j ()Cc9,*-) 7. (a) r=3; [2,45 (b) Y gw ——r-3(0(2,4 9.1 Y n(n 1)? 


+o 


11. » (-1)"(n+1)x" 13. 0.60658 15. (a) 3 mn e$ m 17.2 19. (a) y Cay m n $5 


n-0 n=0 


A-34 ANSWERS TO ODD-NUMBERED EXERCISES 


Exercises 14.9 (Page 722) 


1. 0.4854 0.7468 — 5. 02483 — 7. 13179 9.02450 11. 5 2L 15 w Gum 
. 0. 3. 0. . 0. 4 olu . 0.245 Emii um On +I 


Exercises 14.10 (Page 730) 


+% (x— 2)" +00 _ (x— 1)» +00 E 1:3-.5-....- (2n —3)(x— 4)" 
7. In 24 jr! 9. 1) ;R=1  112-4(x—4)42 V (1)! ; 
PE ) n2" P ) n ue P 2-4-67... (2n) xd 
3f n-i 2u 
R-4 131-48 - i) - Aa tn)? + VB t Grm Rat3e 151 CT 


“ust 
17. (a) x - 3x? + x5; (b) 1 + + dx'; (c) t +x + Ax 19. 0.5299 21. 1.97435 — 23. —0.2231 25. 0.0415 — 27. 0.0048 
29. 0.2397 31. a, = 3; a = —5; a = 2; a, = —1; = 6 


Exercises 14.11 (Page 735) 


(ow C1" (-1)-1:3-...- Qn—3) a. S C1" tx C1":1:3:5-...: Qn-1) . 
L1+> 2o mi Don 2 5.145 2n x1 
nai n=0 n=1 
ZC10)'1:3:5:...: Qn -1) anı 
d . 4.8989 1. 5. . 0. 15. 0.5079 
7. UE 2nlQn 4 1) x 9. 4.898 1 010 13. 0.3361 


Review Exercises for Chapter 14 (Page 735) 


114423 305£i51 5. 1,3,1,3;nolimit 7. convergent 3 9. divergent — 11. convergent; 2 13. convergent; 4 
15. convergent — 17. divergent 19. convergent 21. divergent 23. convergent 25. divergent 27. absolutely convergent 
29. conditionally convergent — 31. divergent 33. absolutely convergent 35. [—1, 1) 37. [-3, 3] 39. x23 41. (—7,5) 


tx n Ld 2n 
43, 0.1973 45. 5.0658 47. 0.9986 49.0024 51, S EA" v os ee) 53, AX cy STD 
e n (2n +1)! 


n=1 


enti. (—9, +2) 


+o tu à (3x + T)? 
m 2 CD" ^n - 19 
Exercises 15.1 (Page 741) 


15 32 5 VII 7.(,9) 9.(3,0) 11. (4,-4) 13. (2, -3) 15. (—2, —7) 17. (5,6) 19. (—4,3) 
21. (12, —5) 


Exercises 15.2 (Page 748) 
1(-1,9) 3(,—5 5 (2,2 7. (7,3) 9. (~9,—4) 1L. (V2, V3 17.(a(,—2)(b)(1,—2) 19. (2,7) 


"m 11 4 
21. V74 23. V1061 — 25.—2i-4 27. V221 29. VI3+ V17 31.3V13—-2VI7. 33. i +—==j 3.h= 
di vaya zi 
k=3 37. (aiv2i—iV2j (b) —li + 3 V3j; ©) —i; (d) j 
Exercises 15.3 (Page 755) 
110 3.—1 1L.454VÀ 13-8 1510 17. (@)0;)nok 19, —29 P 85683 oy. A VITA + Vj; 4 VTi 
-V17  23.—34i--19j — 25. 8$ V50 27. (a) 24 ft-lb; (b) 24 V3 ft-lb 
Exercises 15.4 (Page 763) 
; 1+In¢t (2+8) —(1+1nt)(2+4t+t) 
— — EY 44.4 + 
1. (~~, 0) and (0, 4] 3. [-1,1] 5. all real numbers not in (—4, 3) 7. $t; $ SED Pea p 
b b d 
11 =g ott- gst 13. (y-1)!-x 15. 25x —9y?=2235  lIZLy—l;x--1 19 2y +5V3x=20 21 A 0; 
d 1 e 
SH Fg 25, emp ya 31, 3mg 


ANSWERS TO ODD-NUMBERED EXERCISES A-35 


Exercises 15.5 (Page 770) 

1. 4j 3. 2i 5. R'(t) = 2ti + 2j; R” (t) —2i 7. R'(t) = 2ei + £'j; R' (t) = 4e5 — t^j 9. R'(t) = (1+ £) + (In 2)25; 
R” (t) = —2t(1 + ?)71 + (In 2)?24 11. Qt - 3 2? — 6t + 5)? 13. 20t 15. 8 sin 4t 19. In |sec tji — In |t]j + C 

21. (tlnt — Di - 6j C 23. ¿(m + t— $ sin 2t)i + (~r t3 sin 20)j 25. x! - y^ «1; 0 

Exercises 15.6 (Page 776) 


1.1+4V2In(1 + v2) 3. &[(40)92 — (13)32] 5. 6a 7. a[In cosh 2 4- In cosh 1] 9. 2u 11. 2ma 13. 12 
15. $a(0, — 3 sin 36,) 
Exercises 15.7 (Page 783) 
1. (a) 2ti + j; (b) 2i; (c) V37; (d)2 3. (a) i+ tan tj; (b) sec? tj; (c) V2; (d)2 5. (a) cos ti + sec? tj; (b) —sin ti + 2 sec? t tan tj; 
(c) & V91; (d) 1s VB49 — 7. (a) 2i + 6j; (b) 2j; (c) 2 V10; (d) 2 9. (a) 3j; (b) —4i; (c) 3; (d) 4 11. (a) i + V3j; (b) - V3i +j; (c) 2; (d) 2 
P TEN adt 
2-3, | 4—2t—t TE (a) 99625 fy, o) 320,625 
t—1 2 
19. 40°8' 21. 284 ft/sec 


Exercises 15.8 (Page 788) 


13. ft; (c) 1250 V2i — 1250 V2j 17. (25 + V631) sec; (20,000 V3 + 800 V1893) ft 


— 1 2t 2t 1- £ e 1 1 ; e ^ 
i - i j 3. T(t)= j; N(t) = + 
LTO -aypitegghNO=ayqitagy) 9 TOT vanppb NU mx yagi 


5. T(t) — —sin kti + cos ktj; N(t) = —cos kti — sin ktj 7. T(t) - — (1 + cott t) "i + (1 + tan? t)™?j; 
-—cos! t i sin? t 


Vain? t+ cosi! Vein? tF cosi! 
m 1 2t 3/2 

y=a G + 3a s) 

Exercises 15.9 (Page 795) 


1- 8|? 
aer V2 7.3  9.1v2 114v? 1. 


3/2 
N(t) = -m 9. 5 V37 13. x=2+coss;y=3+ sins 15. =a (1-2.,) ; 


(2 — x7) 32 15 2(x + y)3? 


14v2 31v2 5 FI 17. 4|a sin $¢| 


y a —-b b — a? : 
21. (3,9) 23. (-3,-1) 25. Hv? 27. 31. (0, —});2 33. (29 2) 35. ( — cost t, =A sin’ t) 


16la| 4p* 
Exercises 15.10 (Page 799) 
1. V(t) = 2i + 24; A( = 2j; T(t) = ee i + LEN) = i + j; |) = 2 TE AQ) =; 
n 4 Vite VIFTE” Pm VIFTE” ET NTE’ 
2 1 us =2 1 4 
==; K(t)= ; V(2)=2i + 4j; TQ) = EFA = 2j; N(2) =—2i+=j: =2V5; Ar(2) =; 
Ay(2) = mi K(2) ove 3. V(t) 7 —15 sin 3ti + 15 cos 3tj; A(t) = —45 cos 3ti — 45 cos 3tj; T(t) = —sin 3ti + cos 3tj; 
N(t) = —cos 3ti — sin 3tj; |V (t)| = 15; Ar(t) = 0; Ay(t) = 45; K(t) = 3; Vda) —^—15j; A 4r) = 45i; Tàr) = —j; NGT) =i; |VGm)| — 15 
REA pot mcg gH. v 1 2 1 ; gH ss Vet t1. ef. 
5. V(t) = ei— ej; A(t) = ei + e$; T(t) = Verri veri N(t) = are 1 Raat j; VO] = TE Ar(t) = e Vell 1 
2e! 2e 1 
(t) = ;K(t) = ;V(0) -i-j A(0) =i +j; T(0) -—zi——zj NO *t—xjlV(0)- V2; A«(0) = 0; 
Ay(t) very) era ps VO i-j A(0) =i +j; T(0) zi Zi (0) = Ji va! [V(0)] 7(0) 
Ay(0) = V2; K(0) == 7. R= 2i + 4j; if k = constant speed, Qi ppc ac c. T male Nie. 
: va di 7 BR Og igh Nee aa ET a” er 
eva 
duos DEA qe 
Review Exercises for Chapter 15 (Page 799) 
; 3 9.5 5 —38 
1. —25i + 63j . 722i 0 5. i E 9. h——i;k-i N= ; ll real i 7 
25i + 63j 3. —22i + 50j 92 7 vix! 706! h i i 11 VD 13. (a) all real numbers in [0, +œ) 


A-36 ANSWERS TO ODD-NUMBERED EXERCISES 


-1 2p2—1—1 
except t = 1; (b) ài + 4; (c) ;lt2uz zj 15. x = 12; y = 16; y = —16 17. $V37 + į In(6 + V37) 23. |at| 
(CE 193!" 2P2(¢—1) 
dy dy 1 —8 4t 6 e yar 
25. une ad depu eu AGRIC LA Li ecc Le eure ee 
andi 3a i T W5—16E£ AR ^" v25— l6E + dB Osage tagem) 
pak t 
N(t) -ini5 Sj 31. x  2(3s + 17 V17)?3 — 34; y = 4(3s + 17 V17)?? — 16? — 33. h = (v, sin a)? 
37. V(t) = 2 sinh 2H + 2 cosh 2tj; A(t) —4 cosh 2i + 4 sinh 2tj; |V(£)| = 2 Vcosh 4t; Ar(t) = SRRA. 4. (4) : 
Veosh At" Vcosh 4t 


Exercises 16.1 (Page 808) 


1. (b) (7, 2,0), (0,0, 3), (0, 2,0), (0, 2,3), (7,0,3), (7,0,0); () V62 3. (b) (2,1, 2), (-1, 3, 2), (1,1, 5), (2,3, 2), (—1, 3, 5), 


(2,1,5); (c) V22 5. (b) 3V77; (c) (0, 0, 0); (15, 18, 12), (15, 0, 0), (15, 18, 0), (0, 18, 0), (0, 18, 12), (0, 0, 12), (15, 0, 12) 
7. (a) 48; (b) ($, 1, 2) 9. (a) &; (b) ($, 4, 4) 11. (+4 V6, 4, 2) 17. sphere with center at (4, —2, —1) and r=5 19. the 


point (0, 0, 3) 21. no real locus 23. yi -(y—-1)? + (z+ 4)? =r}, |r| 50 
Exercises 16.2 (Page 814) 


7. (21,-13,-2) 9. (—25, —26, 5) 11. 7/59 —5V41 13. (-19, —16, —1) 15. (-6V91, —8 V91, -2V91) 17. a=b=0 


4 3 8 6 1 


3 


" P 7 1 EE | — Q1 1 2 1 1 
19. 89/ V89! V89 21. 89 759° 89 23. (3,0, —4) 25. 7(—$i Té + 3k) 27. V 14 ( i+ 
ad. af a eee ye 
29. cos^! Vg OF cos ! ( al 31. (¢,8,4) 33. (©) r=8,s=—-7,t=5 


Exercises 16.3 (Page 819) 


5. —44 7. —468 9. (88,196,128) 11.—8V6 13. (a)—3; (b) (2,1,-2) 19. 45 V22 21. 1V3 23. $ V6 ft-lb 


25. i 
Exercises 16.4 (Page 825) 


l.x-2y—3z-1-0  3.x—3y—4z2—3—0 5,3x+2y+6z=23 7. (-1,8; 75 1, —8) — 9. Gh, d, —#); Ch, 


v14 v14 j 


v14 


11. ($0 v C iro Vis) 13. 5x— 3y +7z+14=0 15. 2x—y—z+1=0 — 17 4y—3—1-0andz21 


19, —4$ 1. 446 23.1 
Exercises 16.5 (Page 831) 


gah ys x-4 yt5 z—20 x 
4 =3 772 1 3. x=4+t, y= 5+ 3t,z=20— 6t; I 3 CC 5. 18 


9. 8x —y — 66 = 0; 13x — 5z — 102 = 0; 13y —40z-42—0 11. 4x +y+3=0;3x-z+4=0;3y+42-7=0 13. & VO 
x-3 y—6 2-4 


15. 4x + 7y —3z+7=0 17. Ax + 2y —3z+5=0 19. 1 ^3 nr 21. £V70 


lx=14+4t,y=2—3t,2=1; 


Exercises 16.6 (Page 841) 


1. (7,13,-11)  3.—490 11. (9,-1,-23) 19 382 21. VE 23.9 28 27. E (itj—k) 29.20 


31. 5x —2y + 72 0 33. ii 
Exercises 16.7 (Page 847) 
9. y +z =4y 11. +4% +42 =16 13. y +z2=siņx 15. X —z?=4;zaxis 17. z= Vly[ y axis 
Exercises 16.8 (Page 854) 


1. ellipsoid 3. elliptic hyperboloid of one sheet 5. elliptic cone 7. elliptic paraboloid 9. hyperbolic paraboloid 
11. elliptic hyperboloid of two sheets 13. (a) |k| < t; (b) |k| > 1. 15. $m 17. 4rabc 


.) 


—i,H) 


ANSWERS TO ODD-NUMBERED EXERCISES A-37 


Exercises 16.9 (Page 862) 

1. T(t) = (5 + 95)? (i — 38j — 2k) 3. T(t) - $V3[(cos t — sin t)i + (cos t+ sin t)j +k] 5. V21+3+4In(4+ V21) 

7. V3(e —1) 11. R(t) =ti+e'j+te'k 13. T(1) = 4 VMi + $V14j + d VI4k; N(1) = —zssi — tts V266j + sts V266k; 

B(1) = ziv V14i — złe V14j + sie V14k; K(1) =ss V266 15. T(—1) = H(i + 2j — 2k); NC-1) = 4 Vbi — 4 V5j — 4 V5k; 
B(-1)*—£v5i—-iv5k; K(-1)—- V5 17. T(0) = $V3(i + j +k); N(O) = —2V2( — j); B(0) — — V6 + j — 2k); K(0) = 4 V2 
19. V(&r) = ~ai + k; A(łr) = ~aj; |V(3m)| = Và? 1 21. V(1) —2ei — 2e?j + 3e?k; A(1) = 4ei + 4e7j + 8e*k; 

IVa) = Vi3et+4e4 27.2 


Exercises 16.10 (Page 867) 

1. (a) (0,3, 5); (b) (—4, $V3, —4); (c) (cos 1, sin 1,1) 3. (a) (V6, V2, 2V2); (b) (0, 2V3, 2); (c) (3 V3, 3, — V3) 

5. (a) (2, įr, —2 V3); (b) (0, 1v, — V2); (c) ( V6, 47, V6) 7. ellipsoid; r? + 4z? = 16 9. elliptic cone; r? cos 20 = 3z? 11. sphere; 
p? —9p cos $= 0 13. right circular cylinder; p? sin? $ — 9 15. (a) right circular cylinder; x? + y? = 16; (b) plane through z axis; 
yx 17. 2 — y = z’ 19. (a) sphere; x? + y? + z2? = 81; (b) plane through z axis; x = y; (c) cone with vertex at origin, z= Và? + y? 
21. x Vt ry! vr zi-2y 25. 2m Va? 1 


Review Exercises for Chapter 16 (Page 869) 


3. the x axis 5. the circle in the xz plane with center at the origin and radius 2 7. the plane perpendicular to the xy plane and 

intersecting the xy plane in theliney —x 9, the solid of revolution generated by revolving y? = 9z about the z axis 11. the solid 

of revolution generated by revolving y — x about the x axis 13. i+ 26j — 16k 15. —3 17. 7V1270 19. 16 

21. (—60, —40, 80) 23.295 25. (x +2)? + (y +1)? + (z—3)}=17 27.3 29. 4V2 31. x—6y-—10z+23=0 33.3 
x z 

35. $V3 37 icd x= 4t, y=—3t,z=t 39.24 41. V(àm) ——imic jt k; Alr) =—2i - inj; |VGa)|=2V8 + 7? 

43. (a)z=r?(1 + sin 20) + 1; (b) r*(25 cos? 8+ 4 sin? 0) = 100 


Exercises 17.1 (Page 879) 

Tp x? + 2xy + 

7 (b) Se © aay ae 
3. domain: set of i points (x, y) in R: interior to and on the circumference of the circle x? + y? = 25 except those on the line x = 0; 
range: (—9, +%) 5. domain: set of all points (x, y) in R, interior to the circle x? + y? = 25 and all points on the y axis except (0, 5) 
and (0, —5); range: (~%, +) 7. domain: set of all points (x, y) in R, except those on the line x = y; range: (—9, +) 

9. domain: set of all points (x, y) in R, except those on the x axis; range: (~%, 4-9) 11. domain: set of all points (x, y) in Rz for 
which xy > 1; range: (—9, +9) 13. domain: set of all points (x, y, z) in R, for which |x| <1 and |y] x 1; range: (~r, 27) 

15. domain: set of all points (x, y) in Rz; range: [0, +%) 17. domain: set of all points (x, y) in Rz; range: (—9, 16] 19. domain: 
set of all points (x, y) in R, for which x + y? x 10; range: [0, +%) 27. h(x, y) sin?! V1— x! — y*; domain: set of all points (x, y) 
in R: interior to and on the circle x? + y? — 1 29. (a) 2; (b) 6; (c) Vx — y^; (d) |x — yl; (e) Ix — vl 


1. (a — (d) 0; (e) the set of all points (x, y) in R; except those on the line x = y; (f) (—9, 4-9) 


Exercises 17.2 (Page 890) 
1. 8— 4e 3. 8— min(1, te) 5. 6— min(1, te) 17. 0 19. 2 21. im 23. i 25. limit exists and equals 0 


27. limit does not exist 29. limit exists and equals 0 


Exercises 17.3 (Page 895) 


1. continuous at every point in R; 3. continuous at every point (x, y) # (0,0) in R 5. continuous at every point in R; 

9. all points (x, y) in R; which are interior to the circle x? + y = 16 11. all points (x, y) in R; which are exterior to the ellipse 
4x? + 9y? = 36 13. all points (x, y) in R, which are in either the first or third quadrant 15. all points (x, y) in Ra for which 
\xy| z 1 17. all points in R; 19. removable; f(0, 0) — 0 21. essential 23. continuous at every point (x, y, z) in Rs for 
which x + y! +z? >1 25. continuous at all points in R5 


A-38 ANSWERS TO ODD-NUMBERED EXERCISES 


Exercises 17.4 (Page 903) 


x x j : 

1. 6 3. 3x — 2y 5. Very 7. 2 — 6xy + 2z 9. xy+ yt t at 11. 4 13. Very 15. —2 sin 36 sin 26 

17 as ( In a x) 19. ~——* 21. 4x y2 23, xze™”? + - 25. —In sin x; In sin 29. (a) does not 
" xy y y * (x? + y? + 27) 32 i y zZ * zt + 9xiy? d , y . (a 


exist; (b) does not exist 31. (a) —2; (b) does not exist 33. 4 35. —4 deg/ft; —8 deg/ft 37. (a) x [a — 1}; 


In(1.06) 
0.06 (1.06)® 


154 ex da(106) | 
(bo. 0036 la 06) | © 0.06 (1.06) (9 


Exercises 17.5 (Page 916) 


1. (a) 0.5111; (b) 0.54 3. (a) 0.2108; (b) 0.214 5. (a) 2(xoyo — Yo) Ax + (xè — 2x9) Ay + (yo Ax + Ax Ay) Ax + 2(x Ax — Ax) Ay; 
y 2t Ax + yo( Ax)? — xy? Ay. s (bise Yor Ax — xo? Ay — 2xoyo Ax 

Yo" + Yo Ay P yo + yo? Ay’ ER yo? + yo Ay 
15. €,=4V156 17. &- V5—1 21. (a) (yo — zo) Ax + xy Ay + (2% — xy) Az — Az Ax + Ax Ay + Az Az; (b) e = — 4z, e = Ax, 
€3 = Az 25. 0.14 in.; 1.4% 27. 1670; 0.18% 29. $1200 


(b) €, = yo Ax + Ax Ay; € = 2(xy Ax — Ax) 7. (a) 


2x sin T - x T: RET, (x, y) * (0,0) 
31, son =| Very Very Very 5970 


0 if xy = (0,0) 
2y big a See if (x, y) # (0,0) 
Asf(x, y) = | Very Very Very 
0 if (x, y) = (0,0) 
Exercises 17.6 (Page 924) 


yir 
1. =, (a) 6x — 2y; (b) 16r — 10s; æ, (a) —2x — 4y; (b) —10r—6és — 3. E (a) ET (2x sin t— y cos t); (b) 0; 


au ie Ut ðu _ Ó6re'-scosrs ðu  3r'e*tr cos rs ðu 6s 
—: (a) (y sin t + 2x cos t); (b) 2e?*^! sec? t or — =s -rm L —————o3 LS sinh * (xe" — ry); 
às V1 — (8x + y)? as V1I- (3x + y)? or x 
ðu 3 ðu ! 2 : ðu ; 
da x sinh * (2xe" — yr?) «0 9. ur 2x sin $ cos 0 + 2y sin $ sin 0 + 2z cos ¢; 26 = 2xr cos $ cos 6+ 2yr cos $ sin 0 — 2zr sin ¢; 
EUR —2xr sin $ sin 6+ 2yr sin $ cos 0 11. (a) e*(cos t — y sin t) + e"(x cos t — sin t); (b) e***'(cos t — sin? t) + es^ '(cos? t — sin f) 
E in t+ t txe — x+y+2t ð 3y — 6x — 4z à 3x —2 
13. (a) = Libras mE ; (b) tan t sect isi y è y . s E =, IT 
Vet y rz t(x? + y?) t(y +t)? ax 2z2+4x “dy 2z+4x 

dz z dz xyz —1 ðu — " ou : ðu ðu . ðu g ðu 

21. AT ay AV = 3xy tan 3az 27. ap 7 CS w sinh v ox + sin w cosh v 3y aw =—sin w cosh v x + cos w sinh v — 


29. decreasing at a rate of of rad/sec 31. increasing at a rate of 16 in.?/sec 
Exercises 17.7 (Page 932) 
1. 2V2x +5V2y 3. 3x+ V2y t 4z  5.—42  7.-2  9.—3e"*cosd;m 11. (a) (-4, —4); (D) -2 - 2 V8 


13. (a) (—12, 2, 14); - 17. r+ 44V? +44 19. —44; V231 — 21. = tan xA 23. (à) -1; (b) ~j; 2 

25. (a) direction of —— Ji E j; (b) climbing at 60 ft per ft; (c) descending at 20 V2 ft per ft; (d) direction of — n ET j or 
visi vg 

Exercises 17.8 (Page 936) 

1. 2x — 2y +32 = 17; 2 YEL d ae bay hae foe o tl ptu 9. danse iud og 


2 “22 3 8 3 . ; Zp 1 "4 


ANSWERS TO ODD-NUMBERED EXERCISES A-39 


x-6 y-3 2axX74 yc t z-1 "— 
doxes es Die I 53 9 ort2yt2—8-0 4 7 7 11. 3x — 2y — 6z + 84 = 0; 
x+8 y-27 z-1 13 x-2 yt2 z jis eaa yaje 7 
-3 Sg -a eg op . xs 4,y=1 17. surfaces are tangent 
Exercises 17.9 (Page 942) 
2_ oy 4 2" 3 and ee ay 2xy - vy 2xy 
1. (a) y xU (5s 3. (a) 4e?" sin y; (b) —e** sin y 5. (a) 2 tan de PE z; (b) 2 tan Pag 7. (a) 3y cosh x; 


320rst oe + 12s? — r?) 


(b) 4x sinh y 9. (a) 0; (b) e" 11. (a) 12r + 4s; (b) 4r — 30s 13. (a) (r3 3 45% — 5g (b) (r? 4 45? — BS 21. neither exist 


23. neither exist 27. 6se"^*(2 + r) — 8e 29. 10 cos? 6 - 8 31. —10r sin 20 
Exercises 17.10 (Page 954) 
1. no relative extrema; (1, —2) a saddle point 3. $ V8, rel max at ($27, $r); —$ V3, rel min at ($7, $77) 5. no relative extrema; 
(0,3) and (0, —3) saddle points 7. (8, 23) 9. (0,0) and (0, 4) 11. (2, -4, #) 17. 4N,4N,4N 19. E:w:h 1:1: 
/ 1 LN í 1 4 ; 
21. hottest at (-3 V3. —4); coldest at (0,3) — 23. (o-i) (o - Zi 25. 2 ft by 3 ft by 28 E 
est at (+3 3); coldest at (0, 3) Vp vp) VP vs y3ftby2%ft — 27. $% 


Exercises 17.11 (Page 963) 


ax ax ay oy ax ox ay ay ox ax 
; ; 2; — = —1; complementa 3. — = —3; — = 5; — = 2; — = —4; substitut 5. — = —3; — = —2; 
q P ry ap aq S itutes ap óq 


8y zm ]: oy = 9. i ax = —1.440.5. x = 0.44—0.5. 3Y —70.64-1.5. 3Y — pe 0.44—2.5. 1 PE —2. 5-1 
ip ag 2; neither 7. ap 0.4p7 139955; ha Q.5p 949795: op 0.4p 99g 1 re 1.5p?-197?5- substitutes 9. -qp °; p 
2pq '; —p'q *; substitutes 1M.x-gp',y-pq 13. 1750 units of first sold at $7.50 per unit and 300 units of second sold at 


$11.50 per sq unit 17. $6400 
Review Exercises for Chapter 17 (Page 964) 


2x y-2x 4x 2 2 2 "E 2 Zaj 2 s 1 2 : 2 
1. By! 3y ^ 3y 3. t? cos st? + te*; 2st cos st? + e*; 2t(cos st? — st? sin st?) + e 5. uu) ww wn 
ðu  6y(x t y) CN a 4y(x — y) RENN ðu 18t s o 
7. @ z7 ery + 3in(x? +y); == ry 2 In(x? + y?); (b) 3t (3t — 2s) 4s 4 gg + 3 In(8s t 188); 
== (3t — 2s) ELA 2 In(8s? + 18£) 9. (a) 3x cos t — 4(y + 2x) sin t; (b) 12 cos? t — 12 sin? t — 32 sin t cos t 


4s? + OP 

11. (-5, -14, 26) 13. all (x, y) such that |x| > $Vy; (0, +œ) 15. all (x, y) such that |x| > iyl; (0, 37) 17. all (x, y, z) such 

that z > 0; (—o, +) 19. all (x, y, z) except y = +z; (—9, +%) 21. 8 = min(1, 35€) 23. limit exists and equals 0 

25. continuous at every point in R; 27. continuous at all points (x, y) in R; not on the lines x = +2y 29. continuous at all points 
el 22 

(x, y) in R, except (x, y) = (2n + 1, 2m + 1), where n and m are any integers 33. 2y +5z — 12-7 0; x —2, i= 5 35. 24° at 


(—1, 4); 0° at (4, 0) 37. 5 class A, 3 class B 39. 73 cents 47. (9, 11, 15) rel max 
Exercises 18.1 (Page 973) 

1. 50 3. 1368 5. 704 7. 298 9. 1376 11. 68.6 

Exercises 18.2 (Page 981) 


1. 42 3. 4 5.4 7.4 9, 132 11. v 13. 584 15. 244 cu units 17. +$ cu units 19. (iv — $) cu units 


c (bla)va2— a2 2 fe vae 
21. 7: sq units 23. 72 sq units 25. sf f Va?b* — b?x* — a^y? dy dx 27. (b) $35; (c) = zf Í (2x + y) dx dy 
=f 


—(bia Va2— 22 


29. 34% cu units 31. 1— cos 1 


Exercises 18.3 (Page 987) 
1 16 
1. 12 slugs; (2, ł) 3. 4S slugs; (88$, 9A) — 5. $a? slugs; ($a (2 + m), ka 2 + 7)) 7.47 slugs; a 9 a) 9. 4 slugs; ($, $) 
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11. 9p slug-ft? 13. dpa‘ slug-ft 15. 3$p slug-ft 17. (a) +44 slug-ft?; (b) 54 slug-ft*; (c) 8 V15 ft; *1* slug-ft 

19. (a) èr slug-ft?; (b) tzn (27? — 3) slug-ft?; (c) 3 V6 ft; (d) (ss? — r) slug-ft 21. sb V6 ft 

Exercises 18.4 (Page 993) 

1. 6r sq units 3. 4a°(8 + 7) sq units 5. (4r + 12 V3) sq units 7. 4 cu units 9, 188(37 — 4) cu units 11. 4r cu units 
13. ‘fa slugs; (0, H) 15. 5 km slugs; (—51, 0) 17. 4k slugs; (38, tior) — 19. "^m slugs; (0, —7) — 21. ik slug-ft 

23. Hikmat slug-ft2 — 25. iVm ft — 27. me(&— 1) 

Exercises 18.5 (Page 999) 

1. Vésqunits 3. 9squnits 5. 8m sq units — 7. 4m sq units 9. «b Va! Fb sq units 11. 2za* (1 — e^!) sq units 

13. 127 sq units 15. Z[2-- V2In(1-- V2)] sq units 

Exercises 18.6 (Page 1004) 


1. 35 3. bm 5. 42 7. oy 9. 815 11. 4 cu units 13. 37 cu units 15. 4z cu units 17. $vabc cu units 

19. ds slugs 21. £2 V2 — 1) slugs 

Exercises 18.7 (Page 1011) 

1. ie 3. ma? 5. 47a 7. gam slugs 9. 12507 slug-ft? 11. (0,0, Za) 13. S£k slug-ft? 15. (0,0, 4) 

17. $£«a?slug-f? 19. 18m — 21. sc (2 V2 — 1) 

Review Exercises for Chapter 18 (Page 1012) 

1. ab 3. iv 5. je*— 3e? +e} 7. iv 9.4 11. 3 13. ic In2 15. 3(1 — cos 1) 17. 3v 19. $ sq units 
21. 4484 cu units — 23. 18 sq units — 25. ($7 — $) sq units 27. (2, 3) 29. tòs (3m — 7) 31. d&(7e* 1) slug-ft? 

33. k(4ar + 4) slug-ft? 35. 4ka slug-ft; iv2m ft 37. 65k slugs 39. rk slug-ft® 


Abscissa, 18 
Absolute extrema of functions, 189, 192 
on a closed interval, applications 
involving, 195—201 
problems involving, 221-227 
Absolute maximum value, 189, 192 
of functions of two variables, 944 
Absolute minimum value, 189, 192 
of functions of two variables, 945 
Absolute value, 10-17 
Absolutely convergent infinite series, 695 
Acceleration, instantaneous, 215, 778 
normal component of, 797 
tangential component of, 797 
Acceleration vector, 778, 861 
Accumulation point, 884 
Addition of vectors, 742 
Algebraic function(s), 75 
differentiation of, 156-163 
Alternating series, 691 
Alternating-series test, 692 
Analytic geometry, 17—60 
Angle, 439 
between two curves, 473 
between two lines, 471 
between two planes, 823 
between two vectors, 750, 816 
direction, of a vector, 809 
of inclination, 470 
Antiderivative, 260 
Antidifferentiation, 260—268 
application of to economics, 276—280 


Index 


chain rule for, 264-265 
and rectilinear motion, 273-277 
Apollonius, 586 
Arc, length of, 771-777 
as a parameter, 786-787 
of a curve in R,, 858 
of a plane curve, 381—387 
Archimedes, spiral of, 570—571 
Area, 288-294 
of a region in a plane, 330—339 
of a region in polar coordinates, 
580—584 
of a surface, 994—999 
Associative laws, for real numbers, 1 
for vectors, 744, 813 
Asymptotes, of a hyperbola, 595, 612 
horizontal, 110-113 
vertical, 110-113 
Auxiliary rectangle of a hyperbola, 613 
Average concept of variation, 237 
Average cost curve, 238 
Average cost function, 237 
Average value of a function, 316-318 
Axes, coordinate, 18 
rotation of, 619-623 
translation of, 49~52 
Axiom, of completeness, 664-665 
of order, 2 
Axis, conjugate, of a hyperbola, 602 
major, of an ellipse, 601 
minor, of an ellipse, 601 
polar, 558 


principal, of a conic, 588 
of a parabola, 46 
of revolution, 339 
of symmetry, 371-372 
transverse, of a hyperbola, 602 


Bases, for vector space, 746, 813 
Binomial series, 731-735 
Binomial vector, 860 

Boundary conditions, 269 
Bounded sequences, 662—668 


Calculus, fundamental theorem of, 
319-326 

of vector-valued functions, 764-771 
Cardioid, 567 
Cartesian coordinates, rectangular, 64 

three-dimensional, 803 
Cartesian equations, 561, 757 

of the conics, 598-604 

of a plane, 821 

in three-dimensional space, 855 
Catenary, 500 
Cauchy, Augustin L., 628 
Cauchy-Riemann equations, 944 
Cauchy's mean-value theorem, 628-629 
Center, of a circle, 39 

of a conic, 589 

of curvature, 796 

of mass, 982-984 

of a plane region, 365-375 
of a rod, 360—365 


A-42 INDEX 


Center of mass, (continued) 
of a solid of revolution, 375-381 
of a sphere, 806 
Center-radius form, of an equation of a 
circle, 40 
of an equation of a sphere, 807 
Central conics, 589 
Central quadrics, 849 
Centroid, 368 
Chain rule, 164 
for antidifferentiation, 264—265 
general, 918—925 
Circle, 39—43, 586 
center of, 39 
of curvature, 792 
degenerate, 605, 606 
equation of, center-radius form, 40 
general form, 40 
exterior of, 59 
interior of, 59 
osculating, 792 
radius of, 39 
Circular-disk method for volume, 339—340 
Circular helix, 856 
Circular-ring method for volume, 
341-344 
Cissoid, 572 
Closed ball, 881 
Closed disk, 881 
Closed half plane, 55 
Closed interval, 5-6 
absolute extremum on, 195-201 
Closed rectangle, 968 
Commodities, complementary, 956 
substitute, 956 
Common logarithms, table of, A-14 
Commutative laws, for real numbers, 1 
for vectors, 744, 749, 813, 816 
Comparison test, 680-681 
Complementary commodities, 956 
Completeness, axiom of, 664-665 
Components of a vector, 739, 809 
Composite function, 72, 875 
derivative of, 163-168 
Compound interest, 435 
Concavity, 227-233 
applications of to drawing a sketch of the 
graph of a function, 234-237 
downward, 227 
upward, 228 
Conchoid of Nicomedes, 572 
Conditionally convergent infinite series, 
695 
Cone, elliptic, 852 
generator of, 586 
nappe of, 586 
right-circular, 847 
vertex of, 586 
Conic sections, 44, 586-625 
Conical helix, 868 


Conics, 586 
cartesian equations of, 598-604 
center of, 589 
central, 589 
degenerate cases of, 586-587 
directrix of, 588 
eccentricity of, 587 
focus of, 588 
polar equations of, 590-598 
principal axis of, 588 
properties of, 586-590 
vertices of, 588 
Conjugate axis of a hyperbola, 602 
Conjugate hyperbola, 613 
Constant, derivative of, 156 
Constant function, 74 
Constant of integration, 323 
Constant terms, infinite series of, 668~679 
Constant times a function, derivative of, 
158 
Constrained extrema, 951 
Constraint, 951 
Continuity, 118-135 
and differentiability, 151-156, 907 
of a function, 118-132 
on an interval, 130—132 
left-hand, 130 
at a number, 118-123 
on an open ball, 894 
right-hand, 130 
theorems on, 123-129 
of a function of more than one variable, 
891-896 
of a vector-valued function, 764, 856 
Continuous differentiability, 912 
Continuous function, 119, 891 
Contour curve of a function, 877 
Contour map, 877 
Convergence, interval of, 704 
radius of, 704 
Convergent improper integral, 640, 645 
Convergent infinite series, 670 
Convergent sequence, 659, 665-668 
Coordinate axes, 18 
Coordinates, cylindrical, 863-865 
and triple integrals, 1005-1008 
left-handed, 802 
polar, 558-585 ; 
and double integrals, 988-994 
rectangular cartesian, 18, 803 
right-handed, 802 
spherical, 865-868 
and triple integrals, 1008-1012 
Cosecant function, 461, 468—469 
derivative of, 463—464 
integrals involving powers of, 
474—479 
inverse, 483 
derivative of, 488 
Cosine function, 441-447 
derivative of, 447—455 


integrals involving powers of, 456-460 
integration of rational function of, 
539—541 
inverse, 480-481 
Cosines, derivative of, 486 
direction, 810 
Cost function, joint, 959 
average, 237 
marginal, 238, 959 
marginal average, 238 
total, 237 
Cotangent function, 461, 466—467 
derivative of, 463 
integrals involving powers of, 
474-479 
inverse, 482 
derivative of, 486 
Critical number, 189 
Critical point, 946 
Cross product of vectors, 832-842 
Cross section of a surface in a plane, 844 
Cubic function, 75 
Curvature, 788-796, 859 
center of, 796 
circle of, 792 
radius of, 792 
vector, 791, 859 
Curve(s), 19 
angle between two, 473 
equipotential, 878 
generating, 845 
in Ra, 854—863 
smooth, 970 
Cycloid, 762 
Cylinder, 349, 843 
directrix of, 843 
elliptic, 843 
generator of, 842 
height of, 349 
hyperbolic, 843 
parabolic, 843 
of revolution, 843-845 
right, 349 
right-circular, 350 
ruling of, 843 
as a solid, 349 
as a surface, 842 
Cylindrical coordinates, 863-865 
and triple integrals, 1005-1008 
Cylindrical partition, 1005 
Cylindrical-shell method for volumes, 
345-349 


Decay, and growth, laws of, 430-436 
natural, law of, 430 
Decimals, nonrepeating, 5 
nonterminating, 5 
repeating, 5 
terminating, 4-5 
Decreasing function, 209 
Decreasing sequence, 662 


Definite integral, 282-329 
applications of, 330—389 
definition of, 295, 298-299 
properties of, 304-313 

Degenerate cases of the conic sections, 

586-587, 622 - 

Degenerate circle, 605, 606 

Degenerate ellipse, 606, 622 

Degenerate hyperbola, 587, 615, 622 

Degenerate parabola, 622 

Del (v), 928 

Delta (A) notation, 79 

Delta (6), 79 

Demand, marginal, 957—963 

Demand curve, 242 

Demand equation, 242 

Demand surface, 956 

Density, linear, 362 

Dependent variable(s), 64, 874 

Derivative(s), 136-178 
applications of, 179—250 

to economics, 237—247 
of a composite function, 163-168 
of a constant, 156 
of a constant times a function, 158 
of cos u, 447—455 
of cos"! u, 485—486 
of cosh u, 498 
of cosh^! u, 506 
of cot u, 463 
of cot! u, 486 
of coth u, 499 
of coth^! u, 506 
of csc u, 463-464 
of csc™! u, 487-488 
of csch u, 499 
of csch ^! u, 506 
definition of, 147 
directional, 925-933 
of exponential functions, 418, 424 
first through nth, 214 
of a function, 147-153 
of higher order, 214-218 
introduction of concept of, 258 
of inverse functions, 411 
of inverse hyperbolic functions, 
506-507 
of inverse trigonometric functions, 
485-490 
from the left, 153 
of logarithmic function, 427 
of natural logarithmic function, 392 
notation for, 258 
one-sided, 153 
ordinary, 899 
partial, 897-905 
applications of to economics, 955-964 
definition of, 897 
higher-order, 937-944 
of power function for rational exponents, 
168-172 


of the product of two functions, 
159-160 
of the quotient of two functions, 
160-161 
as a rate of change, 179-182 
from the right, 153 
of sec u, 463 
of sec”! u, 487 
of sech u, 499 
of sech™ u, 506 
of sin u, 447-455 
of sin"! u, 485 
of sinh u, 498 
of sinh^! u, 505-506 
of the sum of two functions, 158-159 
of tan u, 462—463 
of tan“ u, 486 
of tanh u, 498 
of tanh! u, 506 
total, 922 
of trigonometric functions, 447-455, 
462-464 
of vector-valued functions, 765-768, 
857 
See also Differentiation 
Descartes, Rene, 17 
Difference, 2 
of functions, 71 
of vectors, 742, 811 
Differentiability, 151, 905 
and continuity, 151-156, 907 
continuous, 912 
of vector-valued functions, 766 
Differential(s), 251-256 
formulas, 256-260 
total, 913 
Differential calculus of functions of several 
variables, 871-967 
Differential equations, first-order, 269 
partial, 944 
second-order, 270 
with variables separable, 268-273 
Differential geometry, 861 
Differentiation, of algebraic functions, 
156-163 
implicit, 172-176 
inverse of, 260—268 
logarithmic, 398, 428 
partial, 897 
of power series, 707-715 
of trigonometric functions, 447-455, 
462-463 
See also Derivative(s) 
Dimension of vector space, 746 
Directed distance, 23-27, 803 
Directed line segment, 738 
Direction, of a vector, 809 
Direction angles, 809 
Direction cosines, 810 
Direction numbers, 828 
Directional derivative, 925-933 
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Directrix, of a conic, 588 
of a cylinder, 843 
of a parabola, 44 
Discontinuity, 121 
essential, 121, 892 
removable, 121, 892 
Discontinuous function, 119, 891 
Discriminant, 622 
Displacement vector, 753 
Distance, between two points, 25, 805 
directed, 23-27, 803 
from a point to a line, 227, 817 
from a point to a plane, 825 
Distributive law, for real numbers, 1 
for vectors, 744, 749, 813, 816 
Divergent improper integral, 640, 645 
Divergent infinite series, 670 
Divergent sequence, 659 
Division, 2 
Domain of a function, 64, 71, 872 
Dot product of vectors, 747-756, 815 
Double integral, 968-974 
evaluation of, 974-982 
in polar coordinates, 988-994 
Downward concavity, 227 
Drawing the sketch of a graph of a 
function, 234-237 


e (the base of natural logarithms), 417, 426 
Eccentricity of a conic, 587 
Economics, applications of 
antidifferentiation to, 276-280 
applications of derivatives to, 237-247 
applications of partial derivatives to, 
955-964 
Edges of a rectangle, 968 
Elements of a sequence, 655 
Ellipse, 586, 604-611, 622 
degenerate, 587, 606, 622 
major axis of, 601 
minor axis of, 601 
point-, 606 
Ellipsoid, 848 
of revolution, 846 
Elliptic cone, 852 
Elliptic cylinder, 843 
Elliptic hyperboloid, of one sheet, 848 
of two sheets, 849 
Elliptic paraboloid, 851 
Endpoints of interval, 6 
Epsilon (e), 79 
Equation(s), cartesian, 757 
of a circle, 39 
of the conics, cartesian, 598-604 
polar, 590—598 
differential, 268 
of a graph, 21 
graph of, 19, 806 
linear, 33, 831 
of motion, 141 
parametric, 756, 827 
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Equations (continued) 
of a plane, 82 
of rotating the axes, 620 
of a sphere, 807 
of a straight line in a plane, 29-37 
intercept form, 32 
point-slope form, 32 
slope-intercept form, 32 
two-point form, 31 
of a straight line in R3, 827-828 
parametric, 827 
symmetric, 828 
of translating the axes, 50 
vector, 756 
Equilateral hyperbola, 612 
Equipotential curves, 878 
Equipotential surfaces, 931 
Essential discontinuity, 121, 892 
Euler, Leonhard, 417 
Euler's number (e), 417, 426 
Even function, 72 
Existence of additive identity for vectors, 
744, 813 
Existence of negative for vectors, 744, 813 
Existence of scalar multiplicative identity 
for vectors, 744, 813 
Existence theorem, 666 
Explicit function, 172 
Exponential function(s), 415-423 
definition of, 415 
to base a, 424-425 
definition of, 424 
derivative of, 418, 424 
table of, A-5 
Exponents, rational, derivative of power 
function for, 168-172 
Exterior of a circle, 59 
Extrema, absolute, 189, 944—945 
applications involving, 195-201, 221-227 
constrained, 951 
free, 951 
of functions of two variables, 944-955 
relative 186-187, 945 
first-derivative test for, 209-214 
second-derivative test for, 218-220 
Extreme value theorem, 193 
for functions of two variables, 945 


First derivative, 214 
First-derivative test for relative extrema, 
209-214 
First derived function, 214 
First-order differential equations, 269 
Fixed cost, 245 
Focus, of a conic, 588 
of a parabola, 44 
Fractions, 4 
partial, use of in integration, 522-534 
Free extrema, 951 


Function(s), 63-77 


absolute extrema of, 189, 944-945 
applications involving, 195-201, 
221-227 
algebraic, 75 
differentiation of, 156-163 
average values of, 316-318 
composite, 72, 875 
derivative of, 163-168 
constant, 74 
continuity of, 118-132, 891—896 
on an interval, 130-132 
left-hand, 130 
at a number, 118-123 
on an open ball, 894 
right-hand, 130 
theorems on, 123-129 
continuously differentiable, 912 
contour curves of, 877 
cosecant, 461, 468—469 
cosine, 441-447 
cotangent, 461, 466-467 
cubic, 75 
decreasing, 209 
definition of, 64, 872 
derivative of, 147-153 
difference of, 71 
differentiability of, 905 
and continuity, 151-156, 907 
differentiable, 151 
discontinuous, 121, 891 
domain of, 64, 71, 872 
even, 72 
explicit, 172 
exponential, 415-423 
to base a, 424-425 
first derived, 214 
gradient of, 928-933 
graph of, 63-69, 876 
sketching of, 234-237 
greatest integer, 76 
hyperbolic, 495-502 
derivatives of, 498-499 
inverse, 502-507 
identity, 75 
increasing, 208 
integrable, 297-298, 969 
inverse, 404-415 
inverse cosecant, 483 
inverse cosine, 480-481 
inverse cotangent, 482 
inverse hyperbolic, 502-507 
integrals yielding, 534-539 
inverse secant, 482 
inverse sine, 479-480 
inverse tangent, 481-482 
inverse trigonometric, 479-484 
integrals yielding, 490-495 
level curves of, 877 


level surface of, 879 
limit of, 77-118 
involving infinity, 96-109 
left-hand, 93 
one-sided, 92-95 
right-hand, 92 
theorems on, 85-92 
two-sided, 93 
undirected, 93 
linear, 75 
logarithmic, to base a, 425-430 
maximum value of, 186-195, 944—955 
absolute, 189, 192, 944 
relative, 186, 945 
mean value of, 316 
minimum value of, 186-195, 944—955 
absolute, 189, 192, 945 
relative, 187, 945 
monotonic, 209 
of more than one variable, 871—880 
continuity of, 891—896 
limits of, 880-891 
of n variables, 871, 872 
natural logarithmic, 390—400 
graph of, 400—404 
notation for, 69-70 
odd, 72 
one-parameter family, 269 
operations on, 71-73 
periodic, 442 
polynomial, 75, 875 
power, 168 
product of, 71 
derivative of, 159—160 
quadratic, 75 
quotient of, 71 
derivative of, 160-161 
range of, 64, 872 
rational, 75, 875—876 
integration of, 522-534, 539-541 
relative extrema of, 187, 945 
secant, 460, 467-468 
of several variables, differential calculus 
of, 871-967 
sign, 77 
signum, 77 
sine, 441-447 
smooth, 970 
special, 75-77 
sum of, 71 
derivative of, 158-159 
tangent, 460, 465—466 
application of to slope of a line, 
470-474 
total differential of, 913—916 
transcendental, 76 
trigonometric, 439-509 
inverse, 479-484 
two-parameter family, 270 


of two variables, absolute maximum 
value of, 944 
absolute minimum value of, 945 
extrema of, 944-955 
extreme-value theorem for, 945 
relative maximum value of, 945 
relative minimum value of, 945 
types of, 74-76 
unit step, 77 
vector-valued, 756-764, 854 
calculus of, 764-771 
Fundamental theorem of the calculus, 
319-326 


Gas, ideal, law of, 902 
Generating curve of a surface of revolution, 
845 

Generator, of a cone, 586 

of a cylinder, 842-843 
Geometric series, 672-673 
Geometry, analytic, 17-60 

differential, 861 
Gradient of a function, 928—933 
Gradient vector, 928 
Graph(s), equation of, 21 

of equations, 19-22, 806 

in polar coordinates, 563-572 
of a function, 63-69, 876 
sketching of, 234-237 
intersection of, in polar coordinates, 
572-576 

of natural logarithmic function, 400—404 

reflection of, 409 

symmetry of, 21 
Gravity, acceleration of, 274 
Greatest integer function, 76 
Greatest lower bound of a sequence, 664 
Growth and decay, laws of, 430-436 
Gyration, radius of, 985, 986 


Half life, 430 
Half plane, 53-54 
Harmonic series, 671 
Helix, 856 

circular, 856 

conical, 868 
Hermite, Charles, 417 
Higher-order derivatives, 214-218 
Higher-order partial derivatives, 937-944 
Homogeneous lamina, 366 
Homogeneous mass, 362 
Homogeneous rod, 362 
Homogeneous solid of revolution, 375-381 
Hooke's law, 354 
Horizontal asymptotes, 110-113 
Hyperbola, 586, 611-619, 622 

asymptotes of, 613 

auxiliary rectangle of, 613 

conjugate, 613 

conjugate axis of, 602 


degenerate, 587, 615, 622 
equilateral, 612 
transverse axis of, 602 
unit, 760 
Hyperbolic cosecant function, 496-498 
derivative of, 499 
inverse, 504-505 
derivative of, 506 
Hyperbolic cosine function, 495-498 
derivative of, 498 
inverse, 503-505 
derivative of, 506 
Hyperbolic cotangent function, 496-498 
derivative of, 499 
inverse, 504 
derivative of, 506 
Hyperbolic cylinder, 843 
Hyperbolic functions, 495-509 
derivative of, 498—499 
integration of, 499 
inverse, 502-507 
derivatives of, 506-507 
yielded by integrals, 534—539 
table of, A-12 
Hyperbolic paraboloid, 851 
Hyperbolic radian, 761 
Hyperbolic secant function, 496-498 
derivative of, 499 
inverse, 504 
derivative of, 506 
Hyperbolic sine function, 495, 497-498 
derivative of, 498 
inverse, 503--505 
derivative of, 505-506 
Hyperbolic tangent function, 496-498 
derivative of, 498 
inverse, 504, 505 
derivative of, 506 
Hyperboloid of revolution, 847 
Hyperharmonic series, 686 
Hypocycloid, 763 


Ideal gas law, 902 
Identity, 442 ' 
Identity elements, 2 
Identity function, 75 
Implicit differentiation, 172-176 
Improper integrals, 638-647 
convergent, 640, 645 
divergent, 640, 645 
with infinite limits of integration, 
638-643 
Inclination, angle of, 470 
Increasing functions, 208 
Increasing sequence, 662 
Increment, of function of two variables, 
905 
Indefinite integral, 299, 323, 510 
Indefinite integration, 510 
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Independent variables, 64, 874 
Independent vectors, 748, 815 
Indeterminate forms, 626~638 
Index of summation, 283 
Inequalities, 3-10 
nonstrict, 3 
in the plane, 53-59 
strict, 3 
triangle, 15-16 
Inertia, moment of, 984—987 
polar, 985 
Infinite sequence, 655 
Infinite series, 655-737 
absolutely convergent, 695 
alternating, 691 
alternating-series test, 692 
binomial, 731 
comparison test, 680-681 
conditionally convergent, 695 
of constant terms, 668-679 
convergent, 670 
definition of, 670 
divergent, 670 
geometric, 672-673 
harmonic, 671 
hyperharmonic, 686 
integral test, 688—691 
Maclaurin, 724 
p, 686 
partial sum of, 669 
of positive and negative terms, 691-700 
of positive terms, 679-688 
power series, 700-706 
differentiation of, 707-715 
integration of, 715-722 
ratio test, 697—699 
sum of, 670 
Taylor, 722-731 
terms of, 668 
Infinity, limits involving, 96-109 
negative, 6, 97 
positive, 6, 97 
unsigned, 103 
Inflection, point of, 228-233 
applications to drawing a sketch of the 
graph of a function, 234-237 
Inflectional tangent, 231 
Initial conditions, 269 
Initial point, 738 
Initial side of an angle, 439 
Inner product, 749 
Instantaneous acceleration, 215, 778 
Instantaneous rate of change, 180 
Instantaneous velocity, 142-143, 777 
in rectilinear motion, 141-146 
Integers, 4 
Integrable function, 297-298, 969 
Integral(s), definite, 282-329 
applications of, 330—389 
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Integral(s), definite (continued) 
definition of, 298 
properties of, 304—313 
double, 968-974 
definition of, 969 
evaluation of, 974—982 
in polar coordinates, 988-994 
of exponential functions, 419, 425 
formulas, standard indefinite 
integration, 511 
of hyperbolic functions, 499 
improper, 638-647 
indefinite, 299, 325, 510 
involving powers of sine and cosine, 
456-460 
involving powers of tangent, cotangent, 
secant, and cosecant, 474—479 
iterated, 975 
mean-value theorem for, 313-319 
multiple, 968 
sign (J), 298 
single, 968 
table of, 510 
test, 688-691 
of trigonometric functions, 456, 474—475 
triple, 1000-1005 
definition of, 1001 
in cylindrical coordinates, 1005-1008 
in spherical coordinates, 1008-1012 
yielding inverse hyperbolic functions, 
534-539 
yielding inverse trigonometric 
functions, 490—495 
See also Integration 
Integrand, 298 
lower limit of, 298 
upper limit of, 298 
Integration, 323 
constant of, 323 
indefinite, 510 
limits of, 298 
miscellaneous substitutions, 541—544 
multiple, 968-1014 
by parts, 511-516 
formula for, 512 
of power series, 715-722 
of rational functions by partial fractions, 
522-534 
denominator contains quadratic 
factors, 530-534 
denominator has only linear factors, 
522-529 
of rational functions of sine and cosine, 
539-541 
region of, 968 
techniques of, 510-557 
by trigonometric substitution, 517-522 
See also Integral(s) 
Intercepts, of a line, 32 
of a plane, 821 
Interior of a circle, 59 


Intermediate-value theorem, 313-314 
Intersection of graphs in polar coordinates, 
572-576 
Interval, 5 
closed, 5 
continuous on, 131 
of convergence, of power series, 704 
endpoints of, 6 
half-open on the left, 6 
half-open on the right, 6 
open, 5 
continuous on, 130 
partition of, 295 
Invariant, 622 
Inverse cosecant function, 483 
derivative of, 487—488 
Inverse cosine function, 480-481 
derivative of, 485—486 
Inverse cotangent function, 482 
derivative of, 486 
Inverse of a function, 404-415 
definition, 405 
derivative of, 411 
Inverse hyperbolic cosecant function, 
504-505 
derivative of, 506 
Inverse hyperbolic cosine function, 
503-505 
derivative of, 506 
Inverse hyperbolic cotangent function, 504 
derivative of, 506 
Inverse hyperbolic functions, 502-507 
derivatives of, 506-507 
yielded by integrals, 534-539 
Inverse hyperbolic secant function, 504 
derivative of, 506 
Inverse hyperbolic sine function, 503-505 
derivative of, 505-506 
Inverse hyperbolic tangent function, 504, 
505 
derivative of, 506 
Inverse of the logarithmic function, 415 
Inverse operations, 260 
Inverse secant function, 482 
derivative of, 487 
Inverse sine function, 479-480 
derivative of, 485 
Inverse tangent function, 481—482 
derivative of, 486 
Inverse trigonometric functions, 479—484 
derivatives of, 485—490 
integrals yielding, 490-495 
Irrational numbers, 4 
Isothermal surface, 931 
Isothermals, 878 
Iterated integrals, 975 


Joint-cost function, 959 


Lagrange, Joseph, 258, 650, 951 


Lagrange form of the remainder, 650 
Lagrange multipliers, 951 
Lamina, 366 
Laplace's equation, 943 
Latus rectum of a parabola, 46 
Law of mass action, 527 
Law of natural decay, 430 
Law of natural growth, 430 
Laws of growth and decay, 430—436 
Least upper bound of a sequence, 664 
Left-hand continuity, 130 
Left-hand limit, 93 
Left-handed system, 802 
Leibnitz, Gottfried, 258, 319 
Lemniscate, 572 
Length of arc, of curves, 381-387, 771-777, 
858-859 
as a parameter, 786—787 
Level curve of a function, 877 
Level surface of a function, 879 
L'Hópital, Guillaume Francois de, 627 
L'Hópital's rule, 627-628, 631—632, 
634—636 
Limacon, 572 
Limit(s), of a function, 77-118 
theorems on, 85-92, 113-118 
of functions of more than one variable, 
880-891 
involving infinity, 96-109 
theorems on, 97, 104-108 
left-hand, 93 
lower, of integration, 298 
of a sum, 283 
one-sided, 92-95 
right-hand, 92 
of a sequence, 657 
of sums, 297, 969 
trigonometric, 447—451 
two-sided, 93 
undirected, 93 
upper, of integration, 298 
of a sum, 283 
of a vector-valued function, 764, 856-857 
Limit comparison test, 681-682 
Line(s), equations of in R}, 29-37 
intercept form, 32 
point-slope form, 32 
slope intercept form, 32 
two-point form, 31 
equations of in Ra, 827-832 
normal, 139, 934 
parallel, 34 
perpendicular, 35 
slope of, 30 
application of tangent function to, 
470-474 
symmetry with respect to, 21 
tangent, 137, 935 
Line segment, directed, 738 
midpoint of, 27, 806 


Linear equation, 33-34, 821 
Linear function, 75 
Liquid pressure, 356-360 
Locus of an equation, 19 
Logarithmic differentiation, 398, 428 
Logarithmic function, to base a, 425-430 
definition of, 426 
derivative of, 427 
natural, 390-400 
definition of, 392 
derivative of, 397, 427 
graph of, 400-404 
inverse of, 415 
Logarithmic spiral, 571 
Lower bound of a sequence, 663 
greatest, 664 
Lower limit, of integration, 298 
of a sum, 283 


Maclaurin, Colin, 651 
Maclaurin series, 724 
Maclaurin’s formula, 651 
Magnitude of vector, 739, 809 
Major axis of an ellipse, 601 
Map, contour, 877 
Marginal average cost function, 238 
Marginal concept of variation, 237 
Marginal cost curve, 238 
Marginal cost function, 238, 959 
Marginal demand, 957-963 
Marginal revenue curve, 242 
Marginal revenue function, 242 
Mass, center of, of a lamina, 982-984 
of a plane region, 365-375 
of a rod, 360-365 
of a solid of revolution, 375-381 
definition of, 360 
homogeneous, 362 
moment of, 361 
Mass action, law of, 527 
Maximum value of a function, 186-195 
absolute, 189, 192 
of functions of two variables, 
944 
relative, 186 
of functions of two variables, 945 
Mean value of a function, 316 
Mean-value theorem, 203-206, 908-910 
Cauchy’s, 628-629 
for integrals, 313-319 
and Rolle's theorem, 201-207 
Measure, 288 
Midpoint of a line segment, 27, 806 
Minimum value of a function, 186-195 
absolute, 189, 192 
of functions of two variables, 945 
relative, 187 
of functions of two variables, 945 
Minor axis of an ellipse, 601 
Moment, of inertia, 984—987 
polar, 985 


of mass, 361, 365, 376 
Monopoly, 243 
Monotonic function, 209 
Monotonic sequence, 662-668 
Motion, equation of, of a particle, 141 
plane, 777-784 
rectilinear, and antidifferentiation, 
273-277 
instantaneous velocity in, 141-146 
Moving trihedral, 860 
Multiple integral, 968 
Multiple integration, 968-1014 
Multiplication of vectors, 832 
cross-product, 832-842 
dot product, 749-756, 815-819 
scalar, 743, 813 
Muzzle speed, 780 


n-dimensional number space, 871 
Nappe of a cone, 586 
Natural decay, law of, 430 
Natural growth, law of, 430 
Natural logarithmic functions, 390-400 
graph of, 400-404 
Natural logarithms, table of, A-3 
Newton, Sir Isaac, 258, 318 
Nicomedes, conchoid of, 572 
Noncentral quadrics, 851 
Norm of partition, 295, 968, 988, 1000, 
1005 
Normal component of acceleration, 797 
Normal line, 139 
to a surface, 934 
Normal vector, to a plane, 820 
to a surface, 934 
unit, 784, 860 
Notation, for functions, 69-70 
sigma, 282-288 
nth derivative, 214 
Number line, 5 
Number plane, 17-19 
Number space, n-dimensional, 871 
Numbers, critical, 189 
irrational, 4 
rational, 4 
real, 1-17 
transcendental, 417 
Numerical tables, A-2-A-15 


Oblate spheroid, 848 
Octants, 803 
Odd function, 72 
One-parameter family of functions, 269 
One-sided derivative, 153 
One-sided limit, 92-95 
One-to-one correspondence, 18, 739, 803 
Open ball, 881 
continuity of a function on, 894 
Open disk, 881 
Open interval, 5 
Open rectangle, 968 
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Operations, on functions, 71-73 
Order, axiom of, 2 

Ordered n-tuple, 871 
Ordered pair, 64, 739, 872 
Ordered triple, 803, 809 
Ordinary derivative, 899 
Ordinate, 18 

Origin, 5, 17, 558, 802 
Orthogonal vectors, 751, 818 
Osculating circle, 792 
Overhead cost, 237 


p series, 686 
Pair, ordered, 64, 739 
Pappus, theorem of, 374 
Parabola, 19, 44—48, 586, 622 
axes of, 46 
degenerate, 622 
directrix of, 44 
focus of, 44 
latus rectum of, 46 
vertex of, 46 
Parabolic cylinder, 843 
Parabolic rule, 549-555 
Parabolic spiral, 572 
Paraboloid, elliptic, 851 
hyperbolic, 851 
of revolution, 846 
Parallel lines, 34 
Parallel plane sections, of a solid, volume 
of, 349-352 
Parallel planes, 823 
Parallel vectors, 751, 818 
Parallelogram law, 742, 811 
Parameter, 756 
Parametric equations, 756 
of a line, 827 
in Rg, 855 
Partial derivatives, 897-905 
applications of to economics, 955-964 
higher-order, 937—944 
Partial differential equations, 944 
Partial differentiation, 897 
Partial fractions, integration by, 522-534 
Partial sum of an infinite series, 669 
Partial sums, sequence of, 669 
Partition, cylindrical, 1005 
of an interval, 295 
norm of, 295, 968, 988, 1000, 1005 
regular, 300 
Percent rate of change, 181 
Perfectly competitive market, 961 
Period, 442 
Periodic function, 442 
Perpendicular lines, 35 
Perpendicular planes, 823 
Plane curve, length of arc of, 381-387, 
771-777 
Plane motion, 777-784 
Plane region, center of mass of, 365-375 
Plane section, 349 
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Plane(s), 819-826 
angle between, 823 
cartesian equations of, 821 
definition of, 820 
equation of, 820 
parallel, 823 
perpendicular, 823 
tangent, 933-937 
traces of, 822 
Point, 17, 18 
critical, 946 
in n-dimensional number space, 871 
reflection of, 409 
saddle, 946 
symmetry with respect to, 21 
in three-dimensional number space, 802 
Point-circle, 41 
Point-ellipse, 606 
Point of inflection, 228-233 
applications to drawing a sketch of the 
graph of a function, 234-237 
Point-slope equation of a line, 32 
Point-sphere, 807 
Polar axis, 558 
Polar coordinate system, 558-563 
Polar coordinates, 558-585 
arc length in, 775-776 
area of a region in, 580-584 
double integrals in, 988—994 
graphs of equations in, 563-572 
intersection of graphs in, 572-576 
Polar curves, tangent lines of, 576-580 
Polar equations, 561 
and the conics, 590-598 
Polar line, 558 
Polar moment of inertia, 985 
Pole, 558 
Polynomial function, 75, 875 
Position representation, of a vector, 739, 
809 
Position vector, 757, 861 
Power function, 168 
derivative of, for rational exponents, 
168-172 
for real exponents, 428 
Power series, 700-706 
differentiation of, 707-715 
integration of, 715-722 
interval of convergence of, 704 
radius of convergence of, 704 
Powers and roots, table of, A-2 
Pressure, liquid, 356-360 
Price function, 242 
Principal axis of a conic, 588 
Principal part of a function, 913 
Principal square root, 14 
Prismoidal formula, 553-554 
Product, 1 
of functions, 71 
of two functions, derivative of, 159—160 


of vector, and a scalar, 743, 812 
cross, 832-842 
dot, 749, 815 
triple scalar, 839 
Production function, 961 
Profit function, 243 
Projectile, motion of, 779-783 
muzzle speed of, 780 
Projection, scalar, of vectors, 752, 816 
Prolate spheroid, 848 
Pythagorean theorem, 25, 36 


Quadrants, 18 
Quadratic factors in rational functions, 
530-534 
Quadratic function, 75 
Quadric surfaces, 847-854 
central, 849 
noncentral, 851 
Quotient, 2 
of functions, 71 
of two functions, derivative of, 160-161 


Rg, equation in, 19 
graphs of equations in, 19-22 
R; (three-dimensional number space), 802 
lines in, 827-832 
Radian, hyperbolic, 761 
Radian measure, 439 
Radius, of a circle, 39 
of convergence of a power series, 704 
of curvature, 792 
of gyration, 985, 986 
of a sphere, 806 
Radius vector, 757 
Range of a function, 64, 872 
Rate of change, derivative as, 179-182 
instantaneous, 180 
percent, 181 
relative, 181 
Rates, related, 183-186 
Ratio test, 697-699 
Rational exponents, derivative of power 
function for, 168-172 
Rational function, 75, 875-876 
Rational numbers, 4 
Real numbers, 1-17 
Reciprocal spiral, 571 
Reciprocals, 2 
Rectangle(s), auxiliary, of a hyperbola, 613 
closed, 968 
edges of, 968 
open, 968 
vertices of, 968 
Rectangular cartesian coordinates, 18, 64 
three-dimensional, 803 
Rectangular parallelpiped, 350 
Rectilinear motion, and antidifferentiation, 
273-277 
instantaneous velocity in, 141-146 


Reflection, of a graph, 409 
of a point, 409 
Region of integration, 968 
Regular partition, 300 
Related rates, 183-186 
Relative extrema, 187 
first-derivative test for, 209-214 
second-derivative test for, 218-220 
Relative maximum value, of a function, 
186 
of functions of two variables, 945 
Relative minimum value, of a function, 
187 
of functions of two variables, 945 
Relative rate of change, 181 
Remainder after n terms in infinite series, 
650 
in Taylor's formula, integral form of, 651 
Lagrange form of, 650 
Removable discontinuity, 121, 892 
Representation of a vector, 739 
Revolution, axis of, 349 
cylinders of, 843-845 
ellipsoid of, 846 
hyperboloid of, 846 
paraboloid of, 846 
solid of, 339 
center of mass of, 375-381 
surfaces of, 845—847 
Riemann sum, 295 
Right-circular cone, 847 
Right-circular cylinder, 350 
Right cylinder, 349 
Right-hand continuity, 130 
Right-hand limit, 92 
Right-handed system, 802 
Rod, center of mass of, 360—365 
homogeneous, 362 
Rolle, Michel, 201 
Rolle's theorem, 201-207 
and the mean-value theorem, 203-206 
Rose, eight-leafed, 571 
five-leafed, 571 
four-leafed, 571 
three-leafed, 571 
Rotation of axes, 619—623 
Ruling of a cylinder, 843 


Saddle point, 946 
Scalar, 743 
Scalar multiplication of vectors, 743, 813 
Scalar (dot) product, 749, 815 
Scalar projection, of vectors, 752, 816 
Secant function, 460, 467—468 
derivative of, 463 
integrals involving powers of, 474—479 
inverse, 482 
derivative of, 487 
Secant line, 136 
Second derivative, 214 


Second-derivative test for relative extrema, 
218-220 
applications to drawing a sketch of the 
graph of a function, 234-237 
for functions of two variables, 947—949 
Second-order differential equations, 270 
Sequence(s), 655-662 
bounded, 662-668 
convergent, 659, 665-668 
decreasing, 662 
definition of, 655 
divergent, 659 
elements of, 655 
finite, 655 
greatest lower bound of, 664 
increasing, 662 
infinite, 655 
least upper bound of, 664 
lower bound of, 663 
monotonic, 662-668 
of partial sums, 669 
strictly decreasing, 662 
strictly increasing, 662 
upper bound of, 663 
Series, see Infinite series 
Side condition, 951 
Sides of an angle, 439 
Sigma notation, 282-288 
Sign function, 77 
Signum function, 77 
Simple harmonic motion, 455 
Simpson's rule, 549-555 
Sine function, 441-447 
derivative of, 447—455 
integrals involving powers of, 456-460 
integration of rational functions of, 
539-541 
inverse, 479-480 
derivative of, 485 
Single integral, 968 
Slope, of a line, 30 
application of tangent function to, 
470-474 
of a tangent line to a graph, 137 
of a tangent line to a polar curve, 
563-564 
Slope-intercept form of equation ofa line, 
32 


Slug, definition of, 360 
Smooth curve, 970 
Smooth function, 970 
Solid of revolution, center of mass of, 
375-381 
volume of, 339-349 
Special functions, 75-77 
Speed, 143, 778, 861 
muzzle, 780 
Sphere, 806, 848, 
center of, 806 
equation of, center-radius form of, 807 


general form of, 807 

point-, 807 

radius of, 806 
Spherical coordinates, 865-868 

and triple integrals, 1008-1012 
Spheroid, 848 

oblate, 848 

prolate, 848 
Spiral, of Archimedes, 570-571 

logarithmic, 571 

parabolic, 572 

reciprocal, 571 
Square root, principal, 14 
Squeeze theorem, 117 
Standard position of an angle, 439 
Stirling, James, 651 
Strictly decreasing sequence, 662 
Strictly increasing sequence, 662 
Substitute commodities, 956 
Subtraction, 2 

of vectors, 742, 811 
Sum, 1 

of functions, 71 

of infinite series, 670 

limits of, 969 

partial, sequence of, 669 

Riemann, 295 

of two functions, derivative of, 158-159 

of vectors, 742, 811 
Summation, index of, 283 
Surface(s), 806, 842 

area of, 994—999 

demand, 956 

equipotential, 931 

isothermal, 931 

quadric, 847-854 

of revolution, 845-847 
Symmetric equations of a line, 828 
Symmetry, axis of, 371-372 

of a graph, 21 

tests for, 22 


Tables, numerical, A-2-A-15 
Tangent, function, 460, 465-466 
application of to slope of a line, 470-474 
derivative of, 462—463 
integrals involving powers of, 474-479 
inverse, 481-482 
derivative of, 486 
inflectional, 231 
Tangent line, 136-140, 935 
to a graph, slope of, 137 
of polar curve, 576-580 
slope of, 563-564 
Tangent plane, 933-937 
Tangent vector, unit, 784, 859 
Tangential component of acceleration, 797 
Taylor, Brook, 647 
Taylor polynomial, 650 
Taylor series, 722-731 


Taylor's formula, 647-653 
with integral form of the remainder, 651 
with Lagrange form of the remainder, 
650 
Terminal point, 738 
Terminal side of an angle, 439 
Terms of infinite series, 668 
Third derivative, 214 
Three-dimensional rectangular cartesian 
coordinates, 803 
Three-dimensional number space (R;), 802 
cartesian equations in, 855 
vectors in, 809-815 
components of, 809 
Total cost curve, 238 
Total cost function, 237 
Total differential of a function, 913-916 
Total derivative, 922 
Total revenue curve, 242 
Total revenue function, 242 
Traces of a plane, 822 
Tractrix, 763 
Transcendental functions, 76 
Transcendental number, 417 
Translation of axes, 49-52 
equations of, 50 
Transverse axis of a hyperbola, 602 
Trapezoidal rule, 544-549 
Triangle inequality, 15-16 
Trigonometric functions, 439-509 
derivatives of, 447—455, 462—463 
integration of, 456, 474-475 
inverse, 479-484 
derivatives of, 485—490 
limits of, 447-451 
table of, A-13 
Trigonometric substitution, integration by, 
517-522 
Trihedral, moving, 860 
Triple integral, 1000-1005 
in cylindrical coordinates, 1005-1008 
in spherical coordinates, 1008-1012 
Triple scalar product of vectors, 839 
Triple, ordered, 803, 809 
Twisted cubic, 856 
Two-parameter family of functions, 270 
Two-point form of equation of a line, 31 
Two-sided limit, 93 


Undirected limit, 93 

Unit binormal vector, 860 

Unit hyperbola, 760 

Unit normal vector, 784, 860 

Unit step function, 77 

Unit tangent vector, 784, 859 

Unit vector, 746, 810 

Upper bound of a sequence, 663 
least, 664 

Upper limit, of integration, 298 
of a sum, 283 


A-50 INDEX 


Upward concavity, 228 


V5, dot product in, 815-819 
Variables, 64 
dependent, 64, 874 
independent, 64, 874 
Vector(s), 738 
acceleration, 778, 861 
normal component of, 796 
tangential component of, 796 
addition of, 742, 811 
analysis of, 738 
angle between, 750, 816 
associative laws for, 744, 813 
commutative laws for, 744, 749, 813, 816 
components of, 739, 809 
cross product of, 832-842 
curvature, 791, 859 
difference of, 742, 811 
direction of, 739, 809 
direction angles of, 809 
direction cosines of, 810 
displacement, 753 
distributive laws for, 744, 749, 813, 816 
dot product of, 749, 815 
equation, 756, 855 
existence of additive identity for, 744, 
813 
existence of negative for, 744, 813 
existence of scalar multiplicative identity 
for, 744, 813 
gradient, 928 
independent, 748, 815 


magnitude of, 739, 809 
multiplication of, 743, 749, 815, 832 
negative of, 742, 811 
normal, 820, 934 
orthogonal, 751, 818 
parallel, 751, 818 
in the plane, 738-801 
position, 757, 861 
product, 832 
projection of onto another vector, 752, 
816 
quantities, 738 
radius, 757 
scalar multiplication of, 743, 813 
scalar (dot) product of, 749, 815 
scalar projection of, 752, 816 
space, 745-747 
basis for, 746, 813 
dimension of, 746 
subtraction of, 742, 811 
sum of, 742, 811 
in three-dimensional space, 809-815 
triple scalar product of, 839 
unit, 746, 810 
unit binormal, 860 
unit normal, 784, 860 
unit tangent, 784, 860 
velocity, 777, 861 
zero, 739, 809 
Vector-valued functions, 756-764, 854 
calculus of, 764-771 
continuity of, 764, 856 
derivatives of, 765-768, 857 


differentiability of, 766 
limits of, 764, 856 
Velocity, instantaneous, 142-143, 777 
in rectilinear motion, 141-146 
Velocity vector, 777, 861 
Vertex, of an angle, 439 
of a cone, 586 
of a conic, 588 
of a parabola, 46 
of a rectangle, 968 
Vertical asymptotes, 110-113 
Volume, of a solid having known parallel 
plane sections, 349-352 
of a solid of revolution, 339-349 
circular-disk method, 339-340 
circular-ring method, 341-344 
cylindrical-shell method, 345-359 


Work, 352-356, 753 


x axis, 17 
x coordinate, 18, 803 
x intercept, 32 

of a plane, 821 


y axis, 17 
y coordinate, 18, 803 
y intercept, 32 

of a plane, 821 


z coordinate, 803 
z intercept, of a plane, 821 
Zero vector, 739, 809 


with analytic ge ometr y. 
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